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Functions  and  Models 


— 1  1  Four  Ways  to  Represent  a  Function _ 

In  exercises  requiring  estimations  or  approximations,  your  answers  may  vary  slightly  from  the  answers  given  here. 

1.  (a)  The  point  (—1,  —2)  is  on  the  graph  of  /,  so  /  ( —  1 )  =  —2. 

(b)  When  x  =  2,  y  is  about  2.8,  so  /  (2)  =e  2.8. 

(c)  /( x)  =  2  is  equivalent  to y  =  2.  Wheny  =  2,  we  have*  =  -3  and*  =  1. 

(d)  Reasonable  estimates  for  *  when  y  =  0  are  *  =  -2.5  and  *  =  0.3. 

(e)  The  domain  of  /  consists  of  all  * -values  on  the  graph  of  /.  For  this  function,  the  domain  is  -3  <  *  <  3.  The 
range  of  /  consists  of  all  y- values  on  the  graph  of  /.  For  this  function,  the  range  is  —2  <  y  <  3. 

(f)  As*  increases  from  —1  to  3,  y  increases  from  —2  to  3.  Thus,  /  is  increasing  on  the  interval  [—1,3]. 

2.  (a)  The  point  (-4,  -2)  is  on  the  graph  of  /,  so  /  (-4)  =  -2.  The  point  (3, 4)  is  on  the  graph  of  g,  so  g  (3)  =  4. 

(b)  We  are  looking  for  the  values  of  *  for  which  the  y-values  are  equal.  The  y-values  for  f  and  g  are  equal  at  the 
points  (—2, 1)  and  (2, 2),  so  the  desired  values  of  *  are  —2  and  2. 

(c)  /(*)  =  -1  is  equivalent  to  y  =  -1.  When  y  =  -1,  we  have*  =  -3  and*  =  4. 

(d)  As  *  increases  from  0  to  4,  y  decreases  from  3  to  - 1 .  Thus,  /  is  decreasing  on  the  interval  [0, 4], 

(e)  The  domain  of  /  consists  of  all  *-values  on  the  graph  of  /.  For  this  function,  the  domain  is  — 4  <  x  <  4.  The 
range  of  /  consists  of  all  y-values  on  the  graph  of  f.  For  this  function,  the  range  is  —  2  <  y  <  3. 

(f)  The  domain  is  [—4, 3]  and  the  range  is  [0.5,  4], 


3.  From  Figure  I  in  the  text,  the  lowest  point  occurs  at  about  ((,  a)  =  (12,  -85).  The  highest  point  occurs  at  about 
(17,  115).  Thus,  the  range  of  the  vertical  ground  acceleration  is —85  <  a  <  115.  In  Figure  11,  the  range  of  the 
north-south  acceleration  is  approximately  —325  <  a  <  485.  In  Figure  12,  the  range  of  the  east-west  acceleration  is 
approximately  —210  <  a  <  200. 


4.  Example  I:  A  car  is  driven  at  60  mi/h  for  2  hours.  The  distance  d 
traveled  by  the  car  is  a  function  of  the  time  r.  The  domain  of  the 
function  is  (r  |  0  <  /  <  2),  where  r  is  measured  in  hours.  The  range 
of  the  function  is  [d  \  0  <  d  <  120),  where  d  is  measured  in  miles. 

Example  2:  At  a  certain  university,  the  number  of  students  N  on 
campus  at  any  time  on  a  particular  day  is  a  function  of  the  time  t  after 
midnight.  The  domain  of  the  function  is  (r  |  0  <  f  <  24),  where  t  is 
measured  in  hours.  The  range  of  the  function  is  (W  |  0  <  N  <  *}, 
where  AT  is  an  integer  and  k  is  the  largest  number  of  students  on 
campus  at  once. 


time  io 
hours 


Number 
of  students 


0  6 
(midnight) 


[continued] 
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Example  3:  A  certain  employee  is  paid  $8.00  per  hour  and  works  a 
maximum  of  30  hours  per  week.  The  number  of  hours  worked  is 
rounded  down  to  the  nearest  quarter  of  an  hour.  This  employee’s 
gross  weekly  pay  P  is  a  function  of  the  number  of  hours  worked  h. 

The  domain  of  the  function  is  (0, 0.25, 0.5 .  29.75,  30}  and  the 

range  of  the  function  is  (0, 2.00, 4.00, ....  238.00, 240.00}. 

5.  Yes,  the  curve  is  the  graph  of  a  function  because  it  passes  the  Vertical  Line  Test.  The  domain  is  [—3, 2]  and  the 
range  is  [—2, 2], 

6.  No,  the  curve  is  not  the  graph  of  a  function  because  a  vertical  line  intersects  the  curve  more  than  once  and  hence, 
the  curve  fails  the  Vertical  Line  Test. 

7.  No,  the  curve  is  not  the  graph  of  a  function  since  for  x  =  —  1  there  are  infinitely  many  points  on  the  curve. 

8.  Yes,  the  curve  is  the  graph  of  a  function  with  domain  [—3, 2]  and  range  (-2)  U  (0, 3]. 

9.  The  person’s  weight  increased  to  about  160  pounds  at  age  20  and  stayed  fairly  steady  for  10  years.  The  person’s 
weight  dropped  to  about  120  pounds  for  the  next  5  years,  then  increased  rapidly  to  about  170  pounds.  The  next  30 
years  saw  a  gradual  increase  to  190  pounds.  Possible  reasons  for  the  drop  in  weight  at  30  years  of  age:  diet, 
exercise,  health  problems. 

10.  The  salesman  travels  away  from  home  from  8  to  9  A.M.  and  is  then  stationary  until  10:00.  The  salesman  travels 
farther  away  from  10  until  noon.  There  is  no  change  in  his  distance  from  home  until  1 :00,  at  which  time  the 
distance  from  home  decreases  until  3:00.  Then  the  distance  starts  increasing  again,  reaching  the  maximum  distance 
away  from  home  at  5:00.  There  is  no  change  from  5  until  6,  and  then  the  distance  decreases  rapidly  until  7:00  P.M., 
at  which  time  the  salesman  reaches  home. 

11.  The  water  will  cool  down  almost  to  freezing  as  the  ice  melts.  Then, 
when  the  ice  has  melted,  the  water  will  slowly  warm  up  to  room 
temperature. 


12.  The  summer  solstice  (the  longest  day  of  the  year)  is  around  June  21, 
and  the  winter  solstice  (the  shortest  day)  is  around  December  22. 


13.  Of  course,  this  graph  depends  strongly  on  the  geographical  location! 


midnight 


noon 
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20.  A  spherical  balloon  with  radius  r  +  1  has  volume  V  (r  +  1)  =  jtr  (r  +  l)3  =  |jt  (r3  +  3 r2  +  3r  +  1).  We  wish  to 
find  the  amount  of  air  needed  to  inflate  the  balloon  from  a  radius  of  r  to  r  +  1.  Hence,  we  need  to  find  the 
difference  V  (r  +  1)  -  V  (r)  =  j>r  (r3  +  3 r2  +  3r  +  l)  -  jirr3  =  jir  (3r2  +  ir  +  1). 

21.  /  (x)  =  x  -  x2,  so  /(2  +  A)  =  2  +  A  -  (2  +  A)2  =  2  +  A  -  4  -  4A  -  A2  =  -  (A2  +  3A  +  2), 
f(x  +  A)  =  x  +  A  —  (x  +  A)2  =  *  +  A  -  *2  -  2xA  -  A2,  and 

/(x+A)-/(x)  x  +  A-x2-2xA-A2-x+x2  h  -  2xh  -  A2  _ 

A  ”  A  ~  h  ~ 

a  fto  =  7?T- so /(2 + A)  =  2^tt  =  + A)  =  rrm and 

x  +  A  x 

f(x  +  h)-f(x)  x  +  h  +  l~  x  +  T  =  U  +  A)(.t  +  1)-Jt(x  +  A  +  1)  _ _ 1 _ 

A  A  A  (x  +  A  +  1)  (a:  +  1)  (x  +  A  +  1)  (x  +  1)' 

-  l  I 

23.  /  (x)  =  — j — -  is  defined  for  all  x  except  when  x2  —  1  =  0  <=>  x  =  1  or  x  =  —  1,  so  the  domain  is 
{x|x#±l}. 

24.  /  (x)  =  x4/  (x2  +  x  -  6)  is  defined  for  all  x  except  when  0  =  x2  +  x  -  6  =  (x  +  3)  (x  —  2)  <=>  x  =  -3  or  2, 
so  the  domain  is  {x  |  x  ^  —3, 2}. 

25.  g  (x)  =  v^x2  —  6x  is  defined  when  0  <  x2  —  6x  =  x  (x  —  6)  <=>  x  >  6  or  x  <  0,  so  the  domain  is 

(— oo,  0]  U  [6,  oo). 

26.  A  (x)  =  i/1  —  3x  is  defined  when  7  -  3x  >  0  orx  <  so  the  domain  is  (— oo,  j], 

27.  / (/)  =  is  defined  for  every  t.  since  every  real  number  has  a  cube  root.  The  domain  is  the  set  of  all  real 

numbers,  R. 

28.  A  (x)  =  V4  -  x2.  Now  y  =  V4  -  x2  =>  y2  =  4  —  x2  <=>  x2  +  y2  =  4, 

so  the  graph  is  the  top  half  of  a  circle  of  radius  2  with  center  at  the  origin.  The  J- 

domain  is  {x  |  4  -  x2  >  0}  =  [-2, 2].  From  the  graph,  the  range  is  0  <  y  <  2.  ( _ \  , 

-2  0  2  x 

or  [0, 2], 

29.  /(x)  =  3  —  2x.  Domain  is  S.  V^t 


30.  /(x)  =  x2  +  2x  -  I  =  (x2  +  2x  +  1)  -  2  =  (x  +  l)2  -  2,  so  the  graph  is 
a  parabola  with  vertex  at  (—  1 ,  —2).  The  domain  is  R. 


31,g(x)  =  Vx  —  5  is  defined  when  x  —  5  >  0  or  x  >  5,  so  the  domain  is 
[5,  oo).  Since  y  --  -Jx  —  5  =>  y2  =  x  -  5  =>  x  =  y2  +  5, 

we  see  that  g  is  the  top  half  of  a  parabola. 
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-1  if*  <  -1 
3.x +  2  if — 1  <  x  <  1 
7  -  2x  if  x  >  1 


39.  /(x)  = 


x  +  2  ifx  <  -1 


Domain  is  R. 


40. /(x)  = 


Domain  is  R. 


y2  —  y  j 

41.  Recall  that  the  slope  m  of  a  line  between  the  two  points  (xj ,  yi )  and  (X2,  yi)  ism  = - and  an  equation  of  the 

X2  —  X| 

-  .  ..  .  -6-1  7 

line  connecting  those  two  points  is  y  —  yi  =  m  (x  —  xj ).  The  slope  of  this  line  segment  is  -  —  =  — -,  so  an 

equation  isy  -  1  =  (x  +  2).  The  function  is  / (x)  =  — gx  -  5,  -2  <  x  <  4. 

42.  The  slope  of  this  line  segment  is  g — =  ^,  so  an  equation  is  y  +  2  =  |  (x  +  3).  The  function  is 

/(*)  =  \x~\’  “3  £x  <  6. 

43.  We  need  to  solve  the  given  equation  for  y.  x  +  (y  -  l)2  =  0  =>  (y-l)2  =  —  x  =>  y  -  1  =  ±y/—x  => 

y  =  1  ±  -J—x.  The  expression  with  the  positive  radical  represents  the  top  half  of  the  parabola,  and  the  one  with  the 
negative  radical  represents  the  bottom  half.  Hence,  we  want  /  (x)  =  1  —  -J—x,  x  <  0. 

44.  (x  -  l)2  +  y2  =  1  =>  y  =  ±f\  -  (x  -  l)2  =  ±flx  -x2.  The  top  half  is  given  by  the  function 

fix)  =  V2x  -x2, 0  <  x  <  2. 

45.  For  —  1  <  x  <  2,  the  graph  is  the  line  with  slope  1  and  y-intercept  1,  that  is,  the  liney  =  x  +  1.  For  2  <  x  <  4,  the 
graph  is  the  line  with  slope  and  x-intercept  4,  soy  =  —  j  (x  —  4)  =  —  |x  +  6.  So  the  function  is 

f  x  +  1  if  —  1  <  x  <  2 


/(x)  = 


— |x  +  6  if  2  <  x  <  4 


46.  For  x  <  0,  the  graph  is  the  line  y  =  2.  For  0  <  x  <  1 ,  the  graph  is  the  line  with  slope  —2  and  y-intercept  2,  that  is, 
the  line  y  =  — 2x  +  2.  For  x  >  1,  the  graph  is  the  line  with  slope  1  and  x-intercept  1,  that  is,  the  line 

2  if  x  <  0 

y  =  1  (x  —  1)  =  x  —  1.  So  the  function  is  fix)  =  -2x  +  2  if0<x<l 

x  —  1  if  1  <  x 

47.  Let  the  length  and  width  of  the  rectangle  be  L  and  W .  Then  the  perimeter  is  2L  +  2FF  =  20  and  the  area  is 

20  —  2  L 

A  =  LW.  Solving  the  first  equation  for  W  in  terms  of  L  gives  W  =  — - —  =  10  —  L.  Thus, 

A  iL)  =  L  (10  -  L)  =  10Z,  —  L2.  Since  lengths  are  positive,  the  domain  of  A  is  0  <  L  <  10.  If  we  further  restrict 
L  to  be  larger  than  W,  then  5  <  L  <  10  would  be  the  domain. 


48.  Let  the  length  and  width  of  the  rectangle  be  L  and  W.  Then  the  area  is  LIT  =  16,  so  that  IF  =  16//..  The 

perimeter  is  P  =  2L  +  2W,  so  P  iL)  =  2L  +  2  (16/L)  =  2Z.  +  32//.,  and  the  domain  of  P  is  L  >  0,  since  lengths 
must  be  positive  quantities. 
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49.  Let  the  length  of  a  side  of  the  equilateral  triangle  be  x.  Then  by  the  Pythagorean  Theorem,  the  height  y  of  the 
triangle  satisfies  y1  +  (jxJ  =  x2,  so  that  y  =  ^x.  Using  the  formula  for  the  area  A  of  a  triangle, 

A  =  j  (base)  (height),  we  obtain  A  (x)  =  j  (x)  =  ^x2>  with  domain x  >  0. 

50.  Let  the  volume  of  the  cube  be  V  and  the  length  of  an  edge  be  L.  Then  V  =  L3  so  L  =  l/V,  and  the  surface  area  is 
S(V)  =  6  (VP)*  =  6V2'3,  with  domain  V  >  0. 

51.  Let  each  side  of  the  base  of  the  box  have  length  x,  and  let  the  height  of  the  box  be  A.  Since  the  volume  is  2,  we 
know  that  2  =  hx2,  so  that  A  =  2/x2,  and  the  surface  area  is  S  =  x2  +  4 xh.  Thus, 

S  (x)  =  x2  +  4x  (2/x2)  =  x2  +  8/x,  with  domain  x  >  0. 


52.  The  area  of  the  window  is  A  =  xh  +  jir  ^x^  =  xh  +  where  A  is  the  height  of  the  rectangular  portion  of 

the  window.  The  perimeter  is  P  =  2h  +x  +  |xx  =  30  <=>  2/t  =  30  —  x  —  jxx  «  A  =  i  (60  —  2x  —  xx). 
Thus, 

A  (x)  =  x— - - - —  +  —  15x  —  jx2  —  jx2  +  jx2  =  15x  —  |x2  —  ^x2  =  15x  —  x2 

Since  the  lengths  x  and  A  must  be  positive  quantities,  we  have  x  >  0  and  A  >  0.  For  A  >  0,  we  have  2A  >  0  <=> 

30  —  x  —  ijrx  >  0  <=>  60  >  2x  +  trx  <=»  x  <  — .  Hence,  the  domain  of  A  is  0  <  x  <  — . 

2  2  +  x  2  +  ir 

53.  The  height  of  the  box  isx  and  the  length  and  width  are  L  =  20  —  2x,  W  =  12  —  2x.  Then  V  =  LWx  and  so 

Mx)  =  (20  -  2x)  (12  —  2x)(x)  =  4  (10  -  x)  (6  —  x)(x)  =  4x  (60-  16x+x2) 

=  4x3  -  64x2  +  240x 

The  sides  L,  W,  and  x  must  be  positive.  Thus,  L  >  0  <=>  20-2x>0  <=>  x<10;to>0  <=> 

12  —  2x  >  0  <=>  x  <  6;  and  x  >  0.  Combining  these  restrictions  gives  us  the  domain  0  <  x  <  6. 
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(b)  On  $14,000,  tax  is  assessed  on  $4000,  and  10%  ($4000)  =  $400. 

On  $26,000,  tax  is  assessed  on  $16,000,  and  10%  ($10,000)  +  15%  ($6000)  =  $1000  +  $900  =  $1900. 

56.  One  example  is  the  amount  paid  for  cable  or  telephone  system  repair  in  the  home,  usually  measured  to  the  nearest 
quarter  hour.  Another  example  is  the  amount  paid  by  a  student  in  tuition  fees,  if  the  fees  vary  according  to  the 
number  of  credits  for  which  the  student  has  registered. 

57.  (a)  Because  an  even  function  is  symmetric  with  respect  to  the  y-axis,  and  the  point  (5, 3)  is  on  the  graph  of  this 

even  function,  the  point  (—5,  3)  must  also  be  on  its  graph. 

(b)  Because  an  odd  function  is  symmetric  with  respect  to  the  origin,  and  the  point  (5, 3)  is  on  the  graph  of  this  odd 
function,  the  point  (-5,  -3)  must  also  be  on  its  graph. 

58.  (a)  If  /  is  even,  we  get  the  rest  of  the  graph  by  (b)  If  /  is  odd,  we  get  the  rest  of  the  graph  by 

reflecting  about  the  y-axis.  rotating  1 80°  about  the  origin. 


so  /  is  an  even  function. 


61.  /  (-x)  =  (-x)2  +  (-x)  =  x2  -  x.  Since  this  is  neither  /  (x)  nor  -/  (x),  the  function  /  is  neither  even  nor  odd. 
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62.  /(— x)  =  (— x)4  -  4(-x)2 
=  x4-4x2  =  /(x) 
so  /  is  even. 


63.  /(- x)  =  (-x)3  -  (-x)  =  -x3  +x 
=  -(x3-x)=-/(x) 
so  /  is  odd. 


64.  /  (— x)  =  3  (— x)3  -f  2  (— x)2  +  1  =  — 3x3  +  2x2  +  1 .  Since  this  is  neither  f  (x)  nor  — /  (x),  the  function  /  is 
neither  even  nor  odd. 


Mathematical  Models 

1.  (a)  /  (x)  =  i/x  is  a  root  function. 

O5)  g  (x)  =  Vl  -  x2  is  an  algebraic  function  because  it  is  a  root  of  a  polynomial. 

(c)  h  (x)  =  x9  +  x4  is  a  polynomial  of  degree  9. 

x2  + 1 

(d)  r  (x)  =  ^  is  a  rational  function  because  it  is  a  ratio  of  polynomials. 

(e)  s  (x)  =  tan  2x  is  a  trigonometric  function. 

(f)  t  (x)  =  log|0  x  is  a  logarithmic  function. 

2.  (a)  y  =  (x  —  6)  /  (x  +  6)  is  a  rational  function  because  it  is  a  ratio  of  polynomials. 

(b)  y  =  x  +  x2/ -Jx  —  1  is  an  algebraic  function  because  it  involves  polynomials  and  roots  of  polynomials. 

(c)  y  =  K>'  is  an  exponential  function  (notice  that  x  is  the  exponent). 

(d)  y  =  x10  is  a  power  function  (notice  that  x  is  the  base). 

(e)  y  =  2l6  + 14  —  it  is  a  polynomial  of  degree  6. 

(f )  y  =  cos  0  +  sin  0  is  a  trigonometric  function. 

3.  Wc  notice  from  the  figure  that  g  and  h  are  even  functions  (symmetric  with  respect  to  the  y-axis)  and  that  /  is  an 
odd  function  (symmetric  with  respect  to  the  origin).  So  (b)  [y  =  x5]  must  be  /.  Since  g  is  flatter  than  h  near  the 
origin,  we  must  have  (c)  [y  =  x8]  matched  with  g  and  (a)  [y  =  x2]  matched  with  h. 

4.  (a)  The  graph  ofy  =  3x  is  a  line  (choice  G). 

(b)  y  =  3*  is  an  exponential  function  (choice  /). 

(c)  y  =  x3  is  an  odd  polynomial  function  or  power  function  (choice  F). 

(d)  y  —  l/x  —  x l;/3  is  a  root  function  (choice  g). 
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5.  (a)  An  equation  for  the  family  of  linear 
functions  with  slope  2  is 
y  =  /  (x)  =  2x  +  b,  where  b  is  the 
y-intercept. 


(b)  / (2)  =  1  means  that  the  point  (2, 1)  is  on  the  graph  of  /. 
We  can  use  the  point-slope  form  of  a  line  to  obtain  an 
equation  for  the  family  of  linear  functions  through  the  point 
(2, 1).  y  -  1  =  m  (x  —  2),  which  is  equivalent  to 
y  =  mx  +  (1  —  2m)  in  slope-intercept  form. 


(c)  The  slope  m  must  equal  2,  so  the  equation  in  part  (b),  y  =  mx  +  (1  —  2m),  becomes  y  =  2x  —  3.  It  is  the  only 
function  that  belongs  to  both  families. 


6.  (a) 


7.  (a) 


(b)  The  slope  of  -4  means  that  for  each  increase  of  1  dollar  for  a 
rental  space,  the  number  of  spaces  rented  decreases  by  4.  The 
y-intercept  of  200  is  the  number  of  spaces  that  would  be 
occupied  if  there  were  no  charge  for  each  space.  The 
x -intercept  of  50  is  the  smallest  rental  fee  that  results  in  no 
spaces  rented. 


(b)  The  slope  of  |  means  that  F  increases  f  degrees  for  each 
increase  of  1°C.  (Equivalently,  F  increases  by  9  when  C 
increases  by  5  and  F  decreases  by  9  when  C  decreases  by  5.) 
The  /'-intercept  of  32  is  the  Fahrenheit  temperature 
corresponding  to  a  Celsius  temperature  of  0. 


8.  (a)  Let  d  =  distance  traveled  (in  miles)  and  t  =  time  elapsed  (in 
hours).  At  t  =  0,  d  =  0  and  at  l  =  50  minutes  =  50  ■  35  =  |  h, 
d  =  40.  Thus  we  have  two  points:  (0, 0)  and  (|,  40^,  so 
40-0 

m  =  - =  48  and  so  d  —  48r. 

(c)  The  slope  is  48  and  represents  the  car’s  speed  in  mi/h. 
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9.  (a)  Using  N  in  place  of  x  and  T  in  place  of  y,  we  find  the  slope  to  be  — — —  =  — ^ — Z!L  —  12  =  I  So  a 

N2-Nt  173-113  60  6' 

linear  equation  is  T-  80  =  £  (At-  173)  T  -  80  =  <=>  T  =  +  ^2  [^2  _  51  igj 

(b)  The  slope  of  g  means  that  the  temperature  in  Fahrenheit  degrees  increases  one-sixth  as  rapidly  as  the  number  of 
cricket  chirps  per  minute.  Said  differently,  each  increase  of  6  cricket  chirps  per  minute  corresponds  to  an 
increase  of  l°F. 

(c)  When  N  =  150,  the  temperature  is  given  approximately  by  7"  =  £  (150)  +^02=  76.I6°F  =s  76°F. 

10.  (a)  Let  x  denote  the  number  of  chairs  produced  in  one  day  and  y  the 

associated  cost.  Using  the  points  (100,  2200)  and  (300, 4800)  we  get 
the  slope  4fgglfgg°  =  ^  =  13.  So  y  -  2200  =  13  (x  -  100)  <=* 
y  =  13x  +  900. 

(b)  The  slope  of  the  line  in  part  (a)  is  13  and  it  represents  the  cost  of 
producing  each  additional  chair. 

(c)  The  y-intercept  is  900  and  it  represents  the  fixed  daily  costs  of  operating 
the  factory. 

,,  ,  .  ...  .  change  in  pressure  4.34 

11.  (a)  We  are  given  j————  =  __  =  0.434.  Using  P  for  pressure  and  d  for  depth  with  the  point 

(d,P)  =  (0,  15),  we  have  P  -  15  =  0.434  (of-  0)  <=>  P  =  0.434d  +  15. 

(b)  When  P  =  100,  then  100  =  0.434 d  +15  <“>  0.434 d  =  85  c=>  d  195.85  feet.  Thus,  the  pressure  is 

100  lb/in2  at  a  depth  of  approximately  196  feet. 

12.  (a)  Using  d  in  place  of  x  and  C  in  place  of  y,  we  find  the  slope  to  be  C2~Cl  —  460  ~  380  _  J!2.  =  !  So  a 

d2-di  800  -  480  320  4 

linear  equation  is  C  -  460  =  j  (d  -  800)  <=>  C  -  460  =  \d  -  200  <=>  C  =  \d  +  260. 

(b)  Letting  d  =  1500  we  get  C  =  |  (1500)  +  260  =  635.  The  cost  of  driving  1500  miles  is  $635. 

,1  The  slope  of  the  line  represents  the  cost  per  mile,  $0.25. 

(d)  The  y-intercept  represents  the  fixed  cost,  $260. 

(e)  Because  you  have  fixed  monthly  costs  such  as  insurance 
and  car  payments,  as  well  as  costs  that  increase  as  you 
drive,  such  as  gasoline,  oil,  and  tires,  and  the  cost  of  these 
for  each  additional  mile  driven  is  a  constant. 

13.  (a)  The  data  appear  to  be  periodic  and  a  sine  or  cosine  function  would  make  the  best  model.  A  model  of  the  form 

/  (x)  =  a  cos  (bx)  +  c  seems  appropriate. 

(b)  The  data  appear  to  be  decreasing  in  a  linear  fashion.  A  model  of  the  form  f  (x)  =  mx  +  b  seems  appropriate. 

14.  (a)  The  data  appear  to  be  increasing  exponentially.  A  model  of  the  form  /  (x)  =  a  •  6*  or  /  (x)  =  a  •  b*  +  c  seems 

appropriate. 

(b)  The  data  appear  to  be  decreasing  similarly  to  the  values  of  the  reciprocal  function.  A  model  of  the  form 
/(x)  =  a/x  seems  appropriate. 
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Some  values  are  given  to  many  decimal  places.  These  are  the  results  given  by  several  computer  algebra  systems  —  rounding  is  left  to  the 
reader. 


15.  (a) 


is 

c 


o' - * - - - * - - - * - J  61,000 

A  linear  model  does  seem  appropriate. 


(b)  Using  the  points  (4000, 14.1)  and  (60,000, 8.2),  we  obtain 
8  2—141 

y  -  14.1  = - 1 - 1 —  (*  -  4000)  or,  equivalently, 

y  60,000  -  4000 

y  as  — 0.000105357*  +  14.521429. 


IS 


(c)  Using  a  computing  device,  we  obtain  the  least  squares  regression  line  y  =  —0.0000997855*  +  13.950764. 

(d)  When  *  =  25,000,  y  as  1 1.456;  or  about  11.5  per  100  population. 

(e)  When  *  =  80,000,  y  as  5.968;  or  about  a  6%  chance. 

(f)  When  *  =  200,000,  y  is  negative,  so  the  model  does  not  apply. 


Using  a  computing  device,  we  obtain  the  least  squares 
regression  line  y  =  4.856*  -  220.96. 

(c)  When  *  =  100°F,  y  =  264.7  as  265  chirps/min. 


A  linear  model  does  seem  appropriate.  Using  a  computing  device,  we  obtain  the  least  squares 

regression  liney  =  —158.2403249*  +  0.089119747,  where 
*  is  the  year  and  y  is  the  height  in  feet. 

(c)  When  *  =  2000,  y  as  20.00  ft. 

(d)  When  *  =  2100,  y  as  28.91  ft.  This  would  be  an  increase  of  9.49  ft  from  1996  to  2100.  Even  though  there  was 
an  increase  of  8.59  ft  from  1900  to  1996,  it  is  unlikely  that  a  similar  increase  will  occur  over  the  next 

100  years. 
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18.  By  looking  at  the  scatter  plot  of  the  data,  we  rule  out  the  linear  and  logarithmic  models. 

610  Cos*  (in  S) 


Scatter  plot 

We  try  various  models: 

Quadratic:  y  =  0.496.x2  -  62.2893.x  +  1970.639 

Cubic:  y  =  0.0201243201x3  -  3.88037296x2  +  247.6754468x  -  5163.935198 

Quartic:  y  =  0.000295 1 049x4  -  0.0654560995x3  +  5.2752564lx2  -  180.226651  lx  +  2203.210956 

Exponential :  y  =  2.4 1 422994  ( 1 .0545 1 69 1 4)' 

Power:  y  =  0.000022854971x3  616078251 


6IO  Cost  (in  $) 


Exponential  model 


610  Cost  (in  $) 


Power  model 


After  examining  the  graphs  of  these 
models,  we  see  that  the  cubic  and 
quartic  models  are  clearly  the  best. 


Using  a  computing  device,  we  obtain  the  cubic  function 
y  =  ox3  +  bx2  +  cx  +  d  with  a  =  0.00232567051876, 
b  =  -13.064877957628,  c  =  24,463.10846422,  and 
d  =  -15,265,793.872507.  Whenx  =  1925,  y  »  1922 
(millions). 


2010  (year) 
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20-  (a)  260  (D  6(lnT) 


-10  -2 


The  graph  of  T  vs.  d  appears  to  be  that  of  a  power  function  and  the  graph  of  In  T  vs.  In  d  appears  to  be  linear, 
so  a  power  model  seems  reasonable. 

(b)  T  =  1.000396048rf' 499661718 

(c)  The  power  model  in  part  (b)  is  approximately  T  =  dl  i.  Squaring  both  sides  gives  us  T2  =  d2,  so  the  model 
matches  Kepler's  Third  Law,  T2  =  kd 3. 

=2*3  New  Functions  from  Old  Functions 

1.  (a)  If  the  graph  of  /  is  shifted  3  units  upward,  its  equation  becomes  y  =  /  (x)  +  3. 

(b)  If  the  graph  of  /  is  shifted  3  units  downward,  its  equation  becomes  y  =  /(*)  —  3. 

(c)  If  the  graph  of  /  is  shifted  3  units  to  the  right,  its  equation  becomes  y  =  /(x  -  3). 

(d)  If  the  graph  of  /  is  shifted  3  units  to  the  left,  its  equation  becomes  y  —  f  (x  +  3). 

(e)  If  the  graph  of  /  is  reflected  about  the  x-axis,  its  equation  becomes  y  =  -/  (x). 

(f)  If  the  graph  of  /  is  reflected  about  the  y-axis,  its  equation  becomes  y  =  /  (-x). 

(g)  If  the  graph  of  /  is  stretched  vertically  by  a  factor  of  3,  its  equation  becomes  y  =  3/(x). 

(h)  If  the  graph  of /is  shrunk  vertically  by  a  factor  of  3,  its  equation  becomes  y  =  y/(x). 

2.  (a)  To  obtain  the  graph  ofy  =  5/(x)  from  the  graph  of  y  =  /(x),  stretch  the  graph  vertically  by  a  factor  of  5. 

(b)  To  obtain  the  graph  ofy  =  /  (x  -  5)  from  the  graph  of  y  =  /  (x),  shift  the  graph  5  units  to  the  right. 

(c)  To  obtain  the  graph  of  y  =  — /  (x)  from  the  graph  of  y  =  /  (x),  reflect  the  graph  about  the  x-axis. 

(d)  To  obtain  the  graph  of  y  =  -5/  (x)  from  the  graph  ofy  =  /  (x),  stretch  the  graph  vertically  by  a  factor  of  5 
and  reflect  it  about  the  x-axis. 

(e)  To  obtain  the  graph  of  y  =  /  (5x)  from  the  graph  of  y  =  /  (x),  shrink  the  graph  horizontally  by  a  factor  of  5. 
(0  To  obtain  the  graph  of  y  =  5/  (x)  -  3  from  the  graph  ofy  =  /  (x),  stretch  the  graph  vertically  by  a  factor  of  5 

and  shift  it  3  units  downward. 

3.  (a)  (graph  3)  The  graph  of  /  is  shifted  4  units  to  the  right  and  has  equation  y  =  /  (x  —  4). 

(b)  (graph  1)  The  graph  of  /  is  shifted  3  units  upward  and  has  equation  y  =  /(x)  +  3. 

(c)  (graph  4)  The  graph  of  /  is  shrunk  vertically  by  a  factor  of  3  and  has  equation  y  —\f  (x). 

(d)  (graph  5)  The  graph  of  /  is  shifted  4  units  to  the  left  and  reflected  about  the  x-axis.  Its  equation  is 
y  =  -/(x  +  4). 

(c)  (graph  2)  The  graph  of  /  is  shifted  6  units  to  the  left  and  stretched  vertically  by  a  factor  of  2.  Its  equation  is 
y  =  2/  (x  +  6). 
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4.  (a)  To  graph  y  —  /  (x  -f  4)  we  shift  the  graph 
of  /  4  units  to  the  left. 


(c)  To  graph  y  =  2/  (x)  we  stretch  the  graph 
of  /  vertically  by  a  factor  of  2. 


y  ----- 

i - 

/  \ 

/ 

\ 

z 

LJ 

/ 

\y‘ 

\/\ 

JL 

; 

5.  (a)  To  graph  y  =  /  (2x)  we  shrink  the  graph  of 
/  horizontally  by  a  factor  of  2. 


(c)  To  graph  y  =  /(— x)  we  reflect  the  graph 
of  /  about  the  y-axis. 


(b)  To  graph  y  =  /  (x)  +  4  we  shift  the  graph  of  / 
4  units  upward. 


(d)  To  graph  y  =  -\f  (x)  +  3,  we  shrink  the  graph 
of  /  vertically  by  a  factor  of  2,  then  reflect  the 
resulting  graph  about  the  x-axis,  then  shift  the 
resulting  graph  3  units  upward. 


(b)  To  graph  y  =  f  (|x)  we  stretch  the  graph  of  / 
horizontally  by  a  factor  of  2. 


(d)  To  graph  y  =  -/  (— x)  wc  reflect  the  graph  of  / 
about  the  y-axis,  then  about  the  x-axis. 


6.  The  graph  of  y  =  /  (x)  =  V3.r  —  x2  has  been  shifted  2  units  to  the  right  and  stretched  vertically  by  a  factor  of  2. 
Thus,  a  function  describing  the  graph  is 
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7.  The  graph  of  y  —  f  (x)  =  V3x  —  x2  has  been  shifted  4  units  to  the  left,  reflected  about  the  x-axis,  and  shifted 
downward  1  unit.  Thus,  a  function  describing  the  graph  is 


y  =  -I  /(*  +  -*)  -l 


reflect  shift  shift 
about  4  units  1  unit 
x-axis  left  down 


This  function  can  be  written  as 


y  =  -/(x  +  4)-l  =  -/3(x  +  4)-(x+4)2-  1 

=  -yjix  +  12  -  (x2  +  8x  +  16)  -  I  =  - s/-x 2  -  5x  -  4  -  1 

(b)  The  graph  of  y  =  1  +  ^/x  can  be 


8.  (a)  The  graph  ofy  =  2sinx  can  be  obtained  from  the  graph  of 
y  =  sinx  by  stretching  it  vertically  by  a  factor  of  2. 


obtained  from  the  graph  ofy  =  -/x  by 
shifting  it  upward  1  unit. 


(1.2) 


9.  y  =  —  l/x:  Start  with  the  graph  of  y  =  1/x  and  reflect  about  the  x-axis. 


I 

y~7 


y  =  -> 


10.  y  —  2  —  cosx:  Start  with  the  graph  ofy  =  cosx,  reflect  about  the  x-axis,  and  then  shift  2  units  upward. 


yt 

y  ~  -cos  x 

11.  y  =  tan  2x :  Start  with  the  graph  ofy  =  tan x  and  compress  horizontally  by  a  factor  of  2. 

y*  .  ,  ,  ,  n,>'rt?n2)! 


y  -  tan* 
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28.  The  most  important  features  of  the  given  graph  are  the  ^-intercepts  and  the 
maximum  and  minimum  points.  The  graph  of  y  =  1  //  (x)  has  vertical 
asymptotes  at  the  x -values  where  there  are  x -intercepts  on  the  graph  of  y  =  /  (x) 
The  maximum  of  1  on  the  graph  of  y  =  /  (x)  corresponds  to  a  minimum  of 
1/1  =  1  on  y  =  1  //  (x) .  Similarly,  the  minimum  on  the  graph  of  y  =  f  (x) 
corresponds  to  a  maximum  on  the  graph  of  y  =  1  //  (x) . 


29.  Assuming  that  successive  horizontal  and  vertical  gridlines  are  a  unit  apart,  we  can  make  a  table  of  approximate 
values  as  follows. 


Connecting  the  points  (x,  /  (x)  +  g  (x))  with  a  smooth  curve  gives  an  approximation  to  the  graph  of  /  +  g.  Extra 
points  can  be  plotted  between  those  listed  above  if  necessary. 

30.  First  note  that  the  domain  of  /  +  g  is  the  intersection  of  the  domains  of  /  and  g;  that  is,  /  -f  g  is  only  defined 
where  both  /  and  g  are  defined.  Taking  the  horizontal  and  vertical  units  of  length  to  be  the  distances  between 
successive  vertical  and  horizontal  gridlines,  we  can  make  a  table  of  approximate  values  as  follows: 


Extra  values  of  x  (like  the  value  2.5  in  the  table  above)  can  be  added  as  needed. 

31.  /  (x)  =  x3  4-  2.x2;  g  (x)  =  3x2  —  1.  D  =  R  for  both  /  and  g. 

(/  +  g)  (x)  =  x3  +  2x2  +  3x2  -  1  =  x3  +  5x2  —  1,  D  =  R. 

(/  -  g)  (x)  =  x3  +  2x2  -  (3x2  -  1)  =  x3  -  x2  +  1,  D  =  R. 

(fg)  (*)  =  (*3  +  2x2)  (3x2  -  1)  =  3x5  +  6x4  -  x3  -  2x2,  D  =  R. 

(f )  (X)  =  ^  °  =  {*  1 21  *  *73 }  Since  3x2  "  1  *  °' 


X 

-2 

-1 

0 

1 

2 

2.5 

3 

f(x) 

-1 

2.2 

2.0 

2.4 

2.7 

2.7 

2.3 

g(x) 

1 

-1.3 

-1.2 

-0.6 

0.3 

0.5 

0.7 

/W+sW 

0 

0.9 

0.8 

1.8 

3.0 

3.2 

3.0 

X 

0 

1 

2 

3 

4 

5 

6 

fix) 

2 

1.7 

1.3 

1.0 

0.7 

0.3 

0 

g(x) 

2 

2.7 

3 

2.8 

2.4 

1.7 

0 

fix)+g  (x) 

4 

4.4 

4.3 

3.8 

3.1 

2.0 

0 
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32.  f  (x)  =  yr+I,  D  =  [-1,  oo);  g  (x)  =  Vm,  D  =  (-oo,  1], 

(/  +  g)(x)  =  VT+x  +  VT^x,  D  =  (-00, 1]  n  [-1,  oo)  =  [-1, 1], 

(/  “  g)  (x)  =  VI  +  x  -  VI  ~x,  D  =  [-1, 1], 

( fg )  (x)  =  vm  •  vm = vi  -x2,  d = [-1,  i]. 

<f\  vm  / 

1  (x)  =  — ,  Z)  =  [—1, 1).  We  must  exclude  x  =  1  since  it  would  make  —  undefined. 

Vl -x  g 


33.  /(x)  =  x,g(x)  =  1/x 
y 


34.  /(x)  =  x3,g(x)  =  -x2 


/I 


y< 

i  / 

f;f+9 

I  / 

yj _ ^ 

! 

V  1 

\» 

% 

t 

35.  /  (x)  =  2x2  —  x;  g  (x)  =  3x  +  2.  D  =  R  for  both  /  and  and  hence  for  their  composites. 

(/  °  g)  (X)  =  /  (g  (X))  =  /  (3x  +  2)  =  2  (3x  +  2)2  -  (3x  +  2)  =  18x2  +  21x  +  6. 

(g°/)(x)  =  g(/(x))  =  g(2x2 -x)  =  3  (2x2 -x)  +  2  =  6x2  -  3x  +2. 

(/ o /)  (x)  =  /  (/ (x»  =  /  (2x2  -  x)  =  2  (2x2  -  x)2  -  (2x 2  -  x)  =  8x4  -  8x3  +  x. 
ig  °  g)  (x)  =  g  (g  (x))  =  g  (3x  +  2)  =  3  (3x  +  2)  +  2  =  9x  +  8. 

36.  /(x)  =  Vx^T,  Z>  =  [l,oo);g(x)=x2,  O  =  R. 

(/  °  g)  (x)  =  /  (g  (x))  =  /  (x2)  =  Vx2  -  1, 

D  =  (x  €  R  |  g(x)  e  [1,  oo))  =  (-oo,  -1]  U  [l.oo). 

(g  °  f)  (x)  =  g  (/  (x))  =  g  (Vx  -  1)  =  (Vx  -  l)2  =  x  -  I,  Z>  =  [1,00). 

(/»/>(*)  =  /(/(x))  =  /(VR  =  Wx  -  1  -  1, 

/)  =  jxc  (l.oo)  |  Vx  —  1  >  1}  =  [2,oo). 

(g  °  g)  (X)  =  g  (g  (X))  =  g  (x2)  =  (x2)2  =  x4,  D  =  R 

37.  /(x)=  1/x,  D  =  {x  |x  ^0);  g(x)  =  x3  +  2x,  D  =  R. 

(/°g)(x)  =  /(g(x))  =  /(x3  +  2x)  =  1/  (x3  +  2x),  D  =  {x  |  x3  +  2x  *  0}  =  {x  |  x  #  0). 

(g  °  /)  (x)  =  g  (/  (x))  =  *  (1/x)  =  1/x3  +  2/x,  Z)  =  {x  |  x  #  0). 

(/o/)  (x)  =  /(/(x))  =  /(1/x)  =  =  x,  D  =  [x  |  x  0). 

(g  °  g)  (x)  =  g  (g  (x))  =  g  (x3  +  2x)  =  (x3  +  2x)3  +  2  (x3  +  2x)  =  x9  +  6x7  +  12xs  +  10x3  +  4x,  D  =  R. 


38.  /(x)  =  jJ-y,  Z)  =  [x  |  x  /  1);  g(x)  =  j-j-j,  D  =  (x  |  x  #  -1). 


(go/)(x)=^(rlT)  = 
(/./)(x)  =  /(JlT)  = 
(go«)(x)=g(^{)  =  g5 


f*-1  ,V 

'  _  /  -2  \ 

\x  +  l  j 

U  +  l/ 

l/(x  -  1)  -  1 

l/(x-l)+l 

=  — ,0  = 
X 

1 

n 

l/(x  -  1)  -  1 

2  —  x  ’ 

-X-  1 


D  =  [x|x#-1). 


‘TT77mTTT  =  -i-Z)  =  (x,x^o.-„. 

l)/(x  +  l)+l  X 
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39.  / ( x )  =  sin*,  D  =  R;  g (x)  =  1  -  Vx,  D  -  [0,  cx>). 

(f°g)  00  =  /G?(*))  =  /(l  -  ■/*)  =  (1  -  Jx),  D  =  [0,  oo). 

(go  /)  (x)  =  g  (/ (*))  =  g  (sin x)  =  1  —  Vsinx.  For  Vsinx  to  be  defined,  we  must  have 

sinx  >  0  <=>  x  e  [0,  jr],  [2*. 3s],  [-2s, -s],  [4s, 5s],  [-4s,  -3s] . so 

D  =  {x  |  x  e  [2ns,  s  +  2ns],  where  n  is  an  integer). 

(/  °  /)(*)  =  /  (/  (x))  =  /  (sinx)  =  sin  (sinx),  D  =  R. 

(g  °  ?)  00  =  g  (g  00)  =  g  (1  -  V*)  =  I  ~  \/l  -  O  =  {*  >  0  |  1  -  V*  >  0}  =  [0, 1]. 

40.  /(x)  =  Vx2  -  1,  D  =  (-oo,  -l]U[l,oo);g(x)  =  VI  -x,  D  =  (-oo,  1]. 

(/  o  g)  (x)  =  /  (g  (x))  =  /  (Vl  -x)  =  7(VI  -x)2^T  =  V=?.  To  find  the  domain  of  (/  o  g)  (x),  we  must 
find  the  values  of  x  that  are  in  the  domain  of  g  such  that  g  (x)  is  in  the  domain  of/.  In  symbols,  we  have 
D  =  {x  €  (— oo,  1]  |  Vl  -  x  €  (— oo,  — l]U[l,oo)}.  First,  we  concentrate  on  the  requirement  that 
VT^T  e  (— oo,  — 1]  U  [1,  oo).  Because  Vl  -  x  >  0,  Vl  -  x  is  not  in  (-oo, -1],  If  Vl  -  x  is  in  [1 ,  oo),  then  we 
must  have  Vl  —  x  >  1  =>  1 -x  >  I  =>  x  <  0.  Combining  the  restrictions x  <  0  and  x  €  (-oo,  1  ],  we 

obtain  D  =  (-oo,  0). 

(go/)(x)=g(/(x))=g  (Vx2  -  l)  =  Vl  -  Vx2  -  I, 

fl  =  [x£  (— oo,  — 1]  U  [1,  oo)  I  Vx2  -  1  e  (—oo,  l]j.  Now  Vx2  -  I  <  1  =*  x2-l<l  =>  x2  <  2  => 

|*|<  V2  =»  — V2  <  x  <  V2.  Combining  this  restriction  with  x  e  (-oo,  — 1)U  [1,  oo),  we  obtain 

D=[— V2,-l]u[l,V2]. 

(f°f)(x)  =  /(/(x))  =  /(V?^T)  =  y  (Vx2  —  i)2  —  1  =  Vx2  —  2, 

D=jx6  ( — oo,  —  1]  U  [l ,  oo)  |  Vx2  —  1  e  (—oo,  — 1]U  [1,  oo)J.  Now  Vx2  -  1  >  1  =>  x2  -  I  >  1  => 
x2  >  2  =>  |*|>V2  =»  x  >  V2orx  <  -VI  Combining  this  restriction  with  x  e  (-oo, -1)  U[l,  oo),  we 

obtain  D  =  (-oo,  —  V2]  U  [VI  oo). 

(gog)(x)  =  g(g  (*))  =  « (VT^T)  =  Vl  -  Vl  -x,  D  =  {xe  (-oo,  1)  |  Vl  -x  e  (-oo,  1)}.  Now 

y/l  -  x  <1  =>  1  —  x  <  1  =>  x  >  0.  Combining  this  restriction  with  x  6  (-oo,  1],  we  obtain  D  —  [0, 1]. 

41.  (/ogofi)(x)  =  /(g(fi(x)))  =  /(g(x-l))  =  /(V^n)  =  V^rT-l 

42.  (/  o  g  o  h)  (x)  =  /  (g  (h  (x)))  =  /  (g  (x2  +  2 ))  =  /  ((x2  +  2)3)  =  1  /(x2  +  2)3 

43.  (f  °  g  oh)(x)  =  f  (g(h  (x)))  =  /  (g  (a/*))  =  /  (V*  ~  5)  —  (V*  —  5)4  +  1 


44.  (/ogoA)(x)  =  /(g(fi(x)))  =  /(g(V?))=/(l^T)  = 


45.  Let  g  (x)  =  x  -  9  and  /  (x)  =  xs.  Then  (/  °  g)  (*)  =  (x  -  9)5  =  F  (x). 

46.  Let  g  (x)  =  V*  and  / (*)  =  sinx.  Then  (/ og)(x)  =  sin  V*  =  /•"(*)• 

x  x2 

47.  Letg(x)  =  x2  and  /(x)  =  x  +  ^-  Then  (/ og)(x)  =  ^  =  G(x). 

48.  Let  g  (x)  =  x  +  3  and  /(x)  =  1/x.  Then(/og)(x)  =  l/(x  +3)  =  G(x). 
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49.  Let  g  (/)  =  cos  /  and  /  (I)  =  Vz.  Then  (/  og)  (/)  =  -fcost  =  u  (/). 

50.  Let  g  (r)  =  nt  and  / (/)  =  tan/.  Then  (/  o  g)  (/)  =  tan  nt  =  u  (/). 

51.  Let  h  (x)  =  x2,g(x)  =  3*.  and  /(x)  =  1  -  x.  Then  (/ ojok)(j)  =  1  —  3xJ  =  /7(x). 

52.  Let  h  (x)  =  7x.  g  (x)  =  x  -  1,  and  /  (x)  —  i/x.  Then  (/  ogoh)  (x)  —  7  V*  —  1  =  7/  (x). 

53.  Let  h  (x)  =  y/x,  g(x)  =  secx,  and  / (x)  =  x4.  Then  (/ ogoh)  (x)  =  (sec  7*)  4  =  sec4  (Tx)  =  H  (x). 

54.  (a)/(s(l))  =  /(6)  =  5  (b)  «(/(l))  =  g(3)  =  2 

(c) /(/(D)  =  /(3)  =  4  (d)?te(l))=«(6)  =  3 

(e)  te  °  /)  (3)  =  g(f  (3))  =  g  (4)  =  1  (f)  (fog)  (6)  =  /  (g  (6))  =  /  (3)  =  4 

55.  (a)  g  (2)  =  5,  because  the  point  (2, 5)  is  on  the  graph  of  g.  Thus,  /  (g  (2))  =  /  (5)  =  4,  because  the  point  (5, 4)  is 

on  the  graph  of  /. 

(b)  g  (/  (0))  =  g  (0)  =  3 

(c) (/°g)(0)  =  /(g(0))  =  /(3)  =  0 

(d)  (go  f)  (6)  =g(f  (6))  =  g  (6).  This  value  is  not  defined,  because  there  is  no  point  on  the  graph  of  g  that  has 
x-coordinate  6. 

(e)  (g  o  g)  (-2)  =  g  (g  (-2))  =  g  (1)  =  4 
(0  (/  °  f)  (4)  =  /  (/  (4))  =  /  (2)  =  -2 

56.  To  find  a  particular  value  of  /  (g  (x)),  say  for  x  =  0,  we  note  from  the  graph  that  g  (0)  =»  2.8  and  /  (2.8)  =»  -0.5. 
Thus,  /  ( g  (0))  «  /  (2.8)  ar  -0.5.  The  other  values  listed  in  the  table  were  obtained  in  a  similar  fashion. 


X 

g(x) 

/&(*)) 

-5 

-0.2 

-4 

-4 

1.2 

-3.3 

-3 

2.2 

-1.7 

-2 

2.8 

-0.5 

-1 

3 

-0.2 

X 

g(x) 

f(g(*)) 

0 

2.8 

-0.5 

l 

2.2 

-1.7 

2 

1.2 

-3.3 

3 

-0.2 

-4 

4 

-1.9 

-2.2 

5 

-4.1 

1.9 

57.  (a)  Using  the  relationship  distance  —  rate  ■  time  with  the  radius  r  as  the  distance,  we  have  r  (t)  =  60/. 

(b)  A  =  irr2  =>  (A  or)  (/)  =  A  (r  (/))  =  n  (60/ )2  =  3600jt/2.  This  formula  gives  us  the  extent  of  the  rippled 
area  (in  cm2)  at  any  time  /. 

58.  (a)  d  —rt  =>  d  =  350/ 

(b)  There  is  a  Pythagorean  relationship  involving  the  legs  with  lengths  d  and  1  and  the  hypotenuse  with  length  s  : 
d1  +  l2  =  s1.  Thus,  s  (d)  =  -Jd2  +  1. 

(c)  (s  o  d)  (/)  =  s  (d  (/))  =  s  (350/)  =  7(350 /)2  +  1 

0  if  /  <  0 

\  >  H  \  v.  [  120  if  /  >  0 

'  120'  so  K  (/)  =  120//  (/) . 


0 


0 
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Starting  with  the  formula  in  part  (b),  we  replace  120  with  240  to  reflect  the 
different  voltage.  Also,  because  we  are  starting  5  units  to  the  right  of 
I  =  0,  we  replace  i  with  t  -  5.  Thus,  the  formula  is  V  (/)  =  240//  (l  -  5). 


60.  (a)  R(t)  =  lH(l)  = 


0  if  /  <  0 
I  if  t  >  0 


(b)  V  (0  = 


0  if  I  <  0 
2 1  ifO  <  I  <  60 
so  I' (0  =  2/ //(/),/  <60. 


(c)  V(l)  = 


0  if  I  <  7 

4  (/  —  7)  if  7  <  r  <  32 


so  f  (r)  =  4  (r  -  7)  //  (r  -  7),  t  <32. 


v. 

too 


32  < 


61.  (a)  By  examining  the  variable  terms  in  g  and  h,  we  deduce  that  we  must  square  g  to  get  the  terms  4x2  and  4x  in  h. 

If  we  let  /  (x)  =  x2  +  c,  then  (/  og)  (x)  =  /  (g  (x))  =  /  (2x  +  1)  =  (2x  +  l)2  +  c  =  4x2  +  4x  +  (1  +  c). 
Since  h  (x)  =  4x2  +  4x  +  7,  we  must  have  1  +c  =  7.  Soc  =  6  andg(x)  =x2  +6. 

(b)  We  need  a  function  g  so  that 

/  ( g  (•*))  =  3  (g  (x))  +  5  =  h  (x)  =  3x2  +  3x  +  2  =  3  (x2  +  x)  +  2  =  3  (x2  +  x  —  1)  +  5.  So  we  see  that 
g(x)=x2+x-l. 

62.  We  need  a  function  g  so  that  g  (f  (x))  =  g(x  +4)  =  h(x)  =  4x  -  1  =  4(x  +4)  -  17.  So  we  see  that  the 
function  g  must  be  g  (x)  =  4x  —  17. 

63.  We  need  to  examine  h  (-x). 

h(-x)  =  (/°g)(-x)  =  /(g(-x))  =  /(g(x))  [because  g  is  even]  =  h  (x) 

Because  h  (-x)  =  h  (x),  A  is  an  even  function. 

64.  h  (-x)  =  /  (g  (-x))  =  /  (-g  (x)).  At  this  point,  we  can’t  simplify  the  expression,  so  we  might  try  to  find  a 
counterexample  to  show  that  h  is  not  an  odd  function.  Let  g  (x)  =  x,  an  odd  function,  and  /  (x)  =  x2  +  x.  Then 
h  (x)  =  x2  +  x,  which  is  neither  even  nor  odd. 

Now  suppose  /  is  an  odd  function.  Then  f  (-g  (x))  =  -/  (g  (x))  =  -h  (x).  Hence,  h  (-x)  =  —h  (x),  and  so  h 
is  odd  if  both  /  and  g  arc  odd. 

Now  suppose  /  is  an  even  function.  Then  /  (-g  (x))  =  /  (g  (x))  =  h  (x).  Hence,  h  (-x)  =  h  (x),  and  so  />  is 
even  if  g  is  odd  and  /  is  even. 
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65.  (a)  P  =  (a, g (a))  and  Q  =  (g (a), g (a))  because  Q  has  the 
same  y-value  as  P  and  it  is  on  the  line  y  =  x. 

(b)  The  x -value  of  Q  is  g  (a);  this  is  also  the  x-value  of  R.  The 
y-value  of  R  is  therefore  /  (jc-value),  that  is,  /  (g  (a)). 
Henc  e,R  =  (g(a),f(g(a)))- 

(c)  The  coordinates  of  S  are  (a,  f  (g  (a)))  or,  equivalently, 

(a.  h  (a)). 


66.  We  only  need  to  plot  points  for  the  first  quadrant  since  we 
can  see  that  /  is  an  odd  function,  and  by  Exercise  64,  we 
then  know  that  /  o  /  is  an  odd  function,  and  hence, 
symmetric  with  respect  to  the  origin. 
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g  Graphing  Calculators  and  Computers 


1.  f(x)=x*+  2 

(a)  [-2, 2]  by  [-2, 2] 


(b)  [0.4]  by  [0,4] 


(c)  [-4, 4]  by  [-4, 4) 


[-8,  8]  by  [-4, 40] 


(e)  [-40. 40]  by  [-80,  800] 


The  most  appropriate  graph  is 
produced  in  viewing  rectangle  (d). 
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2.  f(x)  =  x2  +  lx  +  b 

(a)  [-5,  5]  by  [-5, 5] 


The  most  appropriate  graph  is  produced  in  viewing  rectangle  (c). 
3.  /(*)=  10  +  25x  —x3 


The  most  appropriate  graph  is  produced  in  viewing  rectangle  (c)  because  the  maximum  and  minimum  points  are 
fairly  easy  to  see  and  estimate. 


-2 
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9.  /  (x)  =  O.OIx3  —  x2  +  5.  Graphing  f  in  a  standard  viewing 
rectangle,  [—10,  10]  by  [-10, 10],  shows  us  what  appears  to  be  a 
parabola.  But  since  this  is  a  cubic  polynomial,  we  know  that  a  larger 
viewing  rectangle  will  reveal  a  minimum  point  as  well  as  the 
maximum  point.  After  some  trial  and  error,  we  choose  the  viewing 
rectangle  [-50,  150]  by  [-2000, 2000). 

10.  /  (x)  =  x  (x  +  6)  (x  —  9) 


140 


15 


15 


16.  y  =  2x  -  |jc2  -  5| 


-15 
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24.  y  =  ±Vl  ±9xJ 


-4 


25.  Graphing  /  (x)  =  3x3  +  x2+x-2ina  standard  viewing  rectangle,  [-10, 10]  by  [-10, 10],  reveals  one  real  root 
between  0  and  1 .  The  second  figure  shows  a  close-up  of  this  region.  By  using  a  root  finder  or  by  zooming  in,  we 
find  the  value  of  the  root  to  be  approximately  0.67. 


-10 


26.  Graphing  both  /  (x)  =  x4  ±  8x  ±  16  and  g  (x)  =  2x3  +  8x2,  it 
appears  that  there  are  four  points  of  intersection  (see  the  figure). 
We  can  now  use  an  intersection  finder  or  zoom  in  on  the  regions 
of  interest  to  find  the  solutions  x  —2,  —  1.24,  2,  and  3.24. 


27.  From  the  graph  of  f  (x)  =  2  sinx  and  g  (x)  =  x,  we  see  that  there  are  three  points  of  intersection.  The  intersection 
point  (0, 0)  is  obvious  and  due  to  the  symmetry  of  the  graphs  (both  functions  arc  odd),  we  only  need  to  find  one  of 
the  other  two  points  of  intersection.  Using  an  intersection  finder  or  zooming  in,  we  find  the  x-value  of  the 
intersection  to  be  approximately  1.90.  Hence,  the  solutions  are  x  =  0  and  x  =»  ±1.90. 


28.  (a) 


-1.5 


The  x-coordinates  of  the  three  points  of 
intersection  are  x  —3.29,  —2.36  and  1 .20. 
(b)  Using  trial  and  error,  we  find  that  m  «  0.3365. 
Note  that  m  could  also  be  negative. 
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29.  g(x)  =  x3/10  is  larger  than /(x)  =  10x2 
whenever*  >  100. 

300.000  9  f 


=  r3 


30.  /  (x)  =  x*  -  100x3  is  larger  than  g  (x)  =  x 
whenever*  >  101. 


150 


-1.000,000 


31.  (a)  (i)  10,  5]  by  [0,20]  (ii)  [0,25]  by  [0, 107]  (iii)  [0,  50]  by  [0, 10s] 


As  *  gets  large,  /  (*)  =  2X  grows  more  rapidly  than  g  (*)  =  x5. 

(b)  From  the  graphs  in  part  (a),  it  appears  that  the  two  solutions  are  *  a*  1.2  and  22.4. 


As  *  gets  large,  /  (*)  -  3*  grows  more  rapidly  than  g  (*)  =  x4. 


(b)  From  the  graphs  in  (a),  it  appears  that  the  three  solutions  arex  =»  —0.80,  1.52  and  7.17. 


o 


We  see  from  the  graphs  of  y  =  |sin  x  —  x  |  and  y  —  0. 1  that  there  are  two 
solutions  to  the  equation  |sinx  —  x|  =  0.1:  x  a*  —0.85  andx  «  0.85.  The 
condition  |sinx  -  x|  <0.1  holds  for  any  x  lying  between  these  two 
values. 
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P  (x)  =  3x5  -  5x3  +  2x, 

Q  (x)  =  3x5.  These  graphs  are 
significantly  different  only  in  the 
region  close  to  the  origin.  The  larger  a 
viewing  rectangle  one  chooses,  the 
more  similar  the  two  graphs  look. 


35.  (a)  The  root  functions  y  =  Vx, 
y  =  i/x  and  y  =  fyx 


3 


a  js 

-i 


(b)  The  root  functions  y  =  x, 
y  =  i/x  and  y  =  t/x 


(c)  The  root  functions  y  =  -fx, 
y  =  i/x,  y  =  i/x  and  y  —  Z/x 


(d)  •  For  any  n,  the  nth  root  of  0  is  0  and  the  nth  root  of  1  is  1;  that  is,  all  nth  root  functions  pass  through  the 
points  (0, 0)  and  (1, 1). 

•  For  odd  n,  the  domain  of  the  nth  root  function  is  R,  while  for  even  n,  it  is  {x  e  R  1  x  >0}. 

•  Graphs  of  even  root  functions  look  similar  to  that  of  -Jx,  while  those  of  odd  root  functions  resemble  that  of 

if*. 

•  As  n  increases,  the  graph  of  !!/x  becomes  steeper  near  0  and  flatter  for  x  >  1 . 


36.  (a)  The  functions  y  =  1/x  and 
y  =  1/x3 


3 


-3 


(b)  The  functions  y  =  1/x2  and 
y  =  1/x4 


3 


* - p — 

J 

ly-t 
V.;  7 

-3 


(c)  The  functions y  =  l/x,>>  =  1/x2, 
y  —  1/x3  and  y  —  1/x4 


-l 


(d)  •  The  graphs  of  all  functions  of  the  form  y  =  1/x"  pass  through  the  point  (1, 1). 

•  If  n  is  even,  the  graph  of  the  function  is  entirely  above  the  x-axis.  The  graphs  of  1/x”  for  n  even  are  similar 
to  one  another. 

•  If  n  is  odd,  the  function  is  positive  for  positive  x  and  negative  for  negative  x.  The  graphs  of  1/x"  for  n  odd 
are  similar  to  one  another. 

•  As  n  increases,  the  graphs  of  1  /x"  approach  0  faster  as  x  ->  oo. 
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37. 


38. 


39. 


/  (x)  =  x4  +  cx2  +  x.  If  c  <0,  there  are  three  humps:  two  minimum 
points  and  a  maximum  point.  These  humps  get  flatter  as  c  increases, 
until  at  c  =  0  two  of  the  humps  disappear  and  there  is  only  one 
minimum  point.  This  single  hump  then  moves  to  the  right  and 
approaches  the  origin  as  c  increases. 

/(*)  =  vT  +  cx2.  If  c  <  0,  the  function  is  only  defined  on 
[—1  /V— c  ,  1  fy/=B  ],  and  its  graph  is  the  top  half  of  an  ellipse.  If 
c  =  0,  the  graph  is  the  line  y  =  1 .  If  c  >  0,  the  graph  is  the  top  half 
of  a  hyperbola.  As  c  approaches  0,  these  curves  become  flatter  and 
approach  the  line  y  —  1. 

y  =  x"2~x .  As  n  increases,  the 
maximum  of  the  function  moves  further 
from  the  origin,  and  gets  larger.  Note, 
however,  that  regardless  of  n,  the 
function  approaches  0  as  x  -»  oo. 


\X  I 

40.  y  =  ■■  The  “bullet”  becomes  broader  as  c  increases. 

Vc^-x2 


41.  y2  =  ex3  +  x2 

If  c  <0,  the  loop  is  to  the  right  of  the  origin,  and  if  c  is  positive,  it  is 
to  the  left.  In  both  cases,  the  closer  c  is  to  0,  the  larger  the  loop  is.  (In 
the  limiting  case,  c  =  0,  the  loop  is  “infinite”,  that  is,  it  doesn’t  close.) 
Also,  the  larger  |c|  is,  the  steeper  the  slope  is  on  the  loopless  side  of 
the  origin. 


42.  (a)  y  =  sin  (Jx)  (b)  y  =  sin  (x2) 

This  function  is  not  periodic;  it  oscillates  This  function  oscillates  more  frequently  as  |x|  increases, 

less  frequently  as  x  increases.  Note  also  that  this  function  is  even,  whereas  sinx  is  odd. 
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*  Review 

. . -  CONCEPTCHECK  ^ — 

1.  (a)  A  function  /  is  a  rule  that  assigns  to  each  clement  x  in  a  set  A  exactly  one  element,  called  /  (x),  in  a  set  B. 

The  set  A  is  called  the  domain  of  the  function.  The  range  of  f  is  the  set  of  all  possible  values  of  /  (x)  as  x 
varies  throughout  the  domain. 

(b)  If  /  is  a  function  with  domain  A,  then  its  graph  is  the  set  of  ordered  pairs  ((x,  /(*))  |  x  e  A). 

(c)  Use  the  Vertical  Line  Test  on  page  17. 

2.  The  four  ways  to  represent  a  function  are:  verbally,  numerically,  visually,  and  algebraically.  An  example  of  each  is 
given  below. 

Verbally:  An  assignment  of  students  to  chairs  in  a  classroom  (a  description  in  words) 

Numerically:  A  tax  table  that  assigns  an  amount  of  tax  to  an  income  (a  table  of  values) 

Visually:  A  graphical  history  of  the  Dow  Jones  average  (a  graph) 

Algebraically:  A  relationship  between  distance,  rate,  and  time:  d  —  rt  (an  explicit  formula) 

3.  (a)  An  even  function  /  satisfies  /  (— x)  =  /  (x)  for  every  number  x  in  its  domain.  It  is  symmetric  with  respect  to 

the  y-axis, 

(b)  An  odd  function  g  satisfies  g  (— x)  =  —g  (x)  for  every  number  x  in  its  domain.  It  is  symmetric  with  respect  to 
the  origin. 


4.  A  function  /  is  called  increasing  on  an  interval  /  if/  (xi)  <  /  fo)  whenever  xi  <  X2  in  /. 

5.  A  mathematical  model  is  a  mathematical  description  (often  by  means  of  a  function  or  an  equation)  of  a  real-world 
phenomenon. 


6.  (a)  Linear  function:  /  (x)  =  2x  +  1,  /  (x)  =  ax  +  b 

(b)  Power  function:  /  (x)  =  x2,  /  (x)  =  x° 

(c)  Exponential  function:  /  (x)  =  2*,  /  (x)  =  a* 

(d)  Quadratic  function:  /  (x)  =  x2  +  x  +  1, 

/  (x)  =  ax2  +  bx  +  c 

(e)  Polynomial  of  degree  5:  /(x)  =  xs  +  2 

X  P  (jf) 

(f)  Rational  function:  /  (x)  = - -,  /  (x)  =  where 

x  +  2  Q  (x) 

P  (x)  and  Q  (x)  are  polynomials 
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9.  (a)  The  domain  of  /  +  g  is  the  intersection  of  the  domain  of  /  and  the  domain  of  g;  that  is,  -4  n  B. 

(b)  The  domain  of  fg  is  also  A  D  B. 

(c)  The  domain  of  //g  must  exclude  values  of  x  that  make  g  equal  to  0;  that  is,  {x  e  A  fl  B  \  g  (x)  ^  0). 


10.  Given  two  functions  /  and  g,  the  composite  function  /  o  g  is  defined  by  (/  o  g)  (x)  =  /  (g  (x)).  The  domain  of 
/  o  g  is  the  set  of  all  x  in  the  domain  of  g  such  that  g  (x)  is  in  the  domain  of  /. 

11.  (a)  If  the  graph  of  /  is  shifted  2  units  upward,  its  equation  becomes  y  =  /  (x)  +  2. 

(b)  If  the  graph  of  /  is  shifted  2  units  downward,  its  equation  becomes  y  —  /  (x)  —  2. 

(c)  If  the  graph  of  /  is  shifted  2  units  to  the  right,  its  equation  becomes  y  =  /  (x  —  2). 

(d)  If  the  graph  of  /  is  shifted  2  units  to  the  left,  its  equation  becomes  y  =  /  (x  +  2). 

(e)  If  the  graph  of  /  is  reflected  about  the  x-axis,  its  equation  becomes  y  =  — /  (x). 

(f)  If  the  graph  of  /  is  reflected  about  the  y-axis,  its  equation  becomes  y  =  f  (— x). 

(g)  If  the  graph  of  f  is  stretched  vertically  by  a  factor  of  2,  its  equation  becomes  y  —  2/  (x). 

(h)  If  the  graph  of  f  is  shrunk  vertically  by  a  factor  of  2,  its  equation  becomes  y  =  j/  (x). 

(i)  If  the  graph  of  /  is  stretched  horizontally  by  a  factor  of  2,  its  equation  becomes  y  =  f  (jx) . 

(j)  If  the  graph  of  /  is  shrunk  horizontally  by  a  factor  of  2,  its  equation  becomes  y  =  f  (2x). 

— "  TRUE-FALSE  QUIZ 

1.  False.  Let  / (x)  =  x2,  s  =  —I,  and  r  =  1.  Then  / (j  +  t)  =  (-1  +  1)J  =  02  =  0,  but 

/(*)  +  /(0  =  (-1)2  +  I2  =  2  *  0  =  /(s  +/). 

2.  False.  Let  /  (x)  =  x2.  Then  /  (-2)  =  4  =  /  (2),  but  —2  ^  2. 

3.  False.  Let  /  (x)  =  x2.  Then  /  (3x)  =  (3x)2  =  9x2  and  3/  (x)  =  3x2.  So  /  (3x)  #  3/  (x). 

4.  True.  If  xj  <  xi  and  /  is  a  decreasing  function,  then  the  y-values  get  smaller  as  we  move  from  left  to  right. 

Thus,  /(x i)  >  /(x2). 

5.  True.  See  the  Vertical  Line  Test. 

6.  False.  Let  / (x)  =  x2  and g (x)  =  2x.  Then  (/ o g)  (x)  =  / (g (x))  =  / (2x)  =  (2x)2  =  4x2  and 

(g  °  /)(•*)=  S  (/ OO)  =  g  (*2)  =2x2.  So/og#go/. 
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EXERCISES 


1.  (a)  When  x  =  2,  y  «  2.7.  Thus,  f  (2)  «  2.7. 

(b) /(x)  =  3  =*  x  « 2.3, 5.6 

(c)  The  domain  of  /  is  —  6  <  x  <  6,  or  [—6, 6], 

(d)  The  range  of  /  is  — 4  <  y  <  4,  or  [—4, 4]. 

(e)  /  is  increasing  on  (-4, 4). 

(0  /  is  odd  since  its  graph  is  symmetric  with  respect  to  the  origin. 

2.  (a)  This  curve  is  not  the  graph  of  a  function  of  x  since  it  fails  the  Vertical  Line  Test. 

(b)  This  curve  is  the  graph  of  a  function  of  x  since  it  passes  the  Vertical  Line  Test.  The  domain  is  [—3, 3]  and  the 
range  is  [—2,  3]. 
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(b)  From  the  graph,  we  see  that  the  distance  is 
slightly  less  than  150  feet. 


There  will  be  some  yield  with  no  fertilizer,  increasing 
yields  with  increasing  fertilizer  use,  a  leveling-off  of 
yields  at  some  point,  and  disaster  with  too  much 
fertilizer  use. 


5.  / (x)  =  V4  -  3x2.  Domain:  4  -  3x2  >  0  =>  3x2  <  4  =>  x2  <  j  =>  |x|  <  Range:  y  >  0  and 
y  <  V4  =>  0  <  y  <  2. 


6.  g  (x)  =  — Domain:  x  +  1  yi  0  =» 


x  #  -1.  Range:  all  reals  except  0  (y  =  0  is  the  horizontal  asymptote 


forg.) 

7.  y  =  1  +  sinx.  Domain:  R.  Range:  —  1  <  sinx  <  1  =>  0<1+  sinx  <2  =>  0  <  y  <  2. 

8.  y  =  tan  2x.  Domain:  2x  ^  f  +  xn  =>  x  yF  f  +  fn.  Range:  the  tangent  function  takes  on  all  real  values,  so 
the  range  is  R. 


9.  (a)  To  obtain  the  graph  of  y  =  /  (x)  +  8,  we  shift  the  graph  of  y  =  f  (x)  up  8  units. 

(b)  To  obtain  the  graph  of  y  =  /  (x  +  8),  we  shift  the  graph  of  y  —  /  (x)  left  8  units. 

(c)  To  obtain  the  graph  of  y  =  1  +  2/  (x),  we  stretch  the  graph  of  y  =  /  (x)  vertically  by  a  factor  of  2,  and  then 
shift  the  resulting  graph  1  unit  upward. 

(d)  To  obtain  the  graph  of  y  =  /  (x  —  2)  —  2,  we  shift  the  graph  of  y  =  /  (x)  right  2  units,  and  then  shift  the 
resulting  graph  2  units  downward. 

(e)  To  obtain  the  graph  of  y  =  —  /  (x),  we  reflect  the  graph  of  y  =  /  (x)  about  the  x-axis. 

(f)  To  obtain  the  graph  of  y  =  3  -  /  (x),  we  reflect  the  graph  of  y  =  /  (x)  about  the  x-axis,  and  then  shift  the 
resulting  graph  3  units  upward. 
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10.  (a)  To  obtain  the  graph  of  y  =  /  (x  —  8),  we 
shift  the  graph  of  y  —  f  (at)  right  8  units. 


(c)  To  obtain  the  graph  o(y  =  2  —  f  (x),  we 
reflect  the  graph  of  y  =  f  (x)  about  the 
x-axis,  and  then  shift  the  resulting  graph  2 
units  upward. 


(b)  To  obtain  the  graph  of  y  =  —  /  (x),  we  reflect  the 
graph  of  y  =  /  (x)  about  the  x-axis. 


(d)  To  obtain  the  graph  of  y  =  j  /  (x)  —  1 ,  we  shrink 
the  graph  of  y  =  /  (x )  by  a  factor  of  2,  and  then 
shift  the  resulting  graph  1  unit  downward. 


11.  To  sketch  the  graph  of  y  =  1  +  -Jx  +  2,  we  12.  To  sketch  the  graph  of  y  =  (x  —  l)4  —  I,  we  shift 

shift  the  graph  of  y  =  y/x  left  2  units  and  up  1  the  graph  of  y  =  x4  right  1  unit  and  down  1  unit, 

unit 


1 3.  To  sketch  the  graph  of  y  =  cos  3x ,  we  compress  1 4.  To  sketch  the  graph  of  y  =  3  —  2  sin  x ,  we  stretch 

the  graph  ofy  =  cosx  horizontally  by  a  factor  the  graph  ofy  =  sinx  vertically  by  a  factor  of  2, 

of  3.  reflect  the  resulting  graph  about  the  x-axis,  and 
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15.  (a)  The  terms  of  /  arc  a  mixture  of  odd  and  even  powers  of  x,  so  /  is  neither  even  nor  odd. 

(b)  The  terms  of  /  are  all  odd  powers  of  x, so  /  is  odd. 

(c)  /  (-x)  =  cos  ((-x)2)  =  cos  (x2)  =  /  (x),  so  /  is  even. 

(d)  /(-x)  =  1  +  sin(— x)  sb  1  -  sinx.  Now  f(-x)  V  /  (x)and  /  (-x)  ji  -/(x),  so /is  neither  even  nor 


0  —  2 

16.  For  the  line  segment,  the  slope  is  —  ■  ~  =  -2,  and  an  equation  is  y  -  0  =  -2  (x  +  1)  or,  equivalently, 

y  =  —  2x  —  2.  The  circle  has  equation  x2  +  y2  =  1 ;  the  top  half  has  equation  y  =  s/1  —  x2  (we  have  solved  for 

— 2x  —  2  if —2  <  x  <  —  I 

positive  y)  Thus,  /(x)=  - , 

VI  —x2  if  — 1  <  x  <  1 

17.  /  (x)  =  *Jx,  D  ~  [0,  oo);  g  (x)  =  sinx,  D  =  R. 

( fog )  (x)  =  /(g(x))  =  f  (sinx)  =  Vsinx.  For  Vsinx  to  be  defined,  we  must  have  sinx  >0  <=>  x€(0,i], 
[2s,  3s],  [-2s,  -s],  [4s,  5s],  [-4s,  -3s] . so  D  =  (x  |  x  €  [2 ns,  s  +  2ns] ,  where  n  is  an  integer). 

(go  /)  (x)  =  g  (/  (x))  =  g  (Vx)  =  sin  ■/x.  x  must  be  greater  than  or  equal  to  0  for  s/x  to  be  defined,  so 
D  =  [0,  oo). 

(/°/)(*)  =  /(/(*))  =  /(V*)  =  v/v^=  0=  [0, oo). 

fe°2)(x)  (x))  =  g  (sinx)  =  sin  (sinx).  D  =  R. 

18.  Let  ft  (x)  =  x  +  y/x,  g  (x)  =  ^/x,  and  /  (x)  =  l/x.Thcn(/  o  g  o  h)  (x)  =  -=L==  =F(x). 

yx  +  V* 

19.  The  graphs  of  /  (x)  =  sin"x,  where  n  is  a  positive  integer,  all  have  domain  R.  For  odd  n,  the  range  is  [—1, 1]  and 
for  even  n,  the  range  is  [0,  1],  For  odd  n,  the  functions  are  odd  and  symmetric  with  respect  to  the  origin.  For  even 
n,  the  functions  are  even  and  symmetric  with  respect  to  the  y-axis.  As  n  becomes  large,  the  graphs  become  less 
rounded  and  more  “spiky”. 

20.  (a)  Let  x  denote  the  number  of  toaster  ovens  produced  in  one  y  ,  (cost)  / 

week  and  y  the  associated  cost.  Using  the  points  12,000  S' 

( 1 000,  9000)  and  ( 1 500,  1 2,000),  we  get  an  equation  of  a  9000  /y  =  6x  +  3000 


12,000  -  9000 

lin^-9000-  1500 -Toro  (*~I0Q0)  - 
^  =  6  (x  —  1000)  +  9000  =>  y  =  6x  +  3000. 


y  =  6* +3000 


500  1000  1500  2000  * 

(toaster  ovens) 


(b)  The  slope  of  6  means  that  each  additional  toaster  oven  produced  adds  $6  to  the  weekly  production  cost. 

(c)  The  y-intercept  of  3000  represents  the  overhead  cost  —  the  cost  incurred  without  producing  anything. 

Many  models  appear  to  be  plausible.  Your  choice  depends  on  whether 
'  you  think  medical  advances  will  keep  increasing  life  expectancy,  or  if 

•  ‘  there  is  bound  to  be  a  natural  leveling-off  of  life  expectancy.  A  linear 

•  ’  model,  y  =  0.263x  -  450.034,  gives  us  an  estimate  of  76.0  years  for 

•  ’  the  year  2000. 


Principles  of  Problem  Solving 


i. 


By  using  the  area  formula  for  a  triangle,  5  (base)  (height),  in  two  ways,  we 

see  that  j  (4)  (y)  =  1  (A)  (a),  so  a  =  Since  42  +  y2  =  A2, 

h 

/H - -  .  4,/A2  -  16 

y  =  vA2  —  16,  and  a  = - ■ - . 

A 


p2 _ jqo 

Refer  to  Example  1,  where  we  obtained  A  — - ,  The  100  came 

2P 

from  4  times  the  area  of  the  triangle.  In  this  case,  the  area  of  the  triangle  is 
j  (A)  (12)  =  6A.  Thus,  A  =  =>  2/>A  =  />2-24A  => 

p2 

2Ph  +  24A  =  Pi  =>  A  (IP  +  24)  =  P2  =>  A  =  — - - . 


2Ph  =  R2  -  24A 


1  —  2x  if  x  < 


and  |x  +  5|  = 

:  —  1  ifx  >  *  x  +  5 


-x  —  5  if  x  <  —  5 


if  jc  >  -5 


Therefore,  we  consider  the  three  cases  x  <  —5,  —  5  <  x  <5,  and  x  >  j. 

If-*  <  —5,  we  must  have  1  —  2jc  —  (— jc  —  5)  =  3  <=>  x  =  3,  which  is  false,  since  we  are  considering  jc  <  —5. 
If — 5  <  jc  <  j,  we  must  have  I  -  2x  -  (jr  +  5)  =  3  <=>  x  = 

Ifx  >  we  must  have  2x  -  I  -(x  +  5)  =  3  <=>  x=9. 

So  the  two  solutions  of  the  equation  are  x  =  -|  and  x  =  9. 


4.  |x- 


1  —x  ifx  <  I 
x  -  1  if  x  >  1 


and  |x  —  3 1  = 


3  —  x  if  x  <  3 
x  -  3  ifx  >  3 


Therefore,  we  consider  the  three  cases  x  <  l,  I  <  x  <  3,  and  x  >  3. 

Ifx  <  1,  we  must  have  l-x-(3— x)>5  <=>  0>7,  which  is  false. 

If  1  <  x  <3,  we  must  have  x  —  1  —  (3  —  x)>5  <=>  x>j,  which  is  false  because  x  <  3. 
Ifx  >  3,  we  must  havex  -  I  -  (x  -  3)  >  5  <=>  2  >  5,  which  is  false. 

All  three  cases  lead  to  falsehoods,  so  the  inequality  has  no  solution. 

5.  /(x)  =  |x2  -  4  |x|  +  3|.  Ifx  >  0,  then  /(x)  =  |x2  -  4x  +  3|  =  |(x  -  1)  (x  -  3)|. 

Case  (i):  If  0  <  x  <  1,  then  / (x)  =x2  -  4x  +  3. 

Case  (ii):  If  1  <  x  <  3,  then  /  (x)  =  -  (x2  -  4x  +  3)  =  — x2  +  4x  -  3. 

Case  (Hi):  If x  >  3,  then  /  (x)  =  x2  -  4x  +  3. 


This  enables  us  to  sketch  the  graph  for  x  >  0.  Then  we  use  the  fact  that  /  is  an 
even  function  to  reflect  this  part  of  the  graph  about  the  y-axis  to  obtain  the 
entire  graph.  Or,  we  could  consider  also  the  cases  x  <  -3,  -3  <  x  <  —  I,  and 
-1  <x  <0. 
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6.  g(*)  =  |*2-l|-|*2-4|. 


* 2  -  1  if  |jc|  >  1 
l-*2  if  |*|  <  1 


and  |*2  —  4|  = 


x2  -4 
4-*2 


SoforO  <  |*|  <  I,g(x)  =  1  -*2-  (4-*2)  =  -3,for 
1  <|*|  <  2,g  (*)  =  *2  -  I  -  (4  -  *2)  =  2*2  -  5,  and  for 
l*l>2,g(*)=*2-l-(*2-4)=3. 


if  |*|  >  2 
if  |*|  <  2 


2- 1*1  +  lyl  =  i  +  l*yl  <=>  l*yl  - 1*1  -  lyl  + 1  =  o  <=> 

1*1  Ivl  —  l»l  —  lyl  +  1=0  «  (1*1  -  l)(lyl  -  I)  =  o  «=*  *=±lor 

y  =  ±l- 


8.  x2y  —  y3  —  5*2  +  5y2  =  0  <=>  *2  (y  -  5)  -  y2  (y  —  5)  =  0  <=> 
(*2  -  y2)  (y  -  5)  =  0  «=>  *  =  ±y  or  y  =  5 


9-  1*1  +  M  S  1-  The  boundary  of  the  region  has  equation  |*|  +  |y|  =  1. 
In  quadrants  I,  II,  III,  and  IV,  this  becomes  the  lines  *  +  y  =  1, 

— *  +  y  =  1,— *  —  y  =  1,  and*  —y  =  1  respectively. 


10.  I*  -yl  + 1*1  -  Lyl  <  2 


Case  (i)  : 

x  >  y  >  0 

c=> 

x  —y  +  x —  y < 2 

<=> 

*  —y  <  1 

<=> 

y  >  x  -  1 

Case  (ii)  : 

y  >  x  >  0 

y-x +* - y < 2 

<=> 

0  <  2  (true) 

Case  (iii): 

*  >  0  and  y  <  0 

<=> 

x -y  +  x  +y  <2 

<=> 

2*  <  2 

<=> 

x  <  1 

Case  (iv): 

x  <  0  and  y  >  0 

<=> 

y  —  x— x— y< 2 

-2*  <  2 

<=> 

x  >  -1 

Case  (v)  : 

y  <  x  <  0 

<=> 

*  —y  —  x +y < 2 

<=> 

0  <  2  (true) 

Case  (vi)  : 

x  <  y  <  0 

<=> 

y-x-x+y <2 

VI 

* 

1 

5K 

y  <  x  +  1 

Note:  Instead  of  considering  cases  (iv),  (v),  and  (vi),  we  could  have  noted  that 
the  region  is  unchanged  if*  and  y  are  replaced  by  -*  and  —y,  so  the  region  is 
symmetric  about  the  origin.  Therefore,  we  need  only  draw  cases  (i),  (ii),  and 
(iii),  and  rotate  through  1 80°  about  the  origin. 
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11.  Let  d  be  the  distance  traveled  on  each  half  of  the  trip.  Let  t\  and  (2  be  the  times  taken  for  the  first  and  second  halves 
of  the  trip. 

For  the  first  half  of  the  trip  we  have  ri  =  d/30  and  for  the  second  half  we  have  12  =  d/60.  Thus,  the  average  speed 
total  distance  2d  2d  60  120 d  120 d 

:  40.  The  average  speed  for 


for  the  entire  trip  is  - 

total  time 

the  entire  trip  is  40  mi/h. 


fi  +'2 


d_  d_ 
30  +  60 


60  2 d  +  d  3  d 


12.  Let  /  =  sin,  g  =  x,  and  h  =  x.  Then  the  left-hand  side  of  the  equation  is 

/  o  (g  +  h)  —  sin  (x  +  x)  =  sin  2x  =  2  sinx  cos x;  and  the  right-hand  side  is 
f  o  g  +  f  o  h  =  sinx  +  sinx  =  2sinx.  The  two  sides  are  not  equal,  so  the  given  statement  is  false. 

13.  Let  S„  be  the  statement  that  7"  —  1  is  divisible  by  6. 

•  Si  is  true  because  71  —  1  =  6  is  divisible  by  6. 

•  Assume  S*  is  true,  that  is,  7*  —  1  is  divisible  by  6.  In  other  words,  7*  —  1  =  6m  for  some  positive  integer  m. 
Then  7*+1  —  1  =  7*  •  7  —  1  =  (6m  +  1)  •  7  —  1  =  42m  +6  =  6  (7m  +  1),  which  is  divisible  by  6,  so  S*+ 1  is  true. 

•  Therefore,  by  mathematical  induction,  7"  —  1  is  divisible  by  6  for  every  positive  integer  n. 

14.  Let  S„  be  the  statement  that  1  +  3  +  5  + - h  (2 n  —  1 )  =  n2. 

•  Si  is  true  because  [2  (1)  —  1]  =  1  =  l2. 

•  Assume  S*  is  true,  that  is,  1  +  3  +  5  -I - F(2A  —  1)  =  k2.  Then 

1  +  3  +  5  +  -.-  +  (2*  -  l)  +  [(2*+  1)-  l]  =  l  +  3  +  5+  --  +  (2*-l)  +  (2*  +  1) 

=  *2  +  (2*+l)  =  (*+l)2 


which  shows  that  S*+i  is  true. 

•  Therefore,  by  mathematical  induction,  1  +  3  +  5  + - F  (2n  —  1)  =  n2  for  every  positive  integer  n. 

15.  /o  (x)  =  X2  and  /„+ 1  (x)  =  /o  (/„  (x))  for  n  =  0,  1. 2 . 

A  U)  =  /o  (/o  (At))  =  /o  (x2)  =  (x2)2  =  x4,  A  00  =  fo  ( A  00)  =  /o  (At4)  =  (x4)2  =  x8, 

A  00  =  /o  (A  (At))  =  A  (ft8)  =  (x8)2  =  x'6, . . ..  Thus,  a  general  formula  is  f„  (x)  =  x2”*' . 


16.  (a)  A  (x)  =  1/  (2  -  x)  and  /„+,  =  A  °  A  for  n  =  0, 1 , 2 . 

2  —  x  2  —  x 

1 


/i00  /o(2_x)  2 _ i_  2  (2  —  x)  —  1  3  —  2x’ 

*"-*(&)-  2r 


2- 


1 

2  —  x 

3  —  2x 
1 


3  -  2x 

2 (3  —  2x)  —  (2  —  x)  -  4-3x’ 
4  -  3x  4  -  3x 


,  _  3-2x  2  (4  -  3x)  -  (3  -  2x)  5  -  4x 1 ' ' ' 

4  —  3x 

Thus,  we  conjecture  that  the  general  formula  is  /„  (x)  =  - — — — — . 

n  +  2  — (»  +  l)x 
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To  prove  this,  we  use  the  Principle  of  Mathematical  Induction.  We  have  already  verified  that  /„  is  true  for 

k  1  —  kx 

n  =  1.  Assume  that  the  formula  is  true  for  n  =  t;  that  is,  /*  (x)  —  - — - — — - — — .  Then 

'  *  +  2-(E+l)x 

/*+.  «  =  (/o  o  /*)  (x)  =  /o  (/*  (*))  =  /o  (k^2-»  +  nx)  =  : - 

*  +  2-(E+l)x 

*  +  2-(*+l)x  *  +  2-(*  +  l)x 

_2[*  +  2-(L-+l)x]-(E  +  l-Ex)  _  k  +  3-(k  +  2)x 
This  shows  that  the  formula  for  f„  is  true  for  n  =  k  +  1 .  Therefore,  by  mathematical  induction,  the  formula 
true  for  all  positive  integers  n. 


fs  ft  ft  ft 

From  the  graph,  we  can  make  several  observations: 

•  The  values  at  x  =  a  keep  increasing  as  k  increases. 

•  The  vertical  asymptote  gets  closer  to  x  =  1  as  k  increases. 

•  The  horizontal  asymptote  gets  closer  to  y  —  1  as  k  increases. 

•  The  x -intercept  for  fk+\  is  the  value  of  the  vertical  asymptote  for  /*. 

•  The  y-interccpt  for  /*  is  the  value  of  the  horizontal  asymptote  for  /i+i. 


Limits  and  Rates  of  Change 


The  Tangent  and  Velocity  Problems 

^ ^ ^ ^ I  H  II  II  r-tr--  '. 


1.  (a)  Using  P  (15, 250),  we  construct  the  following  table: 


t 

Q 

slope  =  m  pq 

5 

10 

20 

25 

30 

(5, 694) 

(10, 444) 

(20, 111) 

(25, 28) 

(30,0) 

694  -250  _  444  <44 

T^I5  =  ITT  “  44  4 

444  -250  194 

“UTHT  =  5  “  388 

111-250  139  0 

56-15  “  5  ~  27  8 

28-250  _  222  ™  ^ 

ITT?  ~  10  -  222 

0-250  _  250  i/7 

55=13  =  “if  =-166 

(b)  Using  the  values  of  I  that  correspond  to  the  points  closest 
to  P  (f  =  10  and  /  =  20),  we  have 
-38.8 +  (-27.8) 


(c)  From  the  graph,  we  can  estimate  the 
slope  of  the  tangent  line  at  P  to  be 
=P  =  -33.3. 


2.  (a)  Slope  =  ^  *  69.67  (b)  Slope  =  =  2fZ  =  71 .75 

(c)  Slope  =  ^806  =  i«=  71  (d)  Slope  =29^F  =  J?=  66 

From  the  data,  we  see  that  the  patient’s  heart  rate  is  decreasing  from  71  to  66  heartbeats/minute  after  42  minutes. 
After  being  stable  for  a  while,  the  patient’s  heart  rate  is  dropping. 

3.  For  the  curve  y  =  *Jx  and  the  point  P  (4, 2): 


X 

Q 

mpQ 

(i) 

5 

(5, 2.236068) 

0.236068 

(it) 

4.5 

(4.5, 2.121320) 

0.242641 

(HO 

4.1 

(4.1,2.024846) 

0.248457 

(iv) 

4.01 

(4.01,2.002498) 

0.249844 

(v) 

4.001 

(4.001,2.000250) 

0.249984 

(vi) 

3 

(3, 1.732051) 

0.267949 

(vii) 

3.5 

(3.5,  1.870829) 

0.258343 

(viii) 

3.9 

(3.9,  1.974842) 

0.251582 

(ix) 

3.99 

(3.99, 1.997498) 

0.250156 

(x) 

3.999 

(3.999, 1.999750) 

0.250016 

(b)  The  slope  appears  to  be  J . 

(c)  y  -  2  =  J  (x  -  4)  or 
y=\x  +  \. 
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4.  For  the  curve  y  =\/x  and  the  point  P  (0.5, 2): 
(a)  i - 1 - 1 - r 


x  Q 

mpQ 

(0 

2  (2,0.5) 

-i 

(i>) 

1  (1,1) 

-2 

(iii) 

0.9  (0.9,1.111111) 

-2.222222 

(iv) 

0.8  (0.8,1.25) 

-2.5 

(v) 

0.7  (0.7,1.428571) 

-2.857143 

(vi) 

0.6  (0.6,1.666667) 

-3.333333 

(vii) 

0.55  <0.55.  1.818182) 

-3.636364 

(viii) 

0.51  (0.51,  1.960784) 

-3.921569 

(ix) 

0.45  (0.45, 2.222222) 

-4.444444 

(x) 

0.49  (0.49, 2.040816) 

-4.081633 

(b)  The  slope  appears  to  be  —4. 

(c)  y  —  2  =  — 4  (x  —  0.5)  or  y  =  — 4x  +  4 

(d) 


=  58  —  1.66f  —  0,836  if  6  ^  0 


5.  (a)  At  (  =  2,  y  =  40  (2)  -  16  (2)2  =  16,  The  average  velocity  between  times  2  and  2  +  6  is 

40(2  ■*-*)—  16(Lt*2l--'-6  =  =-24 -16*.  if  MO- 

6  6 

(i)  6  =  0.5,  -32  ft/s  (ii)  6  =  0.1,  -25.6  ft/s 

(iii)  6  =  0.05,  -24.8  ft/s  (iv)  6  =  0.01,  -24. 16  ft/s 

(b)  The  instantaneous  v  elocity  when  i  =  2  is  -24  ft/s. 

6.  The  average  velocity  between  r  and  t  +  6  seconds  is 

58  (r  +  6)  -  0.83  (/  +  h)2  -  (58r  -  0.83f2)  586  -  1.66/A  -  0.83/r  „  „  „ 

- -  -  =  58  —  1.66/  —  U.o 

h  h 

(a)  Here  t  =  1,  so  the  average  velocity  is  58  -  1.66  —  0.836  =  56.34  -  0.836. 

(i)  [1,2]:  6  =  1, 55.51  m/s  (ii)  [1, 1.5]:  6  =  0.5,  55.925  m/s 

(iii)  [1, 1.1]:  6  =  0.1,  56.257  m/s  (iv)  [l,  1.01]:  6  =  0.01,  56.3317  m/s 

(v)  [1,  1.001]:  6  =  0.001,  56.33917  m/s 

(b)  The  instantaneous  velocity  after  1  second  is  56.34  m/s. 

7.  Average  velocity  between  times  1  and  1  +  6  is 

s{l  +h)  -  s  (1)  (1  +  6)3  /6  —  1/6  63  +  362  +  36  62  +  36  +  3..,J 

- 6 - = - 6 - = - 66 - = - 6 - lfA# 

(a)  (i)  [1,3]:  6  =  2,^  ft/s  (ii)  [1,2]:  6  =  1.  J  ft/s 

(iii)  [1, 1.5]:  6  =  0.5,  $  ft/s  (iv)  [1, 1.1]:  6  =  0.1,  $  ft/s 

(b)  As  6  approaches  0,  the  velocity  approaches  j  ft/s. 
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8.  Average  velocity  between  times  /  =  2  and  t  =  2  +  h  is  given  by 


s(2  +  h)-s  (2) 
h 


(a)  (i)A  =  3 

(ii)  h  =  2 

(iii)  h  =  1 


(b)  Using  the  points  (0.8, 0)  and  (5, 1 18)  from  the 
approximate  tangent  line,  the  instantaneous 
velocity  at  t  =  2  is  about  a*  28  ft/s. 


s 

150 

y 

_ j 

/ 

100 

ri 

50 

-0. 

.  2 _ 3  4  5 

9.  For  the  curve  y  =  sin  ( 1  Orr  /x)  and  the  point  P  (1, 0): 


(a) 


X 

Q 

mpQ 

2 

(2.0) 

0 

1.5 

(1.5,0.8660) 

1.7321 

1.4 

(1.4,  -0.4339) 

-1.0847 

1.3 

(1.3,-0.8230) 

-2.7433 

1.2 

(1.2,0.8660) 

4.3301 

1.1 

(1.1,-0.2817) 

—2.8173 

x  Q 

mpQ 

0.5  (0.5,0) 

0 

0.6  (0.6, 0.8660) 

-2.1651 

0.7  (0.7,0.7818) 

-2.6061 

0.8  (0.8,  1) 

-5 

0.9  (0.9,  -0.3420) 

3.4202 

0.99  (0.99,0.3120) 

—31.2033 

As  x  approaches  1,  the  slopes  do  not  appear  to  be  approaching  any  particular  value. 


(b) 


We  see  that  problems  with  estimation  are  caused  by  the 
frequent  oscillations  of  the  graph.  The  tangent  is  so  steep  at 
P  that  we  need  to  take  x -values  much  closer  to  1  in  order  to 
get  accurate  estimates  of  its  slope. 


(c)  If  we  choose  x  =  1.001,  then  the  point  Q  is  (1.001,  -0.0314)  and  mpQ  as  -31.3794.  [fx  =0.999,  then  Q  is 
(0.999,  0.0314)  and  m/>Q  =  —31.4422.  Averaging  these  two  slopes  gives  us  the  estimate  -31.4108. 


The  Limit  of  a  Function _ 

^ ^ ^ ^ mmm** 

1.  As  x  approaches  2,  /  (x)  approaches  5.  [Or,  the  values  of  /  (x)  can  be  made  as  close  to  5  as  we  like  by  taking  x 
sufficiently  close  to  2  (but  x  2).]  Yes,  the  graph  could  have  a  hole  at  (2, 5)  and  be  defined  such  that  f  (2)  =  3. 

2.  As  x  approaches  1  from  the  left,  /  (x)  approaches  3;  and  as  x  approaches  1  from  the  right,  /  (x)  approaches  7.  No, 
the  limit  does  not  exist  because  the  left-  and  right-hand  limits  are  different 
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3.  (a)  lim  f(x)  =  oc  means  that  the  values  of  /  (x)  can  be  made  arbitrarily  large  (as  large  as  we  please)  by  taking 
x-*-3 

x  sufficiently  close  to  —3  (but  not  equal  to  -3). 

(b)  lim  /  (x)  =  — oo  means  that  the  values  of  /  (x)  can  be  made  arbitrarily  large  negative  by  taking  x 
x-*4+ 

sufficiently  close  to  4  through  values  larger  than  4. 


4.  (a)  lim  /  (x)  =  3  (b)  lim  /  (x)  =  4  (c)  lim  /  (x)  =  2 

x-»0  x-»3“  x-»3+ 

(d)  lim  /  (x)  docs  not  exist  because  the  limits  in  part  (b)  and  part  (c)  are  not  equal. 
x-»3 


(e)/(3)  =  3 

5.  (a)  lim  /(x)  =  3 

X~*  1 

(b)  lim  /(x)  =  2 
x-»3“ 

(c)  lim  /(x)  =  -2 
x->3+ 

(d)  lim  /  (x)  doesn’t  exist  because  the  limits  in  part  (b)  and  part  (c)  are  not  equal. 
x-»3 

II 

rn 

'o' 

(f)  lim  /(x)  =  - 1 
j-4-2- 

(g)  lim  /(x)  =  -l 
x-»-2< 

(h)  lim  /(x)  =  -l 

x-*-2 

0)  /(— 2)  =  —3 

6.  (a)  lim  g(x)  =  -l 

x-*-2- 

(b)  lim  g  (x)  —  1 
x-»-2+ 

(c)  lim  g(x)  doesn’t  exist 
*-♦-2 

(d)  g  (-2)  =  1 

(e)  lim  g(x)  =  1 

x-*2_ 

(0  lim  g(x)  =  2 

x-*2+ 

(g)  lim  g  (x)  doesn’t  exist 

x-*2 

(h)g(2)  =  2 

(i)  lim  g  (x)  doesn’t  exist 
x— »4+ 

(j)  lim  g(x)  =  2 

X— >4“ 

(k)  g  (0)  doesn’t  exist 

(1)  limg(x)  =  0 

x-»0 

7.  (a)  lim  /  (x)  =  2 
x-»3 

(b)  lim  /(x)  =  -1 

X->1 

(c)  lim  /(x)=l 

x  — ♦  —3 

(d)  lim  /  (x)  =  1 

x— 

(e)  lim  /(x)  =  2 
x-*2+ 

(f)  lim  /(x)  doesn’t  exist  because  the  limits  in  part  (d)  and  part  (e)  are  not  equal. 

x-»2 

8.  (a)  lim  g(x)  =  0 

x-*-6 

(b)  lim  g(x)  =  oo 
x-»0- 

(c)  lim  g  (x)  =  -oo 

x— >0+ 

(d)  lim  g(x)  =  -oo 
x->4 

(e)  The  equations  of  the  vertical  asymptotes:  x  =  —5,  x  =  0,  x  =  4 

9.  (a)  lim  f  (x)  =  oo 
x— >3 

(b)  lim \  f(x)  =  -oo 
x-*7 

(c)  lim  /  (x)  =  —oo 

x  — ►  -4 

(d)  lim  /  (x)  =  oo 
x-*-9" 

(e)  lim  /  (x)  =  -oo 

x->— 9+ 

(f)  The  equations  of  the  vertical  asymptotes:  x  =  —9,  x  =  —4,  x  =  3,  x  =  7 


10.  lim  /  (0  =  1 50  mg  and  lim  /  (r)  =  300  mg.  These  limits  show  that  there  is  an  abrupt  change  in  the  amount 

i-»12-  i-»12+ 

of  drug  in  the  patient’s  bloodstream  at  (  =  1 2  h.  The  left-hand  limit  represents  the  amount  of  the  drug  just  before 
the  fourth  injection.  The  right-hand  limit  represents  the  amount  of  the  drug  just  after  the  fourth  injection. 
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15.  For  g  (x)  =  — — 

X*  —  1 


X 

g(*) 

0.2 

0.806452 

0.4 

0.641026 

0.6 

0.510204 

0.8 

0.409836 

0.9 

0.369004 

0.99 

0.336689 

X 

g(*) 

1.8 

0.165563 

1.6 

0.193798 

1.4 

0.229358 

1.2 

0.274725 

1.1 

0.302115 

1.01 

0.330022 

X  — ~  1  _ 

It  appears  that  lim  —= - =  0.3  =  i. 

x-*\  jc-*  —  1  J 


27.  lim  sec*  =  lim  (1  /  cos*)  =  -oo  since  cos*  ->  0  as  *  -»  (— jr/2)-  and  cos*  <  0  for 

*-><— */2)-  x-t(-*/2)- 

-jt  <*  <  ->r/2. 

x  j  1  x  *4"  1 

28.  lim  - =  —  oo  since  : - >  2  as  x  ->  1+  and  sin  nx  0  through  negative  values  as  x  — »  1+ . 

x— >  i+  x  sm  tcx  x 
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29.  (a) 


* 

/« 

0.5 

-1.14 

0.9 

-3.69 

0.99 

-33.7 

0.999 

-333.7 

0.9999 

-3333.7 

0.99999 

-33,333.7 

* 

/(*) 

1.5 

0.42 

11 

3.02 

1.01 

33.0 

1.001 

333.0 

1.0001 

3333.0 

1.00001 

33,333.3 

From  these  calculations,  it  seems  that  lim  /  (x)  =  -oc  and  lim  /  (x)  =  oo. 

jr-tl-  *->1+ 


(b)  If  x  is  slightly  smaller  than  1,  then  x3  —  1  will  be  a  negative  number  close  to  0,  and  the  reciprocal  of  x3  —  1, 
that  is,  /  (x),  will  be  a  negative  number  with  large  absolute  value.  So  lim  /  (x)  =  -oo. 

j-»l- 

If  x  is  slightly  larger  than  1,  then  x3  —  1  will  be  a  small  positive  number,  and  its  reciprocal,  /  (x),  will  be  a 

large  positive  number.  So  lim  /  (x)  =  oo. 

x-»l+ 


(c)  It  appears  from  the  graph  of  /  that  lim  /  (x)  =  -oo  and 

JC— »  I  *“ 


lim  /  (x)  =  oo. 

X-»l  + 


10 


X  X 

30.  (a)  y  -  — r - -  =  - w  — .  Therefore,  as*  ->  -1+  or 

x1  —x  -  2  (x  —  2)  (*  +  1) 

*  — »  2+,  the  denominator  approaches  0,  and  y  >  0  for  *  <  —  1  and 

for*  >  2,  so  lim  y  —  lim  y  =  oo.  Also,  as*  — »  —1“  or 
*_>_!+  *->2+ 

*  — *  2~,  the  denominator  approaches  0  and  y  <  0  for  —  1  <  *  <2, 
so  lim  y  =  lim  y  —  — oo. 

x-*2~ 


-5 
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31.  (a)  Leth(x)  =  (I  +x),,x. 


X 

A(x) 

-0.001 

2.71964 

-0.0001 

2.71842 

-0.00001 

2.71830 

-0.000001 

2.71828 

0.000001 

2.71828 

0.00001 

2.71827 

0.0001 

2.71815 

0.001 

2.71692 

It  appears  that  lim  (1  +  jc)1^  as  2.71828,  which  is  approximately  e. 

x->0 

In  Section  7.4  we’ll  see  that  the  value  of  the  limit  is  exactly  e. 


32.  For  the  curve  y  =  2*  and  the  points  P  (0, 1)  and  Q(x,  2X)  : 


X 

Q 

mpQ 

0.1 

(0.1,1.0717735) 

0.71773 

0.01 

(0.01, 1.0069556) 

0.69556 

0.001 

(0.001, 1.0006934) 

0.69339 

0.0001 

(0.0001, 1.0000693) 

0.69317 

The  slope  appears  to  be  about  0.693. 
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35.  For  /  (x)  =  x2  -  (2*/ 1 OOO): 


X 

/(*) 

1 

0.998000 

0.8 

0.638259 

0.6 

0.358484 

0.4 

0.158680 

0.2 

0.038851 

0.1 

0.008928 

0.05 

0.001465 

It  appears  that  lim  /  (x)  =  0. 
x-»0 


X 

fix) 

0.04 

0.000572 

0.02 

-0.000614 

0.01 

-0.000907 

0.005 

-0.000978 

0.003 

-0.000993 

0.001 

-0.001000 

It  appears  that  lim  /  (*)  =  —0.001. 


X 

hix ) 

0.001 

0.33333350 

0.0005 

0.33333344 

0.0001 

0.33333000 

0.00005 

0.33333600 

0.00001 

0.33300000 

0.000001 

0.00000000 

Here  the  values  will  vary  from  one  calculator  to  another. 
Every  calculator  will  eventually  give  false  values. 
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(d)  As  in  part  (c),  when  we  take  a  small  enough  viewing  rectangle  we  get  incorrect  output. 


37.  No  matter  how  many  times  we  zoom  in  towards  the  origin,  the  graphs  appear  to  consist  of  almost-vertical  lines. 
This  indicates  more  and  more  frequent  oscillations  as  x  — >  0. 

1.2  1.2 


38.  lim  m 

V—*C~ 


lim  —  .  °,  -.  As  p  -»  c  ,J  1  —  o2/c2  — >  0+,  and  m  -»  oo. 
»-*«•  v/1  -  v2/c2 


39. 


There  appear  to  be  vertical  asymptotes  at  x  ±0.90  and  x  ^  ±2.24. 
To  find  the  exact  equations  of  these  asymptotes,  we  note  that  the 
graph  of  the  tangent  function  has  vertical  asymptotes  at  x  =  ^  +  jrn. 
Thus,  we  must  have  2  sin  x  =  y  +  ;r  n,  or  equivalently, 
sinx  =  f  +  § n.  Since  -1  <  sinx  <  1,  we  must  have  sinx  =  ±f 
and  sox  =  ± sin “ 1  J  (corresponding  to x  ±0.90). 

Just  as  150°  is  the  reference  angle  for  30°,  x  —  sin-1  f  is  the  reference  angle  for  sin-1  y .  So 
x  =  ±  (jr  —  sin"1  f)  are  also  equations  of  the  vertical  asymptotes  (corresponding  to  x  =»  ±2.24). 
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X 

y 

0.99 

5.92531 

0.999 

5.99250 

0.9999 

5.99925 

1.01 

6.07531 

1.001 

6.00750 

1.0001 

6.00075 

Q  y  =  6.5 


From  the  tabic  ami  the  graph,  we  guess  that  the  limit  is  6. 
xi-\ 

(b)  We  need  to  have  5.5  <  — = — -  <  6.5.  From  the  graph  we  obtain  the  approximate  points  of  intersection 

P  (0.9313853,  5.5)  and  Q  (1.0649004, 6.5).  Now  1  -  0.9313853  %  0.0686  and  1.0649004  -  1  «  0.0649,  so 
by  requiring  that  x  be  within  0.0649  of  1,  we  ensure  that  y  is  within  0.5  of  6. 


Calculating  Limits  Using  the  Limit  Laws 


1.  (a)  lim  [/  (x)  +  h  (x)]  =  lim  /  (x)  +  lim  h  (x)  =  -3  +  8  =  5 

x—ta  x-+a  x—*a 


(b)  lim  [/(x)]2  =  [ lim  /(x)"|2  =  (-3)2  =  9 

x-+a  Lx—*a  J 

(c)  lim  1/h  (x)  =  3/  lim  h  (x)  =  \/8  =  2 


(slta£H,^_=2_-2 

*->»  h  (x)  lim  h(x)  8  8 


^  jHSo  /  (x)  lim/(x)  -3 

x—*a 

m gw  0 

*-*o  /  (x)  lim  /  (x)  —3 

x~+a 


(g)  The  limit  does  not  exist,  since  lim  g  (x)  =  0  but  lim  /  (jc)  ^  0. 

x-+a°  '  x-*a 

(h)  lim  2f(x)  =  =  2 (-3)  __6 

h(x)~  f  (x)  lim  h  (x)  -  lim  /  (x)  8  -  (-3)  1 1 

x-*a  x->a 

2.  (a)  lim  f/(x)  +  g(x)]  =  lim  /(x)+  lim  g(x)  =  2  +  0  =  2 

x-»2  x-*2  x-»2 

(b)  Jim  g(x)  does  not  exist  since  its  left-  and  right-hand  limits  are  not  equal,  so  the  given  limit  does  not  exist. 

(c)  lim  [/(x)g(x)]  =  lim  /(x)  ■  lim  g(x)  =  0  •  1.3  =  0 

x-»0  x-*0  x-»0 

(d)  Since  lim  g  (x)  =  0  and  g  is  in  the  denominator,  the  given  limit  does  not  exist. 

x-»-i 

(e)  lim  x3/(x)  =  |  lim  x3 1  [  lim  /(x)  1  =23  •  2  =  16 

x-*2  l_x— >2  J  |_x-»2  J 

(0  lim  V3  +  /(x)  =  13  +  lim/(x)  =  V5TT  =  2 

X~*  1  V  X-»l 

3.  lim  ( 5x 2  -  2x  +  3)  =  lim  5x2  —  lim  2x  +  lim  3  (Limit  Laws  2  &  1) 

x-*4  '  x->4  x— >4  x->4  V  7 

=  5  lim  x2  -  2  lim  x  +  3  (3  &  7) 

x->4  x->4  v  7 

=  5  (4)2  —  2  (4)  +  3  =  75  (9&8) 
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(Limit  Law  4) 

(1,2&3) 

(9, 7  &  8) 

(5) 

(2,  I  &  3) 

(8,  7  &  9) 

(6  &  5) 

(1, 2  &  3) 

(9, 7  &  8) 

(4) 

(6) 

(1&2) 

(8,  7  &  9) 

(11) 

(1,  2  &  3) 

(9,  8  &  7) 

(II) 

(2) 

(7  &  9) 
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10.  (a)  The  left-hand  side  of  the  equation  is  not  defined  for  x  =  2,  but  the  right-hand  side  is. 

(b)  Since  the  equation  holds  for  all  x  ^  2,  it  follows  that  both  sides  of  the  equation  approach  the  same  limit  as 
x  — »  2  Just  as  in  Example  3.  Remember  that  in  finding  lim  /  (x),  we  never  consider  x  =  a. 

x—ia 

jf  2  _  %  1 2 

11.  lim  - - —  does  not  exist  since  x  +  3  -»  0  but  x2  —  x  +  12  ->  24  as  x  -t  -3. 

X-.-3  x+3 


„  ..  x1  —  x—  12  (x  +  3)(x-4) 

12.  hm  - — —  =  lim  - - + - =  lim  (x  -  4)  =  -3  -  4  =  -7 

*-»-3  x  +  3  X-.-3  x+3  x-»-3 


x— .-2  x2  -  X  -  6  -  xT-2  (x  -  3)  (X  +  2)  -  X^2  -  -  5 

x2  +  x  —  2  ,.  (x  +2)(x  —  1)  ..  x  +  2  1+2 

x-tix2  — 3x  +  2  x-»i  (x  -  2)(x  —  1)  wix-2  1—2 

„  (A  —  5)2  —  25  (A2- 10A  + 25) -25  h2  -  10A 

15.  lim - - - =  lim  - - - - =  lim  - - -  -  lim  (A  -  10)  =  —10 

h—*0  h  h-*0  h  h->  0  h  h->  0 

16.  Hmfirixx  lim  +  lim  +  '  =  12  +  1  +  1  =1 

x->\ X2  —  1  x-»l  (x-l)(x  +  l)  x — >  1  X  +  1  1  +  1  2 

17  |im  c  +/|)4  -  1  _  lim  (1  +  4A  +  6A2  +  4A3  +  A4)  -  1  _  4A  +  6A2  +  4A3  +  A4 
h-*0  h  h-*0  h  h~*  0  h 

=  Hm  (4  +  6 h  +  Ah 2  +  *3)  =  4 

.»  (2  +  A)3-8  (8+12A+6A2+A3)-8  12A  +  6A2  +  A3 

A->0  A  *->  o  A  h->  o  A  o '  ’ 

19-  lim  ~ — 4  =  lim  P  +  ^  (3  ^  =  lim  (3  +  Vi)  =  3  +  V9  =  6 

<-»9  3  -  s/t  <-» 9  3  -  ■Jt  i-* 9 '  ’ 


'2  +  '-6_  (/  +  3)  (/  -  2) 


(  +  3  5 


20.  lim  — -  =  lim  '  '  ' v — -2-  =  lim  =  - 

i-> 2  (2-4  I-.2  (/  +  2)  (t  -  2)  (-.2  /  +  2  4 

^2—1  —  V2  y/T^i-y/2  VT=~t  +  V2 

21.  hm - =  hm - •  — - 

<->«  I  <->o  l  + 


'2  -t-V2  V2  -  /  +  V2  -t  -1 

- •  — —  - =  =  hm  - - r  =  lim  .  - r= 

•  s/T^i  +  s/2  "0 1  L/2=l  +  J2)  "0V2=7+y/2 


- L.  =  -VI 

775  * 


•  * 4  —  16  (x  +  2)  (x  -  2)  (x2  +  4)  ,  , 

lim - —  =  hm - - - =  hm  (x  +  2)  (x2  +  4)  =  lim  (x  +  2)  lim  (x2  +  4) 

-*2  X  —  2  x->2  X  —  2  x-*2  v  '  x-*2  x-»2V  ’ 

=  (2  +  2)  (22  +  4)  =  32 

lim  =  lim  <l^i*  +  9)  =  lim  ~  3)(V*  + 3)  (x  +  9) 

“♦9  yfx  —  3  x— >9  ^/x  — 3  x— »9  y/x  —  3 

=  lim(v5  +  3)(x  +  9)=  lim(V7  +  3)  lim  (x  +  9)  =  (V§  +  3)  (9  +  9)  =  108 

x-*9  x->9  x-»9  \  / 


1  1 


,,  ,.  /  1  2  'I  (x  +  1)  —  2  ..  x  —  1  1  1 

x->  l  \x  —  1  x2-l/  X-.I  (x  -  1)  (x  +  1)  X->1  (x  —  1)  (x  +  1)  x  — .  l  x  +  1  2 

oc  i-  /  i  i  \  ,.  l  —  vT+7  (l  —  Vi  + 1)  (i  +  Vl  + 1)  — t 

<->o\(Vi  +/  '/  <-*o  /Vi  +/  <-*o  ,VT+T(l  + VT+7)  «o,vr+7(i  +  VT+7) 

=  lim  -1  =  -1  =  1 

VT+7 (l  +  VT+7)  VT+o(i+VT+o)  2 
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26.  Hm  +  _  ,im  1±JL 

/r — >0  h  h—>0  h 


3  ..  3  —  (3  -f-  /i) 

—  =  lim  — — — — —  =  lim 


h-i o  h  h—*o  h(3  +  h)  3  h—*o  /*  (3  -+-  /*)  3 

_  r  ii  i  _  i  i 

™o|  3  (3  +  A)  I  lim  [3  (3  +  h)}  3(3+0)  9 

h-*0 


1/jc  —  i  2  —  x  -1  1 

27.  lim  - =  lim  — - - —  =  lim  —  = 

*->2  x  —  2  x-*2  2x  (x  —  2)  x->2  2x  4 


28.  lim  _  ,im  M-?)  =  lim 

I-*l  t  —  y/X  JC— * I  1  —  y/X  X-*l  1  —  V-* 


(difference  of  cubes) 


=  lim  [./*  (1  +  V*  +  ■*)]  =  *im]  [1  (1  +  1  +  1)]  =  3 

Another  Method:  We  “add  and  subtract”  1  in  the  numerator,  and  then  split  up  the  fraction: 

Jx-x2  (V? -  I)  +  (1  -*2)  T  ..  0 -•*)(! +*)1 
lim  - =-  =  lim  - — — p - -  —  lim  -1  + - - - r= - 

X  — >  1  1  —  yJX  JT— ♦  1  1  —  y/X  X->1  |_  1  “  y/X  J 

=  lim  L.+  O-^O+^a-M)!— 1  +  (1+  m(,  +  1)  =  3 

x  — >  1  1  —  y/X  I  v  / 


=  lim  —  1 

X  — >  1 
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X 

/(*) 

-0.001 

0.2886992 

-0.0001 

0.2886775 

-0.00001 

0.2886754 

-0.000001 

0.2886752 

0.000001 

0.2886751 

0.00001 

0.2886749 

0.0001 

0.2886727 

0.001 

0.2886511 

The  limit  appears  to  be  approximately  0.2887. 


31.  Let  /  ( x )  =  — x2,  g  (x)  =  x2  cos20irx  and  h  (x)  =  x2.  Then 

—  1  <  cos20>rx  <  1  =>  —x2  <x2cos20sx  <  x2  => 

f  (■*)  <  g  ( x )  <  h  (x).  So  since  lim  /  (x)  =  lim  h  (x)  =  0,  by  the 
x-tO  x->0 

Squeeze  Theorem  we  have  lim  g  (x)  =  0. 

x-»0 

32.  Let  /  (x)  =  — Vx^  +  x2,  g  (x)  =  Vx3  +  x2  sin  (ir/x),  and 

h  (x)  =  Vx3  +x2.  TTien  —  I  <  sin  (jt/x)  <  1  =• 

-Vx3  +  x2  <  Vx3  +  x2  sin(x/x)  <  Vx3  +x2  => 

/WSsWSMx).  So  since  lim  /  (x)  =  lim  A  (x)  =  0,  by  the 
x-tO  x-»0 

Squeeze  Theorem  we  have  lim  g  (x)  =  0. 


33.  1  <  /(x)  <  x2  +  2x  +  2  for  all  x.  Now  lim  1  =  1  and 

x — >  — 1 

lim  (x2  +  2x  +  2)=  lim  x2  +  2  lim  x+  lim  2  =  (— l)2  +  2  (— 1)  +  2  =  1.  Therefore,  by  the  Squeeze 

x  — >  —  1  '  X-*-l  X-+-1  x-4-1 

Theorem,  lim  /  (x)  =  1. 

X-*  —  l 
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34.  3x  <  /  (x)  <  x3  +  2  for  0  <  x  <  2.  Now  lim  3.x  =  3  and  lim  (x3  +  2)  =  lim  x3  +  lim  2  =  l3  +  2  =  3. 

~  x-»i  x-»l '  '  x-*l  x-»l 

Therefore,  by  the  Squeeze  Theorem,  lim  /  (x)  =  3. 

X-»  I 

35.  - 1  <  cos  (2/x)  <  1  =>  -x4  <  x4  cos  (2/x)  <  x4.  Since  lim  (-x4)  =  0  and  lim  x4  =  0,  we  have 

~  jc-*0  x-»0 

lim  [x4  cos  (2/x)l  =  0  by  the  Squeeze  Theorem. 

x-*0 1 

36.  -1  <  sin(2a-/x)  <  1  =>  0  <  sin2  (2x/x)  <  1  =>  1  <  1  +  sin2  (2x/x)  <  2  =» 

sfx  <  v^x  [1  +  sin2  (2«r/x)l  <  2y/x.  Since  lim  y/x  =  0  and  lim  2Jx  =  0,  we  have 

L  x— »0+  x-frO4" 

lim  [V?  (1  +  sin2  (2;r/x))l  =  0  by  the  Squeeze  Theorem. 
x-»0r+ 

37.  If  x  >  -4,  then  |x  +  4|  =  x  +  4,  so  lim  |x  +  4|  =  lim  (x  +  4)  =  -4  +  4  =  0. 

x-»-4+  x—*  -4+ 

Ifx  <  — 4,  then  |x  +4|  =  -(x  +  4),  so  lim  |x  +  4|=  lim  —  (x  +  4)  =  —  (-4  +  4)  =  0. 

x-+- 4“  x— »  — 4" 

Since  the  right  and  left  limits  are  equal,  lim  |x  +  4|  =  0. 

X-.-4 

38.  If  x  < -4,  then  |x  +  4|  =  -  (x  +  4),  so  lim  ^  +  ^  =  lint  — ^,+.—  =  lint  (— •)  =  -1 

x-,-4-  x  +  4  x-,-4-  x  +  4  x-»-4- 

39.  Ifx  >  2,  then  |x  -  2|  =  x  -  2,  so  lim  |j  ~  ^  =  lim  =  lim  1  =  1.  Ifx  <  2,  then 

x->2+  x  -  2  x-,2-»  x  -  2  x-tl1- 

|x  —  21  =  —  (x  —  2),  so  lim  ~  ?  =  lim  ~ ~  ■ -  =  lim  - 1  =  - 1 .  The  right  and  left  limits  arc 
x-»2-  x  -  2  x-*2~  x  -  2  x-,2- 

|x  -  21 

different,  so  lim - —  docs  not  exist. 

x->2  x  -  2 

40.  If  x  >  j,  then  |2x  -  3|  =  2x  —  3,  so 

lim  2x2  ~  lx.  =  lim  2x2 -Jl  =  |im  =  lim  x  =  1.5.  Ifx  <  then  |2x  -  3|  =  3  -  2x, 

x— >l.5+  |2x— 3|  X-+1.5+  2x  —  3  I-»|.5+  2x  -  3  x->].5+ 

so  lim  2x2  ~  3-x-  =  lim  =  lim  *  ^  ~  ^  -  lim  -x  = -1.5.  The  right  and  left  limits 

X-.I.5-  |2x  -  3|  x-»l.s — (2x  —  3)  X-»1.5 — (2x  —  3)  x-*l.5- 

2x2  —  3x 

are  different,  so  lim  - - —  does  not  exist. 

X-.I.5  |2x  —  3| 

41.  Since  |x|  = -x  for  x  <0,  we  have  lim  =  lim  (- - — 'j  =  lim  -,  which  does  not  exist  since 

x-»o- \x  |x|/  x->0-  \x  -x)  x— *o-  x 

the  denominator  approaches  0  and  the  numerator  does  not. 

42.  Since  Ixl  =  x  forx  >  0,  we  have  lim  (-  -  =  lim  (-  —  -)=  lim  0  =  0. 

x-*o+  \x  |x|y  x-»0+  \x  X)  X-.0+ 

43.  (a)  31 1  (b)  (i)  Since sgnx  =  1  forx  >  0,  lim  sgnx  =  lim  1  =  1. 

x-»o+  x-»0+ 

(ii)  Since  sgnx  =  — 1  forx  <  0,  lim  sgn  x  =  lim  —I  =  — 1 

- - - -  x-*0~  x-*Q~ 

0  x 

■  4  (iii)  Since  lim  sgn*  ^  lim  sgn*,  lim  sgn*  does  not  exist. 

x— >0~  x— »0+  x-*0 

(iv)  Since  |sgn*|  =  I  for*  ^  0,  lim  |sgn*|  =  lim  1  =  1. 

x— >0  x— >0 
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44.  (a)  lim  /  ( x )  =  lim  (x2  -  2x  +  2) 

x  — » 1  “  x-»|- 

=  lim  x2  —  2  lim  x  +  lim  2 

*-»!“  jc-»|-  x—t  l- 

=  l2  —  2  +  2  =  1 

lim  /(x)  =  lim  (3-x)  =  lim  3-  lim  i  =  3-1  =2 

-r-»|+  x->l  +  jf— ♦  1-*-  x-»l  + 

(b)  lim  f{x)  does  not  exist  because  lim  /( x)±  lim  /  (*). 

X~*]  X-*l“  X-*l  + 


X2  —  1  x2 _  j 

45.  (a)  (i)  lim  - - -  =  lim  - -  =  lim  (x  +  l)  =  2 

JC-.I+  |JC  —  1|  H|t  J-l  ’ 

X2  —  1  X2  _  1 

(ii)  lim  - - -  =  lim  — - - -  =  lim  -(x  +  1)  =  -2 

(b)  No,  lim  F  (x)  does  not  exist  since  lim  /■'  (x)  ^  lim  F(x). 

'-*1  i->l+  i-»l- 


(i) 

lim 

/,(x) 

=  lim 

X2 

=  o2 

=  0 

x-»0f 

x-»0+ 

(ii) 

lim 

h(x) 

=  lim 

X  = 

=  0,  so  lim  h  (x)  —  0. 

x— >0“ 

x->o- 

*->o 

(iii) 

lim  /; 

>(*)  = 

=  lim  x2 

= 

i2  = 

1 

X — >  1 

X  — >  1 

(iv) 

lim 

h(x) 

=  lim 

X2 

=  22 

=  4 

x->2~ 

x-»2~ 

(v) 

lim 

h(x) 

=  lim 

(8- 

-X)  ! 

=  8-2  =  6 

x-*2+ 

x— »2+ 

(vi)  Since  lim  h  (,r )  ^  lim  h  (x),  lim  h  (x)  does  not  exist. 

x~>2~  x-*2+  x-»2 


47.  (a)  (i)  [x]  = -2  for —2  <x  <  -I,  so  lim  [x]|  =  lim  (-2)  = -2 

1-4-2+  x-*-2+ 

(it)  H*  I  =  —3  for  —  3  <  x  <  —2,  so  lim  ]x]  =  lim  (—3)  =  —3.  The  right  and  left  limits  are  different,  so 

x-*-2-  x — » — 2“ 

lim  [x]  does  not  exist. 
x-»-2 

(iii)  I.vl  =  -3  for  -3  <  x  <  -2,  so  lim  [x]  =  lim  (-3)  =  -3. 

x-*-2.4n  *  I-.-2.4 

(b)  (0  lx]  =  n  -  1  for  n  -  I  <  x  <  n,  so  lim  [x]  =  lim  (n  -  1)  =  n  -  1. 

x— >#»“  x~*n~ 

(it)  lx]  =  n  for  n  <  x  <  n  +  1,  so  lim  |x]  =  lim  n  —  n. 

x-»«+  x-»n+ 

(c)  lim  exists  <=>  a  is  not  an  integer. 


(b)  (i)  lim  /(x)  =  lim  (x  -  [x])  =  lim  [x  -  (n  -  I)]  =  n  -  (n  -  1)  =  1 

x—*n  j-»n  x~-*n~ 

(ii)  lim  f  (x)  —  lim  (x  -  ]x])  =  lim  (x-n)  =  n-n  =  0 
*->»+  x->n+  *-*»+ 

(c)  lim  /  (x)  exists  »  a  is  not  an  integer. 
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49.  The  graph  of  /(x)  —  (xH  +  |-xj  is  the  same  as  the  graph  of  g  (x)  =  —  1  with  holes  at  each  integer,  since 

/  (a)  =  0  for  any  integer  o.  Thus,  lim  /(x)  =  —  1  and  lim  /(x)  =  —  1,  so  lira /(*)  =  —  1. 

x-»2”  x-*2+  x-*2 

/(2)  =  121  + |-2J  =  2  + (-2)  =  0. 

50.  lim  =  /.O'/I  -  I  =  0-  As  the  velocity  approaches  the  speed  of  light,  the  length  approaches  0.  A 

left-hand  limit  is  necessary  since  L  is  not  defined  for  v  >  c. 

51.  Since  p  (x)  is  a  polynomial,  p  (x)  —  ao  +  a\x  +  aix-  - (-  a„x".  Thus,  by  the  Limit  Laws, 


lim  p  (x)  =  lim  (ao  +  at*  +  aix1  - E  a„xn ) 

x-*a  x-*a  V  / 

=  ao  +  a\  lim  jr  +  02  lim  x2  H - E  a„  lim  x" 


x-*a  x~*a 


=  oo  +  aia  +  02a2  + - E  a„a"  =  p  (a) 


Thus,  for  any  polynomial  p,  lim  p  (x)  =  p  (a). 


52.  Let  r  (x)  =  where  p  (x)  and  q  (x)  are  any  polynomials,  and  suppose  that  q  (a)  #  0.  Thus, 

9  00 


1-  P(*) 


lim  p(x) 


lim  r  ( x )  =  lim  f—r—  =  — —  (Limit  Law  5)  =  !-r-  (Exercise  51)  =  r  (a). 

x-*a  x-ta  q  (x)  lim  q  (x)  q  (a) 

x— *a 

53.  Observe  that  0  <  /  (x)  <  x2  for  all  x,  and  lim  0  =  0  =  lim  x2.  So,  by  the  Squeeze  Theorem,  lim  f(x)  —  0. 

“  x-»0  x-*0  x-*0 

54.  Let  /  (x)  =  [xl  and  g  (x)  =  — [[xj.  Then  lim  /  (x)  and  lim  g  (x)  do  not  exist  (Example  10)  but 

x-»3  x— »3 

lim  If  (x)  +  g  (x)]  =  lim  ([x]  -  M)  =  lim  0  =  0. 
x-»3  x-»3  x—>3 

55.  Let  /  (x)  —  H  (x)  and  g  (jc)  =  1  —  H  (*),  where  H  is  the  Heaviside  function  defined  in  Exercise  1.3.59.  Thus, 

either  /  or  g  is  0  for  any  value  of  x.  Then  lim  /  (*)  and  lim  g  (x)  do  not  exist,  but 

x— >0  x-»0 

lim  [/  (x)  g  (x)]  =  lim  0  =  0. 

x->0  x-*0 


EC  v6  —  x  — 
56.  lim  - - — 

x-»2  V3  —  x  — 


z±zl  =  |im  ( ^r7~2 .  + 

—  x  —  1  *-»2\y3-x-l  V6-X  + 


—  x  +  2  V3  — x  +  1 

—  x  +  2  V3  —  x  +  I 


..  r  (V6^T)2  -  22  JT= 

=  lim  . - •  ..  . 

'-*2  L  (V^x)2  -  l2 

(2 — x)  (vT^T+i) 


-x  +  1  |jlu  /6-x  -4  V3  - x  +  1  \ 

^Tx  +  2  x™2  ^3  -  x  -  1  V6  -  x  +  2  J 


(2  —  x)  (V3  —  x  +  1)  v3— x  +  1  1 

*->2  (2  —  x)  (V6  —  x  +  2)  x— >2  y/6  —  x  +  2  2 

57.  Since  the  denominator  approaches  0  as  x  — »  —2,  the  limit  will  exist  only  if  the  numerator  also  approaches  0  as 

x  ->  —2.  In  order  for  this  to  happen,  we  need  lim  (3x2  +  ox  +  a  +  3)  =  0  <=> 

X-i-2 

3  (— 2)2  +  a  (—2)  +  o  +  3  =  0  <=>  12-2a  +  o  +  3  =  0  <=>  a  =  15.  With  a  =  15,  the  limit  becomes 

3x2  +  15x  +  18  3  (x  +  2)  (x  +  3)  3(-2  +  3) 

Inn  - 5 - r — =  lim  — — — - —  = - - — —  =  — 1. 

x-.-2  x2+x  — 2  x-t -2  (x-l)(x  +  2)  —2—1 
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58.  Solution  I:  First,  we  find  the  coordinates  of  P  and  O  as  functions  ofr.  Then  we  can  find  the  equation  of  the  line 
determined  by  these  two  points,  and  thus  find  the  jr-intercept  (the  point  R),  and  take  the  limit  as  r  ->  0. 

I  he  coordinates  of  P  are  (0,  r).  The  point  Q  is  the  point  of  intersection  of  the  two  circles  x2  +  y2  =  r2  and 
(x  -  l)2  +  y2  =  1.  Eliminating  y  from  these  equations,  we  get/-2  -  x2  =  I  -  (.t  -  l)2  »  r2  =  I  +  -  1 

<=*  *  =  jr2.  Substituting  back  into  the  equation  of  the  shrinking  circle  to  find  the  y-coordinate.  we  get 

(j^2)  +  y2  =■  r2  y2  =  /•-  (l  —  j/-- j  «  y  =  r^j  I  —  (the  positive  y-valuc).  So  the  coordinates 


of  Q  are 


y  —  r  — 


V-o 


.  The  equation  of  the  line  joining  P  and  Q  is  thus 
(jt  —  0).  We  set  y  =  0  in  order  to  find  the  .v-intercept,  and  get 


/  - - - ; - — ; - =  2  (  J\  -  \r2  +  I  ).  Now  we  take  the  limit  asr  ->  0+: 

(\A-p-i)  '-y-'  v  ) 

rliat  *  =  r*'o’i  2  ’  ~  J'"2  +  ^  =  lity^  2  (vT  +  1^  =  4.  So  the  limiting  position  of  R  is  the  point  (4. 0). 


Solution  2:  Wc  add  a  few  lines  to  the  diagram,  as  shown.  Note  that  LPQS  -  90°  (subtended  by  diameter  PS).  So 
LSQR  =  90°  =  l  GOT  (subtended  by  diameter  OT).  It  follows  that  LOQS  =  IT  OR.  Also 
2PSQ  =  90°  —  LSPQ  =  IORP.  Since  A  QOS  is  isosceles,  so  is  AQTR,  implying  that  QT  —  TR.  As  the 
circle  shrinks,  the  point  Q  plainly  approaches  the  origin,  so  the  point  R  must  approach  a  point  twice  as  far  from  the 
origin  as  T,  that  is,  the  point  (4, 0),  as  above. 


The  Precise  Definition  of  a  Limit 

1.  (a)  To  have  5.t  +  3  within  a  distance  of  0. 1  of  13,  we  must  have  12.9  <  5*  +  3  <  13.1  =>  9.9  <  5x  <  10.1 

=>  1.98  <  x  <  2.02.  Thus,  x  must  be  within  0.02  units  of  2  so  that  5x  +  3  is  within  0.1  of  13. 

(b)  UseO.OI  in  place  ofO.I  in  part  (a)  to  obtain  0.002. 

2.  (a)  To  have  6a  -  I  within  a  distance  of  0.01  of  29,  we  must  have  28.99  <  6x  -  I  <  29.01  =» 

29.99  <  6x  <  30.01  =>  4.9983  <  x  <  5.0016.  Thus,  a  must  be  within  0.0016  units  of  5  so  that  6a  -  1  is 

within  0.01  of  29. 

(b)  As  in  part  (a)  with  0.001  in  place  of  0.0 1,  we  obtain  0.00016. 

(c)  As  in  part  (a)  with  0.0001  in  place  of  0.01,  we  obtain  0.000016. 


62  □  CHAPTER  2  LIMITS  AND  RATES  OF  CHANGE 


3.  On  the  leftside,  we  need  |jc  —  2|  <  |y  -  2|  =  7.  On  the  right  side,  we  need  |x  -  2|  <  |y  -  2|  =  5.  For  both  of 
these  conditions  to  be  satisfied  at  once,  we  need  the  more  restrictive  of  the  two  to  hold,  that  is,  |x  -  2|  <  7 .  So  we 
can  choose  <5  =  7,  or  any  smaller  positive  number. 


4.  On  the  left  side,  we  need  |.x  —  5]  <  |4  —  5|  =  1 .  On  the  right  side,  we  need  |x  -  5|  <  |5.7  -  5|  =  0.7.  For  both 
conditions  to  be  satisfied  at  once,  we  need  the  more  restrictive  condition  to  hold;  that  is,  |x  —  5|  <  0.7.  So  we  can 
choose  8  =  0.7,  or  any  smaller  positive  number. 


5.  The  leftmost  question  mark  is  the  solution  of  */x  =  1.6  and  the  rightmost,  s/x  —  2.4.  So  the  values  are 

1.62  =  2.56  and  2.42  =  5.76.  On  the  left  side,  we  need  |x  -  4|  <  |2.56  -  4|  =  1.44.  On  the  right  side,  we  need 
|x  —  4|  <  |5.76  -  4|  =  1 .76.  To  satisfy  both  conditions,  we  need  the  more  restrictive  condition  to  hold  —  namely, 
|x  —  4|  <  1 .44.  Thus,  we  can  choose  8  =  1 .44,  or  any  smaller  positive  number. 


6.  The  left-hand  question  mark  is  the  positive  solution  of x2  =  5,  that  is,  x  =  -4.  and  the  right-hand  question  mark  is 
the  positive  solution  of  x2  =  5,  that  is,  x  =  On  the  left  side,  we  need  |x  —  l|  <  I  ^  —  1 1  0.293. 

On  the  right  side,  we  need  |x  —  1 1  <  -  I  j  0.224  (rounding  down  to  be  safe).  The  more  restrictive  of  these 

two  conditions  must  apply,  so  we  choose  8  =  0.224  (or  any  smaller  positive  number). 


7.  |V4x  +  1  -  3|  <  0.5  <=>  2.5  <  V4x  +  I  <  3.5.  We  plot  the  three 
parts  of  this  inequality  on  the  same  screen  and  identify  the 
x-coordinalcs  of  the  points  of  intersection  using  the  cursor.  It  appears 
that  the  inequality  holds  for  1.32  <  x  <  2.81.  Since 
|2  -  l.32|  =  0.68  and  |2  -  2.81 1  =  0.81,  we  choose 
0  <8<  min (0.68, 0.81)  =  0.68. 


4 


j  sin  x  —  =5 1  <0.1  «=>  0.4  <  sin  x  <  0.6.  From  the  graph,  we  see 

that  for  this  inequality  to  hold,  we  need  0.42  <  x  <  0.64.  So  since 
|0.5  -  0.42|  =  0.08  and  |0.5  -  0.64|  =  0.14,  we  choose 
0  <  8  <  min  (0.08, 0. 1 4}  =  0.08. 


0.7 


8. 
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9.  Fore  =  I,  the  definition  of  a  limit  requires  that  we  find  <5  such  that  |(4  +  .v  -  3x3) _ 2|  <  I  <=> 

1  <  4  +  x  -  3.x3  <  3  whenever  |jt  -  1 1  <  <5.  If  we  plot  the  graphs  of  y  =  I,  y  =  4  +  x  —  3x*  and  y  =  3  on  the 
same  screen,  we  see  that  we  need  0.86  <  x  <1.11.  So  since  1 1  —  0.86|  =  0.14  and  1 1  -  1.1 1|  =  0.1 1.  we  choose 
<5  =  011  (or  any  smaller  positive  number).  For  >:  =0.1,  we  must  find  6  such  that  j(4  +  *  —  3.v3)  —  2|  <0.1  e=> 

1.9  <  4  +*  —  3jr3  <2.1  whenever  |.r  —  l|  <  S.  From  the  graph,  we  see  that  we  need  0.988  <  x  <  1.012.  So  since 
|l  —  0.988|  =  0.012  and  |1  —  1.012|  =  0.012,  we  must  choose  A  =  0.012  (or  any  smaller  positive  number)  for  the 
inequality  to  hold. 


10.  For  i:  =  0.5,  we  need  1.91  <  jr  <  2.125.  So  since  |2  -  I.91|  =  0.09  and  |2  -  2. 125|  =  0.125,  we  can  take 

0  <  d'  <  0.09.  For  k  =  0.1,  we  need  1.980  <  2.021.  So  since  |2  -  l  .980|  =  0.02  and  |2  -  2.021 1  =  0.021.  we  can 
take  ti  =  0.02  (or  any  smaller  positive  number). 


11.  From  the  graph,  we  see  that  — - - - T  >  100  whenever 

(x2  +  l)(x-  I)2 

0  93  <  x  <  1 .07.  So  since  1 1  -  0.93|  =  0.07  and  1 1  —  1 ,07|  =  0.07. 
we  can  take  rl  =  0.07  (or  any  smaller  positive  number). 


12.  For  M  =  100,  we  need  1.48  <  x  <  f  =#  1.5708,  so  since  |f  -  1.48|  »  0.09  we  choose  0  <  6  <  0.09.  For 
M  =  1000,  we  need  1.54  <  x  <  f ,  so  since  |§  -  1.54|  as  0.03,  we  choose  <5  <  0.03. 


o 


2 
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13.  (a)  A  =  irr2and  +  =  1000  cm2  =>  nr2  =  1000  =>  r2  =  ™  =>  r  =  (r  >  0)  as  17.8412  cm. 


(b) 


(c) 


\A-  1000|  <5  =»  1000-5  <  *r2  <  1000  +  5  =>  <  r  <  =» 

17.7966  <r  <  17.8858.  J  ^  as  0.04466  and  as  0.04455.  So  if  the  machinist  gets 

the  radius  within  0.0445  cm  of  17.8412,  the  area  will  be  within  5  cm2  of  1000. 

*  is  the  radius,  /  (.v)  is  the  area,  a  is  the  target  radius  given  in  part  (a),  L  is  the  target  area  (1000).  e  is  the 
tolerance  in  the  area  (5),  and  A  is  the  tolerance  in  the  radius  given  in  part  (b). 


14.  (a)  T  =  0.1  to2  +  2.155t«  +  20  and  T  =  200  => 
0.  lto2  +  2.155to  +  20  =  200  =>  (by  the 
quadratic  formula  or  from  the  graph) 
id  »  33.0  watts  (u>  >  0) 


( waits ) 


(b)  From  the  graph,  199  <  T  <  201  => 

32.89  <  w  <  33.11. 

(c)  at  is  the  input  power,  /  (x)  is  the  temperature,  a  is 
the  target  input  power  given  in  part  (a),  L  is  the 
target  temperature  (200),  i:  is  the  tolerance  in  the 
temperature  ( I ),  and  A'  is  the  tolerance  in  the 
power  input  in  watts  indicated  in  part  (b) 

(0.11  watts). 


15.  Given  e  >  0,  we  need  A  >  0  such  that  if  \x  —  2|  <  A,  then 

|(3*  —  2)  —  4|  <  e  «=>  |3x  -  6|  <  e  <=>  3  |*  -  2|  <  e  «=* 
|.v  -  2|  <  c/3.  So  if  we  choose  A  —  s/3,  then  |.x  —  2|  <  A  => 
|(3*  —  2)  —  4|  <  e.  Thus,  lim  (3*  -  2)  =  4  by  the  definition  of  a 

x  — >2 

limit. 


16.  Given  e  >  0,  we  need  A  >  0  such  that  if  |*  —  4|  <  A,  then 

|(5  -  2*)  -  (-3)1  <  c  <=>  |-2*  +  8|  <  e  «=>  2 1*  -  4|  <  c 
«=>  |*  —  4|  <  c/2.  So  choose  A  =  c/2.  Then  |*  —  4|  <  A  => 

1(5  —  2*)  -  (—3)1  <  c.  Thus,  lim  (5  —  2*)  =  -3  by  the  definition 

x-»4 

of  a  limit. 

17.  Given  e  >  0,  we  need  A  >  0  such  that  if  1*  —  ( — 1)|  <  A,  then 
|(5*  +  8)  -  3|  <  e  <=*  |5*  +  5|  <  e  <=>  5 1*  +  1 1  <  e  <=> 

|*  —  (—1)|  <  c/5.  So  if  we  choose  A  =  e/5,  then  |*  —  (— 1)|  <  A 
=>  |(5*  +  8)  —  3|  <  e.  Thus,  lim  (5*  +  8)  =  3  by  the  definition 


of  a  limit. 
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18.  Given  e  >  0,  we  need  <5  >  0  such  that  if  |x  —  (—  1  )|  <  <5,  then 
|(3  -  4x)  -  7|  <  c  <=>  |-4x-4|<c  «  4|x  +  l|<c  <=> 
l-v  —  (— 1)1  <  c/4.  So  choose  <5  =  c/4.  Then  |x  —  (— 1)|  <  6  =* 
|(3  —  Ax)  —  7|  <  c.  Thus,  lim  (3  —  4x)  =  7  by  the  definition  of  a 

X  — >  —  I 

limit. 


19.  Given  e  >  0,  we  need  A  >  0  such  that  if  0  <  |x  —  3|  <  <5,  then 

|x  —  3|  <  5c.  So  choose  <5  =  5c.  Then  0  <  |x  —  3|  <  <5  => 

1x31  x  3 

-  —  -r  <  c.  By  the  definition  of  a  limit,  lim  -  = 

1 5  5 1  n)5  5 


x  3 
5  "  5 

\x  -  3|  <  5c 


<  c  5  |x  —  3|  <  e  <=> 
\x  -  3| 


20.  Given  c  >  0.  we  need  rf  >  0  such  that  ifO  <  |x  -  6|  <  <5,  then  |(J  +3)  —  ||  <  c  <=>  |f-|j<c  <=> 

j  |x  -  6|  <  e  <=>  |x  -  6|  <  4c.  So  choose  A  =  4c.  Then  0  <  |x  -  6|  <  6  =>  |x  -  6|  <  4c  => 

' — ^ — ■<c  =>  Jt  — j|<c  =s  |(J  +  3)  -  1 1  <  c.  By  the  definition  of  a  limit.  lim  (J  +  3)  =  |. 

21.  Given  c  >  0,  wc  need  A  >  0  such  that  if  |x  -  (-5)1  <  <5  then  |  ^4  —  —  7|  <  c  »  §  |x  +  5|  <  e  <=> 

|x  -  (-5)1  <  |c.  So  take  d  =  |c.  Then  |x  -  (-5)1  <  <5  =>  j(4  -  jx)  -  7|  <  c.  Iltus,  lint5  (4  -  |x)  =  7 

by  the  definition  of  a  limit. 


22.  Given  e  >  0,  we  need  6  >  0  such  that  if  0  <  |x  -  3|  <  d,  then 
xz+.i  -  12  (x  +  4) (x  —  3) 


x2  +x  -  12 


then  x  3,  so  : 
x2  T  x  -  12 


x  —  3 


x  -3 


x  —  3 

=  x  +  4.  Thus,  when  0  <  |x  -  3|,  we  have 


—  7  <  e.  Notice  that  if  0  <  |x  —  3|, 


x  -  3  “  ?| 

|x2  +  x  -  12 
x  —  3 


<  c  <=>  |(x  +  4)  —  7|  <  c  <=»  |x  —  3|  <  e.  We  take  <5  =  c  and  see  that  0  <  |x  —  3|  <  <5 
-7| 


x2  +  x  —  12 

<  e.  By  the  definition  of  a  limit,  lim  - ; —  =  7. 


x  —  3 


23.  Given  e  >  0.  wc  need  (i  >  0  such  that  if|x  -  a|  <  ri  then  |x  -  u|  <  c.  So2i  =  c  will  work. 

24.  Given  c  >  0,  wc  need  <5  >  0  such  that  if  |x  -  o|  <  d'  then  |c  -  c|  <  c.  But  |c  -  c|  =  0,  so  this  will  be  true  no 
matter  what  A  we  pick. 


25.  Given  c  >  0,  we  need  rf  >  0  such  that  if  |x|  <  A  then  |x2  —  0|  <  c  »  x2  <  c  <=>  |x|  <  ^c.  Take  A  =  ^c. 

Then  |x  —  0|  <  A  =>  lx2  —  0|  <  c.  Thus,  lim  x2  =  0  by  the  definition  of  a  limit. 

26.  Given  c  >  0.  we  need  A  >  0  such  that  if  |x|  <  A  then  |x3  —  0|  <  c  <=>  |x|3  <  c  <=>  (x|  <  f/r..  Take  A  =  Ifc. 

Then  |x  —  0|  <  A  =>  lx3  —  0|  <  d3  =  c.  Thus.  lim  x3  =  0  by  the  definition  of  a  limit. 

x-*0 

27.  Given  c  >  0,  we  need  A  >  0  such  that  if  |x  -  0|  <  A  then  ||x|  -  0|  <  e.  But  ||x||  =  |x|.  So  this  is  true  if  we  pick 
A  =  c. 
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28.  Given  i:  >  0.  we  need .)  >  0  such  that  if  9  -  <5  <  x  <9.  then  |  i/9  -  x  -  0|  <  i:  «  i/9-x  <  t:  ce> 

9  —  .x  <  r4  <=>  9  —  c4  <  x  <  9.  So  take  6  —  r4.  Then  9  —  A  <  x  <  9  |  i/9  —  .V  —  0  <  /;.  1  hus. 

lim  I'V-  x  =  0  hv  the  definition  of  a  limit. 

29.  Given /:  >  ().  we  need/*  >  Osueh  that  if  |x  -  2|  <  <5,  then  |(x2  -4.x  +  5)  -  l|  <  c  <=>  |x2  -  4x  +  4|  <  r.  <=> 

|(.v  —  2)2j  <  /:.  So  take  <5  =  Jr..  Then  |x  —  2|  <  A  «  |x-2|<,/5:  <=>  |(x  -  2)2|  <  c.  So 

lim  (v2  -  4.x  -t-  5)  —  1  hv  the  definition  of  a  limit. 

.<■  .2 

30.  Given  /.*  >  0.  we  need  A  >  0  such  that  if  |.x  -  3|  <  A.  then  |(.x2  +  x  -  4)  -  8|  <  e  <=>  |x2  +x  -  12|  <  e  <=> 

|(.v  -  3)  (x  +  4)|  <  i;.  Notice  that  if  |.x  -  3|  <  1.  then  -I  <  x  -  3  <  1  =*  6  <  x  +  4  <  8  =>  |x  +  4|  <  8. 

So  take  A  =  min  1 1 .  e/8}.  Then  |  v  —  3|  <  A  «  |(.x  -  3)  (.x  +  4)|  <  |8(x  -  3)|  =  8  •  |x  -  3|  <  8/5  <  e.  So 

lim  (.x2  +  v  -  4)  =  8  by  the  definition  of  a  limit. 

r~»3  ' 


31.  Given  e  >  0.  we  need  A  >  0  such  that  if  |x  -  (-2)1  <  then  |  (x2  -  I)  —  3|  <  i:  or  upon  simplifying  we  need 

|x2  -  4|  <  /:  whenever  |x  +  2|  <  A.  Notice  that  if  |x  +  2}  <  I.  then  -1  <  x  +  2  <  I  =>  -5  <  x  -  2  <  -3 

|x  —  2|  <5.  So  take  <1  =  min  (/:/ 5,  I ).  Then  |x  —  2|  <  5  and  |x  +  2}  <  e/5,  so 
j(.v2  -  I)  -  3j  =  l(.x  +  2)  (x  -  2)|  =  |x  +  2|  |x  -  2|  <  (e/5)  (5)  =  e.  Therefore,  by  the  definition  of  a  limit. 

lim  (x2  —  I)  =  3. 

X  — »  -  ' 

32.  Given  e  >  0.  we  need  A  >  0  such  that  if  |x  -  2|  <  6.  then  |x3  -  8|  <  e.  Now  |x3  -  8|  =  |(x  -  2)  (x2  +  2x  +  4)  |. 

If  |x  -  2|  <  I.  that  is.  I  <  x  <  3.  then  x2  +  2x  +  4  <  32  +  2  (3)  +  4  =  19  and  so 

|.XJ  _  g!  -  |x  ~  2|  (x2  +  2x  +4)  <  19  |x  -  2|.  So  if  we  take  A  -  min  jl,  *^},  then  |x  —  2|  <  8  =* 

|x3  -  8|  =  |.v  -  2|  (x2  +  2.v  +  4)  <  ^  .  19  =  e.  So  by  the  definition  of  a  limit.  lim  x3  =  8. 

33.  Given  e  >  0.  we  let  .1  -  nun  {2,  g).  IfO  <  |x  -  3|  <  A  then  |.x  —  3|  <  2  =»  1  <  x  <  5  =>  |x  +  3|<8. 

Also  |x  -  3|  <  J.  so  |x2  -  9|  =  |x  +  3|  |x  -  3|  <  8  J  =  e.  Thus,  lim  x2  =  9. 


34.  /  Guessing  a  value  for  A  Let  e  >  0  be  given.  We  have  to  find  a  number  A  >  0  such  that 


-  —  -  <  e  whenever 


!  *  < 

0  <  |x  -  2|  <  <>.  Hut !  -  -  - 
|x  2 


2  —  x 

2x 

lx  — 21  1 

- - —  <  e.  We  find  a  positive  constant  C  such  that  — —  <  C 

1 2.x  |  |2x| 


- — rl  <  c  |  v  _  2|  and  we  can  make  C  |x  -  2|  <  r  bv  taking  |x  -  2|  <  —  =  A.  We  restrict  x  to  lie  in  the  interval 
|2x  |  c 

II  III 

lx  —  2|  <  I 


1 


:  3  so  I  > 


>  — 
3 


6  <  2x  < 


— <  - .  So  C  =  -  is  suitable.  Thus, 
1 2.x |  2  2 


we  should  choose  A  =  min  (1,2/:}. 

2.  Showing  that  A  works  Given  r.  >  0  we  let  A  —  min  {1.2/.*}.  IfO  <  }x  —  2|  <  A,  then  |x  2|  <  l 


I  <  x  <  3 


I  ^ 

|2v|  <  2 

that  lim  (l/x)  -  *,. 


|1  I 
|.x  “  2 


lx  -  2| 
|2x| 
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35.  I.  Guessing  a  value  for  d  Given  r.  >  0,  wc  must  find  A  >  0  such  that  \y/x  -  y/a\  <  /.  whenever 

0  <  |v  -  a\  <  A.  Bui  |  fx  -  fal  =  -p_  aj_  <  c  (from  the  hint).  Now  if  we  can  find  a  positive  constant  C  such 

that  y/x  +  fa  >  (  then  ^  <  — — —  <  /:,  and  we  take  |x  —  a\  <  Co.  Wc  can  find  this  number  by 

restricting  x  to  lie  in  some  interval  centered  at  a.  If  |.x  -  a\  <  then  \a  <  x  <  § a  => 
y/x  +  y/a  >  yfy  +  y/o.  and  so  C  =  +  y/a  is  a  suitable  choice  for  the  constant.  So 

It  ~ a\  <  (j~\a  +  v^)  >:■  This  suggests  that  we  let  i)  =  min  j  ja,  +  f^j  j . 

2.  Showing  that  <5  works  Given  t:  >  0.  we  let  A  =  min  j  +  faj  i:  J .  If  0  <  |x  -  a\  <  A.  then 

\x  —  a|  <  jo  =>  fx  +  fa  >  J^a  +  fa  (as  in  part  I).  Also  |.r  —  a|  <  so 

.  _  /_.  |jt  —  o|  (fa/ 2  +  fa)  c. 

Wx  +  va|  —  f-  — 7=  <  -7-7==— — j=r-  =  /:.  rherefore.  lint  fx  =  fa  by  the  definition  of  a  limit. 
fx  +  fa  (fa/2  +  fa)  *-*« 

36.  Suppose  that  lim  //(/)  =  /,.  Given  e  =  j,  there  exists  <5  >  0  such  that  0  <  |<|  <  <$  =>  |  //  (/ )  —  /, |  <  i  <=> 

^  —  I  <  H  (0  <  L  +  1-  For  0  <  t  <  A,  H  (/)  =  1,  so  I  <  L  +  j  =»  L  >  |.  For  —  <5  <  t  <  0,  H  (t)  =  0,  so 

f-  -  j  <  0  =>  /,  <5.  This  contradicts  /.  >  5.  Therefore,  lim  //  (/)  does  not  exist. 

/->  0 

37.  Suppose  that  lim  /  (.x)  =  L.  Given/:  =  there  exists  <5  >  0  such  that  0  <  |.t|  <  A  =>  \f(x)  -  I,\  <  j.  Take 

any  rational  number/-  with  0  <  |/-|  <  A.  Then /(/•)  =  0,  so  |0- L\  <  so  l.  <  |/.|  <  A .  Now  lake  any  irrational 

number  s  with  0  <  |s|  <  A.  Then  f  (s)  =  I,  so  |1  —  L\  <  Hence.  1  -  L  <  so  l  >  This  contradicts 

L  <  A.  so  lim  fix)  does  not  exist. 

1  »->o 

38.  First  suppose  that  Jint  J  (x)  =  Then,  given  1:  >  0  there  exists  <)  >  0  so  that  0  <  |.v  —  a |  <  A  => 

ly" (t)  tj\  <  e.  Then  a  A  <  x  <  a  =>  0  <  |x  -  <j|  <  A  so  |/(x)  -  7.|  <  /;.  Thus,  lim  /(*)  =  L.  Also 

x  -*a~ 

a  <  x  <  a  +  A  =s  0  <  |x  —  o|  <  A  so  \f  ix)  —  L\  <  /;.  Hence,  lim  /  (x)  =  L. 

x-*a+ 

Now  suppose  lim  /  (x)  =  l.  =  lim  fix).  I.  el/:  >  0  be  given.  Since  lim  f  (x)  =  L,  there  exists  <5i  >  0  so 

x-*a'  x-*n*  x—*a~ 

that  a  —  <)\  <  x  <  a  ^  |/(.t)  —  A|  <  Since  lim  f  (x)  =  L.  there  exists  62  >  0  so  that  a  <  x  <  a  +  62 

X— *(J+ 

=>  \J  (x)  -  /.|  <  /:.  Let  A  be  the  smaller  of  <>'i  and  A2.  Then  0  <  |x  -  o|  <  A  =>  a  -  A\  <  x  <  a  or 
a  <  x  <  a  +  dj  so  |  f  (x)  —  L\  <  /:.  Hence,  lim  /(x)  =  L.  So  we  have  proved  that  lim  fix)  =  L  <=> 

r  jr-*o 

lim  /(.x)  =  /_  =  lim  f  (x). 


>10.000  <=>  (,t  +  3)4< 


<=>  U  -  (-3)1  =  |x  +  3|  <  — 


40.  Given  M  >  0.  we  need  A  >  0  such  that  |x  +  3|  <  A  =>  1/  (t  +  3)4  >  M.  Now - - -  >  3/  <=> 

(t  +  3)4 

(x  +  3)4  <  —  <=>  |t  +  3|  <  -Jr—  So  take  A  =  -jj=.  Then  0<|x  +  3|  <^  =  -7^=  =>  - ! — -  >  M, 

M  V  A/  f\t  fJi  (,x  +  3)4 

so  lim  - r  =  00. 

t-*-3  (,x  +  3)4 
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41.  Let  A/  <  0  be  given.  Then,  for  .t  <  —1,  we  have - 1 — -r  <  N  <=»  —  <  (x  +  l)3  « 

(x  +  l)3  N 


ft 


<  x  +  1 .  Let 


t)  =  —  .7  — .  Then  —  I  —  6  <  x  <  —  1 


/Icx-M  <0 


(x  +  l)3 


<  N ,  so 


lim 


inn  -j 

*-.-1-  (x  +  I)3 


42.  (a)  Let  M  be  given.  Since  lim  /  (x)  =  oo,  there  exists  Aj  >  0  such  that  0  <  |x  -  a|  <  <5|  =» 

x  ~>a 

f(x)>  M  +  1  -  c.  Since  lim  g  (x)  =  c,  there  exists  <52  >  0  such  that  0  <  |x  -  a\  <  62  =>  |g  (x)  -  c|  <  I 

J  x-*a 

=*  g  (x)  >  c  —  I .  Let  <5  be  the  smaller  of  A'i  and  <5j.  Then  0  <  |x  -  a\  <  A  => 

/  (t)  +  g  (x)  >  ( M  +  1  -  c)  +  (c  -  1)  =  M.  Thus,  lim  [/  (x)  +  g  (*)]  =  oc. 


(b)  Let  M  >  0  be  given.  Since  lim  g  (x)  =  c  >  0,  there  exists  i5|  >  0  such  that  0  <  |x  -  a|  <  => 

x-*a 

|g  (*)  -  c|  <  c/2  =>  g  (x)  >  c/2.  Since  lim  /  (x)  =  00,  there  exists  fa  >  0  such  that  0  <  |x  -  a\  <  fa 

2  Me 

=*  / (jr)  >  2 A//c.  Let  8  =  min  |d| ,  i^)-  Then  0  <  |x  —  o|  <  8  =»  /  (x)  g  (x)  >  —  -  =  M.  so 

lim  f(x)  g(.r)  =  00. 
x-*a 

(c)  Let  N  <  0  be  given.  Since  lim  g  (x)  =  c  <  0,  there  exists  8\  >  0  such  that  0  <  |x  -  a|  <  8t  => 

x-*a 

Ig  (x)  -  c|  <  -c/2  =>  g  <x)  <  c/2.  Since  lim  /  (x)  =  00,  there  exists  <52  >  0  such  that  0  <  |x  -  a|  <  fa 

=>  f(x)>  IN /c.  (Note  that  c  <  0  and  N  <  0  =>  IN /c  >  0.)  Let  <5  =  min  {<5|,  <52).  Then 

2N  c 

0<|x— a|<<5  =>  f  (x)  >  2N/c  =>  /(x)  g(x)  <  —  •  -  =  N.  so  Jim /(x)  g(x)  =  -00. 


“2-5  Continuity 

1.  From  Equation  1.  lim  /(x)  =  /( 4). 

x-*4 

2.  The  graph  of  /  doesn't  have  any  holes,  jumps,  or  vertical  asymptotes. 

3.  (a)  The  following  are  the  numbers  at  which  /  is  discontinuous  and  the  type  of  discontinuity  at  that  number: 

-5  (jump),  -3  (infinite),  -I  (undefined),  3  (removable).  5  (infinite),  8  (jump),  10  (undefined). 

(b)  f  is  continuous  from  the  left  at  —5  and  —3,  and  continuous  from  the  right  at  8.  It  is  continuous  from  neither 
side  at  -1,  3,  5.  and  10. 

4.  g  is  continuous  on  [  -6,  — 5],  (— 5,  -3),  (— 3,  -2],  (— 2, 1),  ( 1 , 3).  [3,  5),  and  (5,7], 


5. 


6. 
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charge  ‘ 

(in  dollars) ' 

0 

°-* 

o-m 

< 

_ H 

— 

'  °| 

!  1  nme 

(in  hows) 

(b)  There  are  discontinuities  at  t  =  1, 2, 3,  and  4.  A  person 
parking  in  the  lot  would  want  to  keep  in  mind  that  the 
charge  will  jump  at  the  beginning  of  each  hour. 


8.  (a)  Continuous;  at  the  location  in  question,  the  temperature  changes  smoothly  as  time  passes,  without  any 
instantaneous  jumps  from  one  temperature  to  another. 

(b)  Continuous;  the  temperature  at  a  specific  time  changes  smoothly  as  the  distance  due  west  from  New  York  City 
increases,  without  any  instantaneous  jumps. 

(c)  Discontinuous;  as  the  distance  due  west  from  New  York  City  increases,  the  altitude  above  sea  level  may  jump 
from  one  height  to  another  without  going  through  all  of  the  intermediate  values  —  at  a  cliff,  for  example. 

(d)  Discontinuous;  as  the  distance  traveled  increases,  the  cost  of  the  ride  jumps  in  small  increments. 

(c)  Discontinuous;  when  the  lights  arc  switched  on  (or  oft),  the  current  suddenly  changes  between  0  and  some 
nonzero  value,  without  passing  through  all  of  the  intermediate  values.  This  is  debatable,  though,  depending  on 
your  definition  of  current. 


9.  Since  f  and  g  are  continuous  functions, 

lim  [2/  ( x )  -  g  (x)]  =  2  lim  /  (x)  -  lim  g  ( x )  (by  Limit  Laws  2  &  3) 

x-»3  *->3  x-*3 

=  2/  (3)  -  g  (3)  (by  continuity  of  /  and  g  at  x  =  3) 
=  2-5  — g(3)=  IO-g(3) 

Since  it  is  given  that  lim  [2 /  (x)  -  g  (x)]  =  4,  we  have  10  -  g  (3)  =  4,  or  g  (3)  =  6. 


10.  lim  /(x)  =  lim  (x2  +  V7-x)  =  lim  jt2  +  /lim  7-  lim  x  =  42  +  y/l  -  4  =  16+  /3  =  /( 4).  By  the 

x-»4  *-*4  '  x->4  V*-*4  x->4  1 

definition  of  continuity,  /  is  continuous  at  a  =  4. 

11.  lim  /(x)  =  lim  (x  +  2x3)4  =  (  lim  x  +  2  lim  x3)  =  [-1  +  2  (-1)3]4  =  (-3)4  =  81  =  /(-I).  By  the 
definition  of  continuity,  /  is  continuous  at  a  =  —  1. 


,  .  lim  x  +  lim  I 

12.  lim  g  (x)  =  lim  —  =  *->4  ,  I~>4 —  _ - - - _  _ 

*— >4  v-*4  2x2  —  I  2  lim  x2  —  lim  1  2  (4)2  -  I  31 

x-*4  x-*4 


4  +  1  5 

=  —  =  g  (4).  St)  g  is  continuous  at  4. 


13.  For  -4  <  a  <  4  we  have  lim  /(x)  -  lim  xVl6  -  x2  =  lim  x  /lim  16  —  lim  x2  =  «</l6  -  a2  =  / la),  so  f 

X-H1  x->a  x-ta  y  x—xa  x-ta  J  J 

is  continuous  on  (-4, 4).  Similarly,  we  get  lim  /  (x)  =  0  =  /  (4)  and  lim  /  (x)  =  0  =  /  (-4),  so  /  is 

x->4  x— k  -4'* 

continuous  from  the  left  at  4  and  from  the  right  at  -4.  Thus,  /  is  continuous  on  [-4, 4], 
x  _j_  j  lim  x  +  lim  I  a  4.  | 

14.  For  a  <  3,  lim  F  (x)  =  lim - -  —  4-^ - x~’,‘  — - —  —  F  (a),  so  F  is  continuous  on  (—00,  3). 

.>-*«  w«i-3  lim  x  -  lim  3  a  -  3  ' 

x—*a  x-ia 
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15.  /(*)  =  - 


I 


(x  - I)2 


discontinuous  at  I  since  /(l)  is 
not  defined. 


16./(x)  = 


l/(x-l)  ifor  #  1  . 

is  discontinuous  at  1  because 

2  ifx  =  1 


lim  /  (x)  docs  not  exist. 

X—*  I 


17.  f(x)  = 


x2-l  . 


is  discontinuous 


x+  1 

at  —  1  because  /  (—  1)  is  not 
defined. 


18.  Since  f  (x)  = 


1 


x  +  1 


for  x  yt  —  I .  we  have 


x2-  I 

lim  /(x)=  lim  - —  =  lim  (x  -  I)  = -2.  But 

*-*-■  x-»-l  x+l 


20.  lim  /(x)=  lim  (1  -  x)  =  1  -  2  = -I  and 
1-.2-  x-*2- 

lim  /  (x)  =  lim  (x2  —  2x)  =  (2)2  -  2  (2)  =  0.  Since 

x-*2+  x-*2+ 

lim  /  (x )  ^A  lim  /  (x),  lim  /  (x)  does  not  exist  and  therefore  /  is 

,t-*2-  *->2+  x->2 

discontinuous  at  2  [by  Note  2  after  Definition  I], 


21.  F(x)  = 


x2  +  5x  +  6 


is  a  rational  function.  So  by  Theorem  5  (or  Theorem  7),  F  is  continuous  at  every  number  in 


its  domain,  {x  |  x2  +  5x  +  6  5A  0}  =  (x  |  x  ^  —2,  —3)  or  (—00,  —3)  U  (—3,  —2)  U  (—2, 00). 
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22.  G  (I)  =  25  -  I2  is  a  polynomial,  so  it  is  continuous  (Theorem  5).  F  (x)  =  y/x  is  continuous  by  Theorem  7. 

So,  by  Theorem  9,  F  (G  (/ ))  =  V25  —  r2  is  continuous  on  its  domain,  which  is 

[t  |  25  —  I2  >  0}  =  {/  |  jr|  <  5J  =  [—5,  5],  Also,  2 1  is  continuous  on  R,  so  by  Theorem  4  #1, 
f(t)  =  2/  +  V25W*  is  continuous  on  its  domain,  which  is  [—5,  5], 

23.  g  (x)  =  x  —  1  and  G  (x)  =  x2  —  2  are  both  polynomials,  so  by  Theorem  5  they  arc  continuous.  Also  /  (x)  =  yfx 
is  continuous  by  Theorem  6,  so  f  (g  (x))  =  4/x  —  1  is  continuous  on  R  by  Theorem  8.  Thus,  the  product 

h  (.x)  =  y/x  -  1  (x2  —  2)  is  continuous  on  R  by  Theorem  4  #4. 

24.  By  Theorem  7,  the  trigonometric  function  sin.x  and  the  polynomial  function  x  +  1  are  continuous  on  R.  By 

_  ,  ,  ,  ,  sinx  . 

ITieorem  4,  h  (  v )  = - -  is  continuous  on  its  domain,  (x  I  x  vt  —  1 1. 

x  +  I 

25.  By  Theorem  5,  the  polynomial  1  -  x2  is  continuous  on  (-oo,  oo).  By  Theorem  7,  cos  is  continuous  on  its  domain. 
R.  By  Theorem  9.  cos  (I  —  x2)  is  continuous  on  its  domain,  which  is  R. 

26.  By  Theorem  5.  the  polynomial  2x  is  continuous  on  (-oo,  oo).  By  Theorem  7,  tan  is  continuous  at  every  number  in 
its  domain:  that  is,  {x  |  x  ^  y  +  xn|.  By  Theorem  9,  tan  2.x  is  continuous  on  its  domain,  which  is 

{x  |  2x  y  +  xn}  =  {x  |  x  f  +  fn}  (the  odd  multiples  of  f ). 

27.  By  Theorem  7,  the  root  function  y/x  and  the  trigonometric  function  sinx  are  continuous  on  their  domains,  [0,  oc) 
and  (— oo,  oo).  respectively.  T  hus,  the  product  F  (x)  =  y/x  sinx  is  continuous  on  the  intersection  of  those 
domains.  [0,  oo),  by  Theorem  4  #4. 


28.  The  sine  and  cosine  functions  are  continuous  everywhere  by  Theorem  7,  so  F  (x)  =  sin  (cos  (sinx)),  which  is  the 
composite  of  sine,  cosine,  and  (once  again)  sine,  is  continuous  everywhere  by  Theorem  9. 


29. 


30. 


to 


J\J 

u 

v 

1  : 

-i 


y  =  - : —  is  undefined  and  hence  discontinuous  when 

I  +stnx 

I  +  sinx  =0  <=>  sinx  =  —  1  <=>  x  =  —  j  +  Inn,  n  an  integer. 


5 


5 


The  function  y  =  /  (x)  =  tan  Jx  is  continuous  throughout  its  domain  because  it  is  the  composite  of  a 
trigonometric  function  and  a  root  function.  The  square  root  function  has  domain  [0,  oo)  and  the  tangent  function 
has  domain  {x  |  x  y  +  nit).  So  /  is  discontinuous  when  x  <  0  and  when  y/x  =  y  +  nn  => 

x  —  (§  +  rr «)'.  where  n  is  a  nonnegative  integer.  Note  that  as  x  increases,  the  distance  between  discontinuities 
increases. 
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31.  Because  we  are  dealing  with  root  functions,  5  +  ^/x  is  continuous  on  |0,  oo),  Vx  +  5  is  continuous  on  [—5,  oo),  so 


the  quotient  /  (x)  ■ 


5  +  V-v 


, _ is  continuous  on  10,  oo).  Since  /  is  continuous  at  x  =  4,  lint  /(x)  =  /  (4)  =  l. 

5  +  x  x-,i 


32.  Because  v  is  continuous  on  E.  sin.v  is  continuous  on  R.  and  x  +  sin.r  is  continuous  on  R.  the  composite  function 
/ (.v)  =  sin  (x  +  sin .r )  is  continuous  on  R.  so  lint  / (x)  —  f  (it)  =  sin  (ir  +  sins)  =  sin  a  =  0. 


33.  f  is  continuous  on  (— oo,  3)  and  (3.  oo)  since  on  each  of  these  intervals  it  is  a  polynomial. 
Also  lim  f  (x)  =  lim  (5  —  x )  =  2  and  lim  f  (x)  =  lim  (x  —  1)  =  2,  so  lim  /  (x)  =  2. 

*-*j+  ,v-*3>  x->i~  .»-»}-  x-*3 

Since  /  (3)  =  5  —  3  =  2,  /  is  also  continuous  at  3.  Thus,  /  is  continuous  on  (— oo,  oo). 


34.  /  is  continuous  on  (-oo,  -I),  (-1, 1)  and  (I,  oo)  since  on  each  of  these 
intervals  it  is  a  polynomial.  Now  lim  /(x)=  lim  (2r  +  l)  =  — land 

X-*-I 

lim  /  (x)  =  lim  3x  =  —  3.  so  /  is  discontinuous  at  —  1.  Since 

x->~tf  .v-*-l+ 

/(— I)  =  —  I,  /  is  continuous  from  the  left  at  —I.  Also 
lim  /(x)=  litn  3x  =  3  and  lint  /(x)=  lim  (2x  -  I)  =  l,so/is 

jr — » 1  —  .V“*l“  j-4|r‘  .r-*l  + 

discontinuous  at  1 .  Since  / (I )  =  I ,  /  is  continuous  from  the  right  at  I . 


35.  /'  is  continuous  on  (— oo,  0)  and  (0,  oo)  since  on  each  of  these  intervals  it  is  a 
polynomial.  Now  lim  f  (x)  =  lim  (x  —  l)‘  =  —  I  and 

X-»0" 

lim  / (x)  =  lim  (x  +  I)*  =  1.  Thus,  lim  / (x)  does  not  exist,  so  /  is 
discontinuous  at  0.  Since  /  (0)  =  1,  /  is  continuous  from  the  right  at  0. 


36.  By  Theorem  5,  each  piece  of  F  is  continuous  on  its  domain.  We  need  to  check  for  continuity  at  r  =  R 

.  „  „  G Mr  GM  ,  GM 

Inn  F(r)=  lint  —  -r-  —  -=s-  and  lim  /•(/•)=  lint  — ^ - 

,->/r  mJ-  R  R-  r-*«+  r-i#1  r* 

F  (R)  =  ^4“ .  F  is  continuous  at  R.  Therefore.  F  is  a  continuous  function  of  r 


GM  x  GM 

— r-,  so  Itm  F (r)  =  — r-.  Since 
R-  r-,11  R2 


37.  /  is  continuous  on  (-oo,  3)  and  (3.  oc).  Now  lim  /  (x)  =  lim  (cx  +  I)  =  3c  +  I  and 

,t— *3  “  x— >3“ 

lim  f(x)—  lim  (cx2  —  I)  =  9c  —  1.  So  /  is  continuous  o  3c+l=9c— 1  <=>  6c  =  2  <=>  c=^. 

v-»3+  t— >3 1 

Thus,  foi  /  to  be  continuous  on  (-oo,  oc),  c  =  5. 


38.  The  functions  v2  -  c2  and  cx  +  20,  considered  on  the  intervals  (-00, 4)  and  [4, 00)  respectively,  are  continuous 
for  any  value  ofc  So  the  only  possible  discontinuity  is  at  x  =  4.  For  the  function  to  be  continuous  at  x  =  4,  the 
left-hand  and  right-hand  limits  must  be  the  same.  Now  lim  ,t>(x)=  lim  (x2  —  c2)  =  16  -  c2  and 

lim  (x2  -  c1)  =  g  (4)  -  4c  +  20.  Thus,  42  -  c2  =  4c  +  20  «  c2  +  4c  +  4  =  0  <=>  c  =  —2, 


39.  (a)  fix)  = 


•  2v  —  8  t.v  —  4)  (x  +  2) 


x  4  2 


has  a  removable  discontinuity  at  —2  because  g  (x)  =  x  —  4  is 


continuous  on  R  and  /  (x)  =  g  (x )  for  x  #  —2.  (The  discontinuity  is  removed  by  defining  /  (— 2)  =  —6  ] 
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(«/(*)  = 


a  -  7 


lim  /(.t)  =  —  land  lim  /(a)  =  1.  Thus,  lim  /(at)  does  not  exist,  so  the 
x-*l~  x-*7+  a-*7 


|a-7| 

discontinuity  is  not  removable.  (It  is  a  jump  discontinuity.) 


(c)  f(x)  = 


a3  +  64  _  (.t  +  4)  (x2  -  Ax  +  16) 


has  a  removable  discontinuity  at  -4  because 


x  +  4  x  +  4 

8  Cv )  =  .r"  —  4.v  4-  16  is  continuous  on  R  and  J  (a )  —  g  (x )  for  x  /  —4.  (The  discontinuity  is  removed  by 
defining  /  (—4)  =  48.( 

3  —  y/A  3  —  y/x 


(d)/(.x)  = 


9  —  a 


(3  -  y/v)  (3  +  y/v)  has  3  rcmovable  discontinuity  at  9  because  g  (a)  -  1/(3  +  /a)  is 


continuous  on  R  and  f  (x)  =  g  (x)  for  x  /  9.  [The  discontinuity  is  removed  by  defining  /  (9)  =  T.| 


40. 


/  does  not  satisfy  the  conclusion  of  the  /  does  satisfy  the  conclusion  of  the 

Intermediate  Value  Theorem.  Intermediate  Value  Theorem. 


41.  f(x )  =  a3  -  X2  +  x  is  continuous  on  the  interval  [2,  3],  /  (2)  =  6,  and  /  (3)  =  21.  Since  6  <  10  <  21.  there  is  a 
number  c  in  (2, 3)  such  that  /(c)  =  10  by  the  Intermediate  Value  Theorem. 

42.  /  (a)  =  x~  is  continuous  on  the  interval  ( 1 . 2],  /  ( I )  =  I ,  and  / (2)  =  4.  Since  I  <  2  <  4.  there  is  a  number  c  in 
(1.2)  such  that  /  (c)  =  c3  =  2  by  the  Intermediate  Value  Theorem. 

43.  /  (a)  =  a3  -  3  a  +  I  is  continuous  on  the  interval  |0, 1  ].  /  (0)  =  1 .  and  /  (I)  =  -I.  Since  - 1  <  0  <  I .  there  is  a 
number  c  in  (0,  I )  such  that  / (c)  =  0  by  the  Intermediate  Value  Theorem.  Thus,  there  is  a  root  of  the  equation 
a3  -  3a  +  I  =  0  in  the  interval  (0,  I). 

44.  /  (,v )  =  x 2  -  y/7+  I  is  continuous  on  the  interval  1 1 , 2],  /  ( I )  =  1  -  y/2,  and  /  (2)  =  4  -  y/3.  Since 

1  -  y/2  <  0  <  4  -  y/3.  there  is  a  number  c  in  ( 1 , 2)  such  that  /  (c)  =  0  by  the  Intermediate  Value  Theorem.  Thus, 

there  is  a  root  of  the  equation  x2  -  y/.t  +  I  =  0,  or.v2  =  <Jx  +  I.  in  the  interval  (1,2). 

45.  f(x)  =  cos  v  -  .v  is  continuous  on  the  interval  [0,  I],  / (0)  =  1,  and  /(I)  =  cos  1  —  1  =»  -0.46.  Since 

-0.46  <  0  <  I.  there  is  a  number  c  in  (0.  I)  such  that  f  (c)  =  0  by  the  Intermediate  Value  Theorem.  Thus,  there  is 
a  root  of  the  equation  cos  x  —  x  =  0.  or  cos  x  =  .r.  in  the  interval  (0,  1). 

46.  /  (jr)  =  tan  x  -  2x  is  continuous  on  the  interval  (0,  1 .4],  /  (!)  =  tan  1  -  2  -0.44,  and 

/ ( 1 .4)  =  tan  1 .4  —  2.8  =s  3.00.  Since  -0.44  <  0  <  3.00,  there  is  a  number  c  in  (0,  1 .4)  such  that  / (c)  =  0  by  the 

Intermediate  Value  Theorem.  Thus,  there  is  a  root  of  the  equation  tan  .v  —  2v  =  0.  or  tan  v  —  2x.  in  the  interval 
(0.1.4). 

47.  (a)  /  (v)  =  sin  a  -  2  +  .v  is  continuous  on  (0,2).  /  (0)  =  -2.  and  /  (2)  =  sin  2  0.91.  Since  -2  <  0  <  0.91. 

there  is  a  number  c-  in  (0, 2)  such  that  /(c)  =  0  by  the  Intermediate  Value  Theorem.  Thus,  there  is  a  root  of  the 
equation  sin  a  -  2  +a  =  0.  or  sin  a  =  2  -  a.  in  the  interval  (0,2). 

(b)  /  (1. 10)  =  —0.009  and  /  (1. 1 1)  =s  0.006.  so  there  is  a  root  between  1.10  and  III. 
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48.  (a)  f  (x)  =  x5  -  x2  +  lx  +  3  is  continuous  on  [-1,0],  /  (-I)  =  —1.  and  /( 0)  =  3.  Since  —1  <  0  <  3,  there  is 
a  number  c  in  (- 1 , 0)  such  that  /  (c)  =  0  by  the  Intermediate  Value  T  heorem.  Thus,  there  is  a  root  of  the 
equation  x5  —  x2  +  lx  +  3  =  0  in  the  interval  (—  1 , 0). 

(b)  /  (-0.88)  =*  -0.062  and  /  (-0.87)  =  0.0047,  so  there  is  a  root  between  -0.88  and  -0.87. 


49.  (a)  Let  f  (x)  =  x5  —  x2  —  4.  Then  /( 1)  =  l5  —  l2  —  4  =  — 4  <  Oand  / (2)  =  2s  —  22  —  4  =  24  >  0.  So  by  the 
Intermediate  Value  Theorem,  there  is  a  number  c  in  ( 1 , 2)  such  that  c5  —  c2  —  4  =  0. 


(b)  We  can  see  from  the  graphs  that,  correct  to  three  decimal  places,  the  root  is  or  as  1 .434. 


50.  (a)  Let  f  (x)  ■■ 


^ .  Then  /  (5)  =  — j  <0  and  /  (6)  =  |  >  0,  and  /  is  continuous  on  [5,  oo).  So 


by  the  Intermediate  Value  Theorem,  there  is  a  number  c  in  (5, 6)  such  that  /  (e)  =  0.  This  implies  that 

I  - - - 


c  +  3 


(b)  Using  the  intersect  feature  of  the  graphing  device,  we  find 
that  the  root  of  the  equation  is  x  =  5.016,  correct  to  three 
decimal  places. 


0.2 


51.  (=> )  If  /  is  continuous  at  a.  then  by  Theorem  7  with  g  (A)  —  a  +  A,  we  have 

lim  / (a  +  li)  =  /  [  lim  (a  +  A) )  =  / (a). 
h— >0  \h-*0  / 

(<=)  Let  t:  >  0.  Since  lim  /  (a  +  h)  =  f  (a),  there  exists  <5  >  0  such  that  |/ij  <6  => 

A-»o 

I  f  (a  +  li)  -  /(o)|  <  e.  So  if  |x  -  a|  <  (5,  then  |  f  (x)  -  /  (a)|  =  |/(o  +  (x  -  a))  —  f  (a) |  <  Thus, 

lim  /  (x)  =  f  (a)  and  so  /  is  continuous  at  a. 

x->a 

52.  Iimsin(a  +  A)=  lim  (sinacosA +  cosasinA) 

/r-»0  h — >0 

=  lim  (sinacosA)+  lim  (cososinA) 
h->  o  h->0 

=  (  lim  sin  a  )  (  lim  cos  A  )  +  I  lim  cos  a  I  (  lim  sin  A  ] 

/  y>  >0  )  \/>— >o  )  \/i-» o  / 

=  (sina)  (I)  +  (cosa)  (0)  =  sina 
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53.  As  in  the  previous  exercise,  we  must  show  that  lim  cos  (a  +  h)  =  cos  a  to  prove  that  the  cosine  function  is 

h  — >  0 

continuous. 

lim  cos  («  +  />)  =  lim  (cosacos/i  —  sinasinh) 

A-»  o  h-*0 

=  lim  (cos  n  cos /i)  —  lim  (sin  a  sin /i) 

*-t0  A-»o 

=  (  lim  coso )  (  lim  cos h]  -  (  lim  sino  |  (  lim  sin/i  I 

y>-*o  /  )  \h->a  )  \h-> o  ) 

=  (coso) (I)  -  (sino)  (0)  =  coso 

54.  (a)  Since  /  is  continuous  at  o,  Jim  /  (x)  =  /  (o).  Thus,  using  the  Constant  Multiple  Law  of  Limits,  we  have 

lim  (c/)  (x)  =  lim  cf  (x)  =  c  lim  f  (x)  =  c/(o)  =  (cf)  (o).  Therefore,  cf  is  continuous  at  a. 

x  —♦  a  x  —to  x — 

(b)  Since  /  and  g  are  continuous  at  o,  lim  /  (x)  =  /  (o)  and  lim  g  (x)  =  g  (a).  Since  g  (a)  f  0,  we  can  use  the 


Quotient  Law  of  limits:  lim  (x)  =  lim  ~~  =  x7*°  =  =  {-\  (a).  Thus, 

MasW  limg(x)  g(o)  \«/ 


S 


55.  /(.t)  = 


is  continuous  nowhere.  For,  given  any  number  a  and  any  r)  >  0,  the  interval 


continuous  at  o. 

0  if  jr  is  rational 
I  if  x  is  irrational 

(o  —  <5,  o  +  d)  contains  both  infinitely  many  rational  and  infinitely  many  irrational  numbers.  Since  /  (a)  =  0  or  I. 
there  are  infinitely  many  numbers  x  with  |.v  -  o|  <  A  and  \f  (x)  —  /  (o)|  =  I .  Thus,  lim  /  (x)  ^  /(o).  [In  fact, 
lim  /  (x)  does  not  even  exist.] 


56.  g  (x)  = 


0  if  x  is  rational 


is  continuous  at  0.  To  see  why.  note  that  -  |x|  <  g  (x)  <  |x|.  so  by  the  Squeeze 


x  if  x  is  irrational 

Theorem  litn  g  (x)  =  0  =  g  (0).  But  g  is  continuous  nowhere  else.  For  if  a  0  and  <5  >  0,  the  interval 

(a  —  <5,  a  +  O')  contains  both  infinitely  many  rational  and  infinitely  many  irrational  numbers.  Since  g  (a)  =  0  or  a, 
there  are  infinitely  many  numbers  x  with  |x  -  a|  <  <5  and  Ig  (x)  -  g  (a)|  >  |a|  /2.  Thus,  lim  g(x)  ^  g(a). 

x—*a 

57.  If  there  is  such  a  number,  it  satisfies  the  equation  x3  +  1  =  x  <=>  x3  —  x  +  1  =  0.  Let  the  LHS  of  this  equation 
be  called  /(x).  Now  / (—2)  -  -5  <  0,  and  /(—  1)  =  I  >  0.  Note  also  that  / (x)  is  a  polynomial,  and  thus 
continuous.  So  by  the  Intermediate  Value  Theorem,  there  is  a  number  c  between  —2  and  —  1  such  that  /  (c)  =  0, 
so  that  c  =  c3  +  I . 

58.  (a)  lim  F  (x)  =  0  and  lim  F  (x)  =  0.  so  lim  F  (x)  =  0,  which  is  F  (0),  and  hence  F  is  continuous  at  x  —  a  if 

x-»0+  t— *0 

a  =  0.  For  a  >  0.  lim  F  (x)  =  lim  x  =  a  =  F  (a).  For  a  <  0.  lim  F  (x)  =  lim  (—  x)  =  —  a  =  F  (a).  Thus, 

x-ta  x-xa  x-*a  x-*a 

F  is  continuous  at  x  =  a;  that  is.  continuous  everywhere. 

(b)  Assume  that  /  is  continuous  on  the  interval  /.  Then  fora  e  /,  lim  |  /  (x)|  =  |  lim  /  (x)  j  =  |/(a)|  by 
Theorem  7.  (If  a  is  an  endpoint  of  /.  use  the  appropriate  one-sided  limit.)  So  |/|  is  continuous  on  /. 

1  ifx  >  0 


(c)  No,  the  converse  is  false.  For  example,  the  function  /  (x)  = 
| /  (x ) |  =  I  is  continuous  on  R. 


-1  ifx  <  0 


is  not  continuous  at  x  =  0,  but 
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59.  Define  u  (t)  to  be  the  monk’s  distance  from  the  monastery,  as  a  function  of  time,  on  the  first  day.  and  define  d  (r)  to 
be  his  distance  from  the  monastery,  as  a  function  of  time,  on  the  second  day.  Let  D  be  the  distance  from  the 
monastery  to  the  top  of  the  mountain.  From  the  given  information  we  know  that  u  (0)  =  0,  u  (12)  =  D.  d  (0)  =  D 
and  d  (12)  =  0.  Now  consider  the  function  u  —  d,  which  is  clearly  continuous.  We  calculate  that 
(«  —  d)  (0)  =  —  D  and  (u  —  d)  (12)  =  D.  So  by  the  Intermediate  Value  Theorem,  there  must  be  some  time  to 
between  0  and  12  such  that  (u  —  d)  (to)  =  0  <=>  u  (to)  =  d  (to).  So  at  time  to  after  7:00  a.m.,  the  monk  will  be 
at  the  same  place  on  both  days. 


Tangents,  Velocities,  and  Other  Rates  of  Change 


A  V 

1.  (a)  This  is  just  the  slope  of  the  line  through  two  points:  m/>o  =  — 

Ax 


/(*)-/  (3) 

x-3 


(b)  This  is  the  limit  of  the  slope  of  the  secant  line  PQ  as  Q  approaches  P:  m  =  lim 

x— »3 


/(*)-/(  3) 

x  -3 


2. 


As 

(a)  Average  velocity  =  — 


f(a  +  h)-f(a) 
(a  +  h)  -  a 


f(a  +  h)-f(a) 

I, 


(b)  Instantaneous  velocity  =  lim 
h  — >  0 


f(a  +  h)-f(a) 
h 


3.  The  slope  at  D  is  the  largest  positive  slope,  followed  by  the  positive  slope  at  E.  The  slope  at  C  is  zero.  The  slope  at 
B  is  steeper  than  at  A  (both  arc  negative).  In  decreasing  order,  we  have  the  slopes  at:  D,  E,  C,  A,  B. 

4.  The  curve  looks  more  like  a  line  as  the  viewing  rectangle  gets  smaller. 


— 

y  =  sinx 

-l  -0.5 


5.  (a)  (i)  m  =  lim 
s-»-3 


f  (x)  —  /(— 3) 
,t  -  (-3) 


=  lim 
x-*-3 


(x2  +  2x)~  (3) 
*  -  (-3) 


=  lim 
x-»-3 


(.x  +  3)  (*  —  1 ) 
*  +  3 


lim  (x  —  1) 
x-»-3 


=  -4 


(it) 


m  =  lim 

!i-*0 


/  (-3 +  /,)-/ (-3) 
h 


lim 

A-t0 


[(-3  + /i)2 +2  (-3 +  /!)]- (3) 
h 


—  lim 
h-*  0 


9  —  6h  +  h2  —  6  +  2h  —  3 
h 


=  lim 
h-*0 


h  (h  -  4) 
h 


lim  (h  —  4)  =  —4 

h  — >  0 


(b)  The  equation  of  the  tangent  line  is 
y  —  3  =  -4  (x  4-  3)  or  y  =  —Ax  -  9. 
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,,  ,  ,  ,•  /(*)  —  /(-!)  X}  -(-1)  (*  +  1)  (.X2  -  X  +  l) 

6.  (a)  (i)  m  =  lim  - — - =  lim  - - — -  =  lim  - i - - 

x -->  - 1  x  —  (—  I)  *-»-!  X  +  1  jr — » —  I  X  +  1 

=  lim  (x2  —  x  +  1)  =  3 

x-4-i  v  ' 

/  (-1  +  h)  —  /(—I)  ..  (-I+/i)3-(-l)  ..  A3  —  3A2  +  3A  —  I  +  I 

(n)  m  =  lim - ; - =  lim - - - - — -  =  lim - 

h—*0  h  h-*  0  h  h—tO  h 


=  lim  ( A 2  -  3A  +  3)  =  3 
(b)  y- (-1)  =  3  lx -(-I))  =»  y  =  3x  +  2 


7.  Using(l). 

..fa/Wl/M,  lim  |im  -L^-^  +  8  =  |im  (7il.t,4)(.<r  +  2) 

*-*<■  x-a  x->-2  x  —  (—2)  x->-2  jt  +  2  x-»-2  jt  +  2 

=  lim  ( -3x  +  4)  =  10 

x — >  — 2 

Thus,  an  equation  of  the  tangent  is  y  +  7  =  10  (*  +  2)  or  y  =  10*  +  13. 

Alternate  Solution:  Using  (2), 

m  =  lim  +  =  ,im  /(— 2  +  /')-/(-2)  _  |im  [  j_~  2  (—2  +  A)  -  3  (-2  +  A)2]  —  (-7) 

h—*0  h  h — ►  0  h  h->  0  h 

(— 3A2  +  10A  —  7)  +  7  A  (— 3A  +  10) 

=  lim  - - - =  lim - - - =  lim  ( — 3A  +  10)  =  10 

h-*0  A  A-tO  A  A-*0 

8.  Using  (I),  m  =  lim  - —  =  lim  r- — 77  1™  r- ,  r- — 77  =  —  r  Thus,  an  equation  of 

*-.1  x-l  x-.i  ^(s/x-  1)  (Vx  +  1)  j<-.i  1)  2 

the  tangent  line  is  y  -  I  =  -5  (x  -  I)  ory  =  -  jx  +  j. 

a  it-  I/-*2  ~  |  ..  4-jr2  (2  —  jc)  (2  +  or)  2  —  x  1 

9.  Using  (1),  m  —  lim  - —77  =  I'm  — x- - —  =  lim  ■  -  - ~=  lim  r-  =  -. 

x->-2  x  —  (—2)  x-»-2  4jr2  (ji  +  2)  x-»-2  4*2(.x+2)  x-»-2  4at2  4 

Thus,  an  equation  of  the  tangent  line  is  y  —  j  =  j  (x  +  2)  =>  y  =  i*  +  | . 
tO.  Using  (1).  m  =  lim  i-U- — — 2  =  |jm  - 1 - =  |jm  — ! —  ---  | 

x-*0  X  —  0  x  -40  X  ( I  —  Jt)  x— >0  1  —  X 

Thus,  an  equation  of  the  tangent  line  is  y  —  0  =  1  (,x  —  0)  =>  y  =  x. 

11.  (a)  m  =  lim  2/(*  +  3)  -  2/ (a  +  3)  _  |jm _ 2<u-*) _ =  ^ _ =2 _ _  _^2_ 

x-a  x->a  -  a)  (x  +  3)  (a  +  3)  x-*a  (*  +  3)  («  +  3)  (a  +  3)2 


(b)  (i)  a  =  -  I  =*  m  = 


(iii)  a  =  I  =>  m  = 


(-1  +  3)2 

-2 

(1  +  3)2  ~ 


(ii)  o  =  0  =$  m  — 


(0  +  3)2  9 
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12.  (a)  Using  (I). 


in  =  lim 


(1  +  a  +  .v2)  —  (1  +a  +  <r) 


=  lin; 

V  -*  tl 


Y  —  *» 

(v  —  a)  (I  -f.\  +  </) 


-  lim 


X+X* 


lim 

X— HI 


a  -  a  +  (a  -  a)  (a  +  a) 


—  lim  (I  ■+  a  +  a)  =  I  +  2a 

X—HI 


(b)  (i)  a  =  —  I  =>  m  =  I  +2(— I)  =  —I 

(ii)  a  =  —4  ^  m=l+2(-|)=0 

(iii)  a  =  1  =>  m  =  1  +  2(1)  =  3 


13.  (a)  Using  (1). 

(a5  -  4a  +  I)  -  (a3  -  4o  +  I)  (a3  -  a3)  -  4  (a  -  a) 

in  =  lim - -  —  lim  - 

x  ->■/  X  —  O  JT— »<»  x  —  Q 

(a -a) (a2  +  at  +  a2) -4 (a -a)  /  2  ,  ,  2 

—  lim - ‘ - =  lim  (A^  +  a.t  +  a 

x  — **i  A  —  a  x~*a  \ 

(b)  At  (I ,  —2):  m  =  3  (I)2  —  4  =  —  I.  so  an  equation  of  the  tangent  line  (c) 
is  ja  —  (—2)  =  - 1  (t  —  1 )  e*  v  =  -a  —  I.  At  (2. 1): 
m  =  3  (2)2  -4  =  8.  so  an  equation  o(  the  tangent  line  is 
v  -  I  =  8  (a  -  2)  »  y  =  8t  -  1 5. 


-  4)  =  3a2  -  4 


8 


14.  (a)  Using  (I). 


I  I 

x/ 5  -  2a  v/5-2a  x/5  -  2a  -  V5  -  Zx 

t-,u  a  —  a  *-*"  (a  -  a)  s/5  —  2a  x/5  —  2 a 

,.m _ 2.  (a  —  a) _ 

a  m  (a  —  a)  v/(5  —  2a)  (5  —  2a)  (\/5  —  2a  +  v'5  —  2t) 


*-»«  (A  -  a)  ^(5  -  2a)  (5  —  2a)  +  V5-2a)  2 (5  -  2a)3'2 


=  (5  -  2a)-3-  2 

(h)  At  (2. 1):  m  =  [5-2(2)r,/J  =  I  <=>  v  —  1  =  I  (a  —  2)  » 
>•  =  a  -  I.  At  (-2,  }):  m  =  [5  -  2  ( — 2) |— 3/2  =  » 

.V  —  5  =  A7  |-t  —  t—2)|  <=>  V  =  A7. t  +  27. 


(C) 
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15.  (a)  Since  the  slope  of  the  tangent  at  s  =  0  is  0,  the  car’s  initial  velocity  was  0. 

(b)  The  slope  of  the  tangent  is  greater  at  C  than  at  B,  so  the  car  was  going  faster  at  C. 

( c )  Near  A.  the  tangent  lines  arc  becoming  steeper  as  x  increases,  so  the  velocity'  was  increasing,  so  the  car  was 
speeding  up.  Near  B.  the  tangent  lines  are  becoming  less  steep,  so  the  car  was  slowing  down.  The  steepest 
tangent  near  C  is  the  one  at  C,  so  at  C  the  car  had  just  finished  speeding  up.  and  was  about  to  start  slowing 
down. 

(d)  Between  D  and  £,  the  slope  of  the  tangent  is  0,  so  the  car  did  not  move  during  that  time. 

16. 


Let  a  denote  the  distance  traveled  from  1 :00  to  1 :02,  b  from  1 :28  to  1 :30,  and  c  from  3:30  to  3:33,  where  all  the 
times  are  relative  to  /  =  0  at  the  beginning  of  the  trip. 

17.  Lets  (/)  =  40f  —  I6/2. 


,,x  ,  *(<)-*  (2)  ,.  (40r  —  I6r2)  -  16  — 8  (/  —  2)  (2/  —  I) 

«  (2)  =  lim - - —  =  hrn  3 - - —  |,m - i - — - - 

i-*2  /  —  2  i-»2  r  —  2  i-»  2  1  —  2 


=  -8  lim  (2 /  -  1)  =  -24 

l-*2 


Thus,  the  instantaneous  velocity  when  r  —  2  is  —24  ft/s. 
//(I  +/i)-//(t) 


18.  (a)  »  (I)  =  lim 
h-*0 


=  lim 

/i->0 


(58  +  58/i  -  0.83  -  1 .66/1  -  0.83/r)  -  57. 17 


=  lim  (56.34  -  0.836)  =  56.34  m/s 

h->  0 


(b)  i)  (a)  =  lim 
A-»o 


H  (a  +  h)  —  H  («) 
h 


_  (58<i  +  586  -  0.83a2  -  l.66a/i  -  0.83/r)  -  (58a  -  0.83a2) 

~  *-»  0  6 

=  lim  (58  —  1.66a  —  0.836)  =  58  —  1.66a  m/s 
r>-*o 


(c)  The  arrow  strikes  the  moon  when  the  height  is  0.  that  is,  58/  -  0.83/2  =  0  »  /  (58  -  0.83/)  =  0  <=> 

/  =  69.9  s  (since  /  can’t  be  0). 

(d)  Using  the  time  from  part  (c).  i>  (^)  =  58  -  1 .66  -  -58  m/s.  Thus,  the  arrow  will  have  a  velocity  of 

-58  m/s. 
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19.  (a)  =  lim 
h-*0 


=  lim 
/;-»0 


s  (a  4- /i)  -  5  (tf )  ..  4(a  +  /i)3  +  6(a  +  A)  +  2-  (4a3  4- 6a  4- 2) 

- - - =  lim - - - 

h  h-¥  0  h 

4a3  4-  1 2a2 h  4-  1 2 ah2  4-  4 A3  4-  6a  4-  6/i  4-  2  —  4a3  —  6a  —  2 
_ 


=  lim 
/>^>0 


12 a2h  4-  12 ah2  4-  4/j3  4-  6 h 
h 


=  lim  (12a2  4-  12 ah  4-  4/j2  4-  6) 
/>— »o  v  ’ 


=  (12a2  4-  6)  m/s 

So  !>(!)=  12  (I)2  4-6=  18  m/s,  » (2)  =  12  (2)2  4-  6  =  54  m/s,  and  v  (3)  =  12  (3)2  4-  6  =  114  m/s. 


20.  (a)  The  average  velocity  between  times  t  and  /  4-  h  is 


s  (/  4-  to)  —  s  (/)  (f  4-  h)~  —  8  (/  4-  h)  4-  18  —  (f2  —  8/  +  18) 

(/  4-  h)  -  l  h 

t 2  4-  2th  4-  h2  -  8/  -  8/i  4-  18  -  l2  4-  8/  -  18  _  2//i  4-  h2  -  8/; 

/*  h 

=  (2/  +  /i  —  8)  m/s 


(i)  [3, 4]:  /  =  3,  h  =  4  —  3  =  I,  so  the  average 
velocity  is  2  (3)  +  I  —  8  =  —  1  m/s. 

(ii)  [3.5, 4]:  t  =  3.5,  h  =  0.5.  so  the  average  velocity 
is  2  (3.5)  +  0.5  -  8  =  -0.5  m/s. 

(iii)  [4, 5]:  l  —  4,  h  =  1,  so  the  average  velocity  is 
2  (4)  +  I  -  8  =  1  m/s. 

(iv)  [4, 4  5):  t  =  4,  h  =  0.5,  so  the  average  velocity  is 
2  (4)  +  0.5  -  8  =  0.5  m/s. 


(b)  n  (I)  =  lim 
h->  0 


s  (l  +  h)  -  s  (r) 
h 


=  lim  (2/  +  h  —  8)  =  2l  —  8, 

h-,0 

so  « (4)  =  0. 


21.  The  sketch  shows  the  graph  for  a  room  temperature 
of  72°  and  a  refrigerator  temperature  of  38° .  The 
initial  rate  of  change  is  greater  in  magnitude  than  the 
rate  of  change  after  an  hour. 


22.  The  slope  of  the  tangent  (that  is,  the  rate  of 
change  of  temperature  with  respect  to  time)  at 
/  =  1  h  seems  to  be  about 
*  -0.7°F/min. 
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23.  (a)  (i)[8,  II]:  7  9  ~  1 15  == -|.2°/h 

(ii)  [8.10]:  9°~  115  =-l.25°/h 

(iii)  [8.9]:  10 -  ~  1 15  =  -l.3°/h 

(b)  In  the  figure,  we  estimate  A  to  be 

(18.  15.5)  and  /fas  (23, 6).  So  the 

,  .  6-  15.5 

slope  is  — —  =  - 1 .9  /h  at 


23-  18 


8:00  p.m. 


24  (a)  (i) 


P  (1995) -P  (1991)  839  -  793  46 


1995-  1991 


4  =  —  =  11.5  thousand  people  per  year 


....  839-820  19 

(")  7995  1  1993  =  Y  =  9.5  thousand  people  per  year 
,...,  874  -  839  35 

(m)  1997-  1995  =  Y  =  7,5  thousand  Pc°Ple  Per  year 
(b)  Using  the  values  from  (a)(ii)  and  (a)(iii),  we  have  9  5  +  l?’5  =  13.5  thousand  people  per  year. 


(e) 


Estimating  A  as  (1993, 816)  and  B  as  (1997,  862),  the  slope  at 
862  -  816 

1995  'S  T997~  i993  =  1 1  5  thousand  people  per  year. 


«,W,4C  C  (105)  —  C  (100)  6601.25-6500 

25.  (a)  (i)  —  = - — = - - - =  20.25/unit. 


Ait 


105-  100 


....  AC  C  (101) -C  (100)  6520.05-6500 

(,1)  a7  =  '  loi-ioo  = - i - =  20  05/unit 


(b) 


C  (100  +  h)  -C  (100)  _  [5000  +  10  (100  +  h)  +  0.05  (100  +  A)2]  -  6500  _  206  +  0.05/7 


=  20  +  0.05A,  h^i  0 
.  .  ...  C  (100  +  h) -C  (100) 

So  the  instantaneous  rate  of  change  is  lint  — - - - - -  =  lim  (20  +  0.05/r)  =  $20/unit 

A-*0  h  h-fO 


82  □  CHAPTER  2  LIMITS  AND  RATES  OF  CHANGE 


26.  \V  =  V  (/+  h)  -F(/)  =  100,000  -  100,000  (l  - 

=  ,00,000  [(,-  ‘-±±  +  £  +  5So)]  =  .00.000  (-  £  +  + 

=  i^O/,(-|20  +  2/  +  A)  =  2|2A(-120  +  2/  +  A) 

Dividing  A  F  by  h  and  then  letting  h  — >  0,  we  see  that  the  instantaneous  rate  of  change  is  ™  (/  —  60)  gal/min. 


/ 

Flow  rate  (gal/min) 

Water  remaining  V  (r)  (gal) 

0 

-3333.3 

10 

-2777.7 

69,  444.4 

20 

-2222.2 

44, 444.4 

30 

-1666.6 

40 

-mi! 

ll,  ill! 

50 

-  555.5 

2, 777.7 

60 

0 

0 

The  magnitude  of  the  flow  rate  is  greatest  at  the  beginning  and  gradually  decreases  to  0. 


Review 


CONCEPT  CHECK 


1.  (a)  lim  f  (x)  =  L:  Sec  Definition  2.2.1  and  Figures  1  and  2  in  Section  2.2. 

.t— *a 

(b)  lim  /  (x)  —  L  :  See  the  paragraph  after  Definition  2.2.2  and  Figure  9(b)  in  Section  2.2. 

x-xa+ 


(c)  lim  /  (x)  =  L:  See  Definition  2.2.2  and  Figure  9(a)  in  Section  2.2. 

x-*a“ 

(d)  lim  f  (x)  =  oo:  Sec  Definition  2.2.4  and  Figure  12  in  Section  2.2. 

x—*a 

(e)  lim  /  (x)  =  — oo:  See  Definition  2.2.5  and  Figure  13  in  Section  2.2. 

x-*a 

2.  See  Definition  2.2.6  and  Figures  12-14  in  Section  2.2. 

3.  (a)-(g)  See  the  statements  of  Limit  Laws  1-6  and  1 1  in  Section  2.3. 

4.  See  Theorem  3  in  Section  2.3. 

5.  (a)  A  function  /  is  continuous  at  a  number  a  if  /  (x)  gets  closer  to  /  (a)  as  x  gets  close  to  a,  that  is, 

lim  /(x)  =  /  (a). 

x-ta 

(b)  A  function  /  is  continuous  on  the  interval  (— oo,  oo)  if  /  is  continuous  at  every  real  number  a.  The  graph  of 
such  a  function  has  no  breaks  and  every  vertical  line  crosses  it. 


6.  See  Theorem  2.5.10. 

7.  See  Definition  2.6. 1 . 

8.  See  the  paragraph  containing  Formula  3  in  Section  2.6. 

9.  (a)  The  average  rate  of  change  of  y  with  respect  to  x  over  the  interval  [xi ,  X2]  is  ^  ^ 


(b)  The  instantaneous  rate  of  change  of  y  with  respect  to  x  at  x  =  X|  is  lim 

JC2 — 1 ►-*! 


/(X  2) -/UP 


X2  -  X| 


TRUE-FALSE  QUIZ 
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1.  False.  Limit  Law  2  applies  only  if  the  individual  limits  exist  (these  don’t.) 

2.  False.  Limit  Law  5  cannot  be  applied  if  the  limit  of  the  denominator  is  0  (it  is.) 

3.  True.  Limit  Law  5  applies. 

4.  True.  The  limit  doesn't  exist  since  /  (at)  /g  (x)  doesn't  approach  any  real  number  as  x  approaches  5.  (The 

denominator  approaches  0  and  the  numerator  doesn’t.) 

_  ..  ,  _  ..  „  x2  —  5x  sin(x-5)  „  _ 

5.  False.  Consider  hm  - —  or  lim  - — - — .  By  Example  3  in  Section  2.2,  we  know  that  the  latter  limit 

x-*s  x  —  5  x->s  x  —  5 

exists  (and  it  is  equal  to  1 ). 

6.  False.  Consider  lim  (/(x)g(x)]  =  lim  (x  -  6)  — —  1.  It  exists  (its  value  is  l)but/(6)  =  Oand  e(6)  does 

x~>6  x->6  L  X—  6J 

not  exist,  so  /  (6)g  (6)  ^  I. 

7.  True.  A  polynomial  is  continuous  everywhere,  so  lim  p  (at)  exists  and  is  equal  to  p  (A). 

X—*h 

8.  False.  Consider  lim  [/(x)-g(x)]  =  lim  -  -jA  This  limit  is -oo  (not  0),  but  each  of  the  individual 

x-*0  x-tO \xi  X4  / 

functions  approaches  oo. 


9.  False.  Consider  /  (x)  = 


1/  (x  -  1)  ifx  ^  I 
2  ifx  =  I 


10.  False.  The  function  /  must  be  continuous  in  order  to  use  the  Intermediate  Value  Theorem.  For  example,  let 

I  ifO  <  x  <  3 

/  (x)  =  There  is  no  number  c  e  [0, 3]  with  f  (c)  =  0. 

-I  ifx  =  3 

11.  True.  Use  Theorem  2.5.8  with  a  =  2,  A  =  S.and  g  (x)  =  4x2  -  II.  Note  that  /  (4)  =  3  is  not  needed. 

12.  True.  Use  the  Intermediate  Value  Theorem  with  a  =  —  1,  A  =  I ,  A'  =  jr,  since  3  <  jr  <  4. 

13.  True,  by  the  definition  of  a  limit  with  c  =  I . 


14.  False.  For  example,  let  /(x)  = 


x2  +  l  ifx  ^  0 
2  ifx  =  0 


Then  /  (x)  >  I  for  all  x,  but 


lim  / (x)  =  lim  (x2  +  I)  =  I. 
oc-pO  x-»0 


-  EXERCISES  ■ 

1.  (a)  (i)  lim  /(x)  =  3  (ii)  lim  /(x)  =  0 

*->2+  x-»-3+ 

(iii)  lim  /(x)  does  not  exist  since  the  left  and  right  limits  are  not  equal.  (The  left  limit  is  -2.) 

-t  — >  —3 

(iv)  lim/(x)=2  (v)  lim /(x)  =  oo  (vi)  lim  /(x)  =  — oo 

x— »4  x—*0  x— >2" 

(b)  The  vertical  asymptotes  arc  x  =  0  and  x  =  2. 

(c)  /  is  discontinuous  at  x  =  —3,  0,  2,  and  4.  The  discontinuities  are  jump,  infinite,  infinite,  and  removable, 
respectively. 
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3.  lim  l;m  I  v * )  =  lartO  —  0  because  ihe  tangent  Eunclion  is  continuous  at  a  =  0. 

x-*o 


/  -  4 

4.  lint  t — : - :  =  hm 


I-  4 


■—  lint 


1 


I  I 


,-•4/' -3/  -  4  j->4  </ -  4)(t  +  1)  i-*4  t  4  I  4  4-1  5 

*1  4-  /i)~  —  I  I  4-  2/t  4“  Ft*  —  I  2 h  4 -  h~ 

h—*  0  h  /r— >  0  It  h—*0  h  h—*0 

i  i  4  hi  2  '  .  !  —  ( 1  4-  *)2  —2h  —  li2  —2  —  h  -2-0 

6.  Itm  - -  -  -.tir. - r~  —  Inn - ,  =  lim - y  — - x 

/.-  <i  h  >  i,(14/i)2  /,--»o  /» (1  +hy  A~>0  (I  4-  li)2  (1  4-  0)2 


=  —2 


iin:  (tr-  -  a  -•  2) 


<  .  -t 

i 

-  i 


(-D-  -(-!)-  2  0 


‘  i-J  4  3.1  -2  iitn  (,V“  4  3jt  —  2)  (-I)2  4-  3  ( —  1  >  -  2 


8  I,,,,  _v  -1:'-“..-- _  |jm  +  ll(.ir-2)  (  x  -  2  _  -1-2  _  j 

‘  .v'.-l  x1  4  3  a  {-  2  t  ’."-t  (v  -(-  l)(.v  4-2)  r-t-l.t+2  -14-2 

1)  ,  17 

9.  lint - — ,  -  oo  since  (t  —  0)*  -*  Osnd - r  >  0. 

i— (.  (i  -  ft}-  |i  -  6) 


10.  lim 

X  ■>-(,+  a  4  6 


-oc  since  c  4-  6  — *  0  as  .v  — »  —  6~  and -  <  0  lor  —6  <  x  <  0. 

x  4-  6 


4  -  fi 

11.  lim - —  =  lim 


4  -  Jx 


lim 


-1 


-1 


I 


a  16  s  —  16  <—*16  (v/ s  4-  4)  (Vv.  —  4)  .<-*16  y/s  4-  4  ^/Tt)  4-  4  8 

i)  4-  4  2  4-4 


..  4-  2«  —  8  ,  (n  4-  4)  (»  —  2) 

12.  Itm - ; - - —  — -  Itm - — - ..  .  .  =  lint 


i.-*2  11*  —  16 


-*2  (11  4  2)  (»>  —  2)  (i>2  4-  4)  i.->2  (11  4  2)  (u2  4  4)  (2  4- 2)  (22  4- 4)  16 


13.  Inn  — — —  =  lint  —  lim  (- 1 )  -  - 1 

1-1S  .1  -  S  *->*-  v- 8  *-*» 

14.  lim  (v/a-- 9  4  |h  4  I  i|)  —  Itm  </T-94  lim  |a  4  1  J|  =  V*T—  9  4  10  =  10 

jr-*9+  *-->9+  x -*9+ 


„  1-v/i-A2'  14/r 

15.  lim - 

X  -*0  A 


I  -  (I  -  A2) 

:  —  lim  — - Z— rrrr  =  lim 


—  lim 


„  v^a  4  2—  ■j'lx  va  4  2  4  </2a 
16.  Itm  - : - — - -  - ;=  =  Inn 


4  v'l  -  A-  r  ,0  .v  (l  4v/l  -  A2)  x~,0x  (l  4  sA  -  A2)  '■*0  I  4  V^T  —  A 

—  (a  —  2) 


:  =  0 


lim 


-I 


A  (V -2)  y/x  4  2  4  i/2x  *-*2  A  (a  -  2)  (s/7T2  4  s/2a)  *->2  a  (VaT2  4  s/2a) 


17.  Since  2v  —  1  <  /  (a)  <  a2  lor  0  <  a  <  3  and  lim  (2a  —  I )  =  I  =  lim  a2,  we  have  lim  /  (a)  =  1  by  the  Squeeze 

*-*l  x—*  I  jr-»l 


Theorem. 


CHAPTER  2  REVIEW  □  85 


18.  Let /(x)  =  -x2,£(.x)  =  x2  cos  (1/x2)  and  h  (x)  =  x2.  Then  since  jcos  (l/x2)|  <  I  for  ,v  ^  0,  we  have 
/(*)  <  g(*)  < /i(x)  for  .x  ^0.  and  so  lim  f  (x)  =  lim  h  (x)  =  0  =>  llm  g(x)  =  0  by  the  Squeeze  T  heorem. 

x— >0  x-»0  x  — >0 

19.  Given  t:  >  0,  we  need  <5  >  0  so  that  if  |jr  —  5|  <  <5  then  |(7x  —  27)  —  8|  <  i:  <=>  |7jt  —  35|  <  e  <=> 

|jt  -  5|  <  r./l.  So  take  6  =  e/7.  Then  |x  -  5|  <  A  =>  |(7x  -  27)  -  8|  <  e.  Thus,  litn  (lx  -  27)  =  8  by  the 

-r-*S 

definition  of  a  limit. 

20.  Given  e  >  0  we  must  find  <5  >  0  so  that  if  |x  -  0|  <  i5,  then  |  tyx  -  0]  <  c.  Now  \  f/x  —  0|  =  1 1/x  \  <  e  => 

1*1  =  <  e3.  So  take  <5  =  <:3;  then  |x -0|  =  |x|  <  e3  =>  -0|  =  =  e. 

Therefore.  by  the  definition  of  a  limit,  lim  2/x  =  0. 

x->0 

21.  Given  #:  >  0.  we  need  ti  >  0  so  that  if  |jc  -  2|  <  then  \x2  -  3.x  -  (-2)|  <  First,  note  that  if  \x  -  2|  <  1.  then 

-I  <.x-2<  1,  so  0  <  x  -  1  <2  =>  \x  —  1 1  <  2.  Now  let  6  =  min  {c/2,  I }.  Then  |.r  —  2|  <  d‘  ^ 

|*2  -  3.v  -  (-2)|  =  |(.v  —  2)  (x  -  1)|  =  |.t  -  2|  |.v  —  1|  <  (e/2)  (2)  =  e. 

Thus,  lim  (.t2  —  3.x)  =  —2  by  the  definition  of  a  limit. 

22.  Given  M  >  0,  we  need  S  >  0  such  that  if0<x  —  4  <  <$  then  2/y/x^ —  4  >  M.  This  is  true  <=>  *Jx  —  4  <  2/M 

<=>  x  —  4  <  4/ M2 .  So  if  we  choose  6  =  4/A/~,  then  0  <  ,x  —  4  <  S  =$  2/y/x  —  4  >  M.  So  by  the  definition 

of  a  limit,  lim  (2/y/x  —  4)  =  oo. 

x-*4+ 

23.  (a)  /  (x)  =  v/=I  if  x  <  0,  / (x)  =  3  —  x  if  0  <  x  <  3,  / (x)  =  (x  —  3)2  if x  >  3. 

(i)  lim  J  (x)  =  lim  (3  —  x)  =  3 

x->0+  x-*0+ 

(iii)  Because  of  (i)  and  (ii),  lim  /  (x)  docs  not  exist. 

x— >0 

(v)  lim  /  (x)  =  lim  (.x  —  3)2  =  0 

x->3+  X-»J+ 

(b)  /  is  discontinuous  at  0  since  lim  /  (.x)  docs  not  exist.  /  is 

x-*0 

discontinuous  at  3  since  /  (3)  does  not  exist. 


24.  (a)  g(x)  =  Zx  -  X2  ifO  <  x  <  2,  g(x)  =  2  -x  if  2  <  x  <  3, 

g(x)  =  x  —  4  if  3  <  x  <  4,  g (x)  =  it  if x  >  4.  Therefore. 

lim  g  (x)  =  lim  (2x  —  ,x2)  =  0  and 
x~*2~  x-*2~ 

lim  g  (x)  =  lim  (2  —  ,x)  =  0.  Titus,  lim  g  (x)  =  0  =  g  i 

x--*2+  x-»2~  x->2 

is  continuous  at  2.  lim  g  (x)  =  lim  (2  —  .x)  =  —  land 
x-»3~  x->3 

lim  g  (x)  =  lint  (x  —  4)  =  —  1  Thus,  lint  g  (x)  =  —  1  =  g  (3),  so  g  is  continuous  at  3. 

x— *3+  .t-»3+  x-*3 

lim  g  (x )  =  lint  (x  —  4)=0and  lim  g(x)=  lim  x  =  it.  Thus,  lim  g(x)  does  not  exist,  so  g  is 

x— >4  x— »4  t—»4+  x-+4+  x— »4 

discontinuous  at  4.  But  lim  g  (x)  =  x  =  g  (4),  so  g  is  continuous  from  the  right  at  4. 


(ii)  lim  /  (x)  =  lim  V^x  —  0 
x-*0~  4f->0~ 

(iv)  lim  / (x)  =  lim  (3  —  x)  =  0 
x-»3~ 

(vi)  Because  of  (iv)  and  (v),  lim  /  (x)  =  0. 

x-*3 

(c) 


(b)  v. 

n • 


I,  SOg 

0 
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25.  x3  is  continuous  on  R  since  it  is  a  polynomial  and  cos  x  is  also  continuous  on  R,  so  the  product  x 3  cos  x  is 
continuous  on  R.  The  root  function  i/x  is  continuous  on  its  domain,  [0,  oc),  and  so  the  sum, 

h  (x)  =  i/x  +  .v3  cosx.  is  continuous  on  its  domain.  [0,  oo). 

26.  x2  —  9  is  continuous  on  R  since  it  is  a  polynomial  and  ,/x  is  continuous  on  [0,  oo),  so  the  composition  -Jx2  —  9  is 

continuous  on  {x  |  x2  -  9  >  0}  =  (-oo,  -3]  U  [3,  oo).  Note  that  x2  -  2  0  on  this  set  and  so  the  quotient 

vV  —  9 

function  g  (x)  =  — = - is  continuous  on  its  domain,  (— oo,  —3)  U  [3,  oo). 

xl  —  2 

27.  /  (x)  =  2x3  +  x2  +  2  is  a  polynomial,  so  it  is  continuous  on  [—2,  —  1]  and  /  (—2)  =  — 10  <  0  <  I  =  /(—  1).  So 
by  the  Intermediate  Value  Theorem  there  is  a  number  c  in  (—2,  —  I )  such  that  /  (c)  =  0,  that  is,  the  equation 

2x3  +x2  +  2  =  0  has  a  root  in  (—2,  —1). 

28.  Let  /  (x)  =  2sinx  —  3  +  2x.  Now  /  is  continuous  on  [0,  I]  and  /( 0)  =  — 3  <0  and 

/  (1)  =  2  sin  I  —  1  0.68  >  0.  So  by  the  Intermediate  Value  Theorem  there  is  a  number  c  in  (0,  1 )  such  that 

/  (c)  =  0,  that  is.  the  equation  2  sin  x  =  3  —  2x  has  a  root  in  (0,  I ). 

29.  (a)  The  slope  of  the  tangent  line  at  (2,  1)  is 

/(x)  -  /  ( 2)  _  9-2x2-\  |jm  8  —  2x2  —2  (x2  —  4)  _  ^  -2(x-2)(x  +  2) 


lim 

x-*2  x  —  2 


•  =  lim 

jr— >2  x  —  2  x-t 

—  lim  —2  (x  +  2)  =  -8 

x— »2 


.  =  lim 
2  X  —  2  x~>2  X  —  2 


-  lim 

jr->2 


X  -2 


(b)  An  equation  of  this  tangent  line  isy  —  I  =  — 8  (x  —  2)  or  y  —  — 8x  +  17. 

30.  Tor  a  general  point  with  x -coordinate  a,  we  have 

2/(1 -3x) -2/ (I -3a)  2(1  -3a)-2(l  -  3x) 


m  =  lim 


=  lim 


x  —  a 
6  (x  -  a) 


=  lim 


x->a  (1  —  3a)  (1  —  3x)  (x  —  a) 

6  6 


=  lim 


*-»«  (1  —  3a)  (I  -  3x)  (x  —  a)  x->«  (1  —  3a)  (I  -  3x)  (1  -  3a)2 

For  a  =  0,  m  =  6  and  /  (0)  =  2,  so  an  equation  of  the  tangent  line  is  y  —  2  =  6  (x  —  0)  or  y  =  6x  +  2.  For 
a  =  —  1,  m  =  |  and  /(—!)=  5,  so  an  equation  of  the  tangent  line  isy  —  |  =  |  (x  +  1)  or.v  =  |x  +  g. 


31.  (a)  s  =  1  +  2l  +  I2/ 4.  The  average  velocity  over  the  time  interval  [1,  I  +  /1]  is 

5  (I +*)-*(!)  1  +2(1  +/»)+  (I  +/i)2/4-  13/4  IQ/i  +/12  10  +  6 


h  h 

intervals  the  average  velocities  are: 

(i)  (I,  3J:  ( 1 0  +  2) /4  =  3  m/s 

(ii)  11,2]:  (10+  l)/4  =  2.75  m/s 


4/i 


.  So  for  the  following 


(iii)  [1,  1.5]:  (10  + 0.5) /4  =  2.625  m/s 

(iv)  (1,1.1]:  ( 10  +  0.1)/4  =  2.525  m/s 


.  x(l+/t)-x(l)  10  +  A  „  „ 

(b)  When  /  =  I  the  velocity  is  lim - - - =  lim  - =  2.5  m/s. 

A->  0  h  /»— >0  4 


32.  (a)  When  V  increases  from  200  in3  to  250  in3,  we  have  A I  =  250  —  200  =  50  in3,  and  since  P  =  800/  V, 

801 

lb/in2 


8(X)  800 

A  /’  =  P  (250)  —  P  (200)  =  =  3.2  —  4  =  —0.8  lb/in2.  So  the  average  rate  of  change  is 


A  P  _  -08 
W  ~  50 


=  -0.016  • 
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(b)  Since  V  =  800 /P,  the  instantaneous  rate  of  change  of  V  with  respect  to  P  is 

..  AT  V(P  +  h)-V(P)  800/ {P  +  h)  -m/p 

ltm  — —  =  lim - - - =  lim - — - - - - — 

h-* o  A  P  h-*o  h  h-*o  h 


=  nm^_-jp_±,,)]  =  um 

h-*0 


-800 


h(P  +  h)P 

which  is  inversely  proportional  to  the  square  of  P 
lx  +  1 


A-.0  (P  +  h)P 


800 
'  Pi 


33.  The  inequality 


Lx  —  I 


-3 


<  0.2  is  equivalent  to  the  double 


x  +  I 

inequality  2.8  <  j— -j-  <  3.2.  Graphing  the  functions  y  =  2.8, 

y  =  1C*  +  l)/(*  —  1)1  andy  =  3.2  on  the  interval  [1.9, 2.15],  we 
sec  that  the  inequality  holds  whenever  1.91  <  x  <  2. 1 1 
(approximately).  So  since  |2  -  I.9I|  =  0.09  and  |2  -  2.15|  =  0.15, 
any  positive  <5  <  0.09  will  do. 

x  -f-  I 

34.  The  slope  of  the  tangent  to  y  =  - is 

x  —  I 


(x  +  h)  +  1  _  x+  1 

lim  +  h)  ~  1  x  -  I  _  (x  -  l)(x  +h  +  1)  -  (x  +  l)(x  +  h  -  1) 
A->0  h  h-*0  h  (x  —  I )  (x  +  h  —  1 ) 


A-*o  A(x  -  1)  (x  +  h  -  1)  (x-1)2 


35. 


2 

So  at  (2,  3),  m  =  _  -  -2  =>  y-3  =  -2(x-2)  =» 

y  =  —  2x  +  7.  At  (—  1 , 0),  m  = - - - ^  =  -  -  =» 

(— 1  —  l)2  2 

y  =  -j(x  +  i)  =s  y  —  —  jx  —  5. 

l/(*)l<g(x)  «=>  -g(x)  < /(x)  <  g(x)  and  lim  g(x)  =  0  =  lim 

x-*a  x—*a 

lim  /  (x)  =  0. 


8 


— g  (x).  Thus,  by  the  Squeeze  Theorem, 


36.  (a)  Note  that  /  is  an  even  function  since  /(x)  =  /  (— x).  Now  for  y> 

any  integer  n.  [nj  +  [-nj  —  n  -  n  —  0,  and  for  any  real  number  — 

k  which  is  not  an  integer, 

P'fl  +  1-^11  =  PJ)  +  (—  PI  —  I)  =  — 1.  So  lim  / (x)  exists 

x—>a 

(and  is  equal  to  —  1)  for  all  values  of  a. 

(b)  /  is  discontinuous  at  all  integers. 


Problems  Plus 


1.  Let/  =  y?,  so  <r  =  r6.  Then  r  -»  1  as.t  -»  I,  so 

(/-!)(/  +  !) 


..  >/*  ~  I  I2  ~  I 

Inn  — ^ — r  =  lim 


lim 


=  lim 


I  +  I 


1  +  I 


*-*1  V^-l  /->l/3-l  i->i  (/  -  I)  (t2  +/  +  1)  i->l/2  +  l  +  1  12+1  +  1 


Another  Method; 


Multiply  both  numerator  and  denominator  by  [y/x  +  I)  (-v/ir2  +  ifx  +  l). 


2.  First  rationalize  the  numerator:  lim 

t~*0 


Vox  +  b  —  2  Jax  +  6  +  2 


—  lim 


ax  +  b  —  4 


Now  since  the 


-y  y/ax'+b  +  2  *->0  x  (fax  -f  b  +  2) 

denominator  approaches  0  as  x  — >  0.  the  limit  will  exist  only  if  the  numerator  also  approaches  0  as  .x  — »  0.  So  we 


require  that  a  (0)  +  b  —  4  =  0  b  =  4.  So  the  equation  becomes  lim  —  - 

*-*0  'fax  +  4  +  2 

=>  <7  =  4.  Therefore,  a  =  b  =  4. 


=  1 


s/4  +  2 


=  I 


3.  For  <  jr  <  4.  we  have  2x  -  1  <  0  and  2v  +  1  >  0,  so  |Z*  -  1|  =  -  (2x  -  I)  and  |Zr  +  l|  =  2x  +  I. 

t,  f  ..  |2r  —  1 1  —  |2x  +  1 1  —  (2jc  —  1)  —  (2x  +  1)  ..  -4.r 

Therefore,  lim  - =  lim  — 2 - - — - -  -  lim  - =  lim  (-4)  =  -4 

r-»°  x  »-»o  .T  x->0  x  ,r— >o 


4.  Let  K  be  the  midpoint  of  OP.  so  the  coordinates  of  l<  are  (J.t,  j.r2)  since  the  coordinates  of  P  arc  (.t,.v2).  Let 

1 

Q  =  (0.  a).  Since  the  slope  mop  =  —  =  x,  m o it  =  —  (negative  reciprocal).  But 
x2  -2a 


mi>K  = 


it2  -  a 


so  we  conclude  that  -  i  =  x2  -  2a 


\x  -0 

x  -»  0,  a  -»  j,  and  the  limiting  position  of  O  is  (o. 


2a  =  Jr2  +  1 


a  =  jx2  ■ 


.  As 


X  1  I 

5.  Since  |x|  <  x  <  [v]  +  1.  we  have  I  <  —  <  I  +  —  for*  >  0.  As*  -»  00.  |.v|  -s  00,  so  —  ^  Oand 

I  +  j— r  — >  I.  Thus,  lim  — —  =  I  by  the  Squeeze  Theorem. 

II-v  1  •*-><*  ||  tj 

6-  (a)  I-v |2  +  || >  |2  =  I.  Since  |]x  |l:  and  (y|2  are  positive  integers  or  0.  there  are  only  4  cases: 


Case  (i): 

1*1  -  1. 1>  |  =  0 

1  <  *  <  2  and  0  <  y  <  ) 

y\ 

. 

Case  (ii): 

1*1  *-L  |>-1  =  0 

=> 

—  1  <  x  <0  and  0  <  y  <  1 

Case  (lit): 

II 

[I 

0  <  x  <  1  and  1  <  y  <  2 

_ J 

;  V  | 

Case  (ivj: 

1*1  =  0,  [yfl  =  -1 

=> 

0  <  x  <  1  and  —  1  <  y  <  0 

0 

•  sV 

1  X 

(b)  [  v  ]]2  -  (v  §■’  =3  The  only  integral  solution  of  n2  -  m2  =  3  is  n  =  ±2 
and  m  =  ± I.  So  the  graph  is 


((*.3)  I  ll'i  =  ±2.  |Lv  ||  =  ±i)  = 


( x.y ) 


2  <  *  <  3  or  —  2  <  jr  <  1 , 
l  <  3-  <  2  or  —  I  <  3-  <  0 
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(c)  [a  +  yfl2  =  I  =>  I'  +  ,i'D  =  ± I  (d)  Forn  <  x  <  n  +  1,  [xj  =  n.  Then  [jr|  +  [yll  =  •  => 

=>  I  <  x  +  y  <  2  or  II. V I  ss  ]  —  >t  =>  l-n<y<2  —  n.  Choosing  integer 

- 1  <  x  +  y  <  0  values  for  n  produces  the  graph. 


7.  /  is  continuous  on  (-oo,  a)  and  (a,  oo).  To  make  /  continuous  on  R,  we  must  have  continuity  at  a.  Thus, 

lim  /  (x)  =  lim  / (x)  =>  lim  x2  =  lim  (x  +  l)  =»  a2  —  a  +  1  =>  a  =  A  ±  -v/s) /2  a*  1.618 

x-*a+  x-*a~  x->fl+  x-»a~  '  '' 

or -0.618. 

8.  (a)  Here  are  a  few  possibilities: 


(b)  The  “obstacle"  is  the  line  x  =  y  (see  diagram).  Any  intersection  of  the  graph  of  /  with  the  line  y  —  x 
constitutes  a  fixed  point,  and  if  the  graph  of  the  function  docs  not  cross  the  line  somewhere  in  (0,  1),  then  it 
must  either  start  at  (0, 0)  (in  which  case  0  is  a  fixed  point)  or  finish  at  (1 ,  1 )  (in  which  case  1  is  a  fixed  point). 

(c)  Consider  the  function  F  (x)  =  /  (x)  —  x,  where  /  is  any  continuous  function  with  domain  [0,  1 1  and  range  in 
(0,  1],  We  'ball  prove  that  /  has  a  fixed  point. 

Now  if  /  (0)  =  0  then  we  are  done:  /  has  a  fixed  point  (the  number  0),  which  is  what  we  arc  trying  to  prove. 
So  assume  /  (0)  ^  0.  For  the  same  reason  we  can  assume  that  /  (1)  yL  1.  Then  F  (0)  =  /  (0)  >  0  and 
F(l)  =  /(I)—  I  <0.  So  by  the  Intermediate  Value  Theorem,  there  exists  some  number  c  in  the  interval 
(0,1)  such  that  F  (e)  =  f  (c)  -  c  —  0.  So  /  (c)  =  c,  and  therefore  /  has  a  fixed  point. 

9.  Jim  /(x)  =  Jim  (j  l/(x) +  g(x)J  +  j  [/(x)-g(x)]) 

=  i  lim  [/(x)+s(x)]+  j  lim  |/(x)-g(x)] 

=  j  *2  +  |  •  I  s  j, and 

timg(.x)  =  lim  (!/(*) +g (*)]-/(*))  =  lim [f  (x)  +  g (*)]  -  lim  f{x)  =  2-\  =  \. 
x—*a  x  -*a  x~*a  x-*a  *• 

So  Jim  l/(x)g(x)|  =  [lim /(x)j  [lim  g(x)]  =  |  ■  j  =  j. 
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Another  Solution:  Since  lim  1/  (x)  +  g  (x)]  and  lim  I  /  (x )  —  g  (a:))  exist,  wc  must  have 

x-*a  x-*a 

lim  [/  (x)  +  g  (x)|2  =  ( lim  [/  (x)  +  g  (x)])  and  lim  [/  (x)  -  g  (x)]2  =  ( lim  | /  (x)  -  g  (x)])  ,  so 

x  -*a  \x-*u  /  x-*a  \x-*a  ) 

lim  |/  (x)  g  (x)]  =  lim  J  ([/  (x)  +  g  (x)]2  -  [/  (x)  -  g  (x))2)  (because  all  of  the  f2  and  g2  cancel) 

x ~>a  x-*a  H  v 

=  j  (lim  [/(x)  +  g(x))2  -  lim  [/  (x)  -  g  (x)]2)  =  J  (22  —  I2)  =  q. 

\x—*u  X-*U  / 

10.  (a)  Solution  I:  We  introduce  a  coordinate  system  and  drop  a  perpendicular 

v 

from  P,  as  shown.  Wc  see  from  INC  P  that  tan  20  =  — ,  and  from 

I  —  x 

/.N  BP  that  tan  0  =  y/x  .  Using  the  double-angle  formula  for 

v  ...  2  tan  0  2 {y/x) 

tangents,  we  get - =  tan  20  = - =—  = - r-.  After  a 

]-x  I  —  tan2 0  \  -  (y/x)2 

1  2x 

bit  of  simplification,  this  becomes - =  -= - x  <=> 

1  —  X  x-  —  V- 

y2  =  x  (3x  —  2).  As  the  altitude  A  M  decreases  in  length,  the  point  P  will  approach  the  x-axis,  that  is,  y  —>  0, 
so  the  limiting  location  of  P  must  be  one  of  the  roots  of  the  equation  x  (3x  -  2)  =  0.  Obviously  it  is  not  x  =  0 
(the  point  P  can  never  be  to  the  left  of  the  altitude  AM,  which  it  would  have  to  be  in  order  to  approach  0)  so  it 
must  be  3x  —  2  =  0,  that  is,  x  =  j. 

Solution  2:  We  add  a  few  lines  to  the  original  diagram,  as  shown.  Now 
note  that  LBPQ  =  IP BC  (alternate  angles:  QP  ||  BC  by  symmetry) 
and  similarly  LCQP  =  LQCB.  So  All PQ  and  ACQP  arc  isosceles, 
and  the  line  segments  BQ,  QP  and  PC  arc  all  of  equal  length.  As 
\AM\  =>  0,  P  and  Q  approach  points  on  the  base,  and  the  point  P 

is  seen  to  approach  a  position  two-thirds  of  the  way  between  B  and  C, 
as  above. 

(b)  The  equation  y2  =  x  (3x  —  2)  calculated  in  part  (a)  is  the  equation  of 
the  curve  traced  out  by  P.  Now  as  \A M\  — »  oo,  20  — >  j,  0  — »  j, 
x  — »  I,  and  since  tan#  =  y/x,  y  — »  I .  Thus,  P  only  traces  out  the  part 
of  the  curve  with  0  <  y  <  1 . 


11.  (a)  Consider  G  (x)  =  T  (x  +  180°)  —  T  (x).  Fix  any  number  a.  If  G  ( a )  =  0,  we  are 
done:  Temperature  at  a  =  Temperature  at  a  +  180°.  If  G  (o)  >  0,  then 

G(a+  180°)  =  T  (a  +  360°)  —  T  (a  +  180°)  =  T  (a)  -  7'  (a  +  180°)  =  -C,  (a)  <  0.  Also.  G  is  continuous 
since  temperature  varies  continuously.  So,  by  the  Intermediate  Value  Theorem,  G  has  a  zero  on  the  interval 
[a,  a  +  180°].  If  G  ( a )  <  0,  then  a  similar  argument  applies. 

(b)  Yes.  The  same  argument  applies. 

(c)  The  same  argument  applies  for  quantities  that  vary  continuously,  such  as  barometric  pressure.  But  one  could 
argue  that  altitude  above  sea  level  is  sometimes  discontinuous,  so  the  result  might  not  always  hold  for  that 
quantity. 
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9.  (a)  F'  (1)  =  lim 


F(x)~F(  I) 


-  5.r  +  1)  -  (-3) 


,x}  —  5.x  +  4 

=  lim - - - 

x-*\  x  —  1 


(x  —  I)  (.x2  +  x  —  4) 


=  lim  (.x2  +  x  -  4)  =  —2 

x->i  '  ' 


So  an  equation  of  the  tangent  line  at  (I ,  —3)  is 
y-  (-3)  =  -2(.x  -  1)  «  y  =  -lx-\. 

Note:  Instead  of  using  Equation  3  to  compute  F'  ( I ),  we 
could  have  used  Equation  I . 


10.  (a)  G'  (a)  =  lim 

/l— *o 


G  (a  +  li)  —  G  (a) 


a  +  h 

\+2(a  +  h) 
h 


a  +  2 a1  +  h  +  2 ah  —  a  -  2 a2  —  2ah 
A-™  /i  (1  +  2o  +  2/t)  ( I  +  2a) 

So  the  slope  of  the  tangent  at  the  point  i--i)  is 

m  =  ^  I  +  2  5^  J  =4.  and  thus  an  equation  is 

.V  +  J  =  4  (x  +  ory  =  4.x  + 


We  estimate  that  /'(!)«  3.296. 


SECTION  3.1  DEHIVATIVES  □  95 


12.  (a)^(f)  =  lim 
So  let  G  (A)  =  ■ 


g(f  +  *)  ~g(f)  _  ..  ,  lan  ( j  +/i)  -tan(|) 


A 

(f +*)■ 


=  lim 

h-t  0 


We  calculate: 


A 

G(A) 

0.1 

2.2305 

0.01 

2.0203 

0.001 

2.0020 

0.0001 

2.0002 

-0.1 

1.8237 

-0.01 

1.9803 

-0.001 

1 .9980 

-0.0001 

1.9998 

We  estimate  that  g'  (j )  =  2. 


I'rom  the  graph,  we  estimate  that  the 
slope  of  the  tangent  is  about 
1.07-0.91  0.16 

0.82  -  0.74  ~  008  -  2 


13.  f  ( a )  =  lim 

/i— >0 


=  lim 
h-*0 


f  (a  +  A)  -  f  (a)  _  (  [  I  +  (a  +  /i)  -  2  (a  +  A)2]  -  ( I  +  a  -  2a2) 

h  h—f0  h 


h  —  4  ah  —  2  h2 
h 


lim  ( I  —  4 a  -  2h)  =  I  -  4 a 
h-*  0 


14.  f(a)  =  lim 
/»-» o 


=  lim 
/i->  o 


/  (a  +  h)  -  f  (a) 

- - -  =  lim 

h  h~*o 

3a2 h  +  3a/?2  -I-  /?3  +  3 h 

h  = 


[(a  +  A)1  +  3  (a  +  /i ) ]  -  (o’  +  3a) 

A 

=  lim  (3a2  +  3a/i  +  /i2  +  3)  =  3a2  +  3 


a  +  /?  a 

.r  /•//  >  .  /  (a  +  A)  —  /  (a)  ..  2  (a  +  /i)  -  1  ~  2a  —  1 

A-.0  A  A->0  A 

_  |.m  (a  +  A)  (2a  -  I )  -  a  (2a  +  2A  -  I )  —A 

~  o  A  (2a  +  2A  -  1 )  (2a  -  1 )  “  /'".'(i  A  (2a  +  2A  -  I )  (2a  -  I ) 


/? — >  o  (2a  *E  2A  —  1)  (2a  —  I)  (2a -I)2 


16.  /'  (a)  =  lim 
h-*o 


/(a  +  A)-/(a) 
A 


lim 
A— >0 


a  +  A 

(a  +  A)2-  I 
A 


a 


a2  -  I 


(a  +  A)  (a2  —  I)  -  a  (a2  +  2aA  +  A2  -  I)  A  (-a2  -  1  -  ah) 

*-* 0  A  (a2  —  I)  (a2  +  2aA  +  A2  —  l)  *-<o  A  (a2  —  I)  (a2  +  2aA  +  A2  —  1) 

..  —a2  —  1  —  ah  —a2  —  I  a2  +  I 

(a2  -  1)  (a2  +  2aA  +  A2  -  l)  "  (a2  -  I)  (a2  -  I)  ~  _  i)’ 
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17.  f(a)  =  lim  f  (“  +  '■)  -/ («)  _  ljm  J3-(a  +  h)~  =  Hm 

*-♦0  /z  /i-»0  /z  /»-»0  /zv/3  -a  -hy/T^ 


2  (vO  —  a  —  V3  —  a  —  h)  y/3  —  a  +  >/3  —  a  —  h 

—  hm  -  — — ■==. —  •  —  ■  -  — 

A-*o  hs!  3  —  a  —  h-J3  —  a  y/3  —  a  +  y/T—a  —  h 


-  lim 


2  [3  -  a  -  (3  -  a  -  A)] 


=  lim 


*->o  V3  —  a  —  hy/3  —  a  (y/3  —  a  +  y/3  —  a  —  h) 

_ 2 _ 1_ 

~  y/T^ay/T^a  (2y/T^a)  ~  (3  -  a)1'2 

,g.  f  (fl)  =  lim  +  ,  ,im  JHa  +  h)  +  \-VIaT[ 

h~*  o  A  A-t  o  h 

(>/3 a  4-  3A  +  I  —  V3fl  +  1)  ( V }a  -f-  3h  +  I  •+■  >/2o  ~h  I ) 

—  h->  o 


=  lim 


h  (y/3 a  +  3h  +  1  +  y/3 a  +  1) 
(jj  +  3/i  +  I)  —  (3a  +  1) 


*-»<>  A  (y/3a  +  3A  +  1  +  V3a  +  1) 

3  3 


lim 


h-*o  y/3 a  +  3 h  +  I  4-  V3 a  +  1  2V3o  ■+■  I 

Note  that  the  answers  to  Exercises  19-24  are  not  unique. 

/j  i  fa  _  J 

19.  By  Equation  I,  Hm - - - =/'(!).  where  / (x)  =  y/x. 

Or:  f  (0),  where  f  (x)  =  y/\Tx 

20.  By  Equation  I,  hm  — — ^ - -  =  /'  (2),  where  /  (x)  =  x3. 


21.  By  Equation  3.  lim 


jr  -  I 

x  -  I 


=  /'(!),  where  /  (x)  =  x9. 


COS  .V  -f  1 

22.  By  Equation  3,  lim  - - —  =  /'  (3ir),  where  /  (x)  =  cosx. 

x-»3*  x  —  3a 


24.  By  Equation  3.  lim 


sin  (?■  +  /)-  1  ... 

ion  I.  lim  -  -v?  t  - - =  /'  ($),  \ 

3*  -  I 


23.  By  Equation  1.  lim  w  '  '' - 1  =  /'  (|),  where  / (x)  =  sinx. 


*->0  x 


=  /'(0),  where  /(x)  =  3\ 


25.  „2,  -  /•«,.  I„  .  »„  |(2^»)i-5<2t*)-5]-|;2-5|8-i| 

h-¥  0  h  h— >0  /z 

(4  +  4A  +  /12-  12 -6/i -5) -(-13)  .  h1  —  2A 

=  hm  - - - =  lim - ; — -  =  lim  (h  —  2)  =  —2  m/s 

a->o  /i  a-»o  h  *->  o 

26.  „  (2)  =  /' (2)  =  lim  L^±-h.lZ  l{2)  =  lim  ^  +  l)!-fJ_^ll-Jl(2)3.-2+l] 

h~+o  h  it-f  o  /z 

(2A3  +  12A2  +  24A  +  16  —  2  —  /i  +  I)  —  15  2/r3  +  12A2  +  23A 

h—*0  h  h-*0  h 

=  ^lim  (2/i2  +  12/1  +  23)  =  23  m/s 


SECTION  3.1  DERIVATIVES  □  97 


27.  (a)  /'  (at)  is  the  rale  of  change  of  the  production  cost  with  respect  to  the  number  of  ounces  of  gold  produced,  its 

units  are  dollars  per  ounce. 

(b)  After  800  ounces  of  gold  have  been  produced,  the  rate  at  which  the  production  cost  is  increasing  is  $l7/ouncc. 
So  the  cost  of  producing  the  800th  (or  801st)  ounce  is  about  $17. 

(c)  In  the  short  term,  the  values  of  f  (x)  will  decrease  because  more  efficient  use  is  made  of  start-up  costs  as  x 
increases.  But  eventually  /'  (x)  might  increase  due  to  large-scale  operations. 

28.  (a)  /'  (5)  is  the  rate  of  growth  of  the  bacteria  population  when  /  =  5  hours.  Its  units  are  bacteria  per  hour. 

(b)  With  unlimited  space  and  nutrients,  /'  should  increase  as  t  increases;  so  /'  (5)  <  /'  (10).  If  the  supply  of 
nutrients  is  limited,  the  growth  rate  slows  dewn  at  some  point  in  time,  and  the  opposite  may  be  true. 

29.  (a)  /'  (»)  is  the  rate  at  which  the  fuel  consumption  is  changing  with  respect  to  the  speed.  Its  units  are 

(gal/h)  /  (mi/h). 

(b)  The  fuel  consumption  is  decreasing  by  0.05  (gal/h)  /  (mi/h)  as  the  car’s  speed  reaches  20  mi/h.  So  if  you 
increase  your  speed  to  21  mi/h,  you  could  expect  to  decrease  your  fuel  consumption  by  about 
0.05  (gal/h) /(mi/h). 

30.  (a)  /'  (8)  is  the  rate  of  change  of  the  quantity  of  coftee  sold  with  respect  lo  the  price  per  pound  when  the  price  is 

$8  per  pound.  The  units  for  /'  (8)  are  pounds/  (dollars/pound) . 

(b)  f  (8)  is  negative  since  the  quantity  of  coffee  sold  will  decrease  as  the  price  charged  for  it  increases.  People  are 
generally  less  willing  to  buy  a  product  when  its  price  increases. 


31.  C'(1980)  is  the  rate  of  change  of  U.S.  cash  per  capita  in  circulation  with  respect  to  time.  To  estimate  the  value  of 

C'  (1980),  we  will  average  the  difference  quotients  obtained  using  the  years  1970  and  1990. 

C  (1970)  —  C  (1980)  265-571  J  C  (1990)  -  C  (1980)  1063  -571 

Let  A  = - — — —  -  = - — —  =  30.6  and  B  = - — — — — — -  = - — - =  49.2. 


1970-  1980 


Then  C'  (1980)  =  lim 
<->1980 


C(/) 


-10 
-  C  (1980) 


A  +  B 


1980 


1990-  1980 
=  39.9  dollars  per  year. 


10 


32.  For  1910;  We  will  average  the  difference  quotients  obtained  using  the  years  1900  and  1920. 


Let  A  = 


£  (1900)  —  £  (1910)  48.3-51.1 


B  = 


1900-  1910 
E  (1920)  -  £(1910) 


-10 

55.2-51.1 


=  0.28  and 


£'(1910)=  lim 

/— » 1910 


1920-1910  10 

£(/)-  £(1910) 


=  0.41.  Then 


A  +  B 


=  0.345.  This  means  that  life  expectancy  at  birth  was  increasing 


/  -  1910 
at  about  0.345  years/year  in  1910. 

For  1950;  Using  data  for  1940  and  1960  in  a  similar  fashion,  we  obtain  £'  (1950)  [0.3 1  +  0. 1 0)  /2  =  0.205.  So 

life  expectancy  at  birth  was  increasing  at  about  0.205  years/year  in  1950. 


33.  Since  / (.v)  =  x  sin  (l/x)  when  x  0  and  /  (0)  =  0.  we  have 

/'(0)=  lim  ^  -  |;m  ^  sin  (1/6) — 0  _  jjm  sjn  ( | //,)  This  limit  does  not  exist  since  sin  (1/6) 

h—*0  h  h— »0  h  /» — >0 

takes  the  values  - 1  and  I  on  any  interval  containing  0.  (Compare  with  Example  4  in  Section  2.2.) 
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34.  Since  / (x)  =  .r2  sin  (!/*)  when  x  ^  0  and  /  (0)  =  0,  we  have 

/'( 0)  =  lim  ^  *()  +  ;i> — UlU  =  |jm  *  sin(l/A) — 0  _  |jm  /,sjn(|//,y  Since  _|  <  sjn  i  <  1.  we  have 
h  >o  h  h-*o  h  A— *o  h 


\h\  <  h  sin  -  <  |/>|.  Because  lim  (—  |/t|)  =  0  and  lim  |/i|  =0.  we  know  that  lim  { h  sin 


h 

Theorem.  Thus,  f  (0)  =  0. 


h->0  \ 


(yrsml)  =° 


by  the  Squeeze 


The  Derivative  as  a  Function 


1.  Note:  Your  answers  may  vary  depending  on  your  estimates.  From  the 
graph  of  /,  it  appears  that 


(a)  /'(!)«  -2 

(b)  /'  (2)  ss 

(c)/'(3)«-l 

(d)  f  (4)  a* 

From  the  graph  of  /,  it  appears  that 

(a)  f  (0)  1 .8 

(b)  /'  (1)  a* 

(c)/'(2)=*0 

(d)  /' (3)  = 

(c)  f  (4)  —2.5 

(0  /'  (5)  = 

3.  It  appears  that  /  is  an  odd  function,  so  /'  will  be  an  even  function  — 
that  is,  /'  (—a)  =  /'  (a). 

(a)/'(-3)=«  1.5  (b)  /'  (—2)  =»  I 

<c)/'(-1)«0  (d)/'(0)»-4 

(c)  /'(!)  =  0  (0/'(2)«l 

(g)  /'(3)  =  1.5 


4.  (a)’  =  II.  since  from  left  to  right,  the  slopes  of  the  tangents  to  graph  (a)  start  out  negative,  become  0.  then  positive, 
then  0,  then  negative  again.  The  actual  function  values  in  graph  II  follow  the  same  pattern. 

(b) '  —  IV.  since  from  left  to  right,  the  slopes  of  the  tangents  to  graph  (b)  start  out  at  a  fixed  positive  quantity,  then 

suddenly  become  negative,  then  positive  again.  The  discontinuities  in  graph  IV  indicate  sudden  changes  in  the 
slopes  of  the  tangents. 

(c) '  =  I,  since  the  slopes  of  the  tangents  to  graph  (c)  are  negative  for  v  <  0  and  positive  for  x  >  0,  as  are  the 

function  values  of  graph  I. 

(d) '=  III,  since  from  left  to  right,  the  slopes  of  the  tangents  to  graph  (d)are  positive,  then  0.  then  negative,  then  0, 

then  positive,  then  0,  then  negative  again,  and  the  function  values  in  graph  111  follow  the  same  pattern. 
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15.  (a)  By  zooming  in,  we  estimate  that  f  (0)  =  0,  /'  =  1,  f  (1)  = 

and  /'  (2)  =  4. 

(b)  By  symmetry.  /'  (-a)  =  -/'  (a).  So  /'  (-5)  =  -1, 

/'(-!)  = -2.  and/' (-2)  = -4. 

(c)  It  appears  that  /'  (a)  is  twice  the  value  of  x,  so  we  guess  that 
/'(a)=2x. 


(d)  /'  (at)  =  lim 
A-»0 


=  lim 

«i-»0 


f(x+h) 


h  (2a  +  h) 


-/(*)  (X  +  hf  -  X2  (x 

- =  lim  - - -  =  lim  — 

h-»o  h  *->o 

=  lim  ( 2x  +  It)  =  2x 
h->  0 


2.  25 


2  +  2  hx  +  h2)-x2 


2.5 


16.  (a)  By  zooming  in.  we  estimate  that  /'  (0)  —  0,  /'  Q  0.75, 

/'(l)s«3,/'(2)as  12.  and/' (3)  «  27. 

(b)  By  symmetry,  /'  (-jr)  =  /'  (a).  So  /'  (-  as  0.75,  /'  (- 1)  ar  3, 

/'  (-2)  %  12.  and  /'  (-3)  as  27. 

(d)  Since  /'  (0)  =  0,  it  appears  that  /'  may  have  the  form  /'  (a:)  =  ax2. 

Using  f  (1)  =  3,  we  have  a  =  3,  so  f  (at)  =  3a2. 

,,,,,,  f(x+h)-f(x)  (a  +  /.)j-a5  (a3  +  3a2/i  +  3a/i2  +  A3)-a3 

h  -*  0  h  h-*0  h  h->0  h 


=  lim 

/r — »0 


h  (3a2  +  3.v/i  +  /1 2) 


=  Mm  (3a2  +  3  xl,  +  h2)  =  3a2 


,  ,  /(a  +  A)-/(a)  15(a  +  A)  +  3]-(5a  +  3)  5/i  „  ,  , 

17.  /  (x)  =  lim  - - - =  lim  - - - =  lim  —  =  lim  5  =  5 

h—+0  h  h — >0  h  h— >0  h  h — >0 

Domain  of  /  =  domain  of  /'  =  R. 

18  f{x)  =  lim  =  ,im  ~  4  (a  +  /,)  +  3  (a  4-  /i)2]  —  [5  —  4a  +  3a2] 

h  .o  h  *— »o  h 

[5  -  4.x  -  4A  +  3a2  +  6a/i  +  3/i2|  -  [5  -  4x  +  3a21 

=  lim  4 - - - - - ! — i - i 

h-i  o  h 

-Mi  +  6a/i  +  3A2 

=  lim - - - =  lim  (—4  +  6a  +  3/i)  =  -4  +  6x 

h->  0  ft  /i->0 

Domain  of  /  =  domain  of  )H  =  R. 


19  /'  (X)  =  lim  /(*  +  *>-/<*>  =  ljm  [(a  +  ^)3  —  (a  +  A)2  +  2  (a  +  6)]  —  (a3  —  a2  +  2a) 
h->  0  It  h~*0  h 

3a2/i  +  3a /i2  +  h3  -  2a A  -  h2  +  2h  .  ,  , 

-  lim  - ■ -  -  lim  (3a2  +  3xA  +  hi2  -  2x  -  h  +  2) 

li->  O  A  h->  o'  ' 

=  3a2  -  2a  +  2 

Domain  of /  =  domain  of/'  =  R. 


20.  f’{x)  =  lim 

/f—»0 


f(x  +  A)-/(x) 


.  =  lim 

A  h-t  0  A 

y.v  +  A  —  ,/x  y<r  +  A  +  v/7\ 

h  y/x +  h  +  y/x) 


SECTION  32  THE  DERIVATIVE  AS  A  FUNCTION  □ 
(x  +  It  +  y/x  +  ll)  -  (x  +  y/x) 


101 


-  lim  1 

7  + 

>i— *01 

l" 

=  lim 

1  +  • 

h-t  0 

i 

=  1  +  - 

1 

(x  +  h)  -  x 


h  (y/x  +  A  +  y/x) 

1 


=  lim  (  I  + 
*-»o  \ 


y/x  +  h  +  y/x  ) 


:  =  I  + 


2^ 


Domain  of  /  =  [0,  oo),  domain  of  /'  =  (0,  oo). 


,  ,  «(*+*)-*(*)  VI  +  2(x+A)-  VI  +2.V 

21.  g'  (x)  =  lim  - ; - =  lim  - - - 

h-t  o  h  h-t  o  /i 


=  lim 


(1  +  2x  +  2A)  —  (I  +  2x) 


•  -  lim 


v  I  +  2  tx  +  h)  +  yr  +  2t 

y/ 1  +  2  (x  +  A)  +  yi  +2x 
I 


A->0  h  [yi  +  2 (x  +  li)  +  yi  +  2xJ  *-*0  VI  +  2 (x'TTij  +  yr+2*  yi  +  2.x 

Domain  olg  —  j,  oo^.  domain  ofg'  =  ^-4,oc^. 

x  +  A  +  1 

/(x  +  A)-/(x) 


22.  /'(.v)  =  lim 
h--*0 


--  lim 
h  >0 


X  +  A  -  I 


x  +  I 

X  —  1 


— 2  A 


_  (.v  +  A  +  I)  (x  -  I)  -  (x  +  I)  (x  +  h  -  1)  =  _ 

ll  (x  +  A  —  l)(x  —  I)  /i™  h(x  +  h  —  l)(x  —  I) 


=  lim 


-2 


-2 


h-t'o  (x  +  A  -  1)  (x  -  I)  (x  -  I)2 
Domain  of  /  =  domain  of  /'  =  (x  |  x  y  I ). 

4-3(x+A) 


4-  3x 


,,  .  ,  G(x  +h)  —  C  (x)  ,.  2  +  (x  +  A)  2  +  x 

23.  G  (x)  =  lim - : - =  lim  - ■ - 

ft-»0  ll  h-t  0  A 


—  lim 
fc— »0 

=  lim 


(4  -  3x  -  3A)  (2  +  x)  -  (4  -  3x)  (2  +  x  +  A) 
A  (2  +  x  +  A)  (2  +  x) 

-10  -10 


-I0A 


h-> o  A  (2  +  x  +  h)  (2  +  x) 


fc'A'b  (2  +x  +  A)  (2+x)  (2  +  x)2 

Domain  of  G  =  domain  of  G'  =  (x  |  x  y  —2). 

I 


I 


24.  g'  (x)  —  lim 
h—*0 


g(x  +  A)-g(x) 


=  lim 


(x+hy  Xz 


-  lim 


x2  -  (x  +  A)2 

Ho  A  (x  +  A)2x2 

x2  -  (x2  +  2xA  +  A2)  — 2.xA  —  A2  -2v  —  A 

—  hm - s - - - -  =  lim - = — -  =  lim  - r— - 

h-t o  A  />->o  A  (x  +  A)2  X2  *-» 0  (x  +  A)2  x2 

=  -2x~3 

Domain  ofg  =  domain  ofg'  =  (x  |  x  y  0). 


— 2x 


25.  /'  (x)  =  lim 

h->  0 


/(* +/»)-/(*) 
h 


=  lim 
h^O 


(x  +  /i)4  -  *4 
h 


=  lim 
/»-♦(> 


4x3A  +  6x3A2  +  4xA3  +  A4 


=  lim  (4x3  +  6x2A  +  4xA2  +  A3)  =  4x3 
//-♦O' 

Domain  of  f  =  domain  of  f  =  R. 
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26.  (a) 


(b)  Note  that  the  third  graph  in  part  (a)  has  small  negative  values  for  its  slope,  /';  but  as  x  — »  6",  /' 

V6  ~(x  +  /l)  +  y/6~  X 


.•  /(*+*)-/(*)  s/6 -  (x  +  h)  -  V6 - x 

(c)  /'  (jc)  =  lim  — - - - =  lim  - - - 

/>->  o  h  h-*  a  h 


-h 


V6  -  (Jf  +  h)  +  V6  - ; 


[6-(x  +  A)]-(6-x) 

—  lim  - =  lim  — — -  . - . 

*->o  A  [v/6  —  (-T  +  A)  +  V6  —  a:  J  *-*0  h(y/b  —  x  —  h  +  V6  —  *) 


=  lim 


-I 


-1 


A-*o  V6  —  x  —  h  +  \/6  —  .x  2V6  —  Jt 
Domain  of  /  =  (— oo,  6],  domain  of  /'  =  (-oo,  6). 


<d) 


27.  (a)  /'  (or)  =  lim  1  (t-+  h) — =  lim 
h — pO  h  h — >0 


=  lim 
h->  0 


,2  2 

A  + - 


t  (x  +  h) 


,  \  2  (jr  +  A)  —  2x "]  r  2  1 

=  Itm  I  +  — - - - —  =  lim  I  H - — 

*-*o  [  ( h )  ( x )  (x  +  h)  J  A-> o  x  (x  +  h)  J 


=  1  +  2x~2 


(b)  Notice  that  when  /  has  steep  tangent  lines,  f  (x)  is  very  large. 
When  /  is  flatter,  /'  ( x )  is  smaller. 


-4 
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28.  (a)  /'  (0  =  lim 
/?->o 


lim 

/f— >0 


6 

1  +  0  +  h)2 
It 


6 

I  +  /2  6  +  6r2-6-6(/  +  A)2 

- =  lim  — - - — 

a-*o/,[|  +(/  +  /,)2](|  +/2) 


—  12r/t  —  6/r  -12/-6A  -12r 

lim  —7 - rr- - —  =  lim  7 - 7— - —  =  - - 

A->0  A  [I  +(<  +  /l)2](l  +/2)  l'->°  [!+(»+  A)2]  (I  +/2)  (l+/2)2 


(b)  Notice  that  /  has  a  horizontal  tangent  when  1  =  0.  This  corresponds 
to  /'  (0)  =  0.  /'  is  positive  when  /  is  increasing  and  negative  when 
/  is  decreasing. 


29.  (a)  U'  (f )  is  the  rate  at  which  the  unemployment  rale  is  changing  with  respect  to  time.  Its  units  arc  percent  per 
year. 

(b)  To  find  U'  (/),  we  use  lim  U  ('  +  h)  ~  U  (0  as  U--  '-+  h-)—-V-(,.).  for  sma||  va|ucs  of  /,. 
h-to  h  h 

For  .988:  C/'(1988)  =  ^^9)  -  U  51-53  = 

1989-1988  1 

For  1989:  We  estimate  t/'  ( 1 989)  both  using  It  =  —  I  and  using  h  —  I,  and  then  average  the  two  results  to 
obtain  a  final  estimate. 


1988-  1989 


-1 


=  -0.20; 


h  =  1 


V  (.989)  *  =  =  0.30. 


1990-1989  1 

So  we  estimate  that  V  (1989)  as  |  (-0.20  +  0.30)  =  0.05. 


/ 

1988 

1989 

1990 

1991 

1992 

1993 

1994 

1995 

1996 

1997 

U'  U) 

-0.20 

0.05 

0.75 

0.95 

0.05 

-0.70 

-0.65 

-0.35 

-0.35 

-0.50 

30.  (a)  S'  (/)  is  the  rate  at  which  the  smoking  rate  is  changing  with  respect  to  time.  Its  units  are  percent  per  year. 

e  S(/+A)-S(f)  _  S(l+h)-S(l)r  „  , 

(b)  To  find  S  (t).  wc  use  hm - - - as - - - for  small  values  of  h. 

For  .978:  S'  (.978)  H<1980)  ~  ^l978>  =  214  ~  27  5  =  -3.05 
1980-  1978  2 

For  .980:  Wc  estimate  S'  (.980)  both  using  It  =  —2  and  using  It  =  2.  and  then  average  the  two  results  lo 
obtain  a  final  estimate. 

h  =  —2  =>  S'(l980),  5(I918M(1980)  =  27~a  V.'J  ,-3.Q5 


1978-  1980 


-2 


It-  2 


y  (1980)  =  5-(--9,l2ri(l980)  =  H£zlld  =  -0.20 


1982-1980  2 

So  wc  estimate  that  .S"  (1980)  as  i  (-3.05  -  0.20)  =  -1.625 


t 

1978 

1980 

1982 

1984 

1986 

1988 

1990 

1992 

1994 

19% 

y(r) 

-3.05 

-1.625 

-0.675 

-0.575 

-0.15 

0.10 

-0.225 

0.075 

1.25 

1.40 
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(d)  We  could  get  more  accurate  values  for  S' (<)  by 
obtaining  data  for  the  odd-numbered  years. 


31.  /  is  not  differentiable  at  x  =  —  I  or  at  x  —  II  because  the  graph  has  vertical  tangents  at  those  points;  at  at  =  4, 
because  there  is  a  discontinuity  there;  and  at  x  =  8.  because  the  graph  has  a  comer  there. 

32.  (a)  g  is  discontinuous  at  x  =  —2  (a  removable  discontinuity),  at  x  =  0  (g  is  not  defined  there),  and  at  at  =  5  (a 

jump  discontinuity). 

(b)  g  is  not  differentiable  at  the  above  points  (by  Theorem  4),  and  also  at  x  =  —  I  (corner),  at  x  =  2  (vertical 
tangent),  and  at  x  =  4  (vertical  tangent). 


33.  As  we  zoom  in  toward  (—  1 , 0),  the  curve  appears  more  and  more  like 
a  straight  line,  so  /  is  differentiable  at  x  =  —  I .  But  no  matter  how 
much  we  zoom  in  toward  the  origin,  the  curve  doesn’t  straighten  out 

- —  we  can’t  eliminate  the  sharp  point  (a  cusp).  So  /  is  not 
differentiable  at  x  =  0. 

34.  As  we  z.oom  in  toward  (0,  I ),  the  curve  appears  more  and  more  like  a 
straight  line,  so  /  is  differentiable  at  x  =  0.  But  no  matter  how  much 
we  zoom  in  toward  ( 1 , 0)  or  (—  1 , 0),  the  curve  doesn’t  straighten  out 
—  we  can’t  eliminate  the  sharp  point  (a  cusp).  So  /  is  not 
differentiable  at  a  =  ±  I 


- 

/ 

I 

-i 

3 


,.  /(*)-/(«)  ,.  Jt'/J-fli/J  ,.  *,/3-al/3 

35.  (a)  /  (u)  =  hm  -  =  hm  - =  lim  - r— 

*->«  x—a  *-*<>  At—  a  a-*«  (at1/3  —  a'/3)  (;t2/3  +  At '^1/3  +  n2/3J 

1  II 

“  x™  .*2/5  -f  jl/  V/J  +  a2/3  “  3 At2/3  ”  3 a2/3 

(b)  f  (0)  =  lim  ^  ^  ] — £J—1  =  ijm  'Ul. — 9  _  |jm  '  This  limit  does  not  exist,  and  therefore  /'(()) 

h-> 0  It  h->o  h  h-> o  A2/3  J  '  ’ 

does  not  exist. 


(c)  lim|/'(Ar)|=  lift] 

jr-»0  jt-»0  ixl>5 


=  oo  and  f  is  continuous  at  x  =  0  (root  function),  so  f  has  a  vertical  tangent  at 


x  =0. 
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36.  (a)  g'  (0)  =  lim 

x->0 


g(x)  -g(0) 
x  -0 


x-»0  X 


lim  —777,  which  does  not  exist. 
x-»0  JC*/3 


(b)  g'  (a)  =  lim 


=  lim 


,2/1  -  „2/1 


=  lim  - 

x-*a 


=  lim 


(x'P-a  ''3){x'/3  +  a''3) 


x  —  a  x  —  a 

x1'3 +<!'/>  2a '/I 

x2/3+xl/3al/3+a2/3  -  3a2/3 


*=>a  (*1/3  -  „l/3)  (x2/3  +  Jcl/3al/3  +a2/3) 
2 

3a'/3 


(c)  g  (x)  =  x2/3  is  continuous  at  x  =  0  and 
2 

lim  V  (x)|  =  lim - ttt  =  oo.  This  shows  that  g  has  a  vertical 

x-»o  1  ,-*o  3  |jc|  '/3  5 

tangent  line  at  x  =  0. 


37.  /  (x )  =  |x  —  6|  = 


6  —  x  if  x  <  6 
x  —  6  if  x  >  6 


,.  /<*)-/(6)  ,  |x  —  6|  —  0  x  -  6  ,.  ,  , 

lim  - - — -  -  lim  — - — —  =  lim  - =  lim  1  =  1. 

,-*6*  x  -  6  ,-+6+  x  — 6  ,-»6*X-6  ,-*6+ 

„  .  ,■  /(•*)-/( 6)  ,.  |x  —  6|  —  0  ,.  6  —  x  ,.  ,  „ 

But  lim  - - - —  lim  - =  lim  - -  =  lim  (— 1)  =  —  1. 

x-*6~  X— 6  ,-,6-  X  -  6  x-*6~  X  —  6  ,-*6- 


So  f  (6)  =  lim  —LL — no(  ,,xis(  However,  f  (x)  = 
,-»6  x  —  6 


-1  ifx  <  6 
1  ifx  >  6 


38.  /  (x)  =  [xj  is  not  continuous  at  any  integer  n,  so  /  is  not 

differentiable  at  ;i  by  Theorem  4.  If  a  is  not  an  integer,  then  /  is 

y‘ 

0 

constant  on  an  open  interval  containing  a,  so  /'  (a)  =  0.  Thus, 

/'  (x)  =  0,  x  not  an  integer. 

r 

X 

39.  (a)/(x)  =  x|x|  = 


x2  ifx  >  0 
-x2  ifx  <  0 


(b)  Since  /  (x)  =  x2  for  x  >  0,  we  have  f  (x)  =  2x  for  x  >  0.  [See 
Exercise  3.2.15(d).]  Similarly,  since  / (x)  =  — x2  forx  <  0,  wc 
have  /'(•*)  =  —  2x  for  x  <  0.  At  x  =  0,  we  have 


r  (« = iim  mzm = ,im  iw  =  „m  ixi=o 

,-»0  x  —  0  x-»0  x  x->0 

So  /  is  differentiable  at  0.  Thus,  /  is  differentiable  for  all  x. 


(c)  From  part  (b),  we  have  /'  (x)  = 


2x  ifx  >  0 

— 2x  ifx  <  0 


=  2|x|. 
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/  (4  +  A)  —  /  (4)  5  —  (4  +  A)  —  1  -A 

40.  (a)  J_  (4)  =  Iim - - - -=  lim  - : - =  lim  —  =  -land 

*-» o-  A  h~> o-  A  *-,0-  A 


I 


/| {4)  =  lim  /(4  +  *)zZ(4_)=  ,im  1^4  +  A) 


-  I 


I  —  (I  —  A)  I 

=  lim  — - - —  =  lim  - - r  =  1. 

h-x 0+  A  (1  —  A)  A— >0+  I 


h-,0*  A  h-*0*  A  (1  —  A)  h-x'6+  I  —  A 

0  ifx  <  0 

(c)  /  (x)  =  5-x  if0<x<4 

1/(5  -x)  ifx  >  4 

These  expressions  show  that  /  is  continuous  on  the  intervals 
(-oo,  0),  (0, 4).  (4,  5)  and  (5,  oo).  Since 
lim  /(x)=  lim  (5-x)  =  5?E0  =  lim  fix),  lim  fix) 

x-*0+  x-x0+  x-*0"  jr->0 

does  not  exist,  so  /  is  discontinuous  (and  therefore  not 
differentiable)  at  0. 

At  4  we  have  lim  /(x)=  lim  (5-x)=land  lim  /(x)=  lim  - - =  I,  so  lim  /  (x)  =  I  =  /  (4) 

x— *4“  x-*4  *  x-,4+  x-»4+  5  — X  x-»4 

and  /  is  continuous  at  4.  Since  /  (5)  is  not  defined,  /  is  discontinuous  at  5. 

(d)  From  (a),  /  is  not  differentiable  at  4  since  f'_  (4)  f  f'+  (4).  and  from  (c),  /  is  not  differentiable  at  0  or  5. 

41.  (a)  If  f  is  even,  then 

.  ,.  f (—x  +  A)  —  /(— x)  /(x-A)-/(x) 

f  <“*>  =  iTo - A - =  iTo - A - 

..  /(x-A)-/(x)  „  .  4  ,,  /(x  +  Ax)-/(x) 

=  -  Inn - - -  (let  A.r  =  -A]  =  -  lim  - - - =  -J  (x) 

^-►o  -A  &x-*o  Ax 

Therefore,  /'  is  odd. 

(b)  If  /  is  odd,  then 

/(-,)-  lim  =  lim  -/<»-*)  +  /&) 

/i-»o  A  h->  o  A 

■  faTI.- »>-/«  ,  ||. 

h-x  0  —A  Ax— >0  Ax 


Therefore,  /'  is  even. 


42.  (a) 


(c) 


,ITMl 


(b)  The  initial  temperature  of  the  water  is  close  to  room  temperature  because  of  the  water  that  was  in  the  pipes. 
When  the  water  from  the  hot  water  tank  starts  coming  out,  dT /dt  is  large  and  positive  as  T  increases  to  the 
temperature  of  the  water  in  the  tank.  In  the  next  phase,  dT / dt  =  0  as  the  water  comes  out  at  a  constant,  high 
temperature.  After  some  time.  dT/dl  becomes  small  and  negative  as  the  contents  of  the  hot  water  tank  are 
exhausted.  Finally,  when  the  hot  water  has  run  out.  dT/dt  is  once  again  0  as  the  water  maintains  its  (cold) 
temperature. 
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From  the  diagram,  we  see  that  the  slope  of  the  tangent  is  equal  to 
tan  <j>,  and  also  that  0  <  <f>  <  5 .  We  know  (see  Exercise  1 5)  that  the 
derivative  of/  (.v)  =  x2  is  /'  (x)  =  2x.  So  the  slope  of  the  tangent 
to  the  curve  at  the  point  ( I .  I )  is  2.  So  /  is  the  angle  between  0  and 
4  whose  tangent  is  2.  that  is,  </>  =  tan"1  2  as  63°. 

Differentiation  Formulas 

1.  /(x)  =  5x-l  =>  /'(x)  =  5  —  0  =  5 

2.  F  (x)  —  — 4x 10  =>  F'  (x)  =  -4  ( 1 Ox 10  ‘  1 )  =  -40*  9 

3.  /<x)  =  x2  +  3x-4  =>  /'(*)  =  2.t2-'  +  3-0  =  2x  +  3 

4.  g(x)  =  5*8-2v5+6  =>  g'(x)  =  5(8.rs-1)-2(5xs-|)+0  =  40x7- I0x4 

5.  V  (/•)  =  j/r/-3  =*  1"  (r)  =  j/r  (3r2)  =  4/r/-2 

6.  s(r)  =  <3-3/2  +  12/  =>  s'  (/)  =  3/3  —  1  —  3  (2/ 2  —  1 )  +  12  =  3r2  —  6/  +  12 

7.  F  CO  =  (160 3  =  4096*3  =»  F'  (x)  =  4096  (3.x2)  =  12. 288* 2 

8.  H  (O  =  (s/2)5  =  s5/25  =  ^s5  =»  //'  (O  =  (5s5  ~ ')  =  £s4 

9.  Y  (t)  =  6/~9  =>  Y'  (t)  =  6  (—9)  /~'°  =  — 54/ ~ 10 

10.  R(t)  =  5/-,/s  =>  «’(/)  =  5[-|f(-3/5,-'j  = -3/-'/5 

11.  y  =  4a2  =s  y'  —  0  since  4/r2  is  a  constant. 

12.  R(x)  =  =  v/iO**7  =»  «'(x)  =  -7yi0.r  8  = 

.x7 

13.  g(x)  =  *2  +  -4  =.t2  +  *-2  =*  g1  (x)  =  2*  +  (— 2)x-3  =2x  — 

.X z  X* 

,4./<,>=^--L  =  ,'/2-,-/2  -  /'( r-3/2)  =  _J_  +  _1_ 

15.  y  —  \/5x  =  \/5*172  =>  /  =  V5  ($)  x^  = 

16.  y  =  x473  —  x2/3  =>  y'  =  jxl/3  —  jx-l/3 

17.  Product  Rule:  y  =  (x2  +  I)  (x3  +  1)  => 

y'  =  (x2  +  I)  (3x2)  +  (x3  +  I)  (2x)  =  3.x4  +  3*2  +  2x4  +  2x  =  5x4  +  3x2  +  2v. 

Multiplying  first:  y  —  (x2  +  I)  (x3  +  1)  =  x5  +  x3  +x2  +1  =»  y'  =  5x4  +  3x2  +  2x  (equivalent) 
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43,/(x)  =  3xls-5x3  +  3  => 

/'  (x)  =  3  ■  15a:14  -  5  ■  3x2  =  45x14  -  15x2 


-9 


Note  that  f  (x)  =  0  when  /  has  a  horizontal 
tangent,  /'  is  positive  when  /  is  increasing,  and  {' 
is  negative  when  /  is  decreasing. 


44.  f(x)  =x  +  \/x  =  x  +  x_l  => 
f(x)=  I -x“2  =  1  -  1/jc2 


Note  that  /'  (x)  =  0  when  /  has  a  horizontal 
tangent,  f  is  positive  when  /  is  increasing,  and  /' 
is  negative  when  /  is  decreasing. 


46.  (a)  '  ■» 


-to 


The  endpoints  of  /  in  this  graph  are  about  (1.9,  1 .2927)  and 
(2.1,  1 .3455).  An  estimate  of  /'  (2)  is 

1.3455-  1.2927  0.0528 

— 21-1.4 —  -  “51“  -  °-264- 

(b)  f(x)  =  x2'5  =>  /'  (x)  =  lx-3's  =  2  / (5x3/5)  . 

/'  (2)  =  2/(5  •  23'5)  0.263902. 


The  endpoints  of  /  in  this  graph  arc  about  (2.9,  1 . 19706)  and 
(3.1,  1 .33932).  An  estimate  of  /'  (3)  is 
1.33932- 1.19706  0.14226 

3.1 -2.9  “  0.2  -0’13- 

(b)  /(x)  =  X  -  Jx  =>  /'(x)=l-|x-'/2=l-^. 

/'(3)=|-  273  *  071,3 


X|  —  1 .25,  X2  =»  0.5,  and  X3  =  3.  The  slopes  are  negative  (so  /' 
is  negative)  on  (—00,  xi)  and  (X2,  X3).  The  slopes  arc  positive  (so 
/'  is  positive)  on  (xi ,  X2)  and  (X3, 00). 


23 
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4t  +5  ^  ,  =  (2  —  3/)  (4)  —  (4<  +  5)  (—3) 

2-3 t  y  (2  —  3<)2 


(2  -  3/)2 


33.  v  =  x  +  &2=x+x2'i  =>  /=  |  +  2j(--V5  =  i  +  _i_ 

SW 

34.  «  =  -ft2  +  2v/T>  =  T2'3  +  2/V2  u'=2,-i/3  +  2(^)/|/2  =  ^+3V? 


35.  II  =  X-v/x  +  -J“T=  =  ■t3/2  +  ■*  5/2  =*  I>' =  5-tl/2  -  jJf '7/2  =  5v^t - r—p 

X^y/X  *  Z-t  ^X 


37.  /(*)  = 


X 

x  +  c/x 


/'(*)  = 


(*  +  c/x)(l)  -x  (1  -  c/a:2) 
(x  +  c/xf 


X  +  c/x  —  X  +  c/x  X2 

1¥T? 


2cx 

(x2  +  c)2 


38.  /(x)  = 


ax  +  6 
cx  +  d 


fU)  = 


(cx  -F  </)  (a)  -  (ax  +  A)  (c) 
(cx  +  d)2 


acx  +  ad  —  acx  —  be 
(cx  +  d)1 


ad  —  fee 
(cx  +  d)1 


39.  /(x)  = 


/'(x)  = 


(*3-2)(3x4)-xs(3x2) 

(x3  —  2)2 


lx4  (x3  -  5) 

(x3  —  2)2 


40.  x  =  Ji  (/3  -  ,/F  +  1)  =  /7/2  -  /  + t 1/2 


Another  Method:  Use  (he  Product  Rule. 


41.  P  (x)  =  a„x"  +  a„-ix"_l  + - 1-  a2X2  +  aix  +  ao  => 

P'  (x)  =  na„x"~l  +  (n  -  l)a„-ix"-2  +  •  •  •  +  2aix  +  ai 


42.  /(x)  = 
/'(*)  = 


x2  -  1 

(x2-  I)  I  —  x  (2x)  -x2-l 


x2  +  1 


(x2 — 0"  (*2-'r  (*2-ir 

Notice  that  the  slopes  of  all  tangents  to  /  are  negative  and  f  (x)  <  0 
always. 
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43.  /(.x)  =  3;cl5-5.x3  +  3  => 

f  (x)  =  3  •  1 5.x 14  -  5  •  3*2  =  45x14  -  15*2 


8 


Note  that  /'  (.v)  =  0  when  /  has  a  horizontal 
tangent,  /'  is  positive  when  /  is  increasing,  and  /' 
is  negative  when  /  is  decreasing. 


44. /(*)=*+  \/x  =x+jrl  => 
f(. t)  =  I  -x~2  =  I  -  l/x2 


6 


Note  that  /'  (x)  —  0  when  /  has  a  horizontal 
tangent,  /'  is  positive  when  f  is  increasing,  and  /' 
is  negative  when  /  is  decreasing. 


The  endpoints  of  /  in  this  graph  arc  about  (1.9,  1 .2927)  and 
(2.1,  1.3455).  An  estimate  of  /'( 2)  is 
^l!;2927  0.264. 

(b)/(*)=;r2/s  =»  /'(*)=  §x-3/5  =  2/(5*3/5). 

/'  (2)  =  2/(5  •  23/s)  as  0.263902. 


46.  (a) 


1.4 


-10 


The  endpoints  of  /  in  this  graph  are  about  (2.9,  1 . 19706)  and 
(3.1,  1.33932).  An  estimate  of  /'( 3)  is 
1.33932-1.19706  0.14226 

3.1  -2.9  "  0.2 

(b)  f(x)  =  x  -  y/x  =>  f(x)  = 

/' (3)  =  1  -  »  0  71 13. 


From  the  graph  in  part  (a),  it  appears  that  /'  is  zero  at 
*1  as  —1.25.  X2  =s  0.5.  and  *3  as  3.  The  slopes  are  negative  (so  /' 
is  negative)  on  (— oo.jci)  and  (*2,  *3).  The  slopes  are  positive  (so 
f  is  positive)  on  (jci  ,  *2)  and  (*3, 00). 


I  -  i*-1'2  =  I  - 


2y/x 


(c)  /(x)  =  x4  -  3.x3  -  6x2  +  7.x  +  30 
/'  (x)  =  4.x3  -  9x2  -  12x  +  7 
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4S.  (a) 


(b) 


From  the  graph  in  part  (a),  it  appears  that  g'  is  zero  at  x  =  0.  The 
slopes  are  negative  (so  g'  is  negative)  on  (-oo,  0).  The  slopes  are 
positive  (so  g'  is  positive)  on  (0,  oo). 


(c)g(x)  = 
g'(T)  = 


X2  T  1 

(x2+  l)(2x)-x2(2x) 
(x2  +  .)2 


lx 


(*2  +  0 


-I 

.q  2.T  ,  (x+  I)  (2)  —  (2a)  (1)  2  | 

y  v  +  i  =>  y  = - (TTTp - =  (v  -f-  l)2  At  ^  y  =  V  and  an  equation  of  the  tangent  line 

i 


is  y  -  1  =  ^  (x  -  1),  or  y  =  \x  + 

„  A,  »  b4l)fe)-'g|l> 


(x  -F  1)  —  (2x)  _  I  -x 

(X  +  I)4  2y/x  (x  +  1  )2  -  2ji(x  +  I)2  Al  (4,0  4)’ 

y'  =  - 1®;  =  -0.03,  and  an  equation  of  the  tangent  line  is  y  -  0.4  =  -0.03  (x  -  4),  or  y  =  -0.03x  +  0.52. 


50.  y  =  — 1 —  =s  y 
y  x  +  1  y 


51  ■  y  —  f  (x)  =  x  +  ^/x  =»  /'  (x)  =  I  +  jx_1/2.  So  the  slope  of 
the  tangent  line  at  (1, 2)  is  /'  (1)  =  I  +  j  (1)  =  |  and  its  equation  is 
T  —  2  =  j  (x  —  1)  org  =  jx  +  j. 


3.5 


— 

_/1 

-1.5 


52-  y  —  Xy/x  —  x3'2  =y  y'  =  |x,/2.  At  (I,  1),  y'  =  and  an  equation  of  the  tangent  line  is>-  —  1  =  |  (x  —  1),  or 


y  —  xx  —  j. 
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53.  (a)  y  =  f(x)  =  -j-^y  =*  f  M  = 


('  +  *2) 

tangent  line  at  the  point  (-1,  5)  is  f  (-1)  =  Jj  =  5  and  its 
equation  isy  —  |  =  j  (x  +  1)  ory  =  j*  +  1. 


54.  (a)  y  =  f  {x)  = 


1  +  x2 


_  P**2)1-^  =  _Ll£L.  So lhc slopc of lhc 
(I  +*2)  (1+*2)2 

tangent  line  at  the  point  (3, 0.3)  is  f  (3)  =  -jjg  and  its  equation  is 
y  -  0.3  =  -0.08  (x  -  3)  or  y  =  -0.08*  +  0.54. 

55.  (a)  (fg)'  (5)  =  /  (5)  g'  (5)  +  g  (5)  f  (5)  =  ( I )  (2)  +  (-3)  (6)  =  2  -  1 8  =  - 16 


g(5)/'(S)-/(S)j?'(S)  (—3)  (6)  —  (I)  (2)  _  20 

9 


[g(5)r 


(— 3r 


(O  )  (5)  = 


/(5)g'(5)-g(5)/'(5)  (l)(2)-(-3)(6) 


=  20 


[/(5)]2  (I)2 

56.  (a)  (/  +  g)'  (3)  =  /'  (3)  +  g'  (3)  =  -6  +  5  =  - 1 

(b)  {fg)'  (3)  =  /  (3)  g'  (3)  +  g  (3)  /'  (3)  =  (4)  (5)  +  (2)  (-6)  =  20  -  1 2  =  8 


,.»(/)«>- 


g  (3)  /'  (3)  —  /  (3)  g'  (3)  (2)  (-6) -(4)  (5)  -32 


fg(3)l2 


(2)2 


=  —8 


(d) 


(3) : 


[/  (3)  ~  g  (3))  /'  (3)  -  /  (3)  [/'  (3)  -  g'  (3)]  (4  -  2)  (-6)  -  4  (-6  -  5) 


1/(3)  —  g  (3)1 


(4-2)' 
-12  +  44  _  g 


22 


57.  /(*)  =  -fx  g{x)  =>  /'(*)  =  Vx  g1  {x)  +  g  {x)  ■  2*~l/2, ! 

/'  (4)  =  s/5g'  (4)  +  g  (4)  •  =  2-7  +  8-  j  =  16. 


58.  y 


'/i(*)l  xh'(x)-h(x)-  1 

d  fH*)l 

L  *  J~  *2 

^  dx  L  *  1 

59.  (a)  w  (*)  =  /  (*)g  (*),  so  u'  (1)  =  /(l)g'  (I)  +  g(l)  /'  (1)  =  2  •  (— 1)  +  1  •  2  =  0 

.  g  (5)  f  (5)  —  /  (5)  g'  (5)  2 

(b)  0  (x)  =  / (*) /g  (*),  so  0  (5)  = - - =  - - - =  “3 


60.  (a)  y  =  x2f(x) 


lg  (5)r 
y=*2/' (*)+/(*)  (2*) 


/( *)  ,  X2f  (*)-/(*)  (2*)  xf'{x)-2f(x) 

™y=—  =*  /=  p?  =  ? 


(c)>>  = 


/(*) 


,  /(*)  (2x)  —  *2/'  (*) 

[/<*)12 
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<d)y  = 


I  +•*/(*) 


y/x  [ xf  (x)  +  /  (jt)]  -  [ I  +  xf  (x)) 


x3/2f'(x)+xl'2f(x)-  Jjr-I/2  -  |xl/2/(x)  2x'!2  xf  (x)  +  2x2f  (x)  —  I 
x  '  2*'/2  ~  2x3'2 


61.  y  =  /  (x)  =  1  —  =>  f  (x)  =  —2x,  so  the  tangent  line  at  (2,  —3)  has 

slope  f  (2)  =  —4.  The  normal  line  has  slope  —  ^  =  j  and  equation 
y  +  3=l(x-2)ory=\x~l. 


62.  y  =  /  (x)  =  x  —  x2  =>  /’  (x)  =  1  —  2x.  So  f  (I)  =  —I,  and  the  slope  of 
the  normal  line  is  the  negative  reciprocal  of  that  of  the  tangent  line,  that  is, 

—  1/ ( —  I )  =  1 .  So  the  equation  of  the  normal  line  at  (1,0)  isy  —  0  =  1  (x  —  I) 
«=>  y  =  x  -  1.  Substituting  this  into  the  equation  of  the  parabola,  we  obtain 
x  —  1  =  x  —  x2  <=»  x  =  ±1.  The  solution  x  =  —1  is  the  one  we  require. 
Substituting  x  =  —  I  into  the  equation  of  the  parabola  to  find  the  ^-coordinate, 
we  have  y  =  —2.  So  the  point  of  intersection  is  (—  I ,  —2),  as  shown  in  the 
sketch. 


63.  y  =  x3  —  x2  —  jt  +  1  has  a  horizontal  tangent  when  /  =  3x2  —  2*  —  I  =  0.  y'  =  (3x  +  1)  (x  —  1)  =  0  <=> 
x  =  1  or  -  5 .  Therefore,  the  points  arc  (1,0)  and  j ,  §?)  ■ 

...  ,  (*  +  !)(<)-(*-  I) (■)  2 

64.  v  = - -  =»  v  = - = - = - x-  If  the  tangent  intersects  the  curve  when  x  =  a. 

x  +  I  (x+l)2  (x  +  l)2 

then  its  slope  is  2/  (a  +  I  )2.  But  if  the  tangent  is  parallel  to  x  —  2y  =  2, 

2  1 

that  is,  y  —  \x  —  1,  then  its  slope  is  A.  Thus, - r  =  -  => 

2  2  (o+l)2  2 

(a+l)2  =  4  =>  a  +  I  =  ±2  =>  a  =  I  or  —  3.  When  a  =  1,  y  =  0 

and  the  equation  of  the  tangent  isy  —  0  =  i  (x  -  1)  ory  =  jx  —  j. 

When  a  —  —3,  y  =  2  and  the  equation  of  the  tangent  isy  —  2  =  j  (x  +  3) 

ory  =  jx  + 
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65.  Ify  =  fix)  —  — - —  then  /'( x)  =  ^  ^  ^  -^  ( I )  _ - J —  When  x  =  a.  the  equation  of  Ihe  tangent 

x  +  l  (x  +  1)2  (x  +  l)2 

line  is  y  —  — —  = - - — t  (x  —  n).  This  line  passes  through  (1.2)  when 

n+l  (a  +  I)- 

2 - — - r-d— at  <=>  <> 

o+i  (o  +  i)2  - ri — t — ' 

2  (a  +  I  )2  =  a  (o  +  I )  +  ( 1  —  a)  =  a2  +  1  «=>  a2  +  4a  +  I  =  0.  The  J  / 

H  y  _ .  / 

quadratic  formula  gives  the  roots  of  this  equation  as  —2  ±  >/3.  so  there  arc  a  - 

—6  1  1  1  •  1  a  '•  *  ■< — •  *  6 

two  such  tangent  lines,  which  touch  the  curve  at  / 

A  (-2  +  x/3,  =S  (-0.27,  -0.37)  and  / 

h(-2-  V5.  ■Lts!2)  as  (-3.73.  1.37).  -6 

66.  u  v|  ,,  Let  (o,  a2)  be  a  point  on  the  parabola  at  which  the  tangent  line 

\  /  _  passes  through  the  point  (0, —4).  The  tangent  line  has  slope  2a 

\  f  (a.  a:i 

\  J  and  equation  y  —  (—4)  =  2a  (x  —  0)  y  =  2u.x  —  4.  Since 

y  V  _ „  (a,  o2)  also  lies  on  the  line,  a2  =  2a  (a)  —  4.  or  a2  —  4.  So 

\  /  a  =  ±2  and  the  points  are  (2, 4)  and  (—2,  4). 


67.  v  =  6.x3  +  5.x  —  3  m  —  y  =  I8x2  +  5,  but  x2  >  0  for  all  x,  so  m  >  5  for  all  .x. 

68.  If  v  =  .x2  +  x.  then  y'  —  2x  +  I.  If  the  point  at  which  a  tangent  meets  the  parabola  is  (a,  a2  +a),  then  the  slope  of 

a-  +  a  +  3 

the  tangent  is  2a  +  I .  But  since  it  passes  through  (2,  —3).  the  slope  must  also  be - - — .  Therefore, 

a  —  2 

2a  +  I  = - - — .  Solving  this  equation  for  a  we  get  a2  +  a  +  3  =  2a2  —  3a  —  2  <=> 

a  —  2 

a2  -  4a  -  5  =  (a  -  5)  (a  +  I)  =  0  »  a  =  5  or  - 1 .  Ifa  =  —I,  the  point  is  (— 1, 0)  and  the  slope  is  —I,  so  the 
equation  is  y  —  0  =  (—  1 )  (x  +  I )  or  y  =  — x  -  1 .  If  a  =  5,  the  point  is  (5, 30)  and  the  slope  is  1 1 ,  so  the  equation 
isy  -  30  =  1 1  (x  -  5)  or„v  =  I  lx  -  25. 

We  will  sometimes  use  the  form  f'g  +  jg'  rather  than  the  form  fg'  +  gf  for  the  Product  Rule. 

69.  la)  (JgliY  =  |(/g)/i]'  =  (fg)'  h  +  (fg)h'  =  (f'g  +  fg')  h  +  (fg)h'  -  f’gh  +  fg'li  +  fgh' 

(b)  i'  =  y.x  (x4  +  x  +  I)  (2x  —  3).  Using  part  (a),  we  have 

y'  =  (x*  +x  +  l)  (2*  -3)  +  V^(4xJ  +  l)  (2*  -  3)  +  v£(*4  +X  +  l)  (2) 

=  (x4  +  x  +  l)  +  -fx  [(4.x1  +  l)(Zx  -3)  +  2(x4  +  X  +  l)j 

70.  (a)  Putting  /  =  g  =  li  in  Exercise  69,  we  have 

£  [/(x)l’  =  (fff)'  =  /'//  +  fff  +  fff  =  3///'  =  3[/  (x)]2/'  (x) . 

(b)  y  =  (x4  +  3.x3  +  17.x  +  82)’  =>  >•'  =  3  (x4  +  3x3  +  17x  +  82 )2  (4x3  +  9x2  +  17) 
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71.  y  =  f  (x)  =  axi  4-  b.x2  +cjt  +  d  =>  /'  (x)  =  3ax2  +  2A.v  +  c.  /  (-2)  =  6  => 

—8a  +  46  —  2c  +  d  =  6  (1).  /  (2)  =  0  =s  8a  +  46  +  2c  +  d  =  0  (2).  Since  there  are  horizontal  tangents  at 
(—2, 6)  and  (2, 0),  /'  (±2)  =  0.  f  (—2)  =  0  =>  12a  -  4/>  +  c  =  0  (3)  and  /'  (2)  =  0  => 

1 2a  +  4b  +  c  —  0  (4).  Subtracting  equation  (3)  from  (4)  gives  8h  —  0  =»  b  =  0.  Adding  ( I )  and  (2)  gives 
8b  +  2d  =  6,  so  <J  =  3  since  b  —  0  From  (3)  we  have  c  =  —  I2n,  so  (2)  becomes  8a  +  4(0)  +  2  (—12a)  +  3  =  0 
=>  3  =  16a  =s  a  =  yg.  Now  c  =  —12a  =  — 12  )  =  —  |  and  the  desired  cubic  function  is 

y  =  Ti,*i-h  +  3- 

72.  (a)  s  (0)  =  100.000  subscribers  and  n  (0)  =  1.2  phone  lines  per  subscriber,  s'  (0)  =  1000  subscribers/month  and 

n'  (0)  =  0.01  phone  line  per  subscriber/month. 

(b)  The  total  number  of  lines  is  given  by  L(t)  =  s  (l)n  (t).  To  find  L'  (0).  we 
first  find  i'  (!)  using  the  Product  Rule.  /.'  (/)  =  s  (t)n'  (!)  +  ;i  (t)s'  (/)  => 
i'(0)  =  s(0)n'(0)  +  n(0)j'(0)  =  100.000(0.01)+  1.2(1000)  =  2200  phone  lines/month. 

73.  Let  P  ( l )  be  the  population  and  let  +  (/)  be  the  average  annual  income  at  time  /.  where  l  is  measured  in  years  and 
/  =  0  corresponds  to  July  1993.  Then  the  total  personal  income  is  given  by  T  (i)  =  /'  (/)  A  ( i ).  We  w  ish  to  find 

T'  (0).  T'  (!)  =  /' (t)  A'  U)  +  A  (/)  P'  (r).  The  term  P  (t)  A'  (t)  represents  the  portion  of  the  rate  of  change  of  total 
income  due  to  the  existing  population’s  increasing  income.  The  term  A  (/)  /"  (/)  represents  the 
portion  of  the  rate  of  change  of  total  income  due  to  the  increasing  population. 

T'  (0)  =  P  (0)  A'  (0)  +  A  (0)  P'  (0)  (3.354.000)  (1900)  +  (21.107)  (45.000)  =  7.322.415.000.  So  the  total 

personal  income  was  rising  at  a  rate  of  about  $7,322  billion  per  year. 

74.  (a)  /  (20)  =  10,000  means  that  when  the  price  of  the  fabric  is  $20/yard.  10.000  yards  w  ill  be  sold. 

/'  (20)  =  —350  means  that  as  the  price  of  the  fabric  increases  past  $20/yard,  the  amount  of  fabric  which  will 
be  sold  is  decreasing  at  a  rate  of  350  yards  per  (dollar  per  yard). 

(b)  R'  (p)  =  pf  (/>)  +  /(/>)  I  =>  R'  (20)  =  20/'  (20)  +  /(20)  I  =  20  (-350)  +  10.000  =  3000.  This 
means  that  as  the  price  of  the  fabric  increases  past  $20/yard.  the  total  revenue  is  increasing  at  $3000/  ($/yard). 
Note  that  the  Product  Rule  indicates  that  we  will  lose  $7000/  ($/yard)  due  to  selling  less  fabric,  but  that  that 
loss  is  more  than  made  up  for  by  the  additional  revenue  due  to  the  increase  in  price. 


75.  /  (x)  =  2  —  x  if  x  <  I  and  / (r)  =  x2  —  2x  +  2  if  x  >  I.  Now  we  compute 
the  right-  and  left-hand  derivatives  defined  in  Exercise  3.2.40: 


/Kl)=  lint 
A-»0- 


/(I +/»)-/(!) 


2  —  (I  +  /»)  —  1  ,.  -A 

=  Inn  - : - =  Itm  —  =  hm 

Its  o-  h  a-,0-  h  o- 


- 1  =  - 1  and 


,,  ,.  /(I  +  A)  —  /(I)  ,.  (I  +  /»)2  —  2(1  +  />)  +  2  —  1  ..  1 12 

/+(!)=  Inn - ; - =  Itm  - - - =  lim  — 

fc-*o+  «  ft- *o+  h  ft-* o*  It 

Thus,  /'  ( 1 )  does  not  exist  since  / 1(1)/  f'+  ( 1 ). 

so  /  is  not  differentiable  at  I .  But  /'  (.t)  =  —  I 

for  jr  <  I  and  /'  (.r)  =  2.x  —  2  if.r  >  I. 
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l-2.v  if .r  <  —  1 

76.  g(x)  =  x2  if —  I  <  Jt  <  I 

.v  if .«  >  I 


lim 

g(-l  -Mi)-g(-l) 

-  lim 

|-l-2(-l+/i)]-l 

lim  - 

/»— »o- 

h 

h 

h-t  0-  1 

lim 

g(-l  +/i)-g(-l) 

_  lim 

-2  h  +  h2 

h 

A-*0+ 

h  A-*o* 

h 

=  lim  (-2  +  h)  =  -2, 


so  g  is  differenliable  at  —  1  and  g'  (—  I )  =  —2. 

lim  =  lim  lim  -  lim  (2  +  /,)  =  2and 

A-»0-  h  h->  O-  h  A-»0-  «  h->  0- 


lim  g  ( *  +  ^ =  |jm  ^  +l,’> — i  =  lim  lim  I  =  I.  so  g'  (1)  does  not  exist. 

h  A-*0+  h  A-»0+  h  h->0+ 

Thus,  g  is  differentiable  except  when  x  =  I,  and  \  f  y=*g{x)  /  5  f 

-2  ift<-1  \  ,  /  ,  / 

«'(*)  =  2.r  if  —  I  <  Jt  <  I  \  /  /y=g'(x) 

I  if  x  >1  _  |  o  i  x  I*i  ~1  o  |  x 


'■  -  9  <  0  for  x2  <  9  <=> 

|x|  <  3  <=>  -3 

<  x  <  3.  So 

x2  —  9 

if  x  <  -3 

1 

r  2x 

if  x  <  -3 

-x2  +  9 

if —3  <*  <3 

II 

—2x 

if -3  <x  <3 

x2-9 

if  x  >  3 

1 

\  2x 

ifx  >  3 

To  show  that  /'  (3)  does  not  exist  we  investigate  lim  ^  ^  ^  by  computing  the  left-  and  right-hand 

h->0  h 

derivatives  defined  in  Exercise  3.2.40. 

f'__  (3)  =  lim  +  lim  (-(3  +  ;i),2+9)--0=  lim  (-6  +  A)  =  — 6  and 

/»-*  o_  h  /»-» 0”  n  h--*0~ 


=  lim  (—6  +  /»)  =  — 6  and 
h-*0~ 


,  ,  ..  /(3  +  /»)  -  /  (3)  ..  [(3  +  h)2  +  9]  -  0  6/i  +  h2 

+  h  /i->o+  h  A-»o>  h  h->0+ 

Since  the  left  and  right  limits  arc  different,  (b)  l  vj  I  / 

/  nj-At-  C 131  t  iH\  I  q  /  r 


+  li->0*  h  h-*0* 

Since  the  left  and  right  limits  arc  different, 

lim  ^  ^  ^  ^ — £S11  jpg.;  not  exjs[  that  js 
A-»o  li 

f  (3)  does  not  exist.  Similarly,  /'  (—3)  does  not 
exist.  Therefore,  /  is  not  differentiable  at  3  or  at 
-3. 
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78.  If*  >  I,  then  h  (*)  =  |x  -  1|  +  |*  +  2|  =  *  —  I  +  *  +  2  =  2*  +  1. 
If  —  2  <  x  <  I.  then  h  (*)  =  —  (.t  —  1)  +  *  +  2  =  3. 

If *  <  —2,  then  li  (x)  =  —  (x  —  I)  —  (jc  +  2)  =  —  2x  —  1.  Therefore, 


/.(*)  = 


-It  -  I  ifx  <  -2 
3  if  —2  <  .t  <  1 

2x  +  1  ifx  >  1 


h’(x)  = 


-2  if*  <  -2 

0  if -2  <  *  <  I 

2  if*  >  1 


To  sec  that  li'  ( I )  =  lim 
*-»l 

exist,  observe  that 

/i  (*)-/>(!)  ,. 

Inn  -  -  lim 

t-*|-  *  —  I  *->l- 


h  (*)-/>(!) 
*  -  1 


docs  not 


3-3 
3  -  I 


=  0  but 


lim 

*-*1* 


h  (*)-/)(!) 
*  -  I 


lim 


2*  -2 
*  -  I 


=  2. 


Similarly,  h'  (—2)  does  not  exist. 


V 

1 

i 

II 

; 

-2  0 

1  x 

Vi 

y  =  h’(x) 

2 

-2  0 

T  x 

79.  y  =  f  (*)  =  ax2  =>  /'  (*)  =  2ax.  So  the  slope  of  the  tangent  to  the  parabola  at  *  =  2  is  m  =  2a  (2)  =  4a. 

The  slope  of  the  given  line  is  seen  to  be —2,  so  we  must  have  4<r  = —2  «=>  a  =  —  j.  So  the  point  in  question 
has  y-coordinatc  —  |  •  22  =  —2.  Now  we  simply  require  that  the  given  line,  whose  equation  is  2*  +  y  =  b,  pass 
through  the  point  (2,  —2):  2  (2)  +  (—2)  =  b  <=»  b  —  2.  So  we  must  have  a  —  —  |  and  b  =  2. 

80.  /  is  clearly  differentiable  for*  <2  and  for*  >  2.  For*  <  2,  /'  (*)  =  2*.  so  f'_  (2)  —  4.  For*  >  2. 

/'  (*)  =  m,  so  f'+  (2)  =  to.  For  /  to  be  differentiable  at  *  =  2.  we  need  4  =  f_  (2)  =  f'+  (2)  =  m.  So 

/  (*)  =  4*  +  b.  We  must  also  have  continuity  at  *  =  2,  so  4  =  /  (2)  =  lim  /  (*)  =  lim  (4*  +  b)  =  8  +  h. 

x-»2+  .r-*2+ 

Hence,  b  -  -4. 


81.  F  =  f/g 


f-Fg 


f'  —  F'g  +  Fg'  =>  F'  = 


/'  ~  Fg'  _  /'-(f/g)g‘  _  /'g  -  /g' 
g  g  g2 


c  /  c\  c 

82.  (a)  *y  =  c  ^  v  =  Let  P  =  (a,  -  ).  The  slope  of  the  tangent  line  at  x  =  a  is  y'  (a)  =  — r .  Its  equation  is 
x  '■o'  a- 

c  c  i  v  c  2c 

V - =  — r  (.t  —  a)  or  v  =  — tr.v  *f  — .so  its  v-intercept  is  — .  Setting  v  =  0  gives  x  =  2a,  so  the 

a  a1  a1  a  a 

.v-intcrccpt  is  2a.  The  midpoint  of  the  line  segment  joining  («■!)  and  (2a .  0)  is  ^  =  P. 

(b)  We  know  the  *-  and  y-intercepts  of  the  tangent  line  from  part  (a),  so  the  area  of  the  triangle  bounded  by  the 
axes  and  the  tangent  is  j*y  =  5  (2a)  (2 c/a)  =  2c,  a  constant. 
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83.  Solution  I:  Let  /  (x)  =  .v 100,1 .  Then,  by  the  definition  of  derivative, 


/'(!)=  lim 

x-»1 


•  =  lim 


1 


.  But  this  is  just  the  limit  we  want  to  find,  and  we  know  (from  the 


x  —  I  x-*i  x  —  1 

,1000  _  I 

Power  Rule)  that  /'  (x)  =  1 OOOx999,  so  /'  (1)  =  1 000  (I)999  =  1000.  So  lim  '  =  1 000. 

Solution  2:  Note  that  (x1000  -  l)  =  (x  -  I)  (x999  +  x998  +  x997  +  •  ••  +  x2  +  x  +  l).  So 


lim 


’-I 


l  x  —  I 


-  lim 


(x  -  1)  (x999  +  x998  +  x997  +-+x2  +  x+  I) 


=  lim  (,i 
x — 1 1  V 


X  -  1 

x999  +x998  +  xW7+-+x2  +  x  +  l)  =  I  +  1  +  1  +•••+  I  +  1  +  I 


1000  ones 


=  1 000,  as  above. 


84. 


In  order  for  the  two  tangents  to  intersect  on  the  y-axis,  the  points  of  tangency 
must  be  at  equal  distances  from  the  y-axis,  since  the  parabola  y  =  x2  is 
symmetric  about  the  y-axis.  Say  the  points  of  tangency  arc  (a,  a2)  and 
(—a,  a2),  for  some  a  >  0.  Then  since  the  derivative  of  y  =  x2  is  dy/dx  =  2x, 
the  left-hand  tangent  has  slope  -2a  and  equation  y  -  a2  =  -2a  (x  +  a),  or 
y  =  -2a.v  —  a2,  and  similarly  the  right-hand  tangent  line  has  equation 
y  =  2ax  -  a2.  So  the  two  lines  intersect  at  (0,  -a2).  Now  if  the  lines  are  perpendicular,  then  the  product  of  their 
slopes  is  - 1 ,  so  (-2a)  (2a)  =  - 1  o  a1  =  j  <=>  a  =  ; .  So  the  lines  intersect  at  ^0,  -  ]  ) 


— Rates  of  Change  in  the  Natural  and  Social  Sciences 


1.  (a)x  =  /(0  =  <2-  10r  +  12  =>  o  (0  =  /'  (/)  =  (2r  -  I0)fl/s 

(b)  i)  (3)  =  2  (3)  —  10= -4  ft/s 

(c)  The  particle  is  at  rest  when  o  (I)  =  0  o  2r  —  10  =  0  <=>  t  =  5  s. 

(d)  The  particle  is  moving  in  the  positive  direction  when  n  (/)>  0  =>  2/  —  10  >0  <=>  2/ >  10  <=> 
/  >  5. 

(e)  Since  the  particle  is  moving  in  the  positive 
direction  and  in  the  negative  direction,  we 
need  to  calculate  the  distance  traveled  in  the 
intervals  [0,  5]  and  [5.  8]  separately. 

1/  (5)  -  /  (0)|  =  | - 1 3  -  I2|  =  25  ft  and 
1/(8)  -  / (5)|  =  |-4  -  (-I3)|  =  9  ft.  The 
total  distance  traveled  during  the  first  8  s  is 
25  +  9  =  34  ft. 


o 
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2.  (a)  5  =  /(/)  =  t1  -  9/2  +  15/  +  10  =»  b  (/)  =  /'  (/)  =  3 /2  -  18/  +  15  =  3  (/  -  1)  (/  -  5)  ft/s 


(b) B  (3)  =  3  (2)  (-2)  =  -12  ft/s 

(c)  b  (/)  =  0  <=>  /  =  I  s  or  5  s 

(d)  b  (/)  >  0  <=>  0  <  /  <  I  or  /  >  5 

(e)  l/<l)-/(0)|  =  |17— 10|  =  7, 

1/(5)  -/d)l  =  1-15  -17|  =  32.  and 
|/(8)  -/(5)|  =  |66- (-I5)|  =  81. 
Total  distance  =  7  +  32  +  81  =  120  ft. 


(0 


/  =  5. 
J=  -15 


c 


f  =  8. 

5  =  66 


t  =  0. 
s=  10 


3 


/=  i, 

*  =  17 


0 


-n- 


3.  (a)  s  =  /(/)=/•’- 12/J  + 36/  =>  n  (/)  =  /'(/)  =  3/2  -  24/ +  36 

(b)  B  (3)  =  27  -  72  +  36  =  -9  ft/s 

(c)  The  particle  is  at  rest  when  b  (/)  =  0.  3/2  -  24/  +  36  =  0  =>  3  (/  -  2)  (/  -  6)  =  0  =>  /  =  2,  6. 

(d)  The  particle  is  moving  in  the  positive  direction  when  o  (/)  >  0.  3  (/  -  2)  (/  -  6)  >  0  <=>  0  <  /  <  2  or 
/  >  6. 


(c)  Since  the  particle  is  moving  in  the  positive  direction  and  in  the 
negative  direction,  we  need  to  calculate  the  distance  traveled  in  the 
intervals  [0,  2],  [2, 6],  and  [6, 8J  separately. 

1/  (2)  -  /  (0)|  =  |32  -  0|  =  32.  1/  (6)  -  /  (2)|  =  |0  -  32|  =  32. 
|/(8)  —  /  (6)|  =  |32  -  0|  =  32.  The  total  distance  is 
32  +  32  +  32  =  96  ft. 


(0 


/  =  6, 


/  “  o. 

J  =  0‘ 


/  =  8, 

5  =  32 


4.  (a)s  = /(/)  =  /4 -4/ +  1  =>  b (/)  =  /'(/)  =  4/3  — 4 

(b)  o  (3)  =  4  (3)3  -  4  =  104  ft/s 

(c)  It  is  at  rest  when  o  (/)  =  4  (/3  -  I)  =  4(/  -  1)  (/2  +/  +  1)  =0  <=>  /  =  1. 

(d)  It  moves  in  the  positive  direction  when  4  (/5  —  1)  >  0  «=»  /  >  I . 

(e)  Distance  in  positive  direction  =  1/(8)  -  /  ( I  )|  =  |4065  -  ( — 2)|  =  4067  ft 
Distance  in  negative  direction  =  1/  ( I )  —  /  (0)|  =  |— 2  —  1 1  =  3  ft 

Total  distance  traveled  =  4067  +  3  =  4070  ft 

(0  /  =  8. 


s  —  4065 


5  =  1 
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5.  <0)*  =  ^ 


n  (!)  =  s'  (I)  = 


(l2  +  !)(!)->  (2<)  =  I  -  I2 

(<J+02  ('2  +  '): 


(c)  It  is  at  rest  when  n=0  <=>  I  —  1 2  =  0  «=>  t  =  I . 

(d)  It  moves  in  the  positive  direction  when  »  >  0  <=>  I  —  I2  >  0  <=>  I2  <  1  «=»  0  <  I  <  1. 

(e)  Distance  in  positive  direction  =  |s  (I)  -  s  (0)|  =  |  j  —  0|  =  j  ft 

Distance  in  negative  direction  =  |s  (8)  —  s  (1)|  =  -  j|  =  ft 

Total  distance  traveled  =  |  +  )%  =  S5  ft 


6.  (a)  s  =  Vi  (3/ 2  -  3 Si  +  90)  =  3/5/2  -  35I3-'2  +  90/'/2  => 

d  (/)  =  s'  (i)  =  '4tW  -  if  i 1/2  +  45 1-'/*  =  ft (l2 -71+6)  =  — (l-l)(/-6) 

(h)  i)  (3)  =  jj-  (2)  (— 3)  =  —  1 5>/3  ft/s 

(c)  It  is  at  rest  when  »  =  0  <=>  I  =  I  s  or  6  s. 

(d)  It  moves  in  the  positive  direction  when  »  >  0  <=>  (/  —  I)  (/  —  6)  >  0  <=>  0  <  I  <  I  or  I  >  6. 

(e)  Distance  in  positive  direction  =  |s  (1)  —  s  (0)|  +  |s  (8)  —  s  (6)|  =  |58  —  0|  +  |4\/2  —  I2V6^i 

=  58  +  4s/2  +  I2\/6  »  93.05  ft 

Distance  in  negative  direction  =  |s  (6)  —  s  ( I  )|  =  j  — 12-\/6  —  58!  =  58  +  I2v6  87.39  ft 
Total  distance  traveled  =  58  +  4v^2  +  I2V6  +  58  +  !2\/6  =116  +  4-s/2  +  24\/6  ^  180.44  ft 


i  =  6, 
j  =  -12v'6 
=  —29.4 


1  =  8. 

j  =  4/2  *•  5.6 


7.  s  (/)  =  I2  —  4.5/2  —  7l  =>  «  (!)  =  s' (/)  =  3/2  —  9/ —  7  =  5  <=>  3/2  —  9i  —  12  =  0  «=> 

3  (I  —  4)  (I  +  I )  =  0  <=*  I  =  4  or  - 1 .  Since  I  >  0,  Ihe  particle  reaches  a  velocity  of  5  m/s  at  /  =  4  s. 

8.  (a)  Al  maximum  height  the  velocity  of  the  ball  is  0  ft/s.  i>  (/)  =  s'  (!)  =  80  —  32 1  =  0  «  32l  =80  <=> 

I  =  j.  So  Ihe  maximum  height  iss  =  80  -  16  ^5^  =  200  —  100  =  100  ft. 


(b)s{I)  =  80/  -  I6/2  =  96  <=s  16/2  -  80/ +96  =  0  <=>  16  (/ -  3)  (/ -  2)  =  0.  So  the  ball  has  a  height  of 
96  ft  on  the  way  up  at  /  =  2  and  on  the  way  down  at  /  =  3.  At  these  times  the  velocities  are 
»  (2)  =  80  -  32  (2)  =  16  ft/s  and  0  (3)  =  80  -  32  (3)  =  -16  ft/s  respectively. 
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x(Ax] 


(Ax)1 


9.  (a)  A  (x)  =  x2  =>  A’  (x)  =  2x.  A'  (15)  =  30  mm2 /mm  is  the  rale  al  which  the  area  is  increasing  with  respect 
to  the  side  length  as  x  reaches  1 5  mm. 

(b)  The  perimeter  is  P  (x)  =  4x,  so 

A'  (x)  =  2x  =  j  (4x)  =  \P  (x).  The  figure  suggests  that  if 
Ax  is  small,  then  the  change  in  the  area  of  the  square  is 
approximately  half  of  its  perimeter  (2  of  the  4  sides)  times 
Ax.  From  the  figure.  A  A  =  2x  (Ax)  +  (Ax)2.  If  Ax  is 
small,  then  A  A  as  2x  (Ax)  and  so  A/I/Ax  as  2x. 


x(Ax) 


10.  (a)  V  (x)  =  x3  =>  =  3x2.  =3  (3)2  =  27  mm3/mm  is 

dx  dx  ^  _*^ 

the  rate  at  which  the  volume  is  increasing  as  x  increases  past  1 5  mm. 
(b)  The  surface  area  is  S  (x)  =  6x2,  so 

V  (x)  =  3x2  =  I  (fix2)  =  ( S  (x).  The  figure  suggests  that  if  Ax  is 
small,  then  the  change  in  the  volume  of  the  cube  is  approximately  half 
of  its  surface  area  (the  area  of  3  of  the  6  faces)  times  Ax.  From  the 
figure.  A  V  —  3x2  (Ax)  +  3x  (Ax)2  +  (Ax)3.  If  Ax  is  small,  then 
A  I'  as  3x2  (Ax)  and  so  A  V/ Ax  as  3x2. 


11.  (a)  A  (r)  =  nr2,  so  the  average  rate  of  change  is: 

AQ)-A(2)  9jr  —  4ir  ,  ..  A  (2.5)  -  A  (2)  6.25*  -  4* 

(l)  3-2  =~ i - 5*  (ll)  2.5-2  =  0.5 

.  A  (2.1)-  A  (2)  4.41*  —  4* 

(m)  - r— r - = - si - =4.lir 


(b)  A'  (/■)  =  2 nr,  so  A'  (2)  =  4*. 

(c)  The  circumference  is  C  (r)  =  2nr  =  A'  (r).  T  he  figure  suggests  that  if  A r  is 
small,  then  the  change  in  the  area  of  the  circle  (a  ring  around  the  outside)  is 
approximately  equal  to  its  circumference  times  A r  .  Straightening  out  this  ring 
gives  us  a  shape  that  is  approximately  rectangular  with  length  2nr  and  width 
A  r,  so  A  A  as  2nr  (A  r).  Algebraically, 

A  A  =  A  (r ■  +  A  r)  —  A  (r)  =  *(»■  +  A  r)2  —  nr2  =  2  nr  (A  r)  +  n  (A  r)2.  So 
we  see  that  if  Ar  is  small,  then  A/I  =5  2nr  (A/-)  and  therefore.  AA/Ar  as  2nr. 


12.  After  /  seconds  the  radius  is r  —  60l.  so  the  area  is  A  (t)  =  n  (60/ )2  =  3600x/2  =>  A'(t)  =  7200nt  => 

(a)  /F  (1)  =  7200ir  cm2/s  (b)  A’  (3)  =  2l.600ir  cir/s  (c)  A’  (5)  =  36.000*  cm2/s 

As  time  goes  by.  the  area  grows  at  an  increasing  rate.  In  fact,  the  rate  of  change  is  linear  with  respect  to  time. 

13.  .S' (r)  s=  4*r2  =>  .S'(;  )  =  8*r  => 

(a)  s’  (i)  =  s*  n2/ft  tb)  y  (2)  =  i6*  n2/u  (c)  y  o)  =  24*  n2/n 

As  the  radius  increases,  the  surface  area  grows  at  an  increasing  rate.  In  fact,  the  rate  of  change  is  linear  with  respect 
to  the  radius. 
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14.  (a)  r  (r)  =  |>rr3  <=>  the  average  rate  of  change  is 

V  (8)  -  V  (5)  4*  (SI2)  —  Jir  (12S)  3, 

8-5  3 


<i) 


-  I72jt  /i nr' ,'//m 


....  y(6)-y(5)  jir  (216)  —  jir  (125) 

(it) - 7 — T -  -  - H - =  121.3a 

0  —  5  I 

V  (5.1)  -V  (5)  (5. 1)3  —  4a  (5)3  -  , 

(iii)  - — — - = - — - - =  102.013a  /<m3//(m 


5.1  -5 


0.1 


(b)  I"  ( r )  =  4ar2.  so  V  (5)  =  100a  //m3//im. 

(c)  V  (r)  =  jar3  =>  V'  (r)  -  4ar2  =  S (r).  By  analogy  with  Exercise  1 1(c).  we  can  say  that  the  change  in 
the  volume  of  the  spherical  shell.  A  V,  is  approximately  equal  to  its  thickness.  A/-,  times  the  surface  area  of  the 
inner  sphere.  Thus,  Af  *  4 nr2  (A r)  and  so  AF/Ar  4ar2. 

15.  /  (x)  =  3x2,  so  the  linear  density  at  x  is  p  (x)  =  f  (x)  =  6x. 

(a)  />  (1)  =  6  kg/m  (b)  />  (2)  =  12  kg/m  (c)  />  (3)  =  18  kg/m 

Since  />  is  an  increasing  function,  the  density  will  be  the  highest  at  the  right  end  of  the  rod  and  lowest  at  the  left 
end. 

16.  V  (/)  =  5000(1  -r/40)2  =  5000(l  -  &I  +  ^/2)  =>  V  (/)  =  500o(-^,  +  ^/)  =  -250  (l  -  2,/) 

(a)  y  (5)  =  -250  (l  -  =  —218.75  gal/min  (b)  E'(I0)  =  — 250  (l  -  55)  =  -187.5  gal/min 

(c)  V  (20)  =  -250  ( I  -  |g)  =  - 125  gal/min  (d)  V  (40)  =  -250  (l  -  $)  =  0  gal/min 


The  water  is  flowing  out  the  fastest  at  the  beginning  —  when  /  =  0.  V'  (<)  =  —250  gal/min.  The  water  is  flowing 
out  the  slowest  at  the  end  —  when  t  =  40,  V  (!)  =  0.  As  the  tank  empties,  the  water  flows  out  more  slowly. 

17.  Q  (1)  =  r3  —  2 12  +6I  +  2,  so  the  current  is  Q'  (/)  =  3f2  -  4(  +  6. 

(a)  Q'  (0.5)  =  3  (0.5)2  -  4  (0.5)  +  6  =  4.75  A 

(b) (?'(l)  =  3(l)2— 4(I)  +  6  =  5A 

T  he  current  is  lowest  when  Q'  has  a  minimum.  Q"  (l)  =  61  —  4  <  0  when  t  <  |.  So  the  current  decreases  when 
l  <  |  and  increases  when  /  >  | .  Thus,  the  current  is  lowest  at  |  s. 

18.  (a)  F  =  Gm,A/  =  ( GmM)r~ 2  =>  —  =  —2  (Gm  M)  r~3  =  —  .  which  is  the  rate  of  change  of  the 

r2  dr  r’ 

force  with  respect  to  the  distance  between  the  bodies.  The  minus  sign  indicates  that  as  the  distance  r  between 
the  bodies  increases,  the  magnitude  of  the  force  F  exerted  by  the  body  of  mass  m  on  the  body  of  mass  M  is 
decreasing. 


(b)  Given  F'  (20,000)  =  -2,  find  F‘  (10,000).  -2  =  - 


2GmM 


20.0003 


Gm  \{  -  20,000 


F'  (10,000)  =  — 


2  (20.0003) 


=  -2  •  23  =  -16N/km 


19.  (a)  PV  =  C 


f'  =  G 
P 


I0.0003 

dV_  _  _c_ 
dP  ~  P 2 

(b)  From  the  formula  for  d V/d P  in  part  (a),  we  sec  that  as  P  increases,  the  absolute  value  of  dl'/dP  decreases. 
Thus,  the  volume  is  decreasing  more  rapidly  at  the  beginning. 

C  C  I 

(py)p  ~  cp  ~  p 


(c)/» 


_}_dy_  _ _j_/ _£\_ 

=  v  dp  ~  y\P2)~ 
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20.  (a)  (i) 


C  (6)  —  C  (2) 

0.0295  -  0.0570 

6-2 

4 

=  —0.006875  (moles/L)/min 

0  (4)  —  C  (2) 

0.0408  -  0.0570 

4-2 

2 

=  -0.0081 

(molcs/L)/min 

C(2)-C(0) 

0.0570  -  0.0800 

2-0 

2 

=  -0.0115 

(moles/L)  j min 

b  s.  _  AC  ^  0.077 

1  '  0PL  A/  7.8 


:  —0.01  (moles/L)/min 


12  3  4  5  6  7 


71  /»  1  iqln-  —  1860-  1750  _  110  _  .  I  _  2070-  I860  _  210  _ 

Zl.  (a)  I3ZU.  »i|  —  n,20_  l9lu  —  —  1 1,  ffi’  —  | o jo _  i<>2o  —  TTT  —  41. 

(mi  +  mi)/  2  =  (11+21)  /2  =16  million/ycar 
i non.  ...  4450  -  3700  750  7r  ...  5300  -  4450  850  or 

I98U.  m I  -  _  1O70  -  -RT  -  75.  mi  -  |W)  -  1480  =  TIT  =  85> 

(m  i  +  mi)/  2  =  (75  +  85)  /2  =  80  million/year 

(b)  P  (/)  =  at3  +  bl2+cl+d  where  <1  =  2325.67,  b  =  -1.306488  x  I07,  c  =  2.44631  x  IO,0.and 
d  —  —  1 .52658  x  I013. 

(c)  P  (/)  =  at3  +  bt2  +  cl  +  d  =>  P'  (/)  =  3a/2  +  2bl  +  c 

(d)  P'  ( 1 920)  =  3  (2325.67)  ( 1 920)2  +  2  (—  1 .306448  x  107)  (1920)  +  2.44631  x  1010 

=  14.010.464/year  [smaller  than  the  answer  in  part  (a),  but  close  to  it] 

P'  (1980)  =  78.845.204/year  (smaller,  but  close) 

(c)  P'  (1985)  =  86.5 1 5,627.25 /year,  so  the  rate  of  growth  in  1985  was  about  86.5  million/year. 

22.  (a)  /  (!)  =  ai4  +  bi'  +  ci2  +dl  +  e  for  1983  <  /  <  1992.  where  a  =  -0.0145512821,  b  =  115.636927, 
c  =  -344.605.8704, d  =  456,421,256.  ande  =  -2.266939  x  10". 

(h)  Using  the  values  in  part  (a).  /'  (/)  =  4u/3  +  36/-  +  2c/  +  d. 

(c)  /'  (1988)  «  0.49559  and  /'  (1991)  ss  —1.95946,  (d)  _ 

so  the  interest  rale  w  as  increasing  at  about  1  ^ T — ^ 

j  percent  per  year  in  1988  and  decreasing  at  ’ 

about  2  percent  per  year  in  1991.  1983  195 


23.  (a)  [C]  = 


rate  of  reaction  = 


(b)  If  .t  =  [C|.  then  </  —  at  =  a  — 


(akt  +  I)2 

a2kt  a2kt  +  a  —  a2kl 


1983 

V 

\ 

a2k  ( akt  + 

6 

1  —  akt) 

a2k 

(akt  +  1  )2 

(akt  +  l)2 

So  A- (a  —  *)2  —  k  = — — —  _  [from  part 

\akl  +  I  /  (o*/+l)2  dl  1  H 


<*»  -§■ 
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1  I  I.'  q~f  ..  „  fq  „dp  f(q~f)~fq  f2 
P  f  q  P  fq  q-fdq  ( q-  f )2  (?  -  /)2 

p 

25.  (a)  Using  »  =  - — -  ( R 2  -  r2)  with  R  =  0.01,  /  =  3,  P  —  3000.  and  q  =  0.027,  we  have  e  as  a  function  of  r: 
4  ql  ' 


o(r)  = 


3000 

4  (0.027)  3 


(0.0I2  -  r2).  i>  (0)  =  0.925  cm/s,  n  (0.005)  =  0.694  cm/s,  r.  (0.01)  =  0. 


(b)  i)  (r)  =  —  (R2  —  r2)  =»  «'  (r)  =  —  (—2 r)  =  —  When  /  =  3,  P  =  3000.  and  q  =  0.027.  we  have 
4  ql  4ql  2  ql 


3000r 


-.  o'  (0)  =  0,  «' (0.005)  =  -92.592  (cm/s) /cm,  and  o' (0.01)  =  -185.185  (cm/s) /cm. 


2(0.027)3' 

(c)  The  velocity  is  greatest  where  r  =  0  (at  the  center)  and  the  velocity  is  changing  most  where  r  —  R  =  0.01  cm 
(at  the  edge). 

=  2HGzW)r-,'!- 


i 


-3/2  _  _ 


mjTJ> 

Vf 

4/./;  '  ' 


(b)  A'ote.  Illustrating  tangent  lines  on  the  generic  figures  may  help  to  explain  the  results. 


df 

(i)  —  <  0  and  I.  is  decreasing 
dL 

df 

(ii)  —  >  0  and  T  is  increasing 
dl 

df 

(iii)  —  <  0  and  p  is  increasing 
dp 


/  is  increasing 
/  is  increasing 
/  is  decreasing 


higher  note 
higher  note 
lower  note 


27.  (a)  C  (x)  =  2000  +  3.t  +  0.0  l.r2  +  0.0002*’  =»  C'  (*)  =  3  +  0.02*  +  0.0006*2 

(b)  C‘  (100)  =  3  +  0.02  (100)  +  0.0006  (10,000)  =  3  +  2  +  6  =  $1  I/yard.  C1  (100)  is  the  rate  at  which  costs  are 

increasing  as  the  100th  yard  is  produced.  It  predicts  the  cost  of  the  101st  yard. 

(c)  The  cost  of  manufacturing  the  101st  yard  is 

C  (101)  -C  (100)  =  (2000  +  303+  102.01  +  206.0602)  -  (2000  +  300  +  100  +  200) 

=  11.0702  «$l  1.07/yard 

28.  (a)  C(*)  =  84  +  0.16*-  0.0006*2  +  0.000003*-’  =>  C'  (*)  =  0.16  -  0.0012*  +  0.000009*2  =* 

C’  (100)  =  0. 1 3.  This  is  the  rate  at  which  costs  are  increasing  as  the  1 00th  item  is  produced. 

(b)  C  (101)  -  C(I00)  =  97.13030299  -  97  *s  0.13. 
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(d)  C"  (x)  =  -0.0012  +  O.OOOOI8.t  =  0  => 
x  =  66  j  and  C"  (a)  changes  from  negative  to 
positive  at  this  value  of  x.  This  is  where  the 
marginal  cost  changes  from  decreasing  to 
increasing  and  so  has  its  minimum  value. 

200 

From  the  graph,  we  can  estimate  the  x -coordinate 
of  the  point  of  inflection  to  be  between  60  and  80. 


29.  (a)  A  (x)  = 


P(x) 


,  *  XP'  (a)  -p(x)-\  s  „ 

A  (x)  =  - r - .  A  (.t)  >  0 


productivity  increases  as  the  size  of  the  workforce  increases. 

P(x) 


(b)  Suppose  p'  (a)  >  A  (x).  Then  p'  (x)  > 
xp'  (j)-p(.v) 


X p'  (a)  >  p  (x) 


>  0 


A'  ( x )  >  0. 


A  (x)  is  increasing;  that  is,  the  average 

=>  xp1  (x)  —  p(x)  >  0  => 


30.  (a)  S  — 


dR 

tlx 


(1  +  4X04)  (9.6.x-06)  -  (40+  24x04)  (1  6v"°  6) 

(1  +  Ax"*)2 

9  6^-°6  +  38.4x~0,2  -  64a ~° 6  -  38.4j-°2  _  S4.4x~06 

(l  +  4x04)2  (l+4x04)2 


(b) 


40 


At  low  levels  of  brightness,  R  is  quite  large  [/?  (0)  =  40]  and  is 
quickly  decreasing,  that  is,  S  is  negative  with  large  absolute  value. 
This  is  to  be  expected:  at  low  levels  of  brightness,  the  eye  is  more 
sensitive  to  slight  changes  than  it  is  at  higher  levels  of  brightness. 


31.  PV  =  nRT 


T  = 


PV 


PV 


1 


nR  (10)  (0.0821)  0.821 


(PV). 


‘^7  =  7T57T  t/J  (,)  r  (,)  +  v  (,)  p'  [(8)  (_0' 15)  +  (l0)  (0- 10)1 55  -°  2436  K/min 


dt  0.821 

32.  (a)  If  dP/dt  —  0,  the  population  is  stable  (it  is  constant.) 


pp 


-(' -s)- 


£-'-t 

ro  Pc 


L-\-L 

Pc  ro 


If  Pc  =  10,000,  r0  =  0.05,  and  ft  =  0.04,  then  P  =  10,000  (l  -  =  2000. 

(c)  If  p  =  0.05,  then  P  =  0.  There  is  no  stable  population. 


33.  (a)  =  0  and  =  0. 

dt  dt 

(b)  The  caribou  go  extinct  <=>  C  =  0. 

(c)  We  have  (1)  0.05C  -  0.00IC1F  =  0  and  (2)  -  0.05 W  +  0.000ICIF  =  0.  Adding  10  times  (2)  to  (I)  gives  us 
0.05C  —  0.51F  =  0  =>  C  =  10  If.  Substituting  C  =  1 0 IV  into  (1)  results  in  IF  =  0  or  50  and  hence,  C  =  0 
or  500.  The  pairs  arc  (0, 0)  and  (500,  50).  So  it  is  possible  for  the  two  species  to  live  in  harmony. 
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Derivatives  of  Trigonometric  Functions 


1'  /(■*)  =  t  —  3  sin  v  =>  f  (.v)  =1—3  cos.T 

2.  /(.f)  =  Tsin.t  =>  /'  (.v)  =.v  •  cost  +  (sin*)  •  I  =  tcost  +  sinT 

3.  y  =  sin.v  +  cost  =»  dy/dx  =  cost  —  sin x 

4.  y  =  cos  t  —  2 Ian  t  =>  dy/dx  =  —  sinjr  —  2  sec3  x 

5.  g U)  =  <3  cos!  =>  g' (/)  = /3  (—sinr)  +  (cost)  •  3t2  =  3f2cos/ —  t3 sin/ 

6-  g(/)  =  4secl  +  tan/  =>  g'  (/)  =  4  sec  Man  I  +  sec2 / 

7.  Ii  (0)  =  0  esc  <7  —  col  0  =>  h'  (0)  =  0  (—  esc  II  cot  0)  +  (esc  0)  ■  I  —  (—  esc3  II)  =  esc  0  —  II  esc  0  cot  0  +  esc3  0 


8.  li(0)  =  ~Ji>  cot  0  =>  h'  (0)  =  s/o  (- esc2  0)  +  (cot/7)  1/2^  =  cot//  -  s/d  esc2  0 


tan  x 

9.  i’  = -  => 


10.  y  = 


f/v 


x  see*  v  —  tan  A 


I  +  COST 

dy  ( I  +  cos  t) cos.v  —  sin.t  (—  sin.t)  cos  t  +  cos2  x  +  sin2T 
tlx 


I 


(I  +  cost)- 


(I  +  cost)3 


COST  +  I 


(I  +  cost)2  I  +  COST 


11.  V  = 


sin.t  +  cos.t 
dy  (sin.t  +  cost)  —  t  (cost  —  sinT) 
dx  (sin.t  +  cost)2 


(I  +.t)sin  t  +  (I  -t)cost 
sin2.t  +  cos2t  +  2  sin.t  cost 
(1  +.t)sin.t  +  (I  — t)cost 


12.  y  = 


I  +  sin  2r 

tan  .t  —  I  dy  sec  t  see2  .t  -  (tan  t  —  I )  sec  .t  tan  x  sec  t  (sec2  t  —  tan2  t  +  tan  t ) 

sec  t  dx  sec2  x  sec2 1 


Another  Method:  Simplify  ^  first:  y  =  sin.t  —  cost 


v  =  cos.t  +  sin  t. 


13.  v  = 


t2  cost  —  (sin.t)  (2t)  t  (t  cost  —  2 sin.t)  tcost  — 2sinT 


I  +  tan  a 
sect 


14.  y  =  tail// (sill// +  cos//)  => 

y'  =  tan  0  (cos  0  —  sin  0)  +  (sin  El  +  cos  0)  sec 2 1)  =  sin  (I  —  sin  0  tan  0  +  sin  0  sec2  0  +  sec  0 

15.  y  =  csc.t cot.t  =»  dy/d. t  =  (— csct  cot.t)cot.t  +  csc.t  (—  csc2.t)  =  —  csc.t  (cot2T  4-  csc2.t) 

16.  Recall  that  il  l'  =  fgh.  then  y  =  fgh  +  fg'h  +  fgh'.  y  =  .t  sin.t  cos.t  => 

dv  ....  ,  , 

—  =  SUIT  COST  +  .1  COST  COST  4-  t  sin.t  (—sin.t)  =  sin.t  COST  +  t  COS  .t  —  T  Sllf  T 
dx 

„  d  d  (  I  \  (sin.t) (0)  —  I  (cos.t)  —cost  1  cost 

17.  —  (esc  t)  =  —  I  — —  I  = - — — - -  = - , —  =  — : —  ■  -r—  =  -  csc.t  cot  .t 

dx  dx  \  sin.t/  sin-.t  sin-.t  sinT  stnT 

,  d  (  I  \  (cost)  (0)  —  I 

18.  —  (sect)  =  —  I - I  = - r~ 

dx  ax  \  cos.v/  cos“.v 


)—  I  (— sin.v)  sin.v 


cos-.v  cos.v  COSJV 


=  see  .v  tan  x 


a  v  a  /cos a:\ 
19.  —  (cot.t)  =  --  (  7 —  ) 
ax  ax  v sin.v/ 


d  /cos x  \  (sin.v)  (-  sin.v)  —  (cos.v)  (cos*)  sin2  .v  +  cos2  x 


csc~  x 
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20.  f  (x)  —  cos x  => 

„  .  f(x  +  h)  —  f(x)  ..  cos (v  +  h)  -  cost  ..  cost  cos/i  —  siny  sin/i  -  cost 

/'(y)  =  Inn  — - r — i-T-T  -  lim - - - p - =  lim  - : - 

/j— *  o  li  h — >0  h  /i — »o  h 


,  /  cos/i— I  stn/i\  cos/i— I 

=  lim  I  cost - - - siny  — —  I  =  cost  lim - - - suit  lim 

A-» 0  \  h  It  J  h—*o  It  h~*o 


sin  A 

~iT 

=  (cost)  (0)  —  (sin.v)  (I)  =  —  sin.v 


21.  v  —  tan.v  =s  y'  =  sec2.v  =s  the  slope  of  the  tangent  line  at  (if .  1)  is  see2  =  2  and  an  equation  is 

.v  -  I  =  2  (t  -  |)  or.v  =  2r  +  I  -  §. 

22.  y  =  2sin.v  =>  y'  =  2cos.v  =>  the  slope  of  the  tangent  line  at  (J ,  I)  is  2  cos  J  =  2- ^  =  %/5  and  an 
equation  is  y  —  I  =  s/3  (t  —  5)  or  y  =  y/ix  +  I  —  ^jp . 


23.  y  =  t  +  cost  =»  y'  =  1  —  sin.v.  At  (0,  I),  y'  =  I.  and  an  equation  of  the  tangent  line  isy  —  1  =  I  (v  —  0).  or 
y  =  .v  +  I. 


24.  v  = 


I 


cost  —  siny 


— j  (Reciprocal  Rule).  At  (0,  I).  y'  = 
:.v)- 


I  -0 


siny  +  cost  (sin.v+cos.i 

equation  of  the  tangent  line  is  y  —  I  =  —  1  (y  —  0).  or  y  =  —  .v  +  I . 


(0+1) 


—  =  —  I.  and  an 


25.  (a)  y  =  .v  cost  =>  y'  =  x  (—  sin.v)  +  cost  (1)  =  cost  —  y  sin.v.  So 
the  slope  of  the  tangent  at  the  point  (jr,  — 7r)  is 
cos  it  —  it  sin  jr  =  —  I  —  it  (0)  =  —  1 .  and  its  equation  is 
y  +  n  —  —  (y  —  ir)  »  y  =  — v. 


-5 


26.  (a)  y  =  secy  —  2 cost  =»  y'  =  sec.v  lan.v  +  2sin.v  — >  the  slope 
of  the  tangent  line  at  (y,  I)  is 

sec  7  tail  y+2siny=2\/3  +  2-  ;*r  =  3V3  and  an  equation  is 
y  —  1  =  3s/3  (y  —  § )  ory  =  3\/3.v  +  I  —  ir  \/3. 


(b) 
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27.  (a)  f(x)  =  2.x  +  cotx  =» 
/'  (x)  =  2  —  esc2  x 


-4 


Notice  that  /'  (x )  =  0  when  /  has  a 
horizontal  tangent.  Also,  f  (x)  is  large 
negative  w  hen  the  graph  of  /  is  steep. 


28.  (a)  / (x)  =  <*/*  sin*  =* 

f  (x)  =  Jx  cos*  +  (sin*)  ^*_l/2^ 
sin  * 

=  ^COSJt  +  _ 


-3 

Notice  that  /*(*)  =  0  when  /  has  a  horizontal 
tangent.  /'  is  positive  when  /  is  increasing  and 
/'  is  negative  when  /  is  decreasing. 


29.  y  =  *  +  2  sin*  has  a  horizontal  tangent  when  y'  =  1+2  cos*  =  0  <=>  cos*  =  — j  *  =  ^  -f  2* n  or 
ly  +  2i xn  or,  equivalently,  (2n  +  1)  *  ±  y,  n  an  integer. 

.  cos*  ,  —sin*  (2  +  sin*)  —  cos* cos*  —2 sin*  —  sin2*  —  cos2*  — 2sin*  — 1 

30.  v  =  - : —  =>  v'  =  - — 2 - - - = - =- - = - T  =  0 

2  + sin*  (2  + sin*)2  (2  + sin*)2  (2  + sin*)2 

when  —2 sin*  —1=0  <=>  sin*  =  —  j  «=>  *  =  +  2irn  or*  =  ^  +  2srn,  n  an  integer.  Soy  =  or 

y  —  —  and  the  points  on  the  curve  with  horizontal  tangents  are:  ^  +  2 xn,  +  Inn,  — n  an 

integer. 

31.  (a)  *  (<)  =  8sinr  =»  »(»)=*'(/)  =  8 cost 

(b)  *  (x)  =  *  (^)  =  o  (t')  =  8  j)  =  —4.  Since  v  (x)  <  particle  is  moving  to  the  left. 


32.  (a)  s  (/)  =  2 cos/  +  3  sin  l  »  (/)  =  —  2sinf  +  3  cost 

(b)  (c)  s  =  0  =»  <2  2.55.  So  the  mass  passes  through  the 

equilibrium  position  for  the  first  time  when  l  as  2.55  s. 

(d) »=0  =>  (|  as  0.98,  s  (/|)  as  3.61  cm.  So  the  mass  travels 

x  a  maximum  of  about  3.6  cm  (upward  and  downward)  from  its 

equilibrium  position. 

(e)  The  speed  |»|  is  greatest  when  s  =  0;  that  is,  when 
/  =  (2  +  nn,  n  a  positive  integer. 


33. 


From  the  diagram  we  can  see  that  sin  0  =  */ 1 0  <=>  *  =  1 0  sin  0.  But  we  want  to  find 
the  rate  of  change  of  *  with  respect  to  0,  that  is,  dx  /dl).  Taking  the  derivative  of  the 
above  expression,  dx/dO  =  10  (cos  0)  So  when  0  —  y, 

dx/dO  =  lOcos  y  =  10  ^  J  =  5  ft/rad. 
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34.  (a)  F  = 


/i  sin  0  -f  cos  // 


dF  (/i  sinO  +  cos//)  (0)  —  /i  W  (//  cos//  —  sin/7)  fi  II  (sin 0  —  /i  cos 0) 
dO  (/t  sin  0  +  cos  /7)2  {/i  sin  0  +  cos  0)~ 


ih)  =  0  =>  fiW  (sin//  —  ft  cos/7)  =  0  =>  sin// = /i  cos/7  =>  tan 0  — /i  =>  £>  =  tan- 1  // 


From  the  graph,  we  see  that  —  =0  =>  9#  0.54.  Checking  this 

with  part  (b)  and  /t  =  0.6.  we  calculate  0  =  tan'1  0.6  =s  0.54.  So  the 
graph  is  consistent  with  part  (b). 


„  sin5/  5sin5/  , sin5/  ,  , 

35.  Iim - =  lim  — - —  =  5  lim - =51=5 

/-*o  /  <->o  5/  i-> o  5/ 


•jc  i-  sinX' 

36.  lim  — - =  lim 

i-*osin9/  /— »o 


8  1 

f sin  8/  \ 

„  ..  sin  8/ 

Q  m 

) 

o  nm  — - — 
i-»o  8/ 

8  ■  1 

o  i 

'sin  9/  \ 

sin  9/ 

9  |im _ 

“  9~T 

V  9l  ) 

t~*o  9 1 

sin  (cos  0) 
37.  lim  — 1 — —L 
o->  o  sec  0 


sin  (  lim  cos/7 1 

\»->o  ) 

lim  sec  0 
n-»o 


cos  0  —  I 


cos  0  -  I 


„  cost/— 1  /i 

38.  lim - =  lim - - 

»->  o  sin//  ii— *o  sin  II 


-T-» 


„  .  sin*//  /sin/>\  .  „  sin/7  .  „ 

39.  lim - —  =  Inn  (  — -  )  sin//  =  lim -  lim  sin//  =10  =  0 

n-to  0  «-»o\  0  )  n-i o  0  «-*o 


„  (an*  1  sin* 

40.  lim  — —  =  Iim  - - 

i-*o  4*  t— »o  4  * 


1  I  ..  sin*  1 

- =  -  Iim  -  lim - 

cos*  4x->0  *  x-*ocos* 


=  *'•>  =  * 


cot  2.x  cos  lx  sin  x  f  (sin*)/*  1 

41.  lim  -  =  Iim  - — - =  Iim  cos  2.x  — — -  =  Iim  cos 2.x 

*-*o  csc.x  .v— >o  sin  2.x  jr-»o  L(sm2jr)/jr  J  jt-»o 


lim  ((sin:x)/.x) 
j->0 _ 

2  lim  |(sin2*)/2.x] 


__  sin*  —  cos*  sin* 

42.  Iim  - - - =  Iim  — — 

x-ix/A  COS  2.x  x-*x  /A  cos2  X 


sin*  —  cos*  sin*  —  cos* 

os2*  —  sin2*  < -> » /4  (cos*  +  sin*) (cos*  -  sin*) 


=  lim  - — —  - j — 1  - 

x~*ir/4  cos*  +  sin*  cosj  +  sinJ 

43.  Divide  numerator  and  denominator  by  //.  (sin//  also  works.) 

sin//  ..  sin  0 

lim  =  lim - T  ,  = - ^TT- 

0->oO  +  Uu\0  o-* Oj  stnfl  I  .  ..  sin#  .. 

0  cos  // 


sin// 
Iim  — — 
»-»o  0 


sin//  1 
I  +  Iim  — —  lim - - 

»-*o  //  «-.o  cos// 


sin  (*  —  I ) 

44.  Iim  -= - =  lim 

x  — *  l  *2  +  *  —  2  x — >  I 


sin  (*  —  1) 


(*  +  2)  (*  —  1 )  x-»  l  *  +  2  x->  t  *  —  I 
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d  d  sin  a 

45.  (a)  —  tan  a  =  — - 

dx  dx  cosa 


cosa  cosa  —  sin*  (—  sin*)  cos2  *  +  sin'  x 


.  So  sec2  x 


2,  =  . 


d  d  1  (cosa)(0)  —  I  (—  sin*)  „  sm.it 

(b)  —  secx  = - =»  scc  a  tan  a  = - x - .  So  secA  tan  a  =  — — 

dx  dx  cos  jc  cos2  at  cos- At 

„  d  ,  :  .  d  1  +  cotAt 

(c)  —  (sinA  +  cosAt)  =  - - => 

dx  dx  esc  x 


cosat  —  sin  a  = 


CSC  A  (—CSC2  a)  —  (1  +  COtA)  ( —  CSC  A  COtA)  —  CSC2  A  +  COt2  A  +  COtA 


So  cos  a  —  sin  a  = 


COtA  —  1 
CSC  A 


46.  Let|/>fl|  =a.  Then  we  get  the  following  formulas  for  r  and  h  in  terms  of  0  and  a: 


Or  .  0  .  0  h 

sin  -  =  -  =>  r  =  x  sin  -  and  cos  —  =  — 
2  a  2  2a 

A  (0)  =  jjrr2  and  B  (0)  =  j  (2a)  h  =  rh.  So 


0 

h  =  x  cos  - .  Now 
2 


A(0)  {nr2  j  a  A  sin  (0/2) 

lint  =  hm  .  =  lim  - - ■■■■■— 

»-t o+  B  ( 0 )  rh  o->o*  x  cos  (0/2) 

=  lim  iff  tan  (0/2)  =  0. 

»->o* 

47.  By  the  definition  of  radian  measure,  s  =  rl).  where  r  is  the  radius  of  the  circle. 


.  0  d/2 

By  drawing  the  bisector  of  the  angle  0,  we  can  see  that  sin  -  = 


So  lim  —  —  lim 


rO 


=  lim 


2  •  (0/2) 


—  lim 


0/2 


»-»o+  d  »-> o-i-  2r  sin  (0/2)  »-*o+  2  sin  (0/2)  »->o  sin  (0/2) 

lim  =  I  combined  with  the  fact  that  asO  -»  0,  %  — »  0  also.) 

x-to  x 


=>  d  —  2r  sin  — . 

2 

=  I.  [This  is  just  the  reciprocal  of  the  limit 


“2,;6  The  Chain  Rule 


1.  Let  «  =  g  (a)  =  a2  +  4a  +  6  and  y  =  /  (n)  =  u5. 

Then  ^  ^  ^  =  (5«4)  (2a  +  4)  =  5  (a2  +  4a  +  6)4  (2v  +  4)  =  10  (a2  +  4a  +  6)4  (a  +  2). 


2.  Leta  =g(A)  =  3a  and y  =  f  (u)  =  tan u.  Then  ^  =  (sc<;2“)  =  3 sec2  3a. 

3.  Let  u  =  g(x)  =  tan  a  andy  =  f  (u)  =  cosu. 

dy  dy  du  ,  .  ,  ■>  x  .  .  ,  2 

Then  —  =  — - =  (—  sin  «)  (sec  a)  =  —  sin  (tan  a)  sec2  a. 

dx  du  dx 


4.  Letn  —  8  (a)  =  I  +  a2  andy  =  /(«)  =  u1/3. 

Then  ±  ^  =  in-2/’  (3a2)  =  (I  +  a3)'2/3  a2 

dx  du  dx  J 


(l+A2) 


2/3- 


5. 

6. 


COS  A 


_  dy  dy  du  1  ,  cos  a 

el «  =  g  (a)  =  sin  a  and  y  =  f  (u)  =  y/u.  Then  —  =  —  —  =  2  cosa  =  = 

dy  dy  du  /.  _./7\  cos  u  cos^^ 

ct  -  =  *  M  and  >’  =  /(*)  =  sin «r.  Then  -  =  5  S  =  (cos u)  7  )  =  ^  = 


7.  F  (a)  =  (a3  +  4a)7  =»  F  (A)  =  7  (a3  +  4a)6  (3a2  +  4)  (or  7a6  (a2  +  4)6  (3a2  +  4)) 

8.  F  (a)  =  (a2  —  a  +  I)3  =>  F'  (a)  =  3  (a2  —  a  +  I  )2  (2r  -  1) 
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9.  *(x)  =  Vx2-7x  =  (x2-7x)l/2  =*  g'  (or)  =  $  (x2  -  7x)~'/2  (2x  -  7)  =  ~^=L= 

2vx2  —  7x 

/' (/)  =  -4  (/2  -2 /  -  5)'5  (2 /  -  2)  =  ■  8(1  ■ 

(/2  -2i-  5)s 

11.  h  (l)  =  (/-  I  /I)3'2  =»  h'  (/)  =  l  (/  -  1  /I)1'2  (1  +  I  /l2) 

12.  /(/)  =  v^l  +  tan/  =  (1  +  tan/)l/3  =>  /'(/)  =  i  (1  +  tan /)_2/3  sec2  /  =  —r?J^L=L== 

3  v  ( 1  +  tan/)2 

13.  y  =  cos  (a3  +  x3)  =»  y  =  —  sin  (a3  +  x3)  •  3jt2  =  —  3x2sin  (a3  +  x3) 

14.  y  =  a3  +  cos5 x  =>  /  =  3  (cos*)2  (-  sin.*)  =  -3sin.it  cos2 x 

15.  y  —  cot(x/2)  =>  y'  =  -esc2  (x/2)  ■  j  ^  esc2  (x/2) 

1 6.  y  =  4  see  Sx  =>  y  =  4  sec  5x  tail  5x  (5)  =  20  see  5x  tan  5x 

17.  G  (x)  =  (3x  —  2)10  (5x2  —  x  +  l)12  => 

G'(x )  =  (3*  —  2)10  (12)  (5jc2  -x+  l)"  (10.x:  -  l)+  10 (3.x  -  2)9  (3)  (Si2  - x  +  l)12 
=  6 (3x  —  2)9  (5x2-x  +  I)"  [2(3x  —  2)  (lOx  -  I)  +  5  (5x2  -  x  +  1)] 

=  6(3*  -  2)9  (5.x2  -  x  +  1)"  (85.x2  -  51.x  +  9) 

18. s(/)  =  (6/2  +  5)V-7)"  =» 

y  (/)  =  (6/ 2  +  5)3  (4)  ( / 3  -  7)3  (3/2)  +  3  (6/ 2  +  5)2  (12/)  (/3  -  7)4 

=  12/  (6/ 2  +  5)2  ( / 3  -  7)3  [/  (6/ 2  +  5)  +  3  (/3  -  7)] 

=  12/  (6/2  +  5)2  (/3  -  7) 3  (9/ 3  +  5/  -  21) 

19.  >>  =  (2x  -  5)4  (8x2  —  5)  3  => 

y  =  4  (2jc  -  5)3  (2)  (8.x2  -  5)-3  +  (2x  -  5)4  (-3)  (8x2  -  5)~4  (16.x) 

=  8  (2x  -  5)J  (8.x2  -  5)~3  -  48x  (2x  -  5)4  (8.x2  -  5)"4 
[This  simplifies  to  8  (2x  -  5)3  (8x2  -  5)-4  (-4x2  +  30x  —  5).] 

20.  y  =  (x2  +  l)(x2  +  2)l/3  => 


y  -  2*  (x2  +  2)1/3  +  (x2  +  1)  (})  (x2  +  2)  2/3  (2x)  =  2x  (x2  +  2)1/3 

21.  y  =x3  cosnx  =5  y'  =  x3  (— sin  nx)  (n)  +  cosnx  (3x2)  =  x2  (3cos/ix  —  nx  sinnx) 

22.  F  (s)  =  Vs3  +  I  (x2  +  I)4  =  (x3  4-  I)1"  (x2  +  l)4  => 

F’  (x)  =  x  (s3  +  l)’1'2  (3x2)  (x2  +  l)4  +  (x3  +  l)'/2  (4)  (x2  +  I)’  (2s) 


3x2  (x2  +  l)4  /  ,  \)  rz - 

-wPTr***  (■’+')  ^ 


aFw-(^)’"rw-3(^y 


O'  +  7)  (1)  —  O'  —  6)  (I) 


O'  +  T)2 


39  (y  -  6)2 

O'  +  7)4 
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1/4 


25.  /(r)  =  (2.-  -  I)''/5 

*  '(x)  =  7Th  - 

y/T^-.X 
]  '  (A  )  -  — 


3/4  3i2  (i3  -  I)  -  (/3  +  1)  (3/2)  I  //3  +  IN'3'4  -3/* 


(,3-l)- 


=  1  /L±IV  -3/2 
_  2  V3  -  I  /  (,3_|)2 


s  /' (r)  =  (2r  -  l)"6/5  (2)  =  -§  (2r  -  l)-6/5 

i)(7-3.t)-,/2(-3) 


I 


3x 


14  -3x 


27.  y  —  tan  (cosy) 
sin*  x 


7-3.V  7?  -  3*  2  (7  —  3.x)3'2  2  (7  -  3x)3/2 

y  =  sec2  (cos.v)  •  (—  sin.v)  —  —  sin.v  sec2  (cos.v) 


28.  v  = 


COS  .V 


cos.v  (2  sin.v  cos*)  -  sin2 .v  (-sin.v)  sin*  (2cos2*  +  sin2*)  sin*  (1  +  cos2*) 
cos2  *  cos2  *  cos2  * 

=  sin  v  ( i  +  see2  * ) 

Another  Method:  .1  •—  tan*  sin*  -^>  y'  ~  sec2*  sin*  +  tan*  cos*  =  sec2*  sin*  +  sin.v 
29.  y  —  sec2  2*  —  lair  2*  =»  v'  =  2  see  2v  (sec  2*  tan  2*)  (2)  —  2  tan  2*  sec2  (2*)  (2)  =  0 

hosier  method:  v  =  sec2  2*  —  tail2  2v  =  I  v=>  >■'  =■  0 


30.  y  —  v'  1  -I-  2  tan  *  v'  =  *  (I  +  2tan.v)  l'*2scc-x 

31 .  v  —  sin3  v  +  cos3  * 


v/T  +  2  tan  * 

/  =  3 sin2*  cos.v  +  3 cos2*  (-  sin.v)  =  3 sin*  cos*  (sin*  —  cos.v) 

32.  v  —  sin2  (cos  tv  1  =»  y  =  2sin(costx)cos(costx)(—  sinfc*)(/t)  =  —  A  sin  tx  sin  (2  cost*) 

33.  y  =  (I  +  cos2  i  )*’  -=>  y  =  6  (l  +  cos2*)5  2 cos.v  (-  sin*)  =  —12 cos*  sin.v  (1  +  cos2*)5 


1  ,  i  I  /  I  \  I 

34.  y  =  *  sin  -  =s  y  =  sin  -  +  v  cos  -  I  — I  =  sin - 

*  *  *  \  *-/  * 

,  ( 1  —  sin  2*)  (2  cos  2*)  —  ( I  +  sin  2*)  (—2  cos  2v) 


1  1 

■  cos  - 
* 


35.  v  = 


1  +  sin  2v 


(I  —  sin2xr 


4cos2v 
(I  —  sinlv)2 


I  -  sin  Iv 

36.  y  =  tan  (*2)  +  tan2*  =>  y  =  sec2  (*2)  (2*)  +  2 tan* sec2* 

37.  y  —  tan2  (x3)  =>  y  =  2 tan  (x3)  sec2  (x3)  (3*2)  =  6*2  tan  (x3)  sec2  (*3) 

38.  y  =  sin  (sin  (sin*))  =>  y'  =  cos  (sin  (sin*))  (sin  (sin*))  =  cos  (sin  (sin*)) cos  (sin*) cos* 

dx 


(- 


.) 


2  77/ 


39.  y  —  7*  +  7*  =»  y  =  ;  (*  +  7*)  1/2  (l  +  5*  ,/2)  =  — — — r  , 

LyJ X  ~T 

oa y  =  /*  +  yTTT?  =>  y  =  $ (*  +  J7+j?)~'n [i  +  \ (*  +  jZ)~m (i  +  $*-,/2)] 


41.  y  —  sin  (tan  7sin x)  =»  y'  -  cos  (tan  7sin  x)  (sec2  7sin*^  ~  )  (cos  t) 


42. 


!.  y  =  ^'cos  (sin2  *) 


’  =  *  (cos (sin2*))  [—  sin(sin2*)] (2 sin* cos*)  =  — 


sin  (sin2  .*)  sin.v  cos* 


ycos  (sin2  *) 

f  (*)  =  »(-;)  (4  +  3.v)-3/2  (3)  =  -12  (4  +  3*)_3'/2.  The 
slope  of  the  tangent  at  (4,  2)  is  f  (4)  =  —  =  —  -j~  and  its  equation  is  y  —  2  =  —  (x  —  4)  or  y  —  —  j&x  + 


43.  >=/(*)  =  —j=~  =  8(4  +  3.y)~,/2 
\/4  -f  3.y 
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44.  v  = /(x)  =  sinx  +  cos2v  =>  /'(.x)  =  cosx  —  2sin2x.  The  slope  of  the  tangent  at  ( j ,  1 )  is 

f  (f )  =  £  -  2  and  its  equation  isy  -  1  =  (a  -  |)  or  V3.x  +  2 y  =  2  +  ^ n . 

45.  y  =  sin  (sin  a)  —>  y'  =  cos  (sin. t)  •  cos  a.  At  (tr,  0),  y'  =  cos  (sin  a)  •  cos  z  =  cos  (0)  •  (—  I)  =  I  (— I)  =  —  I, 

and  an  equation  of  the  tangent  line  is  >•  —  0  =  —  I  (a  —  z).  or  v  =  —x  +  z 

46.  y  =  V5  +  x2  =»  y'  =  j(5+x2)  1  '(2x)  =  x  j  V5  +  x2 .  At  (2,3).>>'=  and  an  equation  of  the  tangent 

line  is  v  -  3  =  j  (a  —  2),  or y  =  j.x  +  |. 


47.  (a)  y  =  /(a)  =  tan  (fx2)  =>  /'  (a)  =  sec2  (fx2)  (2  •  fx). The 
slope  of  the  tangent  at  ( I ,  I )  is  thus 
/'  (1)  =  sec2  J  (t)  =  2  ■  t  =  a.  and  its  equation  is 
y  —  1  =  it  (a  —  I )  or  y  =  zx  —  z  +  1 . 


48.  (a)  For  a  >  0.>-  =  /(a)  = 


/'(a)  = 


•JT—~x*(\)  —a  (j)  (2  — a2)  1/2 (-2x)  (2 -A2)1 


Jy’~  2 -a2  (2  — A2),/2 

(2  —  A2)  +  A2  _ 2_ 

(2  —  x2)3/2  (2-x2),/2 

So  at  ( I ,  I ).  the  slope  of  the  tangent  is  /'  ( 1 )  =  2  and  its  equation  is 
y-  I  =  2(a  -  I)  or  v  =  2a  -  I. 


49.  (a)  /(a)  = 


/'(*) 


x  ■{  (I  -  x2)~‘/2  (-2a)  -  VTTr 

-*2~('-*2)  -1 
a2Vi  -  a2  a2 Vi  -xi 


-8 


Notice  that  all  tangents  to  the 
graph  of  /  have  negative  slopes 


and  /'(.a)  <  0 always. 


50.  (a)  /  (a)  = 


cos2  z x  f  9sin2  AX  I  +  8sin2  zx 


/'(a)  =  — (I  +  8sin2>rx)  ~  (I6sin  jrx)  (cosjxx)  a 
—  I6ir  sin  zx  cos  jrx 
(I  +  8  sin*  zx) 


(b)  6 


A 


Notice  that  /'  (a)  =  0  when  J 
has  horizontal  tangents. 
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51.  For  the  tangent  line  to  be  horizontal  /'  (x)  =  0.  / (x)  =  2sinx  +  sin2x  =* 

f  (x)  =  2cosx  +  2sinxcosx  =  0  <=>  2cosx  (I  +  sinx)  =  0  «  cosx  =  0  or  sinx  =  — 1,  so 

x  =  (n  +  x  or  ^2n  +  n  where  it  is  any  integer.  So  the  points  on  the  curve  with  a  horizontal  tangent  are 

^2n  +  j)  it,  3)  and  ^2n  +  ir,  -1^  where  n  is  any  integer. 

52.  /(x)  =  sin2x  —  2sinx  =s  /' (x)  =  2cos2x  —  2cosx  =  4cos2x  —  2cosx  —  2,  and 

4cos2x  —  2cosx  —  2  =  0  <=>  (cosx  —  1)  (4cosx  +  2)  =  0  «  cosx  =  1  or  cosx  =  -  j .  So  x  =  2/tir  or 
(2n  +  1)  ir  ±  n  any  integer. 

53.  F(x)  =  /(g(x))  => 

F'  (x)  =  /'  (g  (xj)g'  (x),  so  F  (3)  =  /'(g  0))ff  (3)  =  f  (6)*'  (3)  =  7  ■  4  =  28. 

54.  in  =  wow  =>  to'  (x)  =  «'  (« (x))  o'  (x),  so  to'  (0)  =  «'  (o  (0))  0'  (0)  =  u'  (2)  o'  (0)  =  4  •  5  =  20. 

55.  (a)  h  (X)  =  /  (g  (X))  =>  h'  (X)  =  /'  (g(x))  •  g'  (x).  so  h'  (1)  =  /'  (g  (I))  •  ^  (1)  =  /'  (2)  •  6  =  5  •  6  =  30. 

(b)  //(x)=g(/(x))  =»  H'  (x)  =  g'  (/(x))  •  f  (x).  so  //'  (1)  =  g'  (/(I))  •  /'  (1)  =  g'  (3)  •  4  =  9  •  4  =  36. 

56.  la)  F  (x)  =  /(/(x))  =>  F'  (x)  =  /'  (/(x))  •  /'  (x).  so  F' (2)  =  /'  (/(2))  ■  /'  (2)  =  /'  (I)  •  5  =  4  •  5  =  20. 

(b)  G  (x)  =  g  (g  (x))  =»  O'  (x)  =  g'  (g  (x))  •  g1  (x).  so  G'  (3)  =  g’  (g  (3))  •  g-  (3)  =  g'  (2)  ■  9  =  7  •  9  =  63. 

57.  (a)  «  (x)  =  /  (g  (x))  =>  «'  (x)  =  /  (g  (x)) g'  (x). 

So  «'  (1)  =  /'  (g  (D)g'  (1)  =  /'  (3)g'  (1)  =  (- j)  (-3)  =  l 

(b)  »(x)  =  g(/(x))  =>  n'(x)  =  g'(/(x))/'(x).  So  o'  ( I )  =  g'  (/  ( I ))  /'  ( I )  =  g'  (2)  /'  ( I ).  which  does 

not  exist  since  g'  (2)  does  not  exist. 

(c)  to  (x)  =  g  (g  (x))  =>  to'  (x)  =  g'  (g  (x)) g'  (x). 

So  to'  (1)  =g'  (g(D)g'(l)  =  g'  (3) g'  (I)  =  (})  (-3)  =  -2. 


58.  (a)  h  (x)  =  /  (/  (x))  =>  (x)  =  f  (/  (x))  /'  (x). 

So  h'  (2)  =  /'  (/  (2))  /'  (2)  =  /  ( 1 )  /'  (2)  *  (—  1 )  (—  1 )  =  1 
(b)  g CO  =  /  (x2)  =»  g'  (x)  =  /'  (x2)  (lx).  So  g'  (2)  =  /'  (22)  (2  2)  =  4/'  (4)  «  4  (1.5)  =  6. 

59.  I,  (x)  =  /  (g  (x))  =>  h'  (x)  =  /'  (g(x))g'  (x).  So  h'  (0.5)  =  /'  (g  (0.5))  g'  (0.5)  =  /'  (O.l)g'  (0.5).  We  can 
estimate  the  derivatives  by  taking  the  average  of  two  secant  slopes. 

r.  „  „  14.8-12.6  _  18.4  -  14  8  _ 

For  /  (0.1):  mt  =  Q  |  _Q  =22  ,m2  =  Q  2  _  Q  |  =  36.  So/'(0.1)=s  — - — -  =  29. 

„  0.10  —  0.17  0.05-0.10 

Forg  (0.5):  m,  =  Q  g  _  Q  4  =  ~<> *  ”2  =  T6~“a3  =  -*5. 

So  g'  (0.5)  =  (m 1  +  012)  /2  =  -0.6.  Hence,  h'  (0.5)  =»  (29)  (-0.6)  =  - 1 7.4. 

60.  g  (x)  =  /  (/  (x))  =>  g'  (x)  =  /'  (/  (x))  /'  (x).  Sog'  (1)  =  f  (/(l))/  (1)  =  /'  (2)  r  (1) 

,  3.1— 2.4  4.4  —  3.1  mi  +  m2 

For  /  (2):  m,  =  — — —  =  1.4.  m2  =  v/"~„  =  2-6-  So/ (2)  =» - - - =2. 


2.0-  1.5 


2.5  -  2.0 


For /'(l):  mi  =  ^ =  0.4.  m2  =  ^  =0.8.  So /'(I)  ^  +  "‘2  =0.6. 


1.0  -0.5 
Hence,  g' (I )  (2)  (0.6)  =  1.2. 


1.5-  1.0 


61.  (a)  F (x)  =  /(cosx) 

(b)  G  (x)  =  cos  (/  (x ))  =»  G'(x)  =  —  sin(/(x))/'(x) 


F'  (x)  =  f  (cosx)  —  (cosx)  =  -  sinx/'  (cosx) 
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62.  (a)  F(x)  =  /(x»)  =>  F'(x)  =  /'(x“)  (x»)  =  /'(x“)«x»-' 

ax 

(b)  G  (x)  —  [/(x)]“  =>  G'  (x)  =  a  [/(x)]a_l  f  (x) 

63.  j  (/)  =  l04-j  sin  (10n7)  =»  the  velocity  after  /  seconds  is 
i>  (/)  =  *'(/)  =  |  cos  (1  Oar f)  (I Os)  =  -y  cos (10s/)  cm/s. 

64.  (a)  s  =  A  cos  {cot  +  <5)  =>  velocity  =  s'  =  — w/f  sin  {cot  +  <5). 

(b)  If  A  ^  0  and  ^  0,  then  s'  =  0  <=>  sin  {cot  +  <£)  =  ()  ru/  -f-  <5  =  «;r  «  an  integer. 

co 


65.  (a)  B  (/)  =  4.0  +  0.35  sin  — 
5.4 


dB 

dt 


I  0.35  cos 


2s/ 

U 


2s/ 

5+ 


dB  7s  2s 
(b)  At  /  =  I,  —  =  —  cos  — 


0.16. 


66.  /.(/)=  12  +  2.8  sin  (/  -  80))  =»  L'  (/)  =  2.8cos  [j§-5  (/  -  80))  (^). 

On  March  21,  /  =  80,  and  (80)  0.0482  hours  per  day.  On  May  21,  /  =  141,  and  L'  (141)  =s  0.02398,  which  is 

approximately  one-half  of  /.'  (80). 


67.  (a)  Derive  gives  g'  (/)  : 


45  (/  -  2)° 
(2/  +  l)10 


without  simplifying.  With  either  Maple  or  Mathematica,  wc  first  get 


S' (0  =  9 


(l  -  2)8 
(2/  +  I)9 


-  18 


(1  -  2)9 


(2/  +  1) 


.  and  the  simplification  command  results  in  the  above  expression. 


(b)  Derive  gives  /  =  2  (x3  -x  +  I)3  (2s  +  l)4  (17s3  +  6.x2  -  9x  +  3)  without  simplifying. 

With  either  Maple  or  Mathematica,  we  first  get 

y  =  10  (2s  +  l)4  (x3  —  x  +  l)4  +  4  (2x  +  I)5  (x3  —  x  +  l)1  (3xJ  —  1).  If  we  use  Mathematical  Factor  or 
Simplify,  or  Maple’s  factor,  wc  get  the  above  expression,  but  Maple’s  simplify  gives  the  polynomial 
expansion  instead.  For  locating  horizontal  tangents,  the  factored  form  is  the  most  helpful. 


/x*  -x  +  |  \  1,2 

68.  (a)  /  (.*)  =  (  yt'+T+'  i  J  •  Derive  gives  /'  (x)  = 
Mathematica  give  /'  (x)  = 


(3x4  -  I) 


X4  -  x  +  1 

X4  +  X  +  1 


3x4  -  I 


x4  -  x  +  I  ,  .  .,2 

TJ7T1(X  +*  +  ,) 


(x4+x  +  l)(x4-x  +  l) 
- after  simplification. 


whereas  Maple  and 


(b)  /'  (x)  =  0  «  3x4  -1=0  x  =  ±y|*  ±0.7598. 

(c)  /'  (x)  =  0  where  /  has  horizontal  tangents.  f  has  two  maxima  and 
one  minimum  where  /  has  inflection  points. 
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69.  (a)  If/isevcn.  (hen  f  (x)  —  f  (-x).  Using  the  Chain  Rule  to  differentiate  this  equation,  we  get 

/'  (x)  =  /'  (-.v)  (-.v)  =  -/'  (— Jf).  Thus,  /'  (-x)  =  -f  (x).  so  /'  is  odd. 

dx 

(b)  If  /  is  odd,  then /(jt)  =  -/ (— x).  Differentiating  this  equation,  we  get  f  (x)  =  -/'  (-.x)  (-1)  =  /'  (-x), 
so  /'  is  even. 


70. 


fix 

Lg(Jt) 


y  =  [/  (x)  [« (x)J- ']'  =  /'  (x)  (g  (x)]-1  +  (- 1)  lg  (at)]-2  ff  U)  /  U) 


/'(x)  _  /(x)g'(x)  _  /'(x)g(x)-/(x)g'(x) 
g  (At)  [g(x)]J  [g(At)J2 


71.  (a)  —  (sin" x  cos itx) 
dx 


=  n  sin"-1  x  cosx  cos nx  +  sin” x  (— n sin nx) 

=  n  sin"-1  x  (cos nx  cosx  —  sinnx  sinx)  =  n  sin"-1  x  cos(nx  +x) 

=  nsin"  1  x  cos((n  +  l)x] 


(b)  —  (cos"  x  cosnx)  =  ncos" 
dx 


x  (—  sinx) cosnx  +  cos"x  (—n sinnx) 

-l  x  (cosnx  sinx  +  sinnx  cosx)  =  —ncos"-1  x  sin  (nx  +x) 

= —ncos"-1  x  sin  [(n  +  l)x] 


72.  80—  =  —  v5  =  5v4—  <=>  80  •—  5 y*  (Note  that  dy/dx  /  0  since  the  curve  never  has  a  horizontal  tangent) 

dx  dx '  dx 

a  y4  =  16  »  y  —  2  (since  y  >  0  for  all  x) 

73.  Since  0°  =  (ffjj)  0  rad.  we  have  —  (sin/?0)  =  —  (sin  755  0)  =  iffi  cos  =  W  cos0°- 

74.  (a)  /(a)  =  |.r|  =  Va2  =>  /'(a)  =  2  (*2)~,/2  (lx)  =  x/Vx*  =  x/  |t| 


(b)  f{x)  =  |sin.v|  =  v/sin2jf  => 

w .  |  /  .  *>  v-»/2 .  sin  a: 

t  u)  =  i  (sin  a)  2  suit  cos  a-  =  — — -  cos  a  = 
-  x  '  |sinA| 


cosx  if  sinx  >  0 
—  cosx  if  sinx  <  0 


f  is  not  differentiable  when  x  =  nir.  n  an  integer. 

(c)  g(x)  =  sin  |x|  =  sin  JT-  =>  g'  (x)  =  cos  |x|  •  ^  =  —  cosx  = 


cosx  ifx  >  0 
—  cosx  if  x  <  0 


g  is  not  differentiable  at  0 
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[;7  Implicit  Differentiation 


1  (a)  ^  (*V  +  2a  4  3  a2)  -  -j-  (4)  =»  (a  y'4y- I)4246a  =0  =»  */  =  -y  -  2  -  bx  => 

-y  _  2  -  6.V  ,  y  +  2 

v  = - or  v  =  — 6 - . 

x  .v 

(b)  xy  +  2x  4  3x2  =  4  =>  xy  =  4  -  2.x  -  3x2  =>  y  —  1 — — — —  =  -  -  2  —  3x,  so  v'  =  — -i  —  3. 

x  x  x 2 


(c)  From  part  (a) 


a)  ~  2  -  6v  _  -  (4/x  -  2  -  lx)  -2-  6x  _  -4/a  -  3.x  _  4 

-V  X  X  ~  X-  ' 


2.  (a)  ~  (4a2  +  9y2)  =  ~  (36)  =>  8x  +  I8y  •/  =  0 
ax  '  dx 


/  -  8y  _  _ii 

V  ~  I8.V  ~  9 y 


(b)  4x2  +  9y2  =  36  =>  9y2  =  36  — 4x2  =*  y2  =  5(9-x2)  =>  y  =  ±j  V9  -  x2.  so 
/  =  ±T  •  2  (9 -a2) 2(-2a)  =  T3^— j 

....  ,  .  ,  4a  4x  2t 

(c)  Irom  pari  (a),  y  =  -—  = - _____  =  T .........  ..... 

^  9  (±2 y/9^)  3x/9^p 


(1  +  1), i.„,  „  -4  'y.„  ,  'y  ' 

\x  W  «/x  a2  .V2  v2  .v2 


(b)  I  +  1  =  |  =>  1  =  1-1  =  iZi  =»  v  =  _j!_  s0  -  =  (a  -  !)(!)-  (v)(l)  = 
x  y  y  x  x  x-l’  y  (r  —  it2 


x  y  y  xx  x  —  I  (x  - 

rc)  v'  =  -  —  =  |r  /(*  ~  ‘)l2  _  a2  = _ j_ 

A-’  A2  A2  (A -I)2  (A -I)2 

4.  ia)  ~  (  Jx  4  Jv)  =  -^-(4)  =>  r-^=  +  ~=y  =  0  =>  >•'  =  —-= 

</.v  v  clx  2jx  2Jy  ,/x 

(b)  Jy  —  4  -  y/x  =>  y  =  (4  -  ,/v)~  =  16  -  8./«  +  a  =?  v'  -  -  7=  4  I 

v/x 

(C)  _  V?  _  4  —  y/x  4^| 

y/x  y/x  y/x 


(A  -I)2  (A  -I)2 


5.  -  (.I2  +  v:)  -  -—(I)  =>  2x  4  2yv'  =  0  =>  2vv' = -2,<  ->  /  =  — - 

tlx  tlx  y 

6.  -7—  (a2  —  v2)  =  -7-  ( I )  -5  2a  -  2yy'  =  0  =>  2.v  -=  2yy  =»  y' ^ - 

tlx  tlx  y 

7.  —  (a  4  A'T  +  4y2)  =  —  (6)  3.v2  +  (a2i’  +y  2v)  +  8yy*  =  0  a2/’’  Kit'  —  —3a2  —  2vy  -» 

/  ’  ,  O  \  -  x  2  ->  ,  3a2  4  2xv 

(A"  +  *.v) y  =  -3a2  -  2xy  =>  y  = - - 

a-  4  8v 
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8.  —  (x2  —  2 xy  +  yi)  =  4~(c)  =»  2x  -  2  (xy'  +y  •  I)  +  3y2y'  =  0  =>  2x  -  2y  =  2xy'  -  3y 2y'  => 
dx  ax 

2x-2y  =  y'(2x-  3y2)  =>  y'  = 


9.  —  (x2y  +  xy1)  =  ~r  (3*)  =»  (x2y'  +  y  ■  2x)  +  (x  •  2yy'  +  y2  •  1)  =  3  =>  x2y'  +  2xyy'  =  3  -  2xy  -  y2 

dx  dx 


/  (x2  +  2xy)  =  3  -  2 xy  -  y2  =>  y'  = 


,  _  3-2 xy-y1 


x2  +  2 xy 


10.  —  (y5  +  x2y3)  =  —  (I  +  x4y)  =>  5//  +  X2  ■  3y2y'  +  y3  ■  2x  =  0  +  x4y'  +  y  ■  4x3 
y'  (5y4  +  3x2y2  -  x4)  =  4x3y  -  2xy3  =»  y>  = - 


11.  — — —  -r  +  l  =>  2x-  2  —  .  v2 

x-y  (x  -  yY  (x  -  yY 


_  (x  -  y)y'  -  y  (I  -  y')  _  xy^-y  ^  y  =  y+2(x_y) 2 


3*2  |  , —  2 xy 

Another  Method:  Write  the  equation  as  y  =  (x  -  y)  (x1  +  l)  =  x3  +  x  -  yx2  -  y.  Theny'  = - x2  +2 - ' 


12.  y/x~+y  +  Jxy  =  6  =>  $  (x  +y)-,/2  (1  +y)  +  \  (xy)'1'2  (y  +  xy')  =  0  => 

(x  +  y)_l/2  +  (x  +  y)-l/2y'  +  (xy)“l/2y  +  (xy)_l/2xy'  =  0  => 

,  _  (x  +  y)~l/2  +  (xy)~l/2y  (x  +  y)l/2  (xy)l/2  _  V*y  +  y^x  +  y 

^  “  (x  +y)"l/2  +  (xy)-,/2x  (x  +y)1/2  (xy)1''2  yxy  +  x^x+y 


13.  Jxy  =  1  +  x2y  =>  j  (xy)_,/2  (xy' +  y  •  1)  =  0  4-x2y' +y  •  2x 


x  ,  y 
2JxyV  +  2yxy 


-  x2y'  +  2xy  => 


=> 


y 


/x-2x2yxy\ 

V  / 


Axyjxy  -  y 
2y/xy 


y  = 


4xyyxy  -  y 
x  -  2x2v(xv 


14.  v/T  r  x2y:  =  2xy 


j  (1  +  xV)  1/2  (x2  •  2yy'  +  y2  •  2x)  =  2  (xy'  +  y  •  1) 


2x2y 


:  y  +  ■ 


2xy2 


2^1  +x2y2  '  271  +x2y5 


=2xy'+2y  -  y'(7 r=r?-z')=2y- 


xy 


AT 


x*y* 


,  ( x2y  —  2x71  +  x2y2\  _  2y7<  +  x2T  -  xy2 
•'  v  '»  +  x2y2  / "  71  +x2y2 

,  =  2y%/l  +  x2T  -  xv2  =  y(V  +  x2>2  -  xy)  = 

V  x2y-2x7l  +  x2v2  x  (xy  -  2 A+xV)  * 

Another  Method:  Since  I  +  x2y2  is  positive,  we  can  square  both  sides  first  and  then  differentiate  implicitly. 


15.  4cosx siny  =  I  =*  4cosxcosy  y' +  4siny  (— sinx)  =  0 


,  4  sin  x  sin  y 

y  = - =  tanx  tany 

4cosxcosy 
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16.  x siny  +  cos2y  —  cosy  =>  siny  +  (xcosy)y'  -  (2sin2y)/  =  (-siny)y'  => 

siny  =  (2sin2y)y'  —  (x  cosy)y'  —  (siny)y'  =>  y'  = - - — — 

2sin2y  —  xcosy  —  siny 

17.  cos (x  —  y)  =  y sin x  =»  —  sin(x  —  y) (I  —  y')  =  y' sinx  +  ycosx  y  _  sin(x — y)  4  y cos X 

sin  (x  —  y)  —  sinx 

18.  xcosy +ycosx  =  1  cosy  -T-  x  (—  sin y)y'  +  y' cos*  —  y  sin.x  =  0  =>  y’  —  '*  S-ln x — -°S^ 

cosx  —  .x  siny 


19.  xy  =  cot(x.y)  =>  y  +  xy'  =  -  esc2  (xy)  (y  +  xy')  =>  (y  +  xy')  [l  +  esc2  (xy)]  =  0 

y  +  xy'  =  0  [since  I  +  esc2  (xy)  >0]  =>  y'  =  -y/x 

20.  sin x  +  cosy  =  sin x  cosy  =>  cos.v  -  sill  y  •  y'  =  sin.x  (-  siny  ■  y')  +  cosy  cos. x  => 

COSX  (COS  V  —  1 ) 

(sin.x  sin  v  -  siny)  /  =  cos x  cosy  —  cos*  =>  y'  = - - - : - - 

siny  (sinx  —  1) 


21.  x[/(x)]3  +  x/(x)  =  6  =>  [/(x)]3  +  3x  f/(x)]2/'(x)  +  f(x)  +  xf  (x)  =  0 


/'(*)  =  - 


U(x)Y  +  f(x) 
3x[/(x)[2+x 


/'(3)  =  - 


d)3  +  i  =_l 
3  (3)  (l)2  +  3  6 


22.  [g(x)]2  + 12x  =.x2g(.x)  =>  2g(x)g'(x)+ 12  =  2xg(x)  +  xV(x)  j/(x)  =  *,2 

2g(x)-x2 

->(1)_2W«2)-»2  21 

2(12)  -  (4)2  2 


dx 


23.  y4  +  x2y2+yx4  =y+  I  =>  4y3  +  2x ^-y2  +  2x2y  +  x*  +  4yx3 ^  =  1 


dy 


dy 


dx_  _  I  -  4y3  -  Zx2y  -  x 4 
dy  2xy2  +  4yx3 


24.  (x2  +y2)2  =  ax2y  =>  2  (x2  +  y2)  (zx  ^  +  2y)  =  2ayx  — 

\  dy  )  dy 


+  ax 


2  dx  _  ax2  —  4y  (x2  +y2) 

dy  4x  (x2  +  y2)  —  2oxy 


x2  y2  X  2vy'  9x  9T _ SI  S 

25Ti“T  =  l  =*  S--^r=0  =»  y'  =  T6y'  When  =  _5  and>'  =  !  wc  have>'  =  16(974)  =  -4  S° 

an  equation  of  the  tangent  is  y  —  3  =  -  |  (x  +  5)  ory  =  —  |x  —  4. 


26.  -j-  +  £—  =  1  =>  —  +  "=o 
9  36  918 


4jx 

y'  = - .  When  x  =  —  1  and  y  =  4y/2  wc  have 

y 


,  4  (— I)  1 

y  —  — =  y=  so  an  equation  of  the  tangent  line  is  y  -  4  V2  =  -3=  (x  +  I )  or  y  =  (x  +  9). 

27.  y2  =x3(2-x)  =  2x3 -x4  =>  2yy' =  6x2  -  4x3  =>  y'  =  Whenx  =  v=l, 

y 

,  3(l)2  —  2  (l)3  . 

y  = - j - =  I,  so  an  equation  of  the  tangent  line  isy  -  I  =  1  (x  —  1)  ory  =  x. 
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28.  x2/3  +  y2/3  =  4  =>  jx~,/3  +  jy_l/3y'  =  0  =»  -j^=4--jp=0  =>  y' = When  x  = -3\/3  and 

y/X  y/}’  y/X 


y  —  l,  we  have  y'  •■=  — - 


/  i-\ x  * 

(-3V3) 

y- 1  =  75  (v  +  3'/5) orv  =  73*  + 4 


3  . 

- - —  —  — -  =  — — ,  so  an  equation  of  the  tangent  is 

-375  375  75 


29.  2  (x2  +>'2)2  =  25  (x2  -  y2)  =>  4  (x2  +  y2)  (2.x  +  2yy')  =  25  (2x  -  2 vy') 


4 yy'  (x2  +  y2)  +  25 yy‘  =  25x  -  4.v  (x2  +  y2) 


2Sx-4x(x24-y2) 


25 y  4-  4 y  (x2  4-  y2) 


~ .  When  x  =  3  and  y  =  1 , 


y'  =  'xf-Jtfi  =  — -fj  so  an  equation  of  the  tangent  isy  -  I  =  —  ^  (x  -  3)  ary  —  -fjx  + 


30.  x2y2  —  (y  +  I  )2  (4  -  y2)  =>  2xy2  +  2x2yy'  =  2  (y  4-  I )  y'  (4  —  y2)  4-  (y  4-  I  )2  (— 2yy') 


''  O'  +  • )  (4  —  y2)  -y(y  4-  I)2  -  x2y 
y  +  2  =  0  (x  —  0)  ory  =  -2. 


=  0  when  x  =0.  So  an  equation  of  the  tangent  line  at  (0,  —2)  is 


1  Ox 3 _ j 

31.  (a)  y2  =  5.x4  -  x2  =>  2yy' =  5  (4x3)  -  2x  =>  y' =  — — — (b) 

,  10  (l)3  —  1  9 

So  at  the  point  (1,2)  we  have  y  = - - - =  and  an  equation 

of  the  tangent  line  is  y  -  2  =  |  (x  -  I )  or  y  =  j.x  —  | . 


32.  (a)  y2  =  x3  4-  3x2  =>  2yy'  =  3x2  4-  3  (2x) 


.  3x24-6x  „  ,  . 

y  =  — - - .  So  at  the  point  (1,  —2)  we  have 


3  (l)2  4-6(1) 


=  —  - ,  and  an  equation  of  the  tangent  is  y  —  (—2)  =  —  |  (x  —  I )  <=»  y  =  -  jx  4-  j. 

4 


(b)  The  curve  has  a  horizontal  tangent  where  y'  =  0  o  3x2  4-  6x  =  0  (c) 

<=>  3x  (x  4- 2)  =  0  <=>  x  =  0  or  x  =  —2,  But  note  that  at  x  =  0, 
y  =  0  also,  so  the  derivative  docs  not  exist.  At  x  =  —2. 
y2  =  (— 2)3  4-  3  (— 2)2  =  -8  4-  12  --=  4,  so  y  =  ±2.  So  the  two 
points  at  which  the  curve  has  a  horizontal  tangent  are  (—2,  —2)  and 
(-2.2). 
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33.  (a) 


There  are  eight  points  with  horizontal  tangents: 
four  at  x  as  1.57735  and  four  at  jr  =»  0.42265. 


(b)  y'  =  ; 


3jt2  —  6ot  +  2 


/  =  - 1  at 


'  2  (2y5  —  3y2  —  y  +  I ) 

(0,  1)  and  y  =  j  at  (0, 2). 

Equations  of  the  tangent  lines  are  y  =  —  x  +  1 
and  y  —  jx  +2. 

(c)y'  =  0  =>  3*2  —  6x  +  2  =  0  => 


(d)  By  multiplying  the  right  side  of  the  equation  by  at  —  3,  we 
obtain  the  first  graph. 

By  modifying  the  equation  in  other  ways,  we  can  generate 
the  other  graphs. 


4 


-3 


y  tv2  —  0  (y  -  2) 

=  x  (x  —  1 )  (jr  —  2)  (.X  —  3) 


* (y+  I) O'2 -  l) (y -2)  y(y2  +  l)(y-2)  y(y+  i)(y2-2) 

=  y(x  -  1 )  (Jt -2)  =.r(x2-  1 )  (jc  —  2)  =  jr  (jr  —  1)  (jr2  —  2) 
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34.  (a) 


(b)  There  arc  9  points  with  horizontal  tangents:  3  at.r  =  0,  3  at  x  =  j, 
and  3  at  x  =  I .  The  three  horizontal  tangents  along  the  top  of  the 
wagon  are  hard  to  find,  but  by  limiting  the  y-range  of  the  graph  (to 
[1.6.  1 .71.  for  example)  they  arc  distinguishable. 


35.  from  Exercise  29.  a  tangent  to  the  lemniscatc  will  be  horizontal  =>  y'  =  0  =»  25x  —  4x  (x2  +  y2)  =  0  =; 

.x2  +  y2  =  2S .  (Note  that  x  =  0  =>  y  =  0  and  there  is  no  horizontal  tangent  at  the  origin.)  Putting  this  in  the 
equation  of  the  lemniscatc.  we  get  x2  —y2  =  y .  Solving  these  two  equations  we  have*2  =  yf  and  y2  =  so 
the  four  points  are  (±^,  ±f  ). 


36  -2  +  V  =  1 

a “  ft- 


*  +  zyl  =  o 
U2  +  ft2 


•  2 

y'  = - =»  the  equation  of  the  tangent  at  (xo*  vo)  is 

aly 


y  -  .vo  : 


(.x  —  .vo).  Multiplying  both  sides  by  ^  gives  ^  =  — 7-  +  Sinee  (.vo,  yo)  lies  on 


a~yo 


.  w  yoy  x o 

the  ellipse,  we  have  —7-  +  -r=T  =  —  +  77  =  * 
a2  b~  a-  b 2 

**  ’  2.x  2yy‘ 


b2  x 


37.  — r  —  -7  =  I  =>  -7  —  =0  =>  /  =  -=—  =>  the  equation  of  the  tangent  at  (xo,  yo)  is 


b2 


a*y 


y  —  vo  =  (x  ~  xo).  Multiplying  both  sides  by  7^  gives  tt"  —  77  =  ~T  ~  “7-  Since  (xo,  vo)  lies  on  the 
a2v 0  b-  b-  b-  a2  a 2 


1  u  1  u  xvx  0  -^o  1 

hyperbola,  we  have  — r - -7-  =  —  —  -7  =  1. 

6-  a-  b 2 


1  y 

38.  ,/x  +  Vv  =  Ji-  =>  — —  +  =  0  =5  y'  =  -^4=  =5  the  equation  of  the  tangent  line  at  (xo,  vo)  is 

2,/x  2Vy 

y  -  yo  =  ( x  -  xo).  Now  x  =  0  =>  y  =  yo  -  (-xo)  =  yo  +  y/xoJyo,  so  the  y-intercept  is 

yx0  x/xo 

/wq 

yo  +  Jxoy/yo-  Alsov  =  0  =»  —  yo  =  —  (x  -  xo),  so  the  x-interccpt  isxo  +  ^/xo^/yo-  The  sum  of  the 

,/x o 

intercepts  is  (.vo  +  ,/vS,/yo)  +  (xo  +  x/xo^yo)  =  xo  +  2v/xov/fo  +  yo  =  (V^o  +  x/yo)”  =  (Vc)"  =  c. 


39.  If  the  circle  has  radius  r,  its  equation  is  x2  +  y2  =  r~ 


tangent  line  at  P  (xo,  vo)  is  —  — .  The  slope  of  OP  is  —  = - - — 

yo  xo  -xo/yo 


2t+2yy'  =  0  =>  y' =  — ,  so  the  slope  of  the 
so  the  tangent  is  perpendicular  to  OP. 


40.  /'  =  xP  =>  qy’-’y'  =  pxn~' 


p.x 


p- 1 


9.V 


;V-I 


p^-'y 

qyt 


qx/>  q 


41.  2x2  +  y2  =  3  and  x  =  y2  intersect  when  2x2  +  x  —  3  =  (2x  +  3)  (x  —  I)  =  0  <=s  x  =  —  |  or  I,  but  —  y  is 
extraneous.  2x2  +  y2  =  3  =>  4x  +  2yy'  =  0  =>  y'  =  — 2r  /y,  and  x  =  y*  =>  I  =  2yy'  => 
y'  =  1/  (2y).  At  (I.  1)  the  slopes  are  mi  =  -2  and  m,  =  y.  so  the  curves  are  orthogonal  there.  By  symmetry 
they  are  also  orthogonal  at  ( I ,  —  I ). 
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42.  v2  —  v2  =  5  and  4.v2  +  9 y2  =  72  intersect  when  4.v2  +  9  (x2  —  5)  —  72  <=>  1 3.x 2  =  117  «=>  .v  =  ±3,  so 
there  are  four  points  of  intersection:  (±3,  ±2).  *2  —  y2  =  5  =*  2.r  -  2yy'  =  0  =»  y’  =  x/y  and 
4.v2  +  9v2  =  72  =>  8x  +  I  8yy*  =  0  <r>  y'  —  -  4.x/9y.  At  (3,  2)  the  slopes  are  m  \  =  |  and  nr;  =  — | ,  so 
the  curves  arc  orthogonal  there.  By  symmetry,  they  are  also  orthogonal  at  (3,  -2),  (-3, 2)  and  (-3,  -2). 


45.  t?  +y2  =  r2  is  a  circle  with  center  O  and  ax  +  bv  =  0  is  a  line  through  (). 

x~  +  y2  =  r2  =>  2x  +  2yy'  =  0  y'  —  —x/y,  so  the  slope  of  the  tangent 
line  at  /’o  (.vo,  to)  is  —xo/yo-  The  slope  of  the  line  OP  is  yo/xo.  which  is  the 
negative  reciprocal  of  —  xo/yo.  Hence,  the  curves  are  orthogonal. 


46.  The  circles  x2  +y2  =  ax  and  j:2  +  y2  =  by  intersect  at  the  origin  where  the  tangents 
arc  vertical  and  horizontal.  If  (xo,yo)  is  the  other  point  of  intersection,  then 
axo  =  Aq  +  =  byo  (★)  Now  x2  +  y2  =  ax  =»  2x  +  2yy'—a  => 


y  =  — - - and  x  +  y-  =  by 


2x  +  2v/  =  bv' 


lx 

b  —  2y 


.  Thus,  the 


,  .  n  —  2.vo  b  -  2yo 

curves  are  orthogonal  at  Uo,  yo)  <=>  - - - —  <=> 

2yo  2a0 

2o.to  -  4.v„  =  4yg  —  2byo  <=>  2axo  +  2 byo  =  4  (.v^  +  Vg),  which  is  true  by  (★). 


47.  y  =  cx2  =>  y'  =  2cjt  and  r2  +  2y2  =k  =»  2x  +  4 yy'  =  0  => 
.  x  x  I 

y  =  —  —  =  —  - — r  =  —  - — ,  so  the  curves  are  orthogonal. 

2y  2c.t-  2c.t 
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48.  y  =  ax3  =*  y'  =  lax2  and  x2  +  ly2  =  b  =>  2x  +  6yy'  =  0  => 

XX  1 

y  = - = - j  - - r,  so  the  curves  are  orthogonal. 

3y  3axJ  3ax^ 


49.  y  =  0  =>  a2  -  x  (0)  +  02  =  3  <=»  x  —  ±75.  So  the  graph  of  the  ellipse  crosses  the  x-axis  at  the  points 
(±73, 0^.  Using  implicit  differentiation  to  find  y,  we  get  lx  —  xy'  —  y  +  1 yy1  =  0  =s  y1  (ly  —  x)  =  y  —  lx 


y'  =  - — .  Soy  (73,  o)  =  — — =  l,  andy  (-75,  o)  =  U  — =  2  =  y  (75,  oY  So  the 

'  ly  —  x  r\  )  2  (0)  —  75  V  '  2  (0)  +  75  V  > 


0-275 


0  +  275 


tangent  lines  at  these  points  are  parallel. 


y  —  lx 

50.  (a)  We  use  implicit  differentiation  to  find  y'  =  - - as  in  Exercise  49. 

The  slope  of  ti-.e  tangent  line  at  (-1.  I)  ism  =  ^  =  1,  so  the 


slope  of  the  normal  line  is - =  —  I ,  and  its  equation  is 

m 

y  —  1  =  —  (x  +  1)  <=>  y  =  —  x.  Substituting  this  into  the  equation 
of  the  ellipse,  we  getx2  —  x  (— x)  +  (— x)2  =  3  =»  3x2=3  « 
x  =  ±1.  So  the  normal  line  must  intersect  the  ellipse  again  at  x  =  I, 
and  since  the  equation  of  the  line  is  y  =  -x,  the  other  point  of 
intersection  must  be  (I .  —  I). 


(b) 


-2 


51.  x2y2  +xy  =  l 


Ixy2  +  lx2yy'  +  y  +  xy'  =  0  «•  y'  (lx2y  +  x)  =  —Ixy2  —  y 


<=» 


Ixy2  +  y 
lx2y  +  x ' 


So— I*?  +y  =-l  <=>  2xy2+y  =  2x2y  +  x  y  (Ixy  +  1)  =  x  (2xy  +  1)  » 

2xLy  +  x 

(2xy  +  1)  (y  —  x)  =  0  «=>  y  =  x  orxy  =  —  j.  Butxy  =  —  j  =>  x2y2  +  xy  =  j  -  j  7  2  so  we  must  have 
x  =  y.  Then  x2y2  +  xy  =  2  =»  x4+x2=2  <=>  x4+x2  — 2  =  0  <=>  (x2  +  2)  (x2  —  1)  =  0.  So 
x2  —  —1,  which  is  impossible,  or  x2  =  I  <=>  x  =  ±1.  So  the  points  on  the  curve  where  the  tangent  line  has  a 
slope  of  —  1  are  (—1,  —1)  and  (1, 1). 


52.  Using  implicit  differentiation,  2x  +  8 yy'  =  0  so  y'  =  -  — .  Let  (a,  b)  be  a  point  on  x2  +  4y2  =  36  whose 

(i  a 

tangent  line  passes  through  (12, 3).  The  tangent  line  is  then  y  —  3  =  —  —  (x  —  12),  so  b  —  3  =  —  —  (a  -  12). 

4  b  4  b 

Multiplying  both  sides  by  4 b  gives  462  —  126  =  —a2  +  12a,  so  462  +  a2  =  12  (a  +  b).  But  462  +  a2  =  36,  so 
36=12(a  +  6)  =>  a  +  6  =  3  =»  b  =  l-a.  Substituting  into  x2  +  4y2  =  36  gives  a2  +  4  (3  -  a)2  =  36, 
so  a2  +  36  —  24a  +  4a2  =  36.  Hence,  0  =  5a2  —  24a  =  a  (5a  —  24),  so  a  =  0  or  a  =  y .  Thus,  if  a  =  0, 
h  =  3  —  0  =  3  while  if  a  =  y,  b  =  3  —  y  =  —  f .  So  the  two  points  are  (0, 3)  and  (y. —  f)-  A  check  shows 
that  both  points  satisfy  the  necessary  hypothesis. 
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53.  v2  +  4y2  —  5  =>  2x  +  4  (2yy')  =  0  =>  y'  =  —  — .  Now  let  h  be  the  height  of  the  lamp,  and  lei  (a,  b)  be 

the  point  of  tangency  of  the  line  passing  through  the  points  (3,  h)  and  (-5. 0).  This  line  has  slope 

(A  —  0)  /  [3  -  (-5)1  =  |/i.  But  the  slope  of  the  tangent  line  through  the  point  (a,  b)  can  be  expressed  as 

,  a  b  -0  b  ,  a  b 

y  —  -Jh'OTas - =  ~s  [since  the  line  passes  through  (-5. 0)  and  (a,  A)],  so - = -  <=* 

™  a  t  x)  a  +  o  4 b  a  +  5 

4b2  =  —a2  —  5 a  <=>  a2  +  46-  =  —5a.  But  a2  +  462  =  5,  since  (a,  6)  is  on  the  ellipse,  so  5  =  —5a  <=> 

°  =  — *•  Then  462  =  — I  —  5  (— I)  =  4  =>  6  =  I,  since  the  point  is  on  the  top  half  of  the  ellipse.  So 
6  _  6  I  I 

g  —  j  —  _j_  5  =  ^  =>  6  =  2.  So  the  lamp  is  located  2  units  above  the x-axis. 


Higher  Derivatives 


1.  a  =  /,  6  =  /',  c  =  f".  We  can  see  this  because  where  a  has  a  horizontal  tangent,  6=0,  and  where  6  has  a 
horizontal  tangent,  c  =  0.  We  can  immediately  see  that  c  can  be  neither  /  nor  since  at  the  points  where  c  has  a 
horizontal  tangent,  neither  a  nor  6  is  equal  to  0. 

2.  Where  d  has  horizontal  tangents,  only  c  is  0,  so  d'  —c.  c  has  negative  tangents  for  x  <0  and  b  is  the  only  graph 
that  is  negative  for  x  <  0,  so  c'  =  6.  6  has  positive  tangents  on  R  (except  at  x  =  0),  and  the  only  graph  that  is 
positive  on  the  same  domain  is  a,  so  6'  =  a.  We  conclude  that  d  =  f,c  =  f,b  =  /".  and  a  -  /"'. 

3.  We  can  immediately  see  that  a  is  the  graph  of  the  acceleration  function,  since  at  the  points  where  a  has  a  horizontal 
tangent,  neither  c  nor  6  is  equal  to  0.  Next,  we  note  that  a  =  0  at  the  point  where  6  has  a  horizontal  tangent,  so  6 
must  be  the  graph  of  the  velocity  function,  so  that  6'  =  a.  We  conclude  that  c  is  the  graph  of  the  position  function. 

4.  a  must  be  the  jerk  since  none  ol  the  graphs  arc  0  at  its  high  and  low  points,  a  is  0  where  6  has  a  maximum,  so 

6  =  a.  b  is  0  where  c  has  a  maximum,  so  c'  =  b.  We  conclude  that  d  is  the  position  function,  c  is  the  velocity,  6  is 

the  acceleration,  and  a  is  the  jerk. 

5.  /(x)  =  xs  +  6x2-7x  =>  /'(x)  =  Sx4  +  I2x  -  7  =»  /" (x)  =  20x3  +  12 

6-  /(/)  =  Is  —  7tb  +  2i4  =>  /' (f)  =  8r7  -  42r5  +  8t3  =>  /"(/)  =  56/6  -  210<4  +  24/2 

1-  y  =  cos  W  =>  /  =  —2  sin  71)  =»  y"  —  —4  cos  2 0 

i.y  =  0s\n0  =»  /  =  0cos0  +  sinfl  =>  y"  =  O(-sin0)  +  cost?  •  1  +  costf  =  2costf  -  0sin0 

9.  h  (x)  =  Vx2  +  I  =>  A'(x)  =  i  (x2  +  l)-l/2  (2.x)  =  *  => 

2  Vx2  +  I 

Jf2+I  (x2+l)3/J  (x2+1)3/2 

10.  G  (r)  =  >  +  =»  O'  (r)  =  Jr'122  +  Jr"223  =»  G"  (r)  =  -ir"322  -  ^-V3 

11.  F(.s)  =  (3s +  5)8  =»  F  (s)  =  8  (is  +  5)7  (3)  =  24  (3s  +  5)7  => 

F"  (s)  =  1 68  (3s  +  5)6  (3)  =  504  (3s  +  5)6 

12.  g(u)  ---  I  A/I  -  u  =  (I  -«)-'/2  =>  g*  (i/)  —  —  5  (I  —  ,t)~3/2  (—1)  =  y(l  —  it)- 3/2  => 

g"  <«)  =  -j  a  -  «rV2  (- 1 )  =  |  ( i  -  «r5/2. 


13.  y  = 


I  -x 


y  = 


1(1  -x)-x(-l) 

(I  -X)2 


(1  -  X)2 


y"  =  -2(i  —  x)~3  (-1)  = 


(1  -x)J 
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14.  v  =  x"  =s  y'  =  nx"  1  =>  y"  —  n  (n  -  l)x"  ~2 

15.  v  =  (I  —  =»  >-'  =  I  (I  —  >r2)_,/4  (— 2.x)  =  — 4-r  (I  —  x2)_l/4  => 

/' = -i  (i -*r,/4  - 1*  (-i)  (1  -t2)-s/4(-iv) = -1  (i  -,=)-,/4  - 1*2  0  -*r5/4 

=jo-^)-s/4(^-2) 


„  .v2  ,  (x  +  l)2x-x2  x2+2x 

x+l  '  (x  +  l)2  (x+l)2 

„  _  (v  +  I)2  (It  +  2)  -  (x2  +  It)  (2)  (x  +  l)  2(x  +  I)  [(.t  +  l)2  -  (x2  +  2x)]  _  2 

(x  +  l)4  _  (x  +  l)4  “(x  +  l)2 

17.  H  (1)  =  tan  3/  =>  //'(/)  =  3  sec2  3/  =5 

II"  (0  =  2-3  sec  3 1  —  (sec  3/)  =  6  sec  3/  (3  sec  3 1  tan  3/)  =  18  sec2  3t  tan  3/ 
at 

18.  g(s)  =  s2coss  =>  g' (s)  =  2scoss  —  s2sins  => 

g"  (s)  =  2coss  —  2s  sins  —  2s  sins  —  s2  coss  =  (2  —  s2)  cos s  —  4s  sins 


19.  £  (())  =  0  esc  0  =>  g '  ( 0 )  =  —0  esc  II  cot  0  +  esc  0  => 

g"  ({))  =  (—  DcscOcotfl  +  (—0)  (—  esc 0  cot 0)  cot 0  +  1—OcscO)  (—  esc2  II)  —  esc 0  cot  0 
=  esc  0  (0  esc2  H  +  0  cot2 11  —  2  cot  0) 


20.h(X)^4±L 

x*  +  2.x 


/>'(<)  = 


(x2  +  2x)  (l)-(x  +  3)  (2.x +  2)  _  (x2  +  2.x)  -  (It2  -|-  8s  +  6)  _  x2  4  6x  +  6 
(x2  +  2x)2  _  (x2  +  2x)2  _~(x2  +  2x)2 

h„  =  (x2  +  2.x)2  (2.x  +  6)  -  (x2  +  6.x  +  6)  2  (x2  +  It)  (2s  +  2) 

[(,J  +  2.x)2]2 

2  (x 2  +  It)  [(.x2  +  2t)  (x  +  3)  -  (x2  +  6.x  +  6)  (2s-  +  2)] 

(x2  +  2x)4 

2  [(s'  +  5.x2  +  6.x)  -  (2.x3  4-  14.x2  +  24.x  +  12)]  _  2  (x3  +  9x2  +  18.x  +  12) 

(x2  +  2.x)2  “  (x2  +  2x)3 


21.  (a)  f(x)  =  2cos.x  +  sin.x  =>  /' (x)  =  2(— sinx)  +  2stnx  (cosx)  =  sin2x  —  2sinx  => 
f"  (x)  =  2cos2x  —  2 cosx  =  2  (cos  2x  —  cosx) 


(b) 


We  can  see  that  our  answers  are  plausible,  since  /  has  horizontal 
tangents  where  /'  (x)  =  0,  and  /'  has  horiz.ontal  tangents  where 
f  "  (x)  =  0. 
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22.  (a)  /(x)  = 


x 2  +  I 


/'  (*)  = 


(*J  +  I)  —  JT  (2x)  l-X2 


(*2+>r 


;+>r 


/"  <x) 


(b) 


_  (x2  +  l)  (— 2x)  -  (I  —  x2)  (2)  (x2  +  I)  (2x)  _  lx  (2x2  -  2 -x1  -  1)  _  2x  (x2  -  3) 
(*2+')4  ~  (*2+')’  ”  (x2  +  l)3 

We  can  see  that  our  answers  are  plausible,  since  /  has  horizontal 
tangents  where  /'  (x )  =  0,  and  /'  has  horizontal  tangents  where 
/"(*)  =  0. 


1.5 


' 

s 

1  / 

1  / 

\  f 

\ 

-1.5 

23.  y  =  y/2TT3  =  (lx  +  3),/2  =>  /  =  ^(2x  +  3)-1',2  -2  =  (2jc  +  3)-'/2  => 

y"  =  -j  (2x  +  3)"J/2  •  2  =  -  (2x  +  3)-3/2  =»  y"<  =  \  (2x  +  3)‘5/2  •  2  =  3  (2x  +  3)~s/2 


-2 


24. y=i^  ^  _  U  +x)(-l)-(l  -x)  _ _ ; 

1  +*  (1  +  x)2  (1  +  x)‘ 

y"'  =  - 12(1 +.r)-4 

25.  f  (x)  =  (2  —  3x)~l/2  =>  /(0)=2-‘/2  =  -L 

/'  (x)  =  -  J  (2  -  3x)-3'2  (-3)  =  1(2-  lx)-222  -- 
f"  (x)  =  -I  (2  -  3x)_5/2  (-3)  =  j  (2  -  3x)-572 


=  -2(1  +  x)~ 


y' =4(1  +x)-3 


r  (0)  =  §  (2)~3/2  =  ^ 


/"(0)=¥(2)-5/2  =  ^ 

/"'(A)=f  (2-3x)-7/2  =>  /"'  (0)  =  ^  (2)-7/2  =  ^ 

26.  g(0  =  (2  —  r2)6  =>  g(0)  =  26  =  64 


g'  (/)  =  6  (2  - 12)5  (-21)  =  -12 1  (2  -  r2)5 


g'  (0)  =  0 


g"(r)  =  -l2(2-/2)5  +  120/2(2-r2)4  =>  y'(0)  = -12(2)5  = -384 
y"  (O  =  360r  (2  -  r2)4  -  960/3  (2  -  I2)3  =>  g'"( 0)  =  0 

27.  /  (0)  -  cot  0  =>  /'  (0)  =  —  esc2  0  =>  /"  (0)  =  —  2  esc  0  (—  esc  0  cot  0)  =  2  esc2  0  cot  0 
/"'  (0)  =  2  (— 2  esc2  0  cot  0)  cot  EH- 2  esc2  0  (—  esc2  (7)  =  — 2  esc2  0  (2  cot2  0  +  esc2  E7)  =s 


/'"(§)  =  -2  (2): 


2(V5)2 


+  (2) 2 


=  -80 


28.  g(x)  =  secx  =>  g'  (x)  =  secx  tanx  => 

g"(x)  —  secx  sec2  ,t  +  tana:  (secx  tanx)  =  sec3  a  +  sccat  tan2x  =  see3  x  +  sec  at  (sec2  at  -  1) 

=  2  sec3  x  —  sec  At  =* 

g'"  (x)  =  6sec2x  (secx  tanx)  —  seextanx  =  secx  tanx  (6sec2x  —  1)  => 

y"(f)  =  V2(l)(62-l)=ll,/2 

,2 

3x2  +  3>|2y  =  0  =s  y  =  — t  => 

y2 


29.  X3  +  V3  =  1 


„  2x>>2  -  2x2vy  2xy2  -  2<t2>>  (~x2/y2)  2xy2  +  2x4  2x  (y2  +  x3)  2< 

y  = - 7 - = - 4 - = - ; - = - x - = - t,  since  x  and  v 

y  y4  y-  ys  v5 

must  satisfy  the  original  equation,  x3  4-  y3  =  I . 
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30.  y?  +  ^y  =  I  =>  ~  +  JL.  =  o 

2y/x  2y/y 


y'  -  -Vy/Vx  =» 

,»  =  v^['/(2^)]y- v^[i/Pv^l  =  7? (lA/y)  (-Jv/vS)  - yy (IA/5Q  =  i  +  •Jyl>fx 


sf*  +  -Jy 


2x 


2.x 


•»  T  I 

2Xyft  ~  2xJx  slnce  1  an<^  -v  must  satisfy  the  original  equation,  y/x  +  yfy  =  I . 


31.  x-  +  xy  +  y2  =  I  =»  2x  +  xy1  +  y  +  2y/  =  0  =>  / (x  +  2y)  =  -2x  -  v  =»  /  =  -- ±2 

x  +  2 y 

y,  _  (x  +  ->)  +  y')  ~  (2x  +  y)  ( I  +  2/)  _  _  (2x  +  xy '  +  4 y  +  2 yy’)  -  (2x  +  4x y'  +y  +  2 yy') 

(t  +  2v)2  “  (x  +  2y)~ 

i  x..  3.x  (2x  +  y)  +  3y  (x  +  2y) 

-3.x/  +  3y  iX\  x+2 y)  +  3y  x  +  2y 

(.x  +  2y)2  (x  +  2y)2  (.x  +  2y)2 

_  6x2  +  3xy  +  3xy  +  6v2  6  (x2  4-  xy  +  y2) 

(x  +  2y)3  "  (,x  +  2 y)3 


6 

(x  +  2y)3 


.  since  .x  and  y  must  satisfy  the  original  equation,  x2  +  xy  +  y2  =  I . 


2x 

a2 


y 


Afx 

a~y 


h2x 

„  _  6~  y  —  xy'  b~  3  X  a- y  _  b2  cry2  —  b~x~ 

a2  y2  a 2  y2  a2  a2y3 

the  original  equation. 


y  (y2 

a2y3  \h2 


b 4 

a2y3 


since  x  and  y  must  satisfy 


33.  /(x)  =  x"  =»  f  (x)  =  nx"~l  =s  f"(x)  =  n(n-  l)x”"2  =>  ■  •  •  => 

(x)  =  n  (n  -  I )  («  —  2)  •  -  2  -  1x”-"  =  n! 

34.  /(x)  =  (I -x)'2  =>  /' (x)  =  —2(1  —  x)-3(— I)  =  2(1  —  x)-3  => 
f"  (x)  =  2  (—3)  (I  —  x  > — 4  ( —  l)  =  2-  3(l  -x)-4  => 

/"’ (x)  =  2-3  (—4)  (I  —  x)— 5  ( —  I )  =  2  ■  3  •  4(1  —  x)-5  =>  ...  =» 

/(”>  (x)  =  2  3  4  . n  (n  +  I)  (1  -  x)-<',+2>  =  - ("  +  1)!-.. 

(I  -x)"+2 

35.  f  (x)  —  (I  +.x)  -'  =>  f(x)  =  -|  (|  +x)-2,/"(x)=  I  2(1+.x)-3./<3>(x)  =  -I  2  3(1  +  x)-4, 

fW  (x)  =  I  2  •  3  ■  4  (I  +  X)'5 . /<’’>  (x)  =  (—!)»„!  (l  +  x)-<”  +  •> 

36.  /(x)  =  y/;  =  xl/2  =>  f'(x)  =  |x“'/2  =>  f"(x)  =  $  (-j)x-3''2  => 

rw=H-0(-i)rV2  -*  => 

/"w-!(-!)(-!)(-!)H)*^-^  =»  -  =» 

/‘"’(x)  =  s  (-4)  (-?)  •••  (3  -  n+  l^x-*2"-1*/2  =  (-I)”"1  — ■ ■'  5  '  (2”  ~  3)y-(2»-D/2 

37.  /(x)  =  l/(3x3)  =  lx  3  =>  f'(x)  =  \  (— 3)x“4  => 

/"(■*)  =  3  (-3)  (-4)  x-J  =>  (x)  =  j  (-3)  (-4)  (-5)  x-*  =>...=> 

/<’’>  (x)  =  3  (-3)  (-4)  ■■■[-(»  +  2))x-«"+3>  =  IT1*"'3  4,5 . (n  +  2>  =  (-!)"(« +  2)1 

3xn+3  6x"+3 
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38.  0sin.t  =  cosjc  =*  O2  sin.v  =  —  sinv  =>  /J3  sinv  =  —  cos.v  =>  D4  sinjt  =  sin.v 

The  derivatives  of  sin.v  occur  in  a  cycle  of  four.  Since  99  =  4  (24)  +  3,  we  have  O99  sin  v  =  D3  sin  .r  —  —  cos.v. 

39.  In  general.  Of  (lx)  =  2/'(2v),  D2f(lx)  =  4/"(2.v) . l)"/( 2x)  =  2"/<’'»  (2x).  Specifically,  since 

/ (v )  =  cos.v  and  50  =  4  (12)  +  2,  we  have  /,50)  (,t)  =  /®  (.v)  —  —  cos.v.  so  D50 cos 2.v  =  — 2S0cos2v. 

40.  Let  /  (.v)  =  .v  sin.v  and  li  (.v)  =  sin x,  so  /  (.v)  =  v/i  (v).  Then 

/'  (v)  =  I,  (v)  +  xh'  (,v).  f"  (,v)  =  h'  (x)  +  h'(x)  +  x h"  (x)  =  2 h'  (x)  +  xh"  (x), 

/'"  (Jt)  =  2/t"  (.v)  +  h"  (x)  +  .v/i'"  (v)  =  3A"  (.v)  +  xh'"  (v) . /<">  (v)  =  n/i'"  ""  (.v)  +  v/i<">  (,v).  Since 

34  =  4  (8)  +  2,  we  have  Al34>  (x)  =  /t,J)  (v)  =  D2  sin  v  =  -  sin  v  and  /i<35)  (v)  =  -  cos.v.  Thus, 

D<35>v  sinjv  =  35/i(34)  (v)  +  .vh(35*  (v)  =  —35 sinx  - .v  cos.v. 


41.  By  measuring  the  slope  of  the  graph  of  s  =  /  (t)  at  r  =  0.  1.  2,  3.  4.  and  5.  and  using  the  method  of  F.xample  I  in 
Section  3.2,  we  plot  the  graph  of  the  velocity  function  i>  =  /'  (/)  in  the  first  figure.  The  acceleration  when  /  =  2  s 
is  a  =  /"  (2).  the  slope  of  the  tangent  line  to  the  graph  of  /'  when  r  =  2.  We  estimate  the  slope  of  this  tangent  line 
to  be  a  (2)  --  /"  (2)  =  o'  (2)*y=9  lt/s2.  Similar  measurements  enable  us  to  graph  the  acceleration  function  in 
the  second  figure. 


42.  (a)  Since  we  estimate  the  velocity  to  be  a  maximum  at  t  =  10, 
the  acceleration  is  0  at  /  =  10. 


(b)  Drawing  a  tangent  line  at  /  =  10  on  the 
graph  of  a.  a  appears  to  decrease  by 
10  ft/s2  over  a  period  of  20  s.  So  at 
i  =  10  s.  the  jerk  is  approximately 
-10/20= -0.5  (ft/s2)/sor  ft/s3. 


43.  (a)  s  =  t3  —  3/  =>  o  (t)  =  s'  (/)  =  3/2  —  3  =>  a  (/)  =  o'  (/)  =  6t 

(b)  a  (I)  =  6(1)  =  6  nt/s2 

(c)  o  (r)  =  3/2  -  3  =  0  when  t2  =  I.  that  is,  r  =  1  and « ( I )  =  6  m/s2. 


44.  (a)  x  = /2  -  /  +  1  =>  o  (/)  =  s'  (/)  =  2/  —  I  =>  a(t)  =  o'(/)  =  2 

(b)  a  (I)  =  2  tn/s2 

(c)  o  (/)  =  2t  -  1  =  0  when  i  =  y  and  a  (5^  =  2  m/s2. 
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45.  (a)  s  =  sin2ir/  =>  » (/)  =  s'  (/)  =  2x  cos2ir/  =*  a  (/)  =  u'  (/)  =  — 4ir2  sin  2*/ 

(b)  a  (1)  =  —4k2  sin2ir  (1)  =  —4k2  (0)  =  0  m/s2 

(c)  «  (/)  =  2k  cos  2k  t  —  0  when  2k  t  is  an  odd  multiple  of  |  <s>  /  is  an  odd  multiple  of  |  <=> 

/  e  j± ±|,  ±|, . . .  J.  When  /  e  j. . . ,  — -  j,  |,  § _ J,  sin2>r/  —  I  and  a  (/)  =  -4/r2  m/s2.  When 

/  e  {. . . ,  —  f ,  —  j,  J,  J, ..  -  J.  sin2it<  ■=  —  I  and  a  (/)  =  4jt2  m/s2. 


46.  (a)  s  =  2/3  -  7/2  +  4/  +  1  =>  o  (l)  =  s'  (/)  =  6t2  -  14/  +  4  =>  a  (/)  =  o'  (I)  =  12/  -  14 

(b)  a  (1)  =  12-  14  = -2  m/s2 

(c)  o  (<)  =  2  (3/2  -  7/  +  2)  =  2  (3f  -  I)  (/  -  2)  =  0  when  t  =  $  or  2  and  a  =  12  -  14  =  -10  m/s2, 

a  (2)  =  12(2)-  14=  10  m/s2. 

47.  (a)  s  (/)  =  l*  —  4/3  +  2  =>  v  (/)  =  s'  (/)  =  4/3  -  12/2  =>  a  (/)  =  «'(/)=  12/2  -  24/  =  12/  (/ -  2)  =  0 

when  l  =  0  or  2. 

(b)  s  (0)  =  2  m,  o  (0)  =  0  m/s,  s  (2)  =  — 14  m,  «  (2)  =  — 16  m/s 


48.  (a)  s  (<)  =  2/3  —  9/2  =>  v  (t)  =  s'  (f)  =  6/2  —  18/  =>  a(t)  =  w/  (1)  =  12/  —  18  =  0  when  t  =  1.5. 
(b)  s  (1.5)  =  —13.5  m,  o  (1.5)  =  -13.5  m/s 


49.  (a)  j  =  /(<)  =  t-  -12 12  +  36/ 
a  (3)  =  —6  (m/s)  /s  or  m/s2 

(b)  « 


«  (/)  =  s'  (/)  =  3/2  —  24/  +  36  =>  a  (/)  =  o'  (/)  =  6/  —  24. 


(c)  First  note  that  u  (/)  =  0  when  /  =  2  and  when  /  =  6,  and  a  (/)  =  0 
when  /  =  4.  The  particle  is  speeding  up  when  v  and  a  have  the  same 
sign.  This  occurs  when  2  <  /  <  4  and  when  /  >  6.  It  is  slowing  down 
when  i)  and  a  have  opposite  signs;  that  is,  when  0  <  /  <  2  and 
4  <  /  <  6. 


50.  (a)  .V  (/)  =  =>  n  (/)  =  x'  (/) 

a  (/)  =  0  =*  2/  (/2  -  3)  =  0  = 

(b)  'j _ _ 

v  '  r  \ 


-1.5 


I  ~/2 

(1+/2)2 


a  (/)  =  »'(/)  = 


2/  (l2  -  3) 
0+'2)3' 


/  =  0  or  V3 

(c)  The  particle  is  speeding  up  when  v  and  a  have  the  same  sign;  that  is, 
when  1  <  /  <  Vi.  The  particle  is  slowing  down  when  v  and  a  have 
opposite  signs;  that  is,  when  0  <  /  <  1  and  when  /  >  Vi. 


51.  (a)  y  (/)  =  A  sin®/  =>  n  (/)  =  y '  (/)  =  /fro cos mz  =>  a  (/)  =  »'  (/)  =  —  Am2  sin®/ 

(b)  a  (/)  =  —Aai2  sin®/  =  —w2y  (/) 

(c)  |o  (/)|  = /lw|cos®/|  is  a  maximum  when  cos®/ =  ±1  <=s  sin®/  =  0  <=>  a  (/)  =  —  ,4®2  sin2  ml  =  0. 
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52.  a  (t)  =  —  =  —  —  =  a  (I)  — .  Then  —  is  the  rate  of  change  of  the  velocity  with  respect  to  lime  (in  other 
words,  the  acceleration)  w  hereas  dv/ds  is  the  rate  of  change  of  the  velocity  w  ith  respect  to  the  displacement. 

53.  Let  P  (x)  =  ax2  +  bx  +  c.  Then  P'  (x)  =  lax  +  b  and  P"  (it)  =  2a. 

P"  (2)  =  2  =>  2a  =  2  =>  a  =  I .  P'  (2)  =  3  =>  4a  +  6  =  4  +  6  =  3  =»  b  =  -I. 

A*  (2)  =  5  =>  22  —  2  +  c  =  5  =>  c  =  3.  So  P  (x)  =  x2 -x  +  3. 

54.  Let  Q  (x)  =  ax3  +  bx 2  +  cx+d.  Then  Q'  (x)  =  3ax2  +  2 bx  +  c,  Q"  (x)  =  6ax  +  2b  and  O’"  (x)  -  6a.  Thus, 

Q  (I)  =  a  +  b  +  c  +  d  =  1,  Q'  (I)  =  3a  +  2b  +  c  =  3,  Q"  (I)  =  6a  +  2b  =  6  and  Q'"  (I)  =  6a  =  12.  Solving 

these  four  equations  in  four  unknowns  a,  b,  c  and  d  wc  get  a  =  2,  b  —  -3.  c  =  3  and  d  =  - 1.  so 

(?(x)  =  2x3-3x2  +  3x-  I. 


55.  y  =  A sin.tr  +  Bees*  =>  y'  =  A  cosx  —  B sin jr  =s  y"  =  -A  sinx  —  fleosx.  Substituting  into 

y"  +  y'  —  2y  =  sin  x  gives  us  (—3 A  —  B)sinx  +  (A  —  3 /I)  cosx  =  1  sinx,  so  we  must  have  —  3 A  —  B  =  1  and 
A  —  3B  =  0.  Solving  for  A  and  B.  we  add  the  first  equation  to  three  times  the  second  to  get  /f  =  -  T  anj 

A  =  --TO 

56 •  y  —  Ax2  +  Bx  +  C  =»  y'  —  2 Ax  +  B  =>  y"  =  2A.  We  substitute  these  expressions  into  the  equation 
y"  +  y'  -  2y  =  x2  to  get 

(2 A)  +  (2Ax  +  B)-2  (/lx2  +  Bx  +  c)  =  x2 

2A  +  2Ax  +  B  —  2 Ax2  -  2 Bx  -2 C  =  x2 
(-2/1) x2  +  (2 A  -  2B)x  +  (2 A  +  B  -  2C)  =  (l)x2  +  (0)x  +  (0) 

The  coefficients  of x2  on  each  side  must  be  equal,  so  —  2A  =  1  =>  4  =  —  j.  Similarly,  2 A  -  IB  =  0  => 

4  =  =  —  j  and  2A  +  B  —  2C  =  0  =>  —  I  -  j  -  2C  =  0  =»  C  =  -£. 

57.  /(x)  =  xg  (x2)  =>  (x)  =  g  (x2)  +  xg'  (x2)  2x=g  (x2)  +  2xV  (x2)  =» 

f"  (x)  =  2xg'  (x2)  +  4xg'  (x2)  +  4x3g"  (x2)  =  6 xg'  (x2)  +  4x3g"  (x2) 


58.  /(x)  = 


g(x) 


f"  (x)  = 


[*' 


xl 

(x)  +  xg"  (x)  -  s’  (x)]  -  2x  \xg'  (x)  -  g  (x)| 

X4 


x2g"  (x)  -  2xg'  (x)  +  2g  (x) 
x3 


59.  /(x)  =  g(v/x) 


f(x)  = 


s'  (v^) 

2yfx 


,  rz_tyEl 

2fx  'W*  ^ 

4x  Axy/x 


60. 


/(x)  =  3x5  —  I0x3  +  5  =>  /'(x)=  lSx'-SOx2  =» 

/"  (x)  =  60x'  -  60x  =  60x  (x2  —  l)  =  60x  (x  +  1)  (x  -  I) 

So  /"  (x)  >  0  when  —  I  <  x  <  0  or  x  >  I ,  and  on  these  intervals  the 
graph  of  /  lies  above  its  tangent  lines:  and  f"  (x)  <  0  when  x  <  - 1 
or  0  <  x  <  I ,  and  on  these  intervals  the  graph  of  /  lies  below  its 
tangent  lines. 


-25 
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61.  (a)/(.x)  =  -T-!—  =»  /'(-'<)=  (,X  +  I) 


x-  +  x 


(*2+*r 


_  (x2  +  x)2  (-2)  +  (2x  +  I )  (2)  (a2  +  x)  (2x  +  1 )  _  2(3x2  +  3x  +  I) 
7  X)~  (x*+x)4  ~  (x2+.x)3 


f"(x )  = 


(.x2  +  x)3  (2)  (6x  +  3)  -  2  (3x2  +  lx  +  I)  (3)  (x2  +  x)2  (2x  +  1) 


(*2  +  *) 


-6  (4x3  +  6.v2  +  4x  +  1) 
(x2  4  x)4 


(4)  _  (x2  +  x)4  (—6)  (12.x2  +  I2x  +4)  +  6  (4.x2  +  6x2  +  4x  +  1)  (4)  (x2  -t-  x)3  (2x  +  1) 

(x2+x)* 

24(5xJ  +  IOx3  +  IOx2  +  5x  +  I) 


fm  (x)  =  ? 


(b)/(x)  = 


(x2+x)5 


I  I 


f'(x)  =  -X"2  +  (x  +  1)  - 


x(x+l)  X  x  +  1 
/"(.x)  =  2.x-J-2(x  +  I)'3  =>  f"  (x)  =  (-3)(2)x-4  +  (3)  (2)  (x  +  l)-4 
/<">  (x)  =  (— l)"n!  [x -•"+•)  _  (x  +  |)-<"+l>] 


62.  (a)  Use  the  Product  Rule  repeatedly:  F  =  fg  =»  F'  =  f'g+  fg'  => 

F"  =  (fg  +  fg')  +  (/V  +  fg")  =  fg  +  2  fg'  +  /g". 

(b)  F'"  =  f'g  +  fg'  +  2  (fg'  +  fg!’)  +  fg"  +  fg'"  =  f'"g  +  3  fg'  +  3  fg"  +  fg'"  => 
Fw  =  f'g  +  fg •  +  3  (f'"g'  +  f'g")  +  3  (f'g"  +  fg"')  +  fg'"  +  ff' 

=  f4)g  +  4/"V  +  6  f’g"  +  4  fg'"  +  fgw 


(c)  By  analogy  with  the  Binomial  Theorem,  we  make  the  guess: 

/•(->  =  f>g + »f«- v + + •  •  • + Q/'-v3 + — + "fg1”-" + f^ 

t  (n  —  I)  (»  —  2)  ■  •  •  (n  —  4  +  I) 


<"> 


u  (,l\  n ■ 

w,,crc  y - = - 


k\ 


dy 

63.  The  Chain  Rule  says  that  —  = 
ax 


dy  du 
dHd^'S° 


d~v  d  / </v\  r/  fdydu\  T  d  /dy\~\du  dy  d  /</m\ 

dx2  dx  \ dx  )  dx  V/m  dx  )  \_dx  \du  /  J  dx  ^  du  dx  / 

T  d  /  dy  \  du  1  du  dy  d2u  d2y  /  du  \  ~  dy  d~u 

j _du  v/m  /  dx  J  dx  ^  du  dx2  du2  \</.v  /  +  du  dx2 


(Product  Rule) 
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64.  From  lixercisc  63, 


d2i 

dx- 


d2y  /  dti  \ 2  dy  d2u 
du 2  \dx  /  "*"  du  dx 2 


I"  d  / d~y\  du  1  /  Jh \ ’  du  d2u  d2y  I"  d  / dy\ du~\  / d2u\  d2udy 

\_du  \du2  J  dx  J  \ dx  )  dx  dx2  du 2  ^  [_ du  \ du  )  dx  j  \ dx ‘  dx  3  du 

d2y  /  du  \  '  du  d2u  d2y  dy  d2u 
du}  \rf.r  /  dx  dx2  du2  du  dx 3 


Applied  Project 


Where  Should  a  Pilot  Start  Descent? 


1.  Condition  (i)  will  hold  if  and  only  if  all  of  the  following  four  conditions  hold: 

(«)  P  (0)  =  0 

(P)  P'  (0)  =  0  (for  a  smooth  landing) 

(y)  P'  (()  =  0  (since  the  plane  is  cruising  horizontally  when  it  begins  its  descent) 

(<5)  P  (f)  =  h. 

First  of  all,  condition  a  implies  that  P  (0)  =  d  =  0,  so  P  (jc)  =  ax 3  +  bx2  +  cjt  =>  P'  (x)  =  3 ax2  +  2 bx  +  c. 
But  P'  (0)  =  c  =  0  by  condition  //.  So  P'  (()  =  3 at2  +  2 bt  =  t  (3a  f  +  2b).  Now  by  condition  y ,  3 at  +  2b  —  0 

=>  a  —  — — .  Therefore,  P  (jr)  = —^x3  +  fcr2.  Setting  P  (f)  =  h  for  condition  6,  wc  get 


P  (O  =  +  be2  =  h 

„  2/i  ,  3/t  , 

P^)  =  —f3x  +fi*  • 


-}b(2  +  b(2  =h 


,  3/i  2/i 

*  =  71  =»  a  =  -7T-  So 


dx 

2.  By  condition  (ii),  —  =  —  n  for  all  t.  so x  (t)  =  (  —  ut.  Condition  (iii)  states  that 
dt 


d2y 


dt2 


<  k.  By  the  Chain  Rule, 


dy  2 h  .  dx  3 h  „  .  dx  6hx2i> 

;havc^=__(3J[?)_  +  _(2l)_. 


6hxt) 


d2y  6hv  dx  6hn  dx 

~dt>  =7j"Uxr)^7“72"^7  =  “ 


12/iu2 


f3 

6/iw2 


(for*  <  f) 


f3  _Jt  +  P 


In  particular,  when  /  =  0,  x  —  (  and  so 


d2y 

l/=o 
takings  =  0.) 


12  hi>2  6 hu2 

~t  +  T 


6hu2 


-.  Thus, 


d2y 


dt2 


6  hn2 

e2 


<  k.  (This  condition  also  follows  from 


3.  We  substitute  k  =  860  mi/h2,  h  =  35,000  ft  x 


6(35.000-  5^g)(300)2 


I  mi 
5280  ft 


and  o  —  300  mi/h  into  the  result  of  part  (b): 


f2 


<  860  <=>  (  > 


r  35,000 

>  300./6 - I - : 

V  5280  ■  860 


i  64.5  miles. 
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4.  Substituting  the  values  of  h  and  f  in  Problem  3  into 

P  (Jt)  =  +  jt *2  gives  us  P  (x)  =  ax 3  +  bx2.  where 

a  »  4.937  x  l(T5  and  b  =  4.78  x  10  ‘3. 


E2;9  Related  Rates 


dV  dV  dx  -. dx 

dt  dx  dl  dl 


2.  (a)  A  —  ttr2 


d  A  _  d  A  dr  dr 

~dF~~d7di~  ltr~di 


(b)  =  2rrr^—  -  2 n  (30) (I)  =  60jt  m2/s 

dt  dt 


3.  v  =  jr3  +  2.x  =>  ‘if  =  =  (3jcj  +  2)(5)  =  5(3a!  +  2).  When*  =2.  ^f  =5(14)  =  70. 

at  dx  dt  dt 


4  ..v-s/T+F  =5  £  =  ££  =  *  (| +,3)-'*  (  3,2)£- 

dt  dx  dl  2  '  '  '  '  dt  2Vl  +  jr3  d< 

,  3  (4)  dx  dx 

y  =  3,  we  have  4  =  — — -  —  =>  —  =  2  cm/s. 

2  (3)  dt  dt 


,  ,  3x2  dx  ....  rfv 

(3a:2)  —  =  —  — .  With  —  =  4  when  .v  =  2  and 

'  7  ✓//  -»  /*  •  ..t  sit 


5.  (a)  Given:  a  plane  flying  horizontally  at  an  altitude  of  I  mi  and  a  speed  of  500  mi/h  passes  directly  over  a  radar 
station.  If  we  let  /  be  time  (in  hours)  and  jt  be  the  horizontal  distance  traveled  by  the  plane  (in  mi),  then  we  arc 
given  that  dx/dl  =  500  mi/h. 

(b)  Unknown:  the  rate  at  which  the  distance  from  the  plane  to  the  station  is  (c) 

increasing  when  it  is  2  mi  from  the  station.  If  we  let  y  be  the  distance  from  l 

the  plane  to  the  station,  then  we  want  to  find  dy/dt  when  y  =  2  mi. 


(d)  By  the  Pythagorean  Theorem,  y2  =  x2  +  I  =>  2_y  (dy/dt)  =  2x  (dx/dt). 

(€)—■  =  -—-  =  500 - .  When y  =  2,  x  =  &.  so  ^f  =  500  ( =  250v/3  %  433  mi/h. 
dt  y  dt  y  dt  V  2  / 


6.  (a)  Given:  the  rate  of  decrease  of  the  surface  area  is  1  cm2/min.  If  we  let 
I  be  time  (in  minutes)  and  S  be  the  surface  area  (in  cm2),  then  we  are 
given  that  dS/dt  =  —  I  cm2/s. 

(b)  Unknown:  the  rate  of  decrease  of  the  diameter  w  hen  the  diameter  is 
10  cm.  If  we  let  ,v  be  the  diameter,  then  we  want  to  find  dx/dt  when 
•t  =  10  cm. 
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(d)  If  the  radius  is  r  and  the  diameter  t.  then  S  =  4  nr2  =  4rr  =  jr.t2  =>  dS/dx  =  2ttx  ( dx/dl ) 

...  dS  dx  dx  1  dx  1 

(e)  — 1  =  —  =  2^.x—  =>  —  =  —  - —  When  r  =  10,  —  =  —  — — .  So  the  rate  of  decrease  is 

dl  dl  dt  2izx  dl  20  ?r 

5B7  cm/min. 

7.  (a)  Given:  a  man  6  It  tall  walks  away  from  a  street  light  mounted  on  a  15-fT-tall  pole  at  a  rate  of  5  ft/s.  If  we  let  t 
be  time  (in  s)  and  x  be  the  distance  from  the  pole  to  the  man  (in  ft),  then  we  are  given  that  dx /dr  =  5  ft/s. 

(b)  Unknown:  the  rate  at  which  the  tip  of  his  shadow  is  moving  when  he  is  (c)  rs. 

40  ft  from  the  pole.  If  we  let  y  be  the  distance  from  the  man  to  the  tip  of  his 

d  15 

shadow  (in  ft),  then  we  want  to  find  —  (x  +  y)  when  x  =  40  ft.  (,T\. 

dt  _  I  \ 


(d)  Bv  similar  triangles,  —  =  —  -  ' 
6  y 


15>'  =  6x  -f-  6 y 


9y  =  6x 


y  =  5x- 


(e)  The  tip  of  the  shadow  moves  at  a  rate  of  —  (.v  +  y)  =  —  (x  +  I  r)  =  -  —  =  I  (5)  =  25  ft/s 

dt  dt  V  3  )  3  dt  3  3  '  ' 

8.  (a)  Given:  at  noon,  ship  A  is  150  km  west  of  ship  B;  ship  A  is  sailing  east  at  35  km/h.  (c)  fl 

and  ship  B  is  sailing  north  at  25  km/h.  If  we  let  t  be  time  (in  hours),  .t  be  the 

distance  traveled  by  ship  A  (in  km),  and  y  be  the  distance  traveled  by  ship  B  (in  y 

km ),  then  we  are  given  that  dx/dt  =  35  km/h  and  dy/dt  =  25  km/h.  t  ( — 

(b)  Unknown:  the  rate  at  which  the  distance  between  the  ships  is  changing  at  4:00  p  m.  If  we  let  r  be  the  distance 
between  the  ships,  then  we  want  to  find  dz/dt  when  t  =  4  h. 


(e)  At  4:00  P.M.,*  =  4(35)  =  140  and  y  =  4  (25)  =  100  =>  z  =  7(150  -  140)2  +  1002  =  yiOJOO.  So 

dz  _  1  L.  .  .yj'l  -10(35)+ 100(25)  215  _ . L 

”77  —  -  k-x  ~~  130)  —  -by- —  =  - .  -■ - =  ^  2 1.4  km/h. 

^  ■  L  dt  dt  J  V i  o.i  oo  TTof 


We  are  given  that  =  60  mi/h  and  ~  =  25  mi/h.  z1  =  x2  +  y2  => 
dl  dt 

2z~  =  2x~  +  2>'^/.  After  2  hours,  r  =  2  (60)  =  1 20  and y  =  2  (25)  =  50 


1  =  130.  so 


dz  1  /  dx  dv\ 
Tt~~z  VrfT  +  Vdt)  = 


120  (60) +  50  (25) 


=  65  mi/h. 


-T  I-  13-x 


dx  y  2  24 

We  are  given  that  —  =  1 .6  m/s.  By  similar  triangles.  —  —  -  =*  v  =  —  =t 

dl  12  x  x 

dy  24  dx  24  dy  24  ( I  6) 

-77  =  — j-77  =  — r  <1  -6)  When  .r  =  8.  -f  =  =  _()  6  m/  so  ,hc 

dt  x 2  dt  x 3  dt  64 

shadow  is  decreasing  at  a  rate  of  0.6  m/s. 
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Wc  are  given  that  ^  =  4  ft/s  and  ^  =  5  ft/s.  z2  =  (.x  +  y )2  +  5002  => 

at  at 

dz  ( dx  dy  \ 

2 z —  =  2  (jc  +  v)  I  - - E  — I  15  minutes  after  the  woman  starts,  we  have 

dt  '  \dl  dl  J 

x  =  (4  ft/s)  (20  min)  (60  s/min)  -  4800  ft  and  y  =  5  ■  15  •  60  =  4500  => 
r  =  v/(4800  +  4500)2  +  500 2,  so 


dz  x  +  y  / dx  dy\  _ 
dt  z  \  dt  +  dt ) 


wo+mo  JEL  ^  899 

786,740,000  V8674 


12.  We  are  given  that  —  =  24  ft/s. 

(a)  y2  =  (90  -  x)2  +  902  =>  2y^  =  2  (90  -  x) 

./  \\.  When  x  =  45,  y  =  V452  +  902  =  45  ^5,  so 

38  V-L  \  //  dJL  =  ^-L(JjL\^^-  (—24)  = 

dl  y  \  dt  J  45v/5  V5’ 

h  '  so  the  distance  from  second  base  is  decreasing  at  a  rate  of  a*  1 0.7  ft/s. 

(b)  Due  to  the  symmetric  nature  of  the  problem  in  part  (a),  we  expect  to  get  the  same  answer  —  and  we  do. 

z2  —x2  +  90 2  =>  2z—  =  2x^-.  When*  =  45, z  =  45-n/S,  so  ^  =  ——7=  (24)  =  -^-=  =»  10.7  fl/s. 
dt  dt  dt  45n/5  VI 


13.  A  -  \bk.  where  b  is  the  base  and  h  is  the  altitude.  We  are  given  that  ~  =  1  cm/min  and  —  —  2  cm2/min. 
1  dl  dt 

dA  1  /  dh  db\ 

Using  the  Product  Rule,  we  have  —  =  -  I  b—  +  h —  ).  When  It  =  10  and  A  —  100,  we  have  b  =  20,  so 
dt  2  \  dt  dt  J 

1  /  db\  db  db  4-20 

2  =  -  (20  •  1  +  10-p  I  =>  4  =  20  +  IO-7-  =»  -j-  =  — — ^  =-1.6  cm/min. 

2  \  dt)  dt  dt  10 


14.  P»lley 


dy  dx  ,  , 

Given  —  =  —  1  m/s.  find  —  when  X  =  8  m.  y  =  x  +  1  =» 

dt  dt 

.  dy  dx  dx  y  dy  y  ....  /rx 

2y— =  2x —  =*  —  =  —  —  =  — .  Whcn.t  =  8.  v  =  v65,  so 

‘  dt  dl  dt  x  dl  x 

~  Thus,  the  boat  approaches  the  dock  at  ^  as  1.01  m/s. 

at  o 


We  are  given  that  =  35  km/h  and  =  25  km/h.  z2  =  (x  +  v)2  +  I002 
dt  dt 

=*  2z  —  =2(x  +y)(^r-  +  At  4:00  P.M.,  x  =  140  and  y  -  100 
dt  '  \dt  dt } 


=»  2z~  =2(x  +y)(^r  +  At  4:00  P.M.,  x  =  140  and  y  =  100 
dt  '  \dt  dt ) 

=>  z  =  260,  so 

dz  x  +  y/dx  dy\  140+100  720 

—  =  -—V.  (  ?±  +  a_L  )  _  (35  +  25)  =  =»  55.4  km/h. 

dt  z  \dt  dt)  260  ;  3  ' 


119 +  (35  +  25)-^  a.  55.4  km/h. 

260  13  ' 
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16.  Lei  D  denote  the  distance  from  the  origin  (0, 0)  to  the  point  on  the  curve  y  —  -Jx. 
D  =  yJ(x-Q)2+(y- 0)2  =  /t2  +  (VI)2  =  v5*+7  => 
dD  _  i  r_2  ,  ,  ,,  dx  2x  +  1  dx  dx  ,  , 


=  "" ‘<2*  +  ')^  = 


dl  2y/x2+X  dl 


— .  With  —  =  3  when  x  =  4. 


dD  9  27 

-7-  =  — 7=  (3)  =  — p  ar  3.02  cm/s. 

A  2v/20  4v/5 


If  C  =  the  rate  at  which  water  is  pumped  in,  then  —  =  C  —  1 0.000,  where 

dt 

V  =  ^xr2h  is  the  volume  at  time  /.  By  similar  triangles,  -  =  -  => 

2  6 

r  =  5A  =>  T'  =  ^(}/i)2A  =  ^A3  =>  lL  =  |/,2^.  when 

t//; 

h  =  200,  —  =  20,  so  C  -  10,000  =  $  (200)2  (20)  =» 

C  =  10,000+  ^25 T  as  289,253  cm’/min. 


By  similar  triangles,  y  =  — ,  so  b  =  3/;.  The  trough  has  volume 

(  V  =  iWr(10)  =  5(3h)h  =  15/i2  =>  12  =  —  =  30 h—  => 
^  dt  dl 


dh  2  ,  .  dh  2  4 

—  —  — .  When  h  —  Tj.  —  = - r  =  -  ft/min. 

dt  5h  2  dt  5  •  £  5  ' 


0.25  0.3  0  25 


The  figure  is  labeled  in  meters.  The  area  A  of  a  trapezoid  is 
j  (base i  +  basc2)  (height),  and  the  volume  V  of  the  trough  is  10,-1.  Thus. 

V  =  i  (0.3  +  (0.3  +  2a)]  h  (10).  where  -  =  —  =  -  so  2a  =  h  => 

h  0.5  2 

(2  =  5  (0.6  +  h)  h  =  3h  +  5h2  =>  0.2  =  ^  =  (3  +  lO/i)  —  => 

dl  dt 


dh  0.2  dh  0.2  0.2  10 

Tt  =  3++0A  Whe" h  =  °'3’  Tt  =  3  +  10(0.3)  =  T  m/m,n  =  T  Cm/mia 


-6-»h —  II — -h - 16- 


The  figure  is  drawn  without  the  top  3  feel. 

V  =  5  (6  +  1 2)  h  (20)  =  1 0  (h  +  1 2)  /j  and,  from  simi  lar  triangles,  x  =  h  and 

y  16  8  8/i  \\h 

|  =  -  =  j,so*=>.+  I2  +  ^  =  A+12+t  =  12  +  ^. 

I  tnr.2  /  -no  \  xl 


Thus.  V  =  10  (24  +  1 h  =  240/i  +  and  so  0.8  =  —  =  ^240  +  —  h)  When  h  =  5 

\  3  /  3  dt  \  2  J  dt 


dl  240  +  5  (220/3)  2275 


s  0.00132  ft/min. 
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We  arc  given  that  =  30  ft3 /min.  V  -  |jrr2/i  =  | n  h  = 

dV  xh2dh  dh  120  „,L  , 

30  =  —  =  — - =>  —  =  — When  h  =  10  ft. 

dl  4  dl  dt  nh2 

dh  120  6 

—  =  — =—  =  —  0.38  ft/mm. 

dl  102jt  5tr  ' 


We  are  given  dx/dl  =  8  fl/s.  colli  =  — —  =>  x  =  1 00  cot  ft  => 

1  Ou 

£=-.OOcsc2<7^  =»  "  ^.8.  when  v  =  200. 

dt  dl  dl  100 

.  „  100  1  do  (1/2)2  _  I 

sinf/  =  x  =>  ~r  = - r^r~  •  8  —  —  —  rad/s.  The  angle  is 

200  2  dt  100  50  6 

decreasing  at  a  rate  of  55  rad/s. 

A  =  jM»,  but  b  =  5  m  and  h  =  4  sin//  so  A  —  1 0  sin  TV.  We  are  given 
dO  dA  dO 

—  =  0.06  rad/s.  — -  =  1 0  cos  0 —  =  0.6  cos  0.  When  0  =  x, 

sit  /h  3 


=  0.6  (cos  y)  =  (0.6)  ^5^  =  0.3  m2/s. 


We  are  given  dO/dl  =  2°/min  =  55  rad/min.  By  the  Law  of  Cosines, 
x2  =  122  +  152  -  2(12)  (15)  cos#  =  369  —  360cos//  =» 

lx—  =  360 sin 0—.  When  0  =  60°,  x  —  V369  —  360 cos 60°  =  VI 89.  so 
dt  dl 


dx  360  sin  60°  n  ?rV3  •Jin 

di  ~  2  (3V2T)  =  V5T =  "zT 


as  0.396  m/min. 


dV  dP 

25.  Differentiating  both  sides  of  P  V  =  C  with  respect  to  I  and  using  the  Product  Rule  gives  us  P  +  I  -  =  0 

dV  V  dP  dP  dV  600 

=>  —  = - — .  When  V  —  600,  P  =  1 50  and  — —  =  20.  we  have  —  =  —  — —  (20)  =  —80,  so  the  volume 

dt  P  dl  dl  dl  150 

is  decreasing  at  a  rate  of  80  cm3/min. 

26.  PVXA  =  C  =>  f'14—  +  l.4/>F04—  =  0  =>  —  = - —  — .  When  V  =  400,  />  =  80 and 

dt  dt  dt  1.4/’  dl 

y- j -  =  -10,  we  have  (— 10)  =  — .  so  the  volume  is  increasing  at  a  rate  of  ^2  as  36  cm3/min. 

27.  With  7?|  =  80  and  /?2  =  100.  =  +  =  +  =  _tL  so  R  =  Differentiating 

R  R\  80  100  8000  400  9  6 

111.,  ,  1  dR  1  dRi  1  dRx 

—  =  —  +  —  with  respect  to  1.  we  have  -  — —  = - =  — - r  — —  =5 

II  R 1  R2  R2  dt  R2  dl  R2  dt 
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28.  Wc  want  to  find  —  when  L  =  18. 
dt 


dB  dB  dll'  dL  /  ,  ,„\  /  ,  /  20— IS  \ 

“7 7  =  7777-77-77  =  (0.007-  (0.12 -2.53-  L]  53)  (  — — —  | 

dt  dW  dL  dt  V  3  J\  )  \  10.000,000/ 

=  [o.007.  |  (0.I2-  IS2  53)''"']  (0.12.2.53  -  18' »)  (JL)  *  1  045  x  10-8  g/yr 


29. 


dx 

We  are  given  that  —  —2  ft/s.  x  =  lOsinfl 
dt 


—  -  lOcosf)— .  When 
dt  dt 


dt 


10 


(!/V2) 


V5  At 
=  —  rad/s. 


30. 


dy 


Using  Q  for  the  origin,  we  are  given  ^  =  -2  ft/s  and  need  to  find  —  when 

dt  dt 

x  =  —5.  Using  the  Pythagorean  Theorem  twice,  we  have 

y/x2  +  122  +  Jy2  +  1 22  =  39,  the  total  length  of  the  rope.  Differentiating 


with  respect  to  /,  we  get 


dx 


dy 


V.v-  +  122  dt  yv2  +  I22  dt 


=  0,  so 


dt  “  vJp  +  pi  ~di'  N°W  When  *  =  ~5'  39  =  >/(~5)2  +  I22  +  Vy 1  +  I22  =  13  +  /7+  I22  « 

v/.1'2  +  122  =  26.  and  y  —  -Jib2  -  122  =  ^532.  So  when  v  =  -5.  ~  =  -  7— '~6-  (-2)  *s  -0  87  ft/s  So 

dl  n/532(I3)  '  ' 

cart  B  is  moving  towards  O  at  about  0.87  ft/s. 


31.  (a) 


By  the  Pythagorean  Theorem.  40002  -f  y2  =  (2.  Differentiating  with  respect  to 
dy  dt  dy 

/,  we  obtain  2v—  =  21—  Wc  know  that  —  =  600.  so  when  y  =  3000  and 

f  =  5000.  di  =  =  3000<600>  =  =360 ft/s 

dt  t  5000  5  V 


(b)  Here  tan II  =  y/4000,  so  sec2  0—  =  — ! —  — 

dt  4000  dt 


dO  cos  2l)dy  dy 

T  =  Whcn  T  =  3000.  -r  =  600. 

dt  4000  dt  7  dl 


.  .  ..  4000  4000  4  dl)  (4/5)2 

f  =  5000  and  cos 0  — - = - =  -,  so  —  =  ' 


5000 


<’so  j 

5  dt 


4000 


(600)  =  0.096  rad/s. 


32. 


We  are  given  that  —  =  4  (2n )  =  8,t  rad/min.  x  =  3  tan  0 
dt 


—  =3  see 2fl^-.  When  jr  =  l,tan0  =  so  sec2  0  =  1  +  (j)2  =  ^  and 
~=  3  (^)  (8rr>  =  ^  83.8  km/min. 
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33. 


dx 

We  are  given  that  —  =  300  km/h.  By  the  Law  of  Cosines, 
dt 

y2  =  x2  +  1  -2(l)xcosl20°  =  x2  +  l  -2x  (-5)  =  Jf2 +*  +  I,  so 

dy  _  dx  dx  dy  2 x  +  \dx  joo  , 

1y-L  -  2x—  +  —  =>  -f  =  — — — .  After  1  minute,  *  =  -gg-  =  5 
dt  dt  dt  dt  2 y  dt 

=5  y  =  752  +  5  +  I  =  731  => 

^  =  ^)+i(300)  =  ^*296  km/h. 

dt  2V3l  75T 


34. 


dz 

dt 


We  are  given  that  —  =  3  mi/h  and  =  2  mi/h.  By  the  Law  of  Cosines, 
dt  dt 

z2  =x2  +  y1  -  2xycos45°  =  x1  +  y2  -  Vlxy  => 

2z—  =  2r— +2v—  —  72x  —  —  72y  — .  After  1 5  minutes,  we  have 
dt  dt  dt  dt  dt 


x  -  |  and  y  =  j 


713-672 


and 


Vl3  —  672 


[2  3  +  2  2  -  72  (|)  2  -  72  3]  =  713-672  =»  2. 125  mi/h. 


35  Let  the  distance  between  the  runner  and  the  friend  be  l .  Then  by  the  Law  ol 

Cosines, 

e2  =  2002  +  1002  -  2  •  200  ■  100  •  cost)  =  50,000  -  40,000 cos 0  (★). 
Differentiating  implicitly  with  respect  to  /,  we  obtain 

21 —  =  -40,000  (-  sinO)  — .  Now  if  D  is  the  distance  run  when 
dt  dt 

the  angle  is  9  radians,  then  by  the  formula  for  the  length  of  an  arc  on  a  circle,  s  =  rO,  we  have  D  =  1000,  so 

I)  =  _ L_  n  =>  —  =  —  -  =  —— .  To  substitute  into  the  expression  for  — ,  we  must  know  sin  0  at  the  time 

100  dt  100  dt  100  dt 


when  C  =  200,  which  we  find  from  (★):  2002  =  50.000  —  40,000  cos  9 


cos  9  =  I 


sin0  =  y.  -  (3/  =  Substituting,  we  get  2(200)  ^  =  40,000^  (155)  => 

d(/dt  =  l7Q  «  6.78  m/s.  Whether  the  distance  between  them  is  increasing  or  decreasing  depends  on  the 
direction  in  which  the  runner  is  running. 
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36. 


The  hour  hand  of  a  dock  goes  around  once  every  1 2  hours  or.  in  radians  per 
hour,  i  rad/h.  The  minute  hand  goes  around  once  an  hour,  or  at  the  rate 
of  In  rad/h.  So  the  angle  0  between  them  (measuring  clockwise  from  the 
minute  hand  to  the  hour  hand)  is  changing  at  the  rate  of 
dO/dt  =  |  —  2k  —  —  ^  rad/h.  Now,  to  relate  0  to  f,  we  use  the  Law  of 
Cosines:  t2  =  42  +  82  -  2  •  4  ■  8  •  cost?  =  80  -  64 cos f>  (★). 


Differentiating  implicitly  with  respect  to  /,  we  get  2t ~  =  -64  (-  sin  0)  ‘-W .  At  1 :00.  the  angle  between  the  two 

at  at 

hands  is  one-twelfth  of  the  circle,  that  is,  =  f  radians.  Wc  use  (★)  to  find  (  at  1 :00: 

£  =  ^80  —  64  cos  ^  =  \/80  —  32>/3.  Substituting,  we  get  2f  —  =  64  sin  ^  => 

dj_  ^  64  (l)  (~1r)  _  88a 

dl  2v/80  -  32^/3  3\/80  -  32  V3 


'  —  1 8.6.  So  at  1 :00,  the  distance  between  the  tips  of  the  hands  is 


decreasing  at  a  rate  of  18.6  mm/h  %  0.005  mm/s. 


0  Linear  Approximations  and  Differentials 


1.  As  in  Example  I,  7  (0)=  185,  T  (10)  =  172,  T  (20)  =  160,  and 
7"  (10)  —  r  (20)  172-  160 


r  (20) < 


=  —  l.2l>F/min. 


10-20  -10 

T  (30)  T  (20)  +  V  (20)  (30  —  20)  as  160  —  1.2(10)  =  148°  F.  Wc 
would  expect  the  temperature  of  the  turkey  to  get  closer  to  75°  F  as  time 
increases.  Since  the  temperature  decreased  13°  F  in  the  first  10  minutes 
and  12°  F  in  the  second  10  minutes,  we  can  assume  that  the  slopes  of  the 
tangent  line  are  increasing  through  negative 
values:  - 1 .3,  —  1 .2, . . ..  Hence,  the  tangent  lines  are  under  the  curve  and  148°  F  is  an  underestimate.  From  the 
figure,  we  estimate  the  slope  of  the  tangent  line  at  /  =  20  to  be  =  -55  Then  the  linear  approximation 

becomes  T  (30)  =5  T  (20)  +  T'  (20)  •  10  »  160  -  g  (10)  =  I47§  =»  147.7. 


2.  /"(2): 


P  (1)  —  P  (2)  87.1-74.9 


=  —12.2  kilopascals/km. 


1  -2  -I 

p  (3)  at  P  (2)  +  P'  (2)  (3  -  2)  %  74.9  -  12.2(1)  =  62.7  kPa.  From  the 
figure,  we  estimate  the  slope  of  the  tangent  line  at  It  =  2  to  be 
=  ~ t-  4  hen  the  linear  approximation  becomes 


P  (3)  *  P  (2)  +  P'  (2)  •  1  «  74.9  -  ^  «  63.23  kPa. 
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3. 


If  c  (r)  represents  the  cash  per  capita  in  circulation  in  year  I.  then  we  estimate 
C  (2000)  using  a  linear  approximation  based  on  the  tangent  line  to  the  graph  of  C  at 


(1990,  ('(1990))  =  (1990,  1063).  C'  (1990)  ‘ 


C  (1980) -C  (1990) 


571-  1063  _  49  ,  dollars 


1980-1990  -10  year 

C  (2000)  as  C  (1990)  +  C'  (1990)  (2000  —  1990)  as  1063  +  49.2(10)  =  1555.  So  our  estimate  of  cash  per  capita 
in  circulation  in  the  year  2000  is  $1555.  For  the  given  data,  C  is  increasing,  so  the  graph  of  C  is  concave  upward 
and  the  tangent  line  approximations  are  below  the  curve,  indicating  that  our  prediction  is  an  underestimate. 


From  the  figure, 

P'  (17)  as  y  =  2.5  thousand  bees/week. 

P  (18)  a*  P (17) +  P'  (17)  (18  —  17) 

as  70  +  2.5  (1 )  =  72.5  or  72,500  bees. 
P  (20)  as  P  (17)  +  P'  (17)  (20  -  17) 

as  70  +  2.5  (3)  =  77.5  or  77,500  bees. 


(b)  Since  the  tangent  line  at  /  =  17  is  above  the  graph,  our  predictions  are  overestimates. 

(c)  P  (18)  is  more  accurate  than  P  (20)  since  it  is  closer  to  the  given  data. 

5.  / (x)  =  x3  =>  /'  (x)  =  3.x2  so  /( 1)  =  I  and  /'  (1)  =  3. 

Thus.  L  (x)  =  /  (I)  +  /'( l)(x-  l)  =  1  +  3  (x  —  I )  =  3x  —  2. 

6.  /  (x)  =  I  /s/2  +  x  =  (2  +  x)~,/2  =>  /'  (x)  =  —  5  (2  +  x)"J/2  so  /  (0)  =  ^  and  f  (0)  =  - 1  j  (475)  .  So 

Mx)  =  /(0)  +  / (0)(x-0)=  j.  -  ji=(x  -0)  =  (l  -  Jx). 


7.  /(x)  =  l/x  =>  /'  (x)  =  — 1/x2.  So  /(4)  =  \  and  /'  (4)  =  -^. 

So  /.  (x)  =  /( 4)  +  /'  (4)  (x  -  4)  =  i  +  (-^)  (x  -  4)  =  J  -  j^x. 

8.  /(x)  =  l/x  =  x,/3  f  (x)  =  jx_2/3  so  /  (—8)  =  -2  and  /'(-*)  =  Vi- 

Thus.  L  (x)  =  /(— 8)  +  /'  (-8)  (x  +  8)  =  -2  +  -^  (x  +  8)  =  ^x  -  f 

9.  /(x)  =  7l  -x  =>  /'(x)  =  ^===  «>/(0)  =  I  and/'(0)  =  -f 

Therefore, 

=  /  (x>  a =  /  «>)  +  /  (o>  (x  -  o> 

=  1  +  H)  (x  -  0)  =  I  -  {x 


-0.75 


3.5 


So  703>  =  71  -0.1  as  |  —  i  (0.1)  =  0.95  and 
703»  =  V)  -  0.01  as  I  —  ^  (0.01)  =  0.995. 

10.  g(x)  =  7T+x  =  (1  +x)l/3  =»  g'(x)  =  }(l+x)_2/Jsog(0)  =  l 

and  g'  (0)  =  j . 

Therefore.  7l  +  x  =  g  (x)  as  g  (0)  +  g'  (0)  (x  -  0)  =  I  +  jx. 

So  7<T95  =  71  +(-0.05)  as  1  +  ^  (-0.05)  =  0.983.  and 
7U  =  7l  +  0.1  as  1  +  \  (0.1)  =  1.03. 


-1.5 
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11.  fix)  =  VI  +  x  =>  /'  (x)  =  so  /(O)  =  I  and  /'  (0)  =  A. 

2vl  +  .*  z 

Thus.  / (t)  %  /  (0)  +  /'  (0)  (at  -  0)  =  I  +  j  (.v  -(>)=!  +  Jx. 

Wc  need  VI  +  *  —  0.1  <  I  +  |x  <  Vi  +  x  +  0. 1 .  By  zooming  in  or 
using  an  intersect  feature,  we  see  that  this  is  true  when  -0.69  <  x  <  1.09. 

12.  f  (x)  =  tan  r  =>  f  (x )  =  sec2  x  so  / (0)  =  0  and  /'  (0)  =  I . 

Thus.  f{x)  =s  /  (0)  +  /'  (0)  (or  —  0)  =  0  +  I  (or  —  0)  =  x. 

Wc  need  tan  x  -  0. 1  <  x  <  tan  at  +0.1.  w  hich  is  true  when 
-0.63  <  x  <  0.63. 


|  _g 

13  /(t)  =  77~.  ,4  =*  /'  (•*)  =  ~ - r~ T  so  /(0)  =  1  and 

(I  +  2x)  (I  +  2x)5 

/'( 0)  =  -8. 

Thus.  /  (x)  =s  /  (0)  +  /'  (0)  (x  -  0)  =  I  +  (-8)  (x  -  0)  =  I  -  8x. 

We  need  1/  (1  +  2x)4  —  0.1  <  I  —  8x  <  1/(1  +  2x)4  +  0.1.  which  is  true 
when  —0.045  <  x  <  0.055. 

14-/(x)=  v?=T  =*  /'W  =  ^7iT7?72so/(0)  =  jand 


^(X)_V4^r  ^  f' (jt)  ~  2  (4"-  x)3/2  S°  /(0)  =  2  and 

f  (Q)=  77;  •  So  /  (at)  =»  j  ^  (.t  —  0)  =  5  +  j$x.  We  need 


V7^7~ai  <  5  +  < 

-3.9!  <  x  <  2.14. 


+  0.1,  which  is  true  when 


‘ 

!  +  0.1 

L  yS/S 

o.l 

\y 

_ X 

/  f  0  .1 

15.  If  y  =  fix),  then  the  differential  dy  is  equal  to  /'  (x)  dx.  y  =  x4  +  5x  =>  rfj 

16.  y  =  cosxx  =>  dy  —  —  sin  xx  •  it  dx  =  —jt  sin  jtx  dx 

17.  V  =  x2  tan  .v  =>  dy  =  (x2  see2  x  +  tanx  •  2x)  rfx  =  (x2  sec2  x  +  2x  tanx)  rfx 

18.  y  =  Vl  + 12  =>  dy=  i  (1  +/2)'l/2(2r)rfr  =  -FJ=—  dt 

Vl +71 

19-  y  =  ~~T  -  —  l)(l>~("2+  l)(l)t/«  =  — 

(«-l)2  (u-1)2 

20.  y  =  (1  +  2r-)~4  =>  dy  =  -4  (1  +  2r)^5  ■  2dr  =  -8  (1  +  2r)  s  dr 

21.  (a)  y  =  x2  +  2x  =>  dy  =  (2x  +  2)  dx 

(b)  When  x  =  3  and  dx  =  j,  dy  =  (2  (3)  +-  21  (2)  =  4. 

22.  (a)  v  =  x3  —  6x2  +  5x  -  7  =>  dy  =  (3x2  -  I2x  +  5)  dx 

(b)  Whenx  =  -2andrfx  =0.l.rfy  =  (12 +  24  +  5) (0.1)  =  4.1. 


dy  =  (4x3  +  5)  dx. 
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23.  (a)  y  =  (x2  +  5)3  =>  dy  =  3  (x2  +  5  f  2x  dx  =  6x  ( x 2  +  5)2  dx 
(b)  When  x  =  I  and  dx  =  0.05.  dy  =  6(1)  (I2  +  5)2  (0.05)  =  10.8. 

24.  (a)  y=y/\-x  =>  dy  -  ;  (I  —  jc)~i/2 (—  I ) c/jr  -  -~--^l-==dx 

(b)  When  x  =  0  and  dx  =  0.02.  dy  =  —  ^  (0.02)  =  —0.01 . 

25.  (a)  y  =  cos. x  =>  dy  =  -  sin x  dx 

(b)  When  t  =  f  and  dx  —  0.05.  dy  =  —  5  (0.05)  -  —0.025. 

26.  (a)  v  =  sin.x  =>  dy  =  eosjt  dx 

(b)  When  x  =  f  and  dx  =  —0.1  ,dy  =  Q  (—0.1)  —  —  40. 


27.  y  =  x2.x  =  I.  A.t  =  0.5  =» 
Ay  =  (1.5)2  -  I2  =  1.25. 
dy  =  2xdx  =2(l)(0.5)=  1 


29.  y  =  6  —  v2.  x  =  -2.  Ax  =  0.4  => 

Ay  =  (6  -  (— 1.6)2)  -  (6  -  (— 2)2)  =  1.44 
dy  =  — 2.v  dx  =  -2  (-2)  (0.4)  =  1.6 


31.  y  =  /  U)  =  -/x  =»  dy=-^~dx.  When  x  =  36  and  dx  =  0.1,  dy  =  (0.1)  =  yjg,  so 

V36J  =  /  (36. 1 )  «/(36)  +  </y  =  >/36+  «  6.0083. 
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32.  V  =  /(.V)  =  1ft  +  =>  dy  =  (fx"2'’3  +  ix~3/4)  dx.  II' x  =  I  and  dx  =  0.02.  Ihcn 

dy  =  (}  +  ?)  (°  °2)  =  n  C0-°2).  Thus.  ^02  +  yro5  =  /(1 .02)  *s  f  (\)  +  dy  =  2+ ^  (0.02)  as  2.01 1 7. 


33.  y  =  /(x)  =  \/x  =>  dy  =  (~l/x2)dx.  When*  =  lOandr/x  =  0.1,  dy  =  (“t®)  (0.1)  =  -0.001.  so 
WT  =  /(IO.I)  as  f(\0)  +  dy  =  0.1  -0.001  =0.099. 

34.  y  =  f  (x)  =  x6  =>  dy  =  (ixi  dx.  When  x  =  2  and  dx  =  -0.03,  dy  =  6  (2)5  (-0.03)  =  -5.76.  so 
(I.97)6  =  / (1.97)  as  /(2)  +  dy  =  64  -  5.76  =  58.24. 

35.  y  =  /(*)  =  sin .v  =»  dy  =  cos  t  rfx.  When  *  =  f  and  </x  =  -  dy  =  cos  §  (--[fg)  =  -  5^5.  so 
510  59“  =  /  ($,*)  *  /(f)  +  rfj>  =  ^  -  jft 5  «  0.857. 


36.  >'  =  /  (x)  =  cos  t  =>  rfv  =  -  sin  x  dx.  When  x  =  £  and  dx  =  ^ir. 

dy=-  sin  |  (^*)  =-;(n0)  =  -^o.socos31.5,>  =  /(^ir)  *  f  (%)  +  dy  =  4  -  535  =»  0.853. 

37.  We  can  see  from  a  graph  of  y  =  secx  that  the  tangent  line  approximation  at  (0,  1 )  is  the  horizontal  line  y  =  I . 
Since  0.08  is  close  to  0.  approximating  sec  0.08  with  I  is  reasonable. 

38.  Ify  =  X6./  =  6x5  and  the  tangent  line  approximation  at  (I,  1)  has  slope  6.  If  the  change  inx  is  0.01.  the  change 
in  y  on  the  tangent  line  is  0.06,  and  approximating  (1.01)6  with  1.06  is  reasonable. 

39.  (a)  If  x  is  the  edge  length,  then  V  =  x3  =>  dV  =  3x2  dx.  When  x  =  30  and  dx  =  0.1. 

dl  =3  (30)"  (0.1)  =  270.  so  the  maximum  error  is  about  270  cm3. 

(b)  5  =  6x  dS  —  I2x  dx.  When  x  =  30  and  dx  =  0. 1,  dS  =  12  (30)  (0.1)  =  36,  so  the  maximum  error  is 
about  36  cm2. 

40.  (a)  A  —  nr~  dA  =  2 Jtr  dr .  When  r  =  24  and  dr  =  0.2,  d A  =  2x  (24)  (0.2)  =  9.6x,  so  the  maximum 

error  is  about  9.6 it  as  30  cm2. 

...  „  .  .  Azl  dA  9.6x  I 

(b)  Relative  error  = -  as  —  = - — -  =  — 

A  A  K  (24)2  60 


s  0.0167 


41.  (a)  For  a  sphere  of  radius/-,  the  circumference  is  C  =  2  nr  and  the  surface  area  is  S  =  4xr2.  son  =  C/  (2jt)  =» 
■S  =  4jt  (C /2a )2  =  C2/n  =>  dS  =  (2/n)C dC.  When  C  =  84  and  dC  =  0.5.  dS  =  |  (84)  (0.5)  =  M, 

so  the  maximum  error  is  about  ^  as  27  cm2.  Relative  error  as  —  =  _  _L 


i&jit  =  84  **  0  0,3 


/  Q  \  3  £*3  I 

(b)  V  =  iff/-3  =  f  n  f  —  J  =  —  =S  dV  =  -~c2dc.  When  C  =  84  and  dC  =  0.5, 


dl  —  1 — x  (84)2  (0.5)  =  — — ,  so  the  maximum  error  is  about 
2  ir-  jr-s 

1764/* 2  1 


1764 


1 79  cm3.  The  relative  error  is 


,  dl'  _ 

approximately  —  = - ; - =  —  ()  018 

'  V  (84 )3/  (6x2)  56 


42.  V  =  5* / '  =>  d V  =  2itr~  dr.  When  r  =  25  and  dr  =  0.0005,  dV  =  2*  (25)2  (0.0005)  =  ^ .  so  the  amount 

of  paint  is  about  as  2  m3. 

43.  (a)  V  =  arc2/;  =>  AF  as  dV  =  2scrhdr  =  2tcrhAr 

(b)  A  V  =  jr  (r  +  Ar)2  h  -  * r2h.  so  the  error  is  A  V  -  di>  =  *  (r  +  A r)2  h  -  nr2h  -  2nrh\r  =  x  (Ar)2  h 
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.  ,  dF  4  kR3dR 

44.  F  =  kR*  =4  dF  =  4kR3  dR.  —  =  kR4  - 


-*(?) 


the  relative  change  in  F  is  about  4  times  the 


relative  change  in  R.  So  a  5%  increase  in  the  radius  corresponds  to  a  20%  increase  in  blood  flow. 


dc 

45.  (a)  dc=  —dx  =0dx  =0 

d  du 

(b)  d (cm)  =  —  (cu) dx  =c—dx  =cdu 


d  l du  do\  ,  du  .  do  ... 

(c) d(u  +  „)  =  -(u  +  o)dx  =  {-  +  rx)dx  =  -dx  +  -dx=du  +  d,, 

d  /  dv  du\  dv  du  , 

(d)  d{uv)  =  —  (mo) dx  =  (  m—  +  o— Jdx  =  m—c/x  +  t>j^dx  =  **do  +  vdu 

du  dv  c/m  dv 

(f)  (x")  =  (x")r/x  =  H*’’-1  dx 

dx 

46.  (a)  /(x)  =  sin*  =»  /'  (x)  =  cosx  so  / (0)  =  0  and  f  (0)  =  I . 

Thus,  f(x)  «  /( 0)  +  /'  (0)  (x  —  0)  =  0  +  I  (x  —  0)  =  x. 


-0.3.1  y=\ 


We  want  to  know  the  values  of  x  for  which  y  =  x  approximates  y  =  sin  x  with  less  than  a  2%  difference;  that 


is,  the  values  of  x  for  which 


x  —  sinx 
sinx 


<  0.02 


0.98sinx  <  x  <  l.02sinx  wheresinx>0 
1.02 sinx  <  x  <  0.98 sinx  where  sinx  <  0 


In  the  first  figure,  we  see  that  the  graphs  are  very  close  to  each  other  near  x  =  0.  Changing  the  viewing 
rectangle  and  using  an  intersect  feature  (see  the  second  figure)  we  find  lhaty  =  x  intersectsy  =  1.02 sinx  at 
X  =»  0.344.  By  symmetry,  they  also  intersect  at  x  w  -0.344  (see  the  third  figure  ).  Converting  0.344  radians  to 

degrees,  we  get  0.344  sr  19.7°  «  20°,  which  verifies  the  statement. 
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47.  (a)  The  graph  shows  that  /'  (I)  =  2.  so  L  (x)  =  /(l)  +  /'  (I)  (x  —  1)  =  5  +  2  (x  —  I)  =  2a.  +  3. 

/( 0  9)  as  L  (0.9)  =  4.8  and /(l.l)  L  (1.1)  =  5.2. 

(b)  From  the  graph,  we  sec  that  f  (x)  is  positive  and  decreasing.  This  means  that  the  slopes  of  the  tangent  lines  are 
positive,  but  the  tangents  are  becoming  less  steep.  So  the  tangent  lines  lie  above  the  curve.  Thus,  the  estimates 
in  part  (a)  arc  too  large. 

48.  ( a)  g‘  (x)  =  y/x-  +  5  =>  g1  (2)  =  ^9  =  3.  g  ( I .95)  as  g  (2)  +  g'  (2)  (1 .95  -  2)  =  -4  +  3  (-0.05)  =  -4.15. 

g  (2.05)  =s  g  (2)  +  g'  (2)  (2.05  -  2)  =  -4  +  3  (0.05)  =  -3.85. 

(b)  The  formula  g'  (x)  =  Vx2  +  5  shows  that  g'  (x)  is  positive  and  increasing.  This  means  that  the  slopes  of  the 
tangent  lines  are  positive  and  the  tangents  are  getting  steeper.  So  the  tangent  lines  lie  below  the  graph  of  g. 
Hence,  the  estimates  in  part  (a)  are  too  small. 


Laboratory  Project  □  Taylor  Polynomials 

1.  We  first  write  the  functions  described  in  conditions  (i),  (ii),  and  (iii): 

P  (x)  =  A  +  Bx  +  Cx2  f{x)  =  cosx 
P'  (x)  =  B  +  2Cx  f  (x)  =  -  sinx 

P"  (x)  =  2C  f"  (x)  =  —  cosx 

So,  taking  a  =  0,  our  three  conditions  become 

P  (0)  =  /( 0):  A  =  cosO  —  I 

P'  (0)  =  /'  (0):  B  =  —  sinO  =  0 

P"  (0)  =  /"  (0):  2C  =  -  cos 0  =  —  1  =*  C  = 

The  desired  quadratic  function  is  P  (x)  =  I  —  |x2,  so  the  quadratic  approximation  is  cosx  I  —  jx2. 

The  figure  shows  a  graph  of  the  cosine  function  together  with  its 
linear  approximation  L  (x)  =  1  and  quadratic  approximation 
P  (x)  =  I  —  |x2  near  0.  You  can  see  that  the  quadratic 
approximation  is  much  better  than  the  linear  one. 

( I  —  jx2)  j  <  0. 1  <=>  cosx  —  0.1  <  I  —  jx2  <  cosx  +  0.1. 

From  the  figure  we  see  that  this  is  true  between  A  and  B.  Zooming  in 
or  using  an  intersect  feature,  we  find  that  the  x -coordinates  of  II  and 
A  are  about  ±1.26.  Thus,  the  approximation  cosx  =s  I  —  jx2  is 
accurate  to  within  0. 1  when  —  1 .26  <  x  <  1 .26. 


-o.i 


168  □  CHAPTER  3  DERIVATIVES 


3.  1C  P  (jr)  =  A  +  B  (v  —  a)  +  C  (.v  -  a)2,  then  P'  (x)  =  B  +  2C  (x  -  a)  and  P"  (v)  =  2C.  Applying  the  conditions 
(i),  (ii),  and  (iii).  we  gel 


/>(<!)=  /(a):  A=f(a) 

P'(a)  =  f(ay.  B  =  f'(a ) 

P"  ((.)  =  /"  (a).  2C  =  f"  (a) 


C  =  \f"(a ) 


Thus.  P  can  be  written  in  the  form  P  (x )  =  /  (a)  +  /'  (a)  (x  —  a)  + 


f'(a) 

2 


(x  -  a)2. 


4.  From  Example  2  in  Section  3. 10,  we  have  /(I)  =  2,  f  (I)  =  and 
/'  (.v)  =  j  (x  +  3)-,/2.  So  f  (x)  =  (x  +  3)_3/2  => 
f"  (|)  =  — 4,.  From  Problem  3,  the  quadratic  approximation  P  (x)  is 

v^+3=»/(I)  +  /'(I)(x-I)+^(x-I)! 

=  2+  j(x— I)  —  £j(x  —  I)2 


The  figure  shows  the  function  f  (x)  =  s/x  +  3  together  with  its  linear  approximation  L  (x)  =  jx  +  j  and  its 
quadratic  approximation  P  (x).  You  can  sec  that  P  (x)  is  a  better  approximation  than  L  (x)  and  this  is  borne  out  by 
the  numerical  values  in  the  follow  ing  chart. 


from  L  (x) 

actual  value 

from  P  (x) 

3/198 

1.9950 

1.99499373... 

1.99499375 

n/I05 

2.0125 

2.012461 18  ... 

2.01246094 

y+2 

2.0500 

2.04939015... 

2.04937500 

5.  T„  (x)  =  CO  F  C|  (x  -  a)  +  c2  (x  -  «)2  +  c3  (x  -  a)3  +  •  •  ■  +  c„  (x  -  a)”  If  we  put  x  =  a  in  this  equation,  then  all 
terms  alter  the  lirst  are  0  and  we  get  T„  (a)  =  co  Now  we  differentiate  T„  (x)  and  obtain 
T'„  (x)  =  Cl  +  2c2  (x  -  a)  +  3cj  (x  -  a)2  +  4c4  (x  -  a)3  +  •  •  •  +  nc„  (x  -  a)"~' .  Substituting  x  =  a  gives 
V„  (<r)  =  ci.  Differentiating  again,  we  have 

r"  (x)  =  2c:  +  2  •  3c3  (x  -  a)  +  3  •  4c4  (x  -  a2)  +  •  •  •  +  («  -  I)  nc„  (x  -  a)"'2  and  so  T"  (a)  =  2c2.  Continuing 
in  this  manner,  we  get 

r"'  (x)  =  2  3c-,  +  2  3  4c,  (x  -  a)  +  ■■  ■  +  (n  -  2)  (n  -  I)  nc„  (x  -  a)"-3  and  (n)  =  2  •  3cj. 

By  now  we  see  the  pattern.  If  we  continue  to  differentiate  and  substitute  x  =  a.  we  obtain  7„(4)  (a)  =  2  ■  3  •  4c,  and 
in  general,  lor  any  integer  k  between  I  and  //. 

~(Jt)  ,  V 

T^k)  (o)  =  2  3  4-  5 . kck=k\ck  =>  Ck  ~  — 


Because  we  want  T„  and  /  to  have  the  same  derivatives  at  a,  we  require  that  c*  = 


/**>  (Q) 
ii! 


for  k  = 


1,2, ...  ,n. 
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6-  T„  (■*)  =  /  (a)  +  f  (a)  (x  -  a)  +  — ^  (jc  —  a)2  H - 1-  — — p— ^  (x  —  a)".  To  compute  the  coefficients  in  this 

equation  we  need  to  calculate  the  derivatives  of  /  at  0: 

f  (x)  =  cos*  /(0)=cos0=l 

f'(x)  =  -sin.x  /' (0)  = -sinO  =  0 

/"  (Jt)  =  -  cos  x  f"  (0)  =  —  I 

f'"(x)  =  sin  .x  /"'  (0)  =  0 

/<4>  (x)  =  cosx  /<4)  (0)  =  1 

We  see  that  the  derivatives  repeat  in  a  cycle  of  length  4,  so  /<5>  (0)  =  0.  /<6>  (0)  =  - 1.  /<7>  (0)  =  0.  and 
/,8)  (0)  =  I .  From  the  original  expression  for  T„  (.r),  with  n  =  8  and  a  =  0.  we  have 


Tt  (Jt)  =  /(0)  +  /'  (0)  (x  -  0)  +  CM  {x  _  o)2  +  (X  -  Q)3  +  ■  ■  ■  +  ^22  (.t  -  0)8 

=  I  +0  x  +  -Z-x2  +  0x3  +  2-x4  +  0x5  +  -^x6  +  0x7+^x8 
_  _  x^  x4  x6  .v8 

2!  +  4T  ~  ¥  +  IF 

,2  t4  x6  v8 

and  the  desired  approximation  is  cos.tr  »  |  -  — .  +  —  _  _  +  _ .  The  Taylor  polynomials  T2,  and  Tb  consist 

2!  4!  o!  o! 

V“  ~2  v4  y6 

of  the  initial  terms  of  7g.  Therefore.  r2  (x)  =  1  -  — ,  r4  (x)  =  1  -  —  +  — ,  and  Tb  (x)  =  I  -  —  +  : - — . 

2!  2!  4!  2!  4!  6! 

We  graph  7j,  T\,  T$.  Tg,  and  / : 


Notice  that  7j  (jt)  is  a  good  approximation  to  cosx  near  0,  /j  (x)  is  a  good  approximation  on  a  larger  interval. 
76  (at)  is  a  better  approximation,  and  7s  (x)  is  better  still.  Each  successive  Taylor  polynomial  is  a  good 
approximation  on  a  larger  interval  than  the  previous  one. 
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—3  Review 


CONCEPT  CHECK 


1.  See  Definition  3. 1 .2  and  the  subsequent  discussions  on  the  interpretations  of  the  derivative  as  the  slope  of  a  tangent 
and  as  a  rate  of  change. 

2.  (a)  See  Definition  3.2.3. 

(b)  See  Theorem  3.2.4  and  the  note  following  it. 

3.  (a)  The  Power  Rule;  Ifn  is  any  real  number,  then  (xn)  =  nx"~'.  The  derivative  of  a  variable  base  raised  to  a 

constant  power  is  the  power  times  the  base  raised  to  the  power  minus  one. 

d  d 

(b)  The  Constant  Multiple  Rule:  If  c  is  a  constant  and  /  is  a  differentiable  function,  then  —  [ cf  (x)]  =  c— /  (x). 
The  derivative  of  a  constant  times  a  function  is  the  constant  times  the  derivative  of  the  function. 

(c)  The  Sum  Rule:  If  /  and  g  are  both  differentiable,  then  ^[/(x)  +  g(x) ]  =  —  fix)  +  — £  (-*)•  The 
derivative  of  a  sum  of  functions  is  the  sum  of  the  derivatives. 

(d)  The  Difference  Rule:  If  /  and  g  arc  both  differentiable,  then  |/(x) -gOO!  =  ^/(*)  ~  ~dxg^'  lhc 
derivative  of  a  difference  of  functions  is  the  difference  of  the  derivatives. 

(e)  The  Product  Rule:  If  /and  gate  both  differentiable,  then  ^  [/  (x)g(x)]  =  /(•*)  +  «(•*) 

The  derivative  of  a  product  of  two  functions  is  the  first  function  times  the  derivative  of  the  second  function  plus 
the  second  function  times  the  derivative  of  the  first  function. 

d  [fix)  1  ?w^/w-/w^w 

(f)  The  Quotient  Rule:  If  / and g  arc  both  differentiable,  then  —  I  J  =  teOoF  ' 

T  he  derivative  of  a  quotient  of  functions  is  the  denominator  times  the  derivative  of  the  numerator  minus  the 
numerator  times  the  derivative  of  the  denominator,  all  divided  by  the  square  of  the  denominator. 

(g)  The  Chain  Rule:  If  /  and  g  are  both  differentiable  and  F  =  /  o  g  is  the  composite  function  defined  by 
Fix)  =  fig  (x)),  then  F  is  differentiable  and  F'  is  given  by  the  product  F'  (x)  =  f  (g  (x))  g'  (x).  I  he 
derivative  of  a  composite  function  is  the  derivative  of  the  outer  function  evaluated  at  the  inner  function  times 
the  derivative  of  the  inner  function. 


(a)  y  =  x"  =s 

►  y 

1  = 

nx”_l 

(b)  y  =  sinx 

/ 

=  cosx 

(c)  y  —  cosx 

=> 

/ 

=  —  sin.v 

(d)  y  —  tan  x 

/ 

=  sec2  x 

(c)  y  =  esex 

y 

=  —  esex  cotx 

(f)  y  =  secx 

/ 

=  secx  tanx 

(g)  y  =  cotx 

=> 

y 

—  —  CSC2  X 

5.  Implicit  differentiation  consists  of  differentiating  both  sides  of  an  equation  involving  x  and  y  with  respect  to  x,  and 
then  solving  the  resulting  equation  for  y' . 

6.  T  he  second  derivative  of  a  function  /  is  the  rate  of  change  of  the  first  derivative  /'.  The  third  derivative  is  the 
derivative  (rate  of  change)  of  the  second  derivative.  If  /  is  the  position  function  of  an  object,  /'  is  its  velocity 
function,  f"  is  its  acceleration  function,  and  /"'  is  its  jerk  function. 

7.  (a)  The  linearization  L  of  / at  x  =  a  is  L  (x)  =  / (a)  +  f  (a)  (x  —  a). 

(b)  If  y  =  fix),  then  the  differential  dy  is  given  by  dy  =  /'  (x)  dx. 


TRUE-FALSE  QUIZ 
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1.  False.  See  the  warning  after  Theorem  3.2.4. 

2.  True.  This  is  the  Sum  Rule. 

3.  False.  See  the  warning  before  the  Product  Rule. 

4.  T  rue.  This  is  the  Chain  Rule. 

5.  True  by  the  Chain  Rule. 


6.  False. 


f‘(^) 

2^ 


by  the  Chain  Rule. 


7.  False,  /(x)  ■-  |jr2  +  x|  =  x2  +  x  for*  >  Oorx  <  —  I  and  |x2+x|  =  -  (x2  +  x)  for -I  <  x  <  0.  So 

f'(x)  =  Zx  +  l  forx  >  Oorx  <  -1  and  /'  (x)  =  -  (Z*  +  1)  for  -I  <  x  <  0.  But  |2x  +  1 1  =  2x  +  I 
for*  >  -5  and  |2x  +  l|  =  -2*  -  1  for*  <  -J. 


8.  True. 

9.  True. 


/'  (r)  exists  =» 
g(x)  =*5  =» 

■img(t)-!(2) 
x-*2  X  —  2 


f  is  differentiable  at  r  =>  /  is  continuous  at  r  =>  lim /(*)  =  /(/-). 

g1  (*)  =  5*4  =>  g'  (2)  =  5  (2)4  =  80,  and  by  the  definition  of  the  derivative. 
=  S' (2)  =  80. 


10.  False. 


<£y 

dx 2 


is  the  second  derivative  while 


is  the  first  derivative  squared. 


For  example,  if  y  =  *,  then 


d2_y 

dx2 


=  I. 


11.  False.  A  tangent  to  the  parabola  has  slope  dy/dx  =  2*.  so  at  (-2, 4)  the  slope  of  the  tangent  is  2  (-2)  =  -4  and 

the  equation  is  y  —  4  =  —4  (*  +  2).  [The  equation  y  —  4  —  2*  (*  +  2)  is  not  even  linear!] 

12.  True.  D  (tan2  * )  =  2  tan*  sec2*,  and  D(  sec2*)  =  2  sec*  (sec*  tan*)  =  2tan*scc2*.  We  can  also  show  this 

by  differentiating  the  identity  tan2*  +  I  =  sec2*:  we  get  4-  (tan2*  +  I)  =  —  tan2*  =  —  sec2*. 

<f*  dx  dx 


— 1 — "■  EXERCISES 

1.  Estimating  the  slopes  of  the  tangent  lines  at  *  =  2,  3,  and  5.  we  obtain  approximate  values  0.4,  2.  and  0. 1 .  Since 
the  graph  is  concave  downward  at*  =  5,  f"  (5)  is  negative.  Arranging  the  numbers  in  increasing  order,  we  have: 
/"( 5).  0.  f  (5).  f  (2).  I,/' (3). 

2.  24  =  64,  so  /(*)  =  *6  and  a  =  2. 

3-  (a)  /'  ( r )  is  the  rate  at  which  the  total  cost  changes  with  respect  to  the  interest  rate.  Its  units  arc 
dollars/  (percent  per  year). 

(b)  T  he  total  cost  of  paying  olT  the  loan  is  increasing  by  $1200/  (percent  per  year)  as  the  interest  rate  reaches  10%. 
So  if  the  interest  rate  goes  up  from  10%  to  1 1%,  the  cost  goes  up  approximately  $1200. 

(c)  As  r  increases.  C  increases.  So  /'  (r)  will  always  be  positive. 
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7.  The  graph  of  a  has  tangent  lines  with  positive  slope  for  x  <  0  and  negative  slope  for  x  >  0,  and  the  values  of  c  fit 
this  pattern,  so  c  must  be  the  graph  of  the  derivative  of  the  function  for  a.  The  graph  of  c  has  horizontal  tangent 
lines  to  the  left  and  right  of  the  x-axis  and  b  has  zeros  at  these  points.  Hence,  b  is  the  graph  of  the  derivative  of  the 
function  for  c.  Therefore,  a  is  the  graph  of  /,  c  is  the  graph  of  /',  and  b  is  the  graph  of  /". 

8.  (a)  Drawing  slope  triangles,  we  obtain  the  following  estimates:  F'  (1950)  s*  =0.11, 

F'  (1965)  «  ^nr  =  -0.16,  and  F'(I987)  =s  ^  =0.02. 

(b)  The  rate  of  change  of  the  average  number  of  children  bom  to  each  woman  was  increasing  by  0. 1 1  in  1950, 
decreasing  by  0. 16  in  1965,  and  increasing  by  0.02  in  1987. 

(c)  There  are  many  possible  reasons: 

•  In  the  baby  boom  era  (post-WWII),  there  was  optimism  about  the  economy  and  family  size  was  rising. 

•  In  the  baby  bust  era,  there  was  less  economic  optimism,  and  it  was  considered  less  socially  responsible  to 
have  a  large  family. 

•  In  the  baby  boomlet  era,  there  was  increased  economic  optimism  and  a  return  to  more  conservative  attitudes. 


9.  (a) 


(b) 

(c) 


.  f(x  +  h)-f(x )  V3  -  5  (x+h)-  V3^5l  (s/3  -  5(x  +  /i)  +  V3  -  5x) 

/  (x)  =  lim  - - - — - - =  lim  - - -  ,  - .  , 

h->  o  h  h-*  o  h  (y/3  —  5  (x  +  h)  +  \/3  —  5x) 

_  ,.m  [3  —  5  (x  +  A)]  —  (3  —  5x)  _  lim _ -5 _  ~S 

h  (V3  —  5  (x  +  h)  +  V3  —  5x)  *-*o  V3  —  5  (x  +  h)  +  V3  —  5x  2V3  —  5x 

Domain  of /:  3  —  5x  >  0  =*  5x  <  3  =>  x  e  ^-oo,  |j 

Domain  of  /':  exclude  x  e  oo, 

Our  answer  to  part  (a)  is  reasonable  because  f  (x)  is  always  negative  and  /  is  always  decreasing. 


-3 


I 
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10.  /(x)  = 


4  —  * 
3  +  x 


4  -  (x  +  A)  4  —  x 

/'(x)  =  lim  =  | im  i+±x  +  l<)-3^ 

/»— »0  h  /»— »0  h 

(4  —  x  —  A)  (3  4- x)  —  (4  —  x)  (3  4- x  4-  A)  .. 

=  lim - r-7: - ; — — - =  lim 

h~>o  . 


— 7A 


=  lim 


A(3  4-x-fA)(3  4-x) 
-7  7 


h-> o  A  (3  +  at  +  A)  (3  4-x) 


(3  4- x )2 


*-> o  (3  +  x  +  A) (3+jr) 

11.  /  (x)  =  jc3  4-  5.t  +  4  => 

f'(x)  =  lim  /(*  +  ;i> -/(•*)  =  |jm  (*  4- A)3  4- 5  (x  4- A)  4- 4 -(x3  4- 5x4- 4) 
•  "  A  A-»  0  A 


-  lim 
h->  0 


12.  y  (jc)  =  jr  sinx 


A — >0  A  /i-»  0 

3x2A  +  3xA2  4-  A3  4-  5A 


=  lim  (3x2  +  3.vA  +  A2  4-  5)  =  3x2  4-  5 

/»-pO  7 


f  (x)  =  lim  /^-Y  +  ^)  ~  / (*)  _  (.X  4-  //)  sin  (.v  +  h)  -  v  sin  * 

h  — >  0  /l  h-*Q  h 


=  lim 
/»-> o 


=  lim 


(x  +  A)  (sinx  cos  A  4-  cosx  sin  A)  —  x  sinx 
A 

x  sinx  (cos  A  —  1)  +  x  cosx  sin  A  +  A  (sinx  cos  A  +  sin  A  cosx) 


cosA  — 1  sinA 

=  x  sinx  lim  - ■ - 1- x  cosx  lim  — —  +  sinx  lim  cos  A  +  cosx  lim  sin  A 

h—tQ  It  h->  0  A  A-»0  A-*0 

=  x  sinx  (0)  +  x  cosx  (I)  +  sinx  (1)  +  cosx  (0)  =  xcosx  +  sinx 

13.  y  =  (x  4- 2)8  (x  +  3)6  => 

/  =  (x  +  2)®6  (x  +  3)5  +  (x  +  3)6  8  (x  +  2)7 

=  2  (x  +  2)7  (x  +  3)5  [3  (x  +  2)  +  4  (x  +  3)]  =  2  (x  +  2)7  (x  +  3)s  (7x  +  18) 


14.  y  =  i/x  4-  \/i/x  =  xl/3  4-x'1/3 

15.  y  = 


y’  =  ^x"273  -  jx-4'3 


,  _  s/9  -  4x  -  x  [-4 /(2y/9  -  4x)  ]  s/9^4l  _  (9  -  4x)  +  2x  _ 

9  -  4x  s/9  -  4x  “  (9  -  4x)3/2  _  (9 


s/5^4? 

16.  y  =  (x  +  l/x2)^  =>  /  =  s/7(x  +  l/x2)^"’  (1  -  2/x3) 

17.  x2y3  4-  3y2  =  x  —  4 y  =>  2xy3  +  3 x2y2y  +  6yy'  =  1  —  4y' 

18.  y  =  (I -X-')'1  =»  y  =  -(l -x-')-2x-2  =  -(x- I)  2 

19.  y  =  sec2fl  =>  y'  =  2  sec  20  Ian  20 

20.  y  = -2/W*  = -2/-3'4  =>  y  =  (_2)(-3)/-7/4  =  |,— 7/4 


y  = 


I  -  2xv  3 


3x2y2  4-  6y  4-  4 


21.  y  = 


8  —  3x 


y  = 


(8  —  3x)  —  x  (—3) 
(8  -  3x)2 


(8  -  3x)2 


9  —  2x 
1  —  4x)3'2 
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•JT~\  +xjy-  i  =  xy  =»  yV-i  -  I  +.v  ' — -  +  y.v  -  1+  x  * — ./  =  y  +  xy' 

2yJX  -  I  2y/X  -  1 

/  -  r-  v.v-  I  /(is/ x  -  i) 

■Jx  ~  >  -  X  I  -V  / (2v/r  -  I) 

•  =  (.X  lan.x)l/S  =>  y  =  5  (xlanx)_4/5  (tan  x  +  x  sec2 x) 

'  —  sin  (cosx)  =>  /  =  cos  (cos*)  (—  sin*)  =  -  sin  *  cos  (cos*) 

2  =y(y  +  l)  =y2 +y  =»  lx  =  2 yy'+y'  =>  y'  =  2x/(2y  +  1) 

■  =  (.v  +  y?)  ■ 1  ’  y  =  -i(*+v*)  1 1  (* + 

(x  -  I)  (,<  -  4)  _  .X2  -  5.x  f  4 
~  (x  -  2)  (x  -  3)  ~  x2  -  Sx  +  6  ^ 

,  _  ( x 2  -  5.x  +  6)  (lx  -  5)  -  (.x2  -  5.x  +  4)  (2x  -  5)  _  2  (lx  -  5) 

(x2  -  5.x  +6) 2  (x  -  2)2  (.x  -  3)2 

=  v/sin  y7  =»  /  =  \  (sin  y*)~l/2  (cos  v/x)  (r-7;)  =  c^l^_ 

V  2  yx  /  4yxsinyx 

. _  ,  ,  .  _ _ _  /  i  \  see2  yi  —  x 

t  =  tan  y I  -  x  =>  v  =  (sec-  yi  -x)  (  ,  )(-!)  = - ,  . 

\2v  I  —  x  /  2yi  -x 


i  ,  y(x)  i 

30.  Using  the  Reciprocal  Rule,*  (x)  =  —  =>  *(*)  =  -  »e  have  y  =  ^  -» 

cos(*  —  sin.t)  (1  —  cos*) 

y  = - rr; - : — : - 

sitr  (.v  —  sin.v) 

31.  y  =  sin  (tan  y  1  +  x3)  =»  y'  =  cos  (tan  -J I  +  x3)  (sec2  -J\  +  x3)  [3jf2/(2>/1  +*i)] 

(x+2)4  ,  (x4  +  ;.4)  (4)  (x  +  X)}  -  (x  +  a)4  (4x 3 )  _  4(x  +  7)3  (x4  -  lx3) 

y  ~  a4  +  24  ^  y  ~  (x4  +  x4)2  (x4  +  24)2 

33.  v  -  col  (3.x2  +  5)  =>  y  =  -esc2  (3x2  +  5)  (6x)  =  -6.x esc2  (3x2  +  5) 

34.  y  =  (sinm.x)/.x  =»  y'  —  (m.xcosmx  -  sin/»x)/x2 

35.  y  =  cos2  (tanx)  =»  y'  =  2  cos  (tan.x)  [-  sin  (tanx)|  scc2x  =  -  sin  (2  tan x)  sec2  x 

,  ,  .  ,  ,  ,  tan  y 

36.  v  tan y  =  y  -  I  =>  tany  +  (x  sec4 y)  y  =  y  =>  y  =  - - — 

'  1— x  sec-  y 

37.  /(.x)  =  (2x-  I)"5  =>  /'(x)  =  -5(2x-I)-6(2)  =  -10(1x-I)-6  => 

/"(x)  =  60 (2x  -  I)'7  (2)  =  1 20 (lx  -  l)-7.  /"( 0)  =  120 (— 1)“7  =  -120 


38.  g(l)  =  csc2f  =>  g' (()  =  -2 esc 2/ cot 2/  => 

g"  (/)  —  —2  (-2  esc  2 1  cot  2i )  cot  2l  -  2  esc  2/  (-2  esc2  2i)  =  4  esc  2/  (cot2  2i  +  esc2  2t) 

=  8  esc2  2/  —  4  esc  2/  =» 

y'"  (/)  —  24  esc2  2 1  (-2  esc  2/  cot  2/)  -  4  (-2  esc  2 (  col2()  =  -48  esc3  2 1  cot2t  +  8  esc  2/  cot  2/  => 
g'"  (-  f )  =  -48  (~ s/2)3  (- 1 )  +  8  (— yf)  (- 1)  =  -88v/2 
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39.  x6  +  /’  =  I  =>  6x5  +  6v5/  =  0  => 
„  >5(5x4)-x3(5yV)  5*V 

O'5)2 


•  y'  =  -xs/yi  => 

[y  ~  x  (-x5/>’5)]  5x4  [(y6  +  x6)/y5]  5.v4 

-  v6  -  ~yT 


40.  /(x)  =  (2-x)-'  =>  f  (x)  —  (2-  x)-2  =»  /"(x)  =  2(2-x)-3  =>  /"'(x)=2  3(2-x)-4  => 

/‘4|  (x)  =  2  •  3  4  (2  -  ,t)-5.  In  general.  /<">  (x)  =  2  •  3  •  4 . n  (2  -  .x)-<"+l>  = - - - 

(2  —  x)("+l* 

..  ,  secx  sccO  I 

41.  Inn  - —  — -  = - =  1 

x-*o  1  —  sin.x  I— sinO  1—0 


42.  I im 


lim 


/3  cos3  2/ 


cos3  2t 


i  >0  lan3  2r  i->o  sin3  2/ 


43.  y  = 


x2-2 


- =  Inn  cos  2/ 

2/  f-*o 

g  si’'1 2f 

lim - 

">°  8  flint  S'n2' 

\3  8  •  l3  ! 

(2 /)3 

y-»o  2/ 

) 

(x2  —  2)  —x  (2x) 

1 

i* 

l~> 

1 

to 

.  When  x  =  2.  y' 

1 

K) 
r  j 

tO 

(x2-2)2 

(x2-2)2 

(22-2)2 

the  tangent  line  at  (2,  I)  isy  —  I  =  —  |  (x  —  2)  ory  =  — Jx  +  4. 


3 

so  an  equation  ol 


M.Jx  +  Jy  =  3  =>  -^=  +  -!p.v'  =  0  =>  y'  =  ~^z. 

2y/x  2Jy 

line  at  (4,  I)  isy  —  I  =  — 4  (x  —  4)  ory  =  —  jx  +  3. 


At  (4,  I),  y'  =  —  j ,  so  an  equation  of  the  tangent 


45.  v  =  tanx  =>  y'  =  see2  x .  When  v  =  y‘  =  22  =  4,  so  an  equation  of  the  tangent  line  at  ^  4 ,  jfj  is 
V  -  s/3  =  4  (x  -  30  ory  =  4x  +  -/i  -  jir. 


46.  y  =  x-i/l  +x2  =»  y'  =  V 1  +  x 2  +  x2/V  I  +  x2.  When  x  =  I.  y'  —  >/2  +  so  an  equation  of  the 

tangent  line  at  ^1,  is  y  —  -J2  =  ^p  (x  —  1)  or.v  =  ^px  —  p. 


47.  (a)  / (x)  =  x  =»  f  (x)  =  r  (5  -  x)  l/2  (- 1 )] 


2  (5  —  x)  10 -3x 


2>/5  —  x  2>/5  —  x  2x/5  —  x 
(b)  At  (1. 2):  f  (1)  =  J.  So  an  equation  of  the  tangent  isy  —  2  =  J  (x  —  I)  or  y  —  Jx  +  J. 

At  (4, 4):  /'  (4)  =  —  |  =  —  I.  So  an  equation  of  the  tangent  is  y  —  4  =  —  (x  —  4)  or  y  =  —  x  +  8. 


(d) 


The  graphs  look  reasonable,  since  /'  is  positive  where  /  has  tangents 
with  positive  slope,  and  /'  is  negative  where  /  has  tangents  with 
negative  slope. 
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see2 x  =>  /"(x)  —  —  2secx  (secx  tanx)  =  —  2sec2 x  tan x. 

We  can  see  that  our  answers  are  reasonable,  since  the  graph  of  /'  is  0 
where  /  has  a  horizontal  tangent,  and  the  graph  of  /'  is  positive 
where  /  has  tangents  with  positive  slope  and  negative  where  /  has 
tangents  with  negative  slope.  The  same  correspondence  holds 
between  the  graphs  of  /'  and  /". 


49.  v  =  sin  x  +  cosx  y'  =  cos  x  —  sinx  =  0  <=>  cos  t  =  sin x  and  0  <  x  <  2n  <=>  x  —  j  or  .  so  the 

points  arc  ,  %/2^  and  ^ ,  -v/2^. 


50.  x2  +  2 y2  =1  =>  2x  +  4 yy'  =  0 
ellipse,  we  have  (-2 y)2  +  2 y2  =  1 


y  =  — x/  (2 y)  =  1  <=>  x  =  —  2y.  Since  the  points  lie  on  the 
6 y2  =  1  =>  y  =  ±^.  The  points  arc  and 


51 . /(x)  =  (x -a)(x -b)(x -c)  =»  f'(x)  =  (x  -  b)  (x  -  c)  +  (x  -  a)  (x  -  c)  +  (x  -  a)(x  -  b).  So 

/'(x)  _  (x  -  h)  (x  -  c)  +  (x  -  a)  (x  -  c)  +  (x  -  a)  (x  -  6)  _  I  I  +  I 

/  (x)  _  (x  -  a)  (x  -  A)  (x  -  c)  x  -  a  x  -  b  x  -  c 


52.  (a)  cos2x  =  cos2x  -  sin2x  =>  -2sin2x  = -2cosx  sinx  -  2sinx  cosx  o  sin 2x  =  2 sinx  cosx 
(b)  sin  (x  +  a)  =  sinx  coso  +  cosx  sina  =>  cos(x  +  o)  =  cosx  cos  a  —  sinx  sin  a. 


53.  (a)  h  (x)  =  /(x)g(x)  =>  h'(x)  =  f'(x)g(x)  +  f(x)g'(x)  =$ 

(2)  =  /'  (2)  g  (2)  +  /  (2)  y  (2)  =  (-2)  (5)  +  (3)  (4)  =  2 
(b )  F(x)  =  f(g(x))  =»  F'(x)  =  f'(g(x))g'(x)  => 

F'  (2)  =  /'  (g  (2))  g'  (2)  =  r  (5)  (4)  =  1 1  •  4  =  44 


54.  (a)  P  (x)  =  /  (x )g(x)  =>  P'  (x)  =  /  (x)  g'  (x)  +  g  (x)  f  (x)  =» 

P'  (2)  =  f  (2)g'  (2)  +  g  (2)  /'  (2)  =  (1)  (2)  +  (4)  (-1)  =  -2 

««w.T4!  =  g.M,8W/'w-/i;).slM  „ 

«  (■«)  lg  (x)f 

_  g  (2)  /'  (2)  —  /  (2)  g'  (2)  (4)  (—1)  —  (I)  (2)  3 

Q()~  [g(2)l2  “  4^  -  8 

(c)  C  (x)  =  /  (g  (x))  =>  C'  (x)  =  /'  (g  (x))  g'  (x)  => 

C'  (2)  =  /'  (g  (2»y  (2)  =  /'  (4)  g'  (2)  =  (3)  (2)  =  6 

55.  /  (x)  =  x2g  (x)  =>  /'  (x)  =  2xg  (x)  +  x2g'  (x)  =  x  [2g  (x)  +  xg'  (x)] 

56.  /  (x)  =  g  (x2)  =*  /'  (x)  =  g'  (x2)  (2t)  =  2xg'  (x2) 

57.  /  (x)  =  |g  (x)]2  =»  /'  (x)  =  2g  (x) g'  (x) 

58.  /(x)  =  x"g(x*)  =>  f  (x)  =  ax“~  ‘g(x*)  +x"g'  (x*)  (fcx*-1)  =  axa-lg(x*)  +  6x°+*-  'g'  (x*) 

59.  /(x)  =  g(g(x))  =»  /'(x)  =g'(g(x))g'(x) 

60.  /  (x)  =  g  (tan  /?)  => 

/' (x)  =  y (tan yx) ■  (tan y?)  =  g7 (tan y?y  sec2  y?-^ (y?)  =  g  ^ zy?”  ^ 
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61.  h  (x)  = 


f  (x )  g  (x ) 
/  (V)  +  JL7  (X) 


1/  (■*)  +  g  (*))  [/  (x)g'  (X)  +  g  U)  /'  (JT)]  -  /  (X)  g  (X)  [/'  (X)  +  g'  (J)| 

1/(0  +  g(.x)]2 

_  1/COlV  (-0  +  f(*)g(x)/'(x)  +  f(x)g(x)g‘( x)  +  lg(x)]2  f’(x)  -  /(.x)g(.Q/'(Q  - f(x)g(x)g’(x) 

l/M+g(x)l2 

_  /'(x)lg(x)l2+g'(x)l/(x)l2 
l/(x)  +  g(x)]2 


62.  A  (x)  =  f7^  =*  f(x)g’(x)  f  (x)g(x)  -  /  (x)g’  (x) 

*  *  (r>  2,//(.x)/g(.x)  [g  (,x)|2  2  |g  (x)|3/2  y/f  (x) 

63.  Using  the  Chain  Rule  repeatedly,  li  (x)  =  f(g  (sin  4.x))  =s 


h‘  (x)  =  f  (g  (sin  4.x))  • 


d_ 

dx 


(g  (sin  4.x))  =  /'  (g  (sin  4x))  •  g'  (sin  4.x)  • 


d_ 

dx 


(sin  4.x) 


=  f  (g  (sin  4.x))  g'  (sin  4.x)  (cos  4.x)  (4) 


64.  (a) 


a 


(b)  The  average  rate  of  change  is  larger  on  [2,  3). 

(c)  The  instantaneous  rate  of  change  (the  slope  of  the  tangent)  is 
larger  at  x  =  2. 

(d)  f  (x)  =  x  -  2sinx  =*  /' (x)  =  1  -  2cosx,  so 

/'( 2)=  1  -2cos2«*  1.8323  and  /'( 5)  =  1  -  2  cos  5  0.4327. 

So  /'  (2)  >  /'  (5).  as  predicted  in  part  (c). 


65.  /  is  not  differentiable:  at  x  =  -4  because  /  is  not  continuous,  at  ,x  =  - 1  because  /  has  a  comer,  at  x  —  2  because 
/  is  not  continuous,  and  at  x  =  5  because  /  has  a  vertical  tangent. 

66.  (a)  x  =  Vb2  +  c2/2 


»(l) 


c2y/h2  +  c2l2  —  c2l  (c2 1  /Wb2  +  c2/2) 

a  (/)  =  o'  (/)  = - 07-71 - - 

b-  +  c2/2 


'  =  [l/  (2V62+c2/2)]  2c2/  =  c2t/y/b 2  +  c2/2 

b V 


(62  +  c2/2)3/2 


(b)  n  (/)  >  0  for  /  >  0.  so  the  particle  always  moves  in  the  positive  direction. 

67.  (a)  y  =  i}  —  12/  +  3  =>  o  (/)  =  y' =  3/2  —  12  =*  a  (/)  =  o'  (/)  =  6/ 

(b)  v  (/)  =  3  (/2  -  4)  >  0  when  /  >  2,  so  it  moves  upward  when  /  >  2  and  downward  when  0  <  /  <  2. 

(c)  Distance  upward  =  y  (3)  -  y  (2)  =  -6  -  (- 13)  =  7, 

Distance  downward  =y  (0)  -y  (2)  =  3  -  (-13)  =  16.  Total  distance  =  7  +  16  =  23 

68.  (a)  V  =  r2  h  -5  dV/dh  —  jx/-2 


(b)  dV/dr  =  \nrh 


69.  The  linear  density  />  is  the  rate  of  change  of  mass  m  with  respect  to  length  .x.  oi  =  ,x  (1  +  y/x)  =  x  +  x3/2  => 

/>  =  dm/dx  =  I  +  j  v(x.  so  the  linear  density  when  x  =  4  is  I  +  ij\/4  =  4  kg/m. 

70.  (a)  C  (x)  =  920  +  2x  -  0.02.x2  +  0.00007x3  =»  C'  (.x)  =  2  -  0.04.x  +  0.00021.x2 

(b)  C'  (100)  =  $0. 10/unit.  This  value  represents  the  rate  at  which  costs  are  increasing  as  the  hundredth  unit  is 

produced,  and  is  the  approximate  cost  of  producing  the  1 01st  unit. 

(c)  c  ( 1 0 1 )  -  C  ( 1 00)  =  990. 1 0 1 07  -  990  =  $0. 1 0 1 07,  slightly  larger  than  C'  (100). 
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71.  Ifx  =  edge  length,  then  F  =  x3  =>  clV/dt  =  lx1 dx/dt  -  10  =s>  dx/dt  =  10/  (lx2)  and  5  =  fix2  => 

dS/dt  =  (12 x) dx/dt  =  I2x[l0/  (3x2)]  =  40/x.  When  x  =  30,  dS/di  =  35  =  j  cm2 /min. 


72.  Given  dV/dl  =  2,  find  dh/dl  when  h  =  5.  V  —  \  xr2h  and,  from  similar 


triangles.  ^  =  ^  => 

2  =  ^L  =  2Lh2^L 

dl  100  dl 
h  =  5. 


3  v  10/  100 


so 


dh  200  200  8  ,  . 

—  — - -  =  — — —  =  —  cm/s  when 

dl  9xh2  9rr  (5)2  9jt 


73.  Given  dh/dl  =  5  and  dx/dt  =  15,  find  dz/dt.  z2  —  x2  +  h 2  => 

2z^  =  2x^+2/.^  =»  ^  =  i(15x  +  57.).  When/  =  3, 

dl  dl  dl  dt  z 

h  =  45  +  3  (5)  =  60  and  *  =  15  (3)  =  45  =>  z  =  75,  so 
^  [15  (45)  +  5  (60)]  =  13  ft/s. 


74.  We  arc  given  dz/dt  =  30  ft/s.  By  similar  triangles, 

y  4  4 

~z~JWl  ~  y~V24\2'S° 

^  =  --1— —  =  -i^L  «7.7ft/s. 
dl  V24l  dl  V24\ 

75.  We  are  given  dO/dt  =  -0.25  rad/h.  x  =  400  cot  0  => 

—  —  —400  esc2 17  — — .  When  d  —  j. 
dt  dt 

^  =  -400  (2)2  (-0.25)  =  400  ft/h. 


76.  (a)  /(x)  =  V25  -  x2  => 

/'  (x)  =  —  -  -x  (25  -  jc2)- ,/'2.  So  the  linear 

'  2V25  —  x2  V  ' 

approximation  to  / (x)  near  3  is 
/  (x)  «  /  (3)  +  f  (3)  (x  -  3)  =  4  -  |  (x  -  3). 

(c)  For  the  required  accuracy,  we  want  V25  —  x2  —  0.1  <  4  —  |  (x  —  3) 
and  4  -  |  (x  -  3)  <  V25  -  x2  +  0.1.  From  the  graph,  it  appears  that 
these  both  hold  for  2.24  <  x  <  3.66. 


2.8 
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77.  (a)  / (x)  =  ^1  +3x  =  (1  +  3jc),/3  =>  /'  (x)  =  (I  +  3x)"2'3  so 

1W  =  /(0)  +  /'(0)(x  -  0)  =  1 1/3  4-  =  1  +  .x.  Thus,  yrm  as  I  +.X  => 

yr03  =  Vl  +3(0.01)  %  1  +  (0.01)  =  1.01. 


(b)  The  linear  approximation  is  VTTTv  as  1  +  x,  so  for  the  required 
accuracy  we  want  v'l  +  3x  -  0. 1  <  1  +  jt  <  Vl  +  3x  +0.1.  From 
the  graph,  it  appears  that  this  is  true  when  -0.23  <  .x  <  0.40. 


1.5 


78.  y  =  x3  —  2x2  +  1  =>  dy-  (3x2  -  4x)  dx.  When  x  =  2  and  dx  =  0.2,  dy  -  [3  (2)2  -  4  (2)]  (0.2)  =  0.8. 

79.  A  =  x2  +  y;r  (j.xJ  =  (I  +  |).x2  =>  dA  —  (2  +  j)x  dx.  When.x  =  60  and 

dx  =  0.1.  dA  =  (2  +  j)  60(0. 1)  =  12  +  ,  so  the  maximum  error  is 

approximately  12  +  as  16.7  cm2. 


1  Jit  ttt  -  [z'"l . ,  * 17 1,)“  * 17 

liniyreT»-:_M  i  ,, _ 

h  ldx  J*=I6  1 


4  v'l  6 


3  32 


,,  ..  cos 0  —  0.5  f  d  1  ,  n 

82.  Itm  — - —  =  —cosEl  =  -sinv=-*5 

«-»*/3  «-*/3  [d(>  7  T 


83.  lint 

x-tO 


v'l  +  tan.x  -  Vl  +sin.x  (v/1  +  tan.x  -  v'l  +  sin.x)  (v'l  +  tan.x  +  VI  +  sinx) 

mi  - = - =  Imi  - - — - L 

x-,0 


X3 


-x3  (v'l  +  tan.x  +  Vl  +  sinx) 


(I  +  tanx)  —  (1  +  sinx)  sinx  (l/cosx  —  l)cosx 

=  lim  ,  ,  ,  = - :=i=r  =  lim 


x-»0x3  (v'l  +  tanx  +  VI  +  sinx)  x-»o  x3  (VI  +  tanx  +  VI  +  sin.x)  cosx 
sinx  (I  -cosx)(l  +  cos x ) 


=  lim 


x-*o  x3  (VI  +  lanx  +  VI  +  sinx)  cosx  (1  +  cosx) 


=  lim 


sinx  •  sin  x 


x3  (VI  +  tanx  +  VI  +  sinx)  cosx  (I  +  cosx) 
3 


sin.x  V 

=  I  lim  - I  lim 

\i->0  x  )  x-»e 


I 


=  l3- 


-*°  (VI  +  tanx  +  Vl  +  sinx)  cosx  (I  +  cosx) 
I  I 


(v'l  +  Vl)  •  i  •  (i  + 1)  4 
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84.  Differentiating  the  first  given  equation  implicitly  with  respect  to  x  and  using  the  Chain  Rule,  we  obtain 

f  (g  (•'))  =  x  =>  f  (g  (.x))  g'  (x)  =  1  =*  g'  (x)  =  *  / ^ .  Using  the  second  given  equation  to  expand 


/'<*(*)) 


the  denominator  of  this  expression  gives  g'  (x)  — 


I 


i  +[/0?M)l 


.  But  the  first  given  equation  states  that 


/  (g(x))  =  x.  sog'(.v)  = 


I 


I  +  x 2 


85.  —  [/(2.x)]  =  x2  =»  /'  (2.x)  •  2  =  x2  =>  /'  (Zx)  =  $x2.  Let  /  =  2x.  Then  /'  (/)  =  $  =  i/2, 

so/'(x)  =  |.x2. 

86.  Let  (/>,  c)  be  on  the  curve,  that  is,  />2^3  +c2^3  =  a~^.  Now  x2^2  q- v2/2  =  a2,2  =»  =x  -l22  +  —  =  0.  so 

■*  •*  dx 

dy  /v\V* 

--  —  —  =  —  y  -  J  ,  so  at  (o,  c)  the  slope  of  the  tangent  line  is  —  (c//>)  '  and  an  equation  of  the  tangent 

Sine  is  y  —  c  =  —  (c/b)l/‘*  (x  —  b)  ot y  =  —  ( c/b)]/i  x  +  (c  +  />2/3c,/3).  Setting  y  =  0,  we  find  that  the 
.v-inierccpt  is  b'  Y~  '  H  b  and  setting  x  =0wc  find  that  the  ^-intercept  is  c  4*  62/3c,/3.  So  the  length  of  the 
tangent  line  between  these  two  points  is 

x/[b  1/3  (c-’''  +  +  [c'/jp  +  6V3)]J  =-.  y/bVi  (e,2  T)2  +  cVi  (a2/3)2 

=  J(l,w  T  =  v/^V* 

—  \4i2  =  a  =  constant 


Problems  Plus 


1.  Let  a  be  the  .r -coordinate  of  Q.  Since  the  derivative  of  y  =  I  -.r2  is/  =  -2x.  the  slope  at  Q  is  -2a.  But  since 
the  triangle  is  equilateral,  7 O/OC  =  /3/I.  so  the  slope  at  Q  is  -75  Therefore,  we  must  have  that  -2a  =  ~/3 

=*  a  =  £.  Thus,  the  point  Q  has  coordinates  !  -  (^)"  j  =  (^.  j)  and  b>’  symmetry,  P  has 
coordinates  ?)• 

2.  y  =  ./  —  3.v  +  4  =>  /  =  3x2  —  3.  and  v  =  3  (.t2  —  x)  =»  /  =  6e  -  3.  The  slopes  of  the  tangents  of  the 
two  curves  arc  equal  when  3.r2  -  3  =  6x  -  3.  that  is.  when  x  =  0  or  2.  At  .r  =  0.  both  tangents  have  slope  -3.  but 
the  curves  do  not  intersect.  At  x  =  2.  both  tangents  have  slope  9  and  the  curves  intersect  at  (2, 6).  So  there  is  a 
common  tangent  line  at  (2, 6),  y  =  9x  —  12. 


3.  (a)  But  AT  =  0  and  y  =  0  in  the  equation:  /( 0)  =  /(0  +  0)  =  /( 0)  +  /(0)  +  02  -  0  + 0  ■  02  =2/(0). 
Subtracting  /  (0)  from  each  side  of  this  equation  gives  /  (0)  =  0. 


(b)  /'  (0)  =  lim 
A— *o 


=  lim  /(0  +  /Q-/(0)  =  [/(0)  +  /(/.)  +  07l  +  0/.2]-/(0) 

h  h->  o  h 


..  /(*)  /(-V)  , 

=  lim  — - —  =  lim  - -  =  I 

li->  o  h  t- ,o  x 


(c)  /'  to  =  lim  =  lim  [/to  +  fW  +  x2,l  +  xh2]-f(x) 


h 

f(h)+x2h+xh2 

-  lim  - - 

/i-*o  h 


=  lim  f  ~~  +x2  +  xh  =  I  +  j 
*-*o  [  h 


4.  We  find  the  equation  of  the  parabola  by  substituting  the  point  (-100,  100).  at  which  the  car  is  situated,  into  the 
general  equation  y  =  ax2  :  100  =  a  ( —  1 00 ) 2  =>  a  =  Now  we  find  the  equation  of  a  tangent  to  the 
parabola  at  the  point  fro,  >o).  We  can  show  that  /  =  a  (lx)  =  ^  (20  -  ^ x.  so  an  equation  of  the  tangent  is 
)’  -  yo  —  35-to  (v  -  -»o).  Since  the  point  (xo,  >o)  is  on  the  parabola,  we  must  have  y0  —  Jud  'o-  s0  our  equation  of 
the  tangent  can  be  simplified  to  y  =  -f  .xo  (v  —  ,xn)  W'c  want  the  statue  to  be  located  on  the  tangent  line, 
so  we  substitute  its  coordinates  ( 1 00,  50)  into  this  equation:  50  =  +  ^x0  (100-  v0)  => 

xl  -  200.ro  +  5000  =  0  =>  .r0  =  i  [200  ±  /2002  -  4  (5000)]  x0  =  1 00  ±  50/5.  But  ,r0  <  1 00.  so  the 

car’s  headlights  illuminate  the  statue  when  it  is  located  at  the  point  (lOO  -  50 /2.  150  -  IOO/2)  =a  (29.3, 8.6). 
that  is.  about  29.3  111  cast  and  8  6  111  north  of  the  origin. 


181 


182  □  PROBLEMS  PLUS 


d" 

5.  We  use  mathematical  induction.  Let  S„  be  the  statement  that - (sin4  .t  +  cos4  *)  =  4”-1  cos  (4*  +  ni /2).  Si  is 

dx" 

true  because 


f  (sin4  x  +  cos4 )  =  4 sin4 x cos*  -  4  cos3*  sin*  =  4sin.ii  cos*  (sin2*  -  cos2*) 

=  —4  sin  *  cos  *  cos  2*  =  — 2  sin  2*  cos  2*  =  —  sin  4* 

=  cos  ( y  —  (—4*))  =  cos  ( y  +  4*)  =  4”'1  cos  (4*  +  tty)  when  n  =  1 


U 

Now  assume  St  is  true,  that  is,  yy  (sin4*  +  cos4*)  =  4*-1  cos(4*  +  tty).  Then 


(sin4*  +  cos4*)  =  £  [^*  (sin4*  +  cos4*)]  =  £  [4*"'  cos(4*  +Af)] 

=  -4*-'  sin  (4*  +  Af )  •  (4*  +  Af )  =  -4*  sin  (4 *  +  A$) 

=  4*  sin  (—4*  —  Ay)  -  4*  cos(y  -  (-4*  -  Ay)) 

=  4*  cos  (4*  +  (A  +  1)  y) 

which  shows  that  S*+i  is  true. 

Therefore,  — —  (sin4  *  -f  cos4  *)  -  4"_l  cos  (4*  +  n* )  for  every  positive  integer  n,  by  mathematical  induction. 
dx„ 

Another  Proof:  First  write 

sin4  .x  -f  cos4  a"  =  (sin2  a  +  cos2  a)2  —  2  sin2  a  cos2  a  =  1  —  5  sin2  2a  =  1  —  J  (1  —  cos  4a)  =  J  +  |  cos  4a. 
dn  d"  /  \ 

Then  we  have  (sin4  a  -F  cos4  a)  =  (4  +  i  cos  4a  j  =  j  •  4”  cos  (4a  +  rtf)  =  4W_1  cos  (4.x  4-  rtf). 


a” 

6.  If  we  divide  I  —  a  into  a"  by  long  division,  we  find  that  /  (a)  =  — - =  — a"-1  —  aw"2 - —  a  —  1  + - . 

1  —  a  1  —  A 

This  can  also  be  seen  by  multiplying  the  last  expression  by  I  —  a  and  canceling  terms  on  the  right-hand  side.  So 

I  /  |  \  1") 

wc  let g (*)  =  I  +  *  +  *2  + - 1-*""1,  so  that  /(*)  =  - - g(*)  =>  /<">  (*)  =  (  - - )  -g(’,)(*)- 

I  —  *  \  I  —  *  / 

(I  V"’ 

y - )  .  NOW 

d  j2 

—  (i  -*)-■  =  (-D  (i  -*r2(-u  =  0  -*r2,  —5(1  -*>-'  =  (-2)  (i  -*r3(-i)  =  20  -*)-3. 

dx  dx1 

jJ  jA 

— t(I  -*)-1  =(-3)  2(1  —  *)“4  (—1)  =  3  -2(1  -*r4,  — t(I  -*)-'  =43-2(1  —  *)~5,  and  so  on.  So 
dx*  dx* 


(I  \^nl  n\ 

—  1  =  — : — 
1  -x)  <l-*)n+ 
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7.  We  must  find  a  value  xo  such  that  the  normal  lines  to  the  parabola  y  =  x1  at  x  =  ±.t0  intersect  at  a  point  one  unit 
from  the  points  (±.to,  *0)  The  normals  to  y  =  x2  at  x  =  ±xo  have  slopes  -  and  pass  through  (±a0,  x£) 

respectively,  so  the  normals  have  the  equations  y  -  x$  =  (x  -  jt0)  and  y  -  x$  -  —  (x  +  xo ).  The 

2xo  2xo 

common  y-intcrcept  is  x%  +  j.  We  want  to  find  the  value  of  Atp  for  which  the  distance  from  (o,xj}  +  j^to(vo.^o) 
equals  1 .  The  square  of  the  distance  is  (x0  -  0)2  +  [r*  -  (at*  +  5)]  •-*!  + j  =  I  <=>  x0  =  ±^.  Forthcse 
values  of  .to,  the  y-intercept  is  xjj  +  j  =  so  the  center  of  the  circle  is  at  (o.  |)- 

Another  Solution:  Let  the  center  of  the  circle  be  (0,  a).  Then  the  equation  of  the  circle  is  x 2  +  (y  -  a)2  =  I . 
Solving  with  the  equation  of  the  parabola,  y  =  at2,  we  gct.t2  +  (x2  -  a)2  =  1  o  x2  +  xA  -  2ax2  +  a2  =  I 
<=>  At4  +  (I  —  2 a)x2  +  a2  -  I  =  0.  The  parabola  and  the  circle  will  be  tangent  to  each  other  when  this  quadratic 
equation  in  At2  has  equal  roots,  that  is,  when  the  discriminant  is  0.  Thus,  (1  -  2a)2  -  4  (a2  -  I)  =  0  <=> 

1—4  a  +  4 a2  —  4a2  +  4  =  0  <=>  4a  =  5,  so  a  =  The  center  of  the  circle  is  ^0,  |^. 

8.  |im  =  lim  f /W-/W.  Jj  +  VZ] 

■  +  n/sJ 


*-*“  y/x  -  y/a  *-><*[  y/x  -  y/a  y/x 

'/(x)-f(a) 


=  lim  - 

x—*a 


(y/x  +  y/a)  =  fi 


fix)  -/(a) 


lim 

x  —  a 


lim  (y/x  +  y/a) 


x  —  a 
=  /'  (a)  •  (y/a  +  y/a) 

=  2 yftf  (a) 

9.  We  can  assume  without  loss  of  generality  that  0  -  Oat  time  t  =  0,  so  that  0  =  12a/  rad.  [The  angular  velocity  of 
the  wheel  is  360  rpm  =  360  •  (2a  rad)  /  (60  s)  =  I2tr  rad/s.}  Then  the  position  of  A  as  a  function  of  time  is 

A  =  (4Ocos0, 4Osin0)  =  (40 cos  12a/,  40 sin  12a/),  so  sina  =  |  sin  1 2»r /. 

(a)  Differentiating  the  expression  for  sina,  we  get  cos  a  •  —  =  -l  •  12a  •  cos  12w  /  =  4w  cost),  When 

at 

0  =  j,  we  have  sina  =  ^  sinfl  =  so  cosa  =  and 

da  Air  cos  ▼  2 it  4;r\/3 

1/  ~  cosa  =  yiTTf!  =  -jfT  a‘6-36rad/s. 

(b)  By  the  Law  of  Cosines, \AP\2  =  \OA\2  +  \OP\2  -2\OA\\OP\cosO  => 

I202  =  402  +  |OF|2-  2  -40 \OP[  cost)  =>  |OF|2  -  (80 cos 0)  \OP\  -  12,800  =  0  => 

\OP\  =  |  ^80 cos 0  ±  v/6400cos’27l  +  51,200)  =  40 cost;  ±  40 /cos2  0  +  8 
=  40  ^cos0  +  y 8  +  cos2  lij  cm  (since  |OPj  >  0) 

As  a  check,  note  that  \OP\  —  160  cm  when  0  =  0  and  \OP\  —  80 +2  cm  when  0  =  j. 

(c)  By  part  (b),  the  x -coordinate  of  P  is  given  by  x  =  40  (cosO  +  V8  +  cos 2  0^,  so 

dx  dx  dO  /  2cos0sin0  \  /  cos 0  \ 

dl  d0  dt  \  2V8  +  cos 20)  \  VS  +  cos 20) 

In  particular,  dx/dt  =  0  cm/s  when  0  =  0  and  dx/dt  =  -480a  cm/s  when  0  =  i. 
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10.  The  equation  of  T\  is y  —  x2  =  2xi  (jc  —  xi )  =  2x|.t  —  2xf  or 

y  —  lx i x  —  xjv  The  equation  of  Ti  is  y  =  2x2X  —  x|.  Solving  for  the  point 
of  intersection,  we  get  2x  (xi —X2)  =  xj —  x|  =>  x  =  j  (xi  +  X2). 
Therefore,  the  coordinates  of  P  are  ^5  (xi  t  V.) .  X 1  x.j  So  if  the  point  of 
contact  of  T  is  (a.  a2),  then  Oi  is  (a  +X|),oxi)  and  Qi  is 
(5  («  +  ^2). 0x2^. 

Therefore.  I /J 0 1 1 2  =  5  (u  -  X2)2  +  xf  (a  -  x2)2  =  (a  -X2)2  +xf)  and 


\\  >' 

/ 

l\(x,.x\U 

(a.  a2)  fl 

]/lQy 

0  /  x 

r 

I /’/’ll2  =  3  (*l  -*2)2  +  *2(*i  -*2)2  =  (*l  -x2)2  (j  +xf).  So  and  similarly 

'  '  \PP\\  C*|-X2) 

\PQl\2  (*i  ~  o)2  ,  \PQ\\  \PQi\  a -*l  xy  -a 

|/’/>2|2  (X|  —  Xr)2 '  1,18  ^  I/’/’ll  \PPl\  JC|  — JC2  *l-*2 


11.  It  seems  from  the  figure  that  as  P  approaches  the  point  (0, 2)  from  the  right,  xj  — »  00  and  yr  — >  2+.  As  P 
approaches  the  point  (3, 0)  from  the  left,  it  appears  that  xj-  — >  3+  and  yr  — »  00.  So  we  guess  that  xr  6  (3. 00) 
and  yr  e  (2,  00).  It  is  more  difficult  to  estimate  the  range  of  values  for  x,v  and  yn.  We  might  perhaps  guess  that 
xh  €  (0, 3),  and  ym  e  (—00, 0)  or  (—2, 0). 

In  order  to  actually  solve  the  problem,  we  implicitly  differentiate  the  equation  of  the  ellipse  to  find  the  equation 
x2  y2  2x  2y  4  x 

of  the  tangent  line:  —  +  <— =  I  =>  —  +  -7V  =  0,  so  y'  =  —  -  - .  So  at  the  point  (x0,yo)  on  the  ellipse,  an 

94  94'  9y 

equation  of  the  tangent  line  is  y  —  >®  =  — ^  —  (x  —  xo)  or  4xox  +  9yoy  =  4xj,  +  9yjj.  This  can  be  written  as 

9  yo 

^ 2  2 

— -  +  — —  =  —  4-  —  =  1,  because  (xo.yo)  lies  on  the  ellipse.  So  an  equation  of  the  tangent  line  is 
9  4  9  4 

xqx  yoy 
9  +  4 

Therefore,  the  x-inlercept  xj-  for  the  tangent  line  is  given  by  =  1  <=*  xr  =  —  ■  and  the  y-intercept  yr 

.  yoy7  ,  „  4 

is  given  by  — - —  =  1  <=>  yr  =  — . 

4  yo 

So  as  xo  takes  on  all  values  in  (0,  3),  xr  takes  on  all  values  in  (3,  00),  and  as  yo  takes  on  all  values  in  (0, 2),  yr 
takes  on  all  values  in  (2, 00). 

At  the  point  (xo,  10)  on  the  ellipse,  the  slope  of  the  normal  line  is  — — - -  =  7  — ,  and  its  equation  is 

/(xo.yo)  4x0 

y  -  vo  =  - (x  —  xo).  So  the  x-intercept  x/v  for  the  normal  line  is  given  by  0  -  vo  =  -  —  (xy  —  xo)  => 

4  xo  4  xo 

xn  =  —  —  +  *0  =  — - .  and  the  v-intercept  y,v  is  given  by  yy  —  yo  =  -  —  (0  —  xo)  => 

9  9  4  xo 

9yo  ,  5yo 

y/v  =  — 7-  +yo  =  — — . 

4  4 

So  as  xo  takes  on  all  values  in  (0, 3),  x«  takes  on  all  values  in  (O,  and  as  yo  takes  on  all  values  in  (0, 2),  yn 
takes  on  all  values  in  |.  Oj. 
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sin  (3  +  x)2  —  sin  9  , 

1Z-  - - - =  /  (3)  where  / (x)  =  sin.r-.  Now  /'  (x)  =  (cos.*2)  (2.v).  so  /'  (3)  =  6 cos 9 


y 

~0 

If  the  two  lines  /.  i  and  f  2  have  slopes  m  1  and  «n  and  angles  of 
inclination  0 1  and  02  ■  then  m  1  =  tan  0)  and  m2  =  tan  0^ .  The  triangle 
in  the  figure  shows  that  0,  +  «  +  (180°  -  </>2)  =  180°  and  so 
«  =  02  -  0 1 .  Therefore,  using  the  identity  for  tan  (x  —  y).  we  have 

/,  ,  \  tan0->  —  tan0.  mi  —  nt  1 

tan  «  —  tan  (02  —  0 1 )  =  ,  i  — — — —  and  so  tan  a  ■ 


I  +  tan  02  tan  0i  I  4-  n  \  m? 

(b)  (i)  The  parabolas  intersect  when  x2  =  (x  -  2)2  =>  x  =  I  Ify  =  x2,  then  y'  =  2x.  so  the  slope  of  the 

tangent  to  y  =  x2  at  (1 , 1)  is  m\  =  2  (I)  =  2.  If  y  =  (x  -  2)2,  then  /  =  2  (x  -  2).  so  the  slope  of  the 

tangent  to  y  =  (x  -  2)2  at  ( 1 ,  I )  is  m2  =  2  ( 1  -  2)  =  -2.  Therefore, 

m2  —  mj  —2  —  2  .  ,  . 

tan«  =  — - =  — -  =  $  and  soa  =  tan  1  1  =s  53°. 

I  +  mim2  I  +  2  (—2)  3  3 

(ii)  x2  -  y2  =  3  and  x2  -  4x  +  y2  +  3  =  0  intersect  when  x2  -  4x  +  (x2  -  3)  +  3  =  0  <=»  2x  (x  -  2)  =  0 
=*  x  =  0  or  2,  but  0  is  extraneous.  Ifx  =  2,  theny  =  ±1.  Ifx2  -y2  =  3  then  2x  -  2yy'  =0  => 

y'=x/yandx2-4x+y2  +  3=0  =»  2x-4  +  2yy'  =  0  =>  /  =  ~ -.  At  (2.  I)  the  slopes  arc 

m  I  =  2  and  m2  =  0.  so  tan  a  =  =  -2  =>  a  %  1 1 7°.  At  (2,  - 1 )  the  slopes  are  m ,  =  -2  and 

m2  =  0,  so  tana  =  =  2  =>  a  as  63°. 


14.  y2  =  Apx  =>  2yy'  =  4p  =»  v'  =  2P/y  =*  slope  of  tangent  at  P(x\,y\)  is  m,  =  2p/yi.  The  slope  of 

y  | 

FP  is  m 2  = - ,  so  by  the  formula  from  Problem  13(a), 

xi  -  p 

tana  =  Ti  /(*l  ~  P)  ~2p/y\  yi  (xi  -  p)  _  yf-2p(x,  -  p) 

I  +  (2p/yi )  [yi /(xi  -  p)]  yi(x|-p)  y\  (xi  -  p)  +  2pyt 

4f>X|  —  2pxi  +  2p2  2p(p  +  x\)  2  p 

= - —z - =  — ; — - -  =  —  =  slope  of  tangent  at  P  =  tan  K 

xiyi  —  pyi  +  2py\  Ti(p  +  X|)  yi 

Since  0  <  a,  /?  <  this  proves  that  a  =  //. 

15.  Since  IROQ  =  IOQP  =  0,  the  triangle  QOR  is  isosceles,  so 

\QR\  =  \RO\  =  x.  By  the  Law  of  Cosines.  x2  =  x2  +  r2  —  2rx  cos#.  Hence, 

,2 


2 rx  cos 0  =  r2,  so  x  = 


=  - — .  Note  that  as  y  — »  0+.  0  -»  0*  (since 

7  Arte  /I 


2rcosft  2  cost) 


sin  9  =  y/r),  and  hence  x 


r - -  =  -.  Thus,  as  ft  is  taken  closer  and  closer  to 

2cos0  2 


the  x-axis.  the  point  ft  approaches  the  midpoint  of  the  radius  AO. 

/(*)-/«») 


16.  lim  =  lim  =  lim  =  ,im 


x  -0 


lim 

r-*0 


/(X)  -  /  (0) 
x  -0 


/'(0) 


x—>0  g  (x)  *->og(x)-0  *->o  g(x)-g(0)  t-»o  g  (x )  —  g  (0)  g(x)-g(0)  g'  (0) 

,tr-*0 


x  -  0 


x  -0 
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„  .  sin  (a  +  2x)  —  2sin  (a  +  x)  +  sina 

17.  Iim - : - 


sin  a  cos  2x  +  cos  a  sin  it  -  2  sina  cos  x  -  2  cos  a  sin. x  +  sina 


sina  (cos2x  —  2cosx  +  1)  +  cosa  (sin  2.x  —  2sinx) 


—  Iim 

x->0 

-  Iim 

x—*0  X2 

sina  (2 cos2*  —  I  —  2 cos*  +  I)  +  cosa  (2sinx  cosx  -  2sinx) 

=  Iim  - x - 

i-*0  x2 

sina (2 cosx) (cosx  —  1)  +  cosa(2sinx)(cosx  -  I) 

=  Iim - x - 

x-*o  xl 

2  (cosx  —  1)  [sina  cosx  +  cosasinx]  (cosx  +  1) 

=  Iim - - r: - 

x-*o  x2(cosx  +  l) 


—2  sin2  x  [sin  (a 
Jf— »o  x2(cosx+l) 


-  Iim 


±i>l  =  -2  Iim  (*£)*  .  =  -2  (.)2  ^ 

I)  x->0  \  X  )  cosx  +  1  cosO 


2  sin  (a  +  0)  _ 

+  1 


18.  Suppose  that  y  —  mx  +  c  is  a  tangent  line  to  the  ellipse.  Then  it  intersects  the  ellipse  at  only  one  point,  so  the 


-  .  .x2  (mx  +  c)2 

discriminant  of  the  equation  —z  + - -= - =  I 

a2  a2 

0,  that  is. 


( b 2  +  a2m2)  x2  +  2mca2x  +  a2c2  —  a2b2  =  0  must  be 


0  =  ^2mca2)  -  4  (ft2  +  a2m2  j  ^a2c2  -  a2b 2) 

=  4a4c2m2  —  4a262c2  +  4a2 b*  -  4 a4c2m2  +  4 a*b2m2  =  4a2 i2  ( a2m 2  +  b2  —  c2^ 


Therefore,  a2m2  +  b2  —  c2  =  0. 

Now  if  a  point  (a,  ft)  lies  on  the  line  y  =  mx  +  c,  then  c  =  ft  -  mn,  so  from  above, 

0  =  a2m2  +  b2  —  (ft  -  mu)2  =  (a2  —  a2)  m2 +  2aflm  +  b2  -  fl2  <=>  m2  4-  ^  m  +  2  _  \  —0. 


(a)  Suppose  that  the  two  tangent  lines  from  the  point  (a,  ft)  to  the  ellipse  have  slopes  m  and  — .  Then  m  and  — 

are  roots  of  the  equation  z2  +  — i — =  0.  Ibis  implies  that  (z  —  m)  (z - ^  =  0  « 

^  a2 -a2  a2 -a2  V  mf 

z2  -  ^m  +  —  ^  z  +  m  ^  =0,  so  equating  the  constant  terms  in  the  two  quadratic  equations,  we  get 

h.  ~  =  m  ( — ^  =  I,  and  hence  b2  -  ft2  =  a2  -  a2.  So  (a,  ft)  lies  on  the  hyperbola  x2  -  y2  =  a2  -  b2. 

a2  —  a1  \m  ) 
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(b)  If  the  two  tangent  lines  from  the  point  (a,  ft)  to  the  ellipse  have  slopes  m  and  — -,  then  m  and  — -arc  roots  of 

m  m 

the  quadratic  equation,  and  so  (z  —  m)  ^z  +  — ^  =  0.  and  equaling  the  constant  terms  as  in  part  (a),  we  gel 
ft2  -  ft2  ,  ,  ,  , 

2  _ — j  =  —  aml  hence  ft  -  //'  =  a1  —  a1.  So  the  point  («,  /I)  lies  on  the  circle  x2  +  y2  —  a2  +  b2. 


x'  +  y1  =  a1  +  b ! 


19.  y  =  x r4  —  lx2  —  x  =>  y'  =  4.v 3  —  4i  —  I.  The  equation  of  the  tangent  line  at  x  =  a  is 

y  ~  (a<  —  2o2  —  a)  —  (4a3  —  4a  —  I)  (jr  —  a)  or y  =  (4a5  —  4«  —  l)  jr  +  (-3a4  +  2a2)  and  similarly  for  x  =  b. 
So  if  at  x  =  a  and  x  —  b  we  have  the  same  tangent  line,  then  4a5  —  4a  -  I  =  4 ft3  —  46—1  and 
—3a4  +  2a2  =  -3ft4  +  2b2.  The  first  equation  gives  a3  —  ft3  =  a  —  b  =>  (a  —  b)  (a2  +  ab  -|  b2)  —  (a  -  h). 
Assuming  a  yL  6,  we  have  I  =  a2  +  ab  +  b2.  The  second  equation  gives  3  (a4  -  b4)  =  2  (a2  —  b2)  => 

3  (a2  -  b 2)  (a2  +  62)  =  2  (a2  -  b2)  which  is  true  if  a  =  -b.  Substituting  into  1  =  a2  +  ab  +  h2  gives 
\  =  a2  -  a2  +  a2  =s  a  =  ±1  so  that  a  =  1  and  b  =  —  I  or  vice  versa.  Thus,  the  points  (1,-2)  and  (—1,0) 
have  a  common  tangent  line. 

As  long  as  there  are  only  two  such  points,  we  are  done.  So  we  show  that  these  are  in  fact  the  only  two  such 
points.  Suppose  that  a2  -  b2  £  0.  Then  3  (a2  -  b2)  (a2  +  ft2)  =  2  (a2  -  ft2)  gives  3  (a2  +  ft2)  =  2  or 

o2  +  ft2  =  j  ■  Thus,  aft  =  (a2  +  aft  +  ft2)  —  (a2  +  ft2)  =  I  —  ?  =  i ,  so  ft  =  — .  1  fence,  a2  +  =  - ,  so 

3a  9a2  3 

9a4  +  1  =  6a2  =>  0  =  9  a4  —  6a2  +  I  =  (3a2  —  I)2.  So  3a2  —  1=0  =>  a2  =  j  => 
b2  =  =  j  =  a2,  contradicting  our  assumption  that  a2  ^  ft2. 


20.  Suppose  that  the  normal  lines  at  the  three  points  (at,  a2),  (a2,a|),and  (03,  a|)  intersect  at  a  common  point.  Now 
if  one  of  the  a,  is  0  (suppose  a\  =  0)  then  by  symmetry  02  =  -03,  so  a  1  +  in  +  03  =  0.  So  we  can  assume  that 
none  of  the  a,  is  0. 


The  slope  of  the  tangent  line  at  (a,,  a2)  is  2a,,  so  the  slope  of  the  normal  line  is  —  —  and  its  equation  is 

2a, 

y  —  a}  =  -  ^  (*  -  a, ).  We  solve  for  the  x -coordinate  of  the  intersection  of  the  normal  lines  from  (oi,a2)  and 

(a2,a2):  y  =  a2  -  ±  {x  -  a,)  =  a2  -  ±(x  -  a2)  =>  x  (±- -  J-'j  =  a2  -  a2  =» 

(a  1  —  02  \ 

)  =  —  («t  —  ai)  (at  +02)  0  x  =  —2a  1  a2  (a  1  +  02)  (★).  Similarly,  solving  for  the  a: -coordinate 


of  the  intersections  of  the  normal  lines  from  (ai ,  a()  and  (03,  a2)  gives  .t  =  -2a,  03  (a|  +  03)  (f).  Equating  (*) 
and  (t)  gives  a2  (at +02)  =  03  (ai +03)  <=>  at  (02  —  03)  =  a2  —  a|  =  —  (02  +  03)  (02  —  03)  ts 
at  =  -  (02  +  03)  «  a,  +  02  +  03  =  0. 
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Because  of  the  periodic  nature  of  the  lattice  points,  it  suffices  to  consider  the  points  in  the  5  x  2  grid  shown.  We 
can  sec  that  the  minimum  \aluc  of  r  occurs  when  there  is  a  line  with  slope  |  which  touches  the  circle  centered  at 
(3,  I )  and  the  circles  centered  at  (0, 0)  and  (5, 2).  To  find  P,  the  point  at  which  the  line  is  tangent  to  the  circle  at 
(0, 0),  we  simultaneously  solve  x~  +  y2  =  r2  and y  —  -§x  =>  x2  +  ”x2  =  r2  =>  x2  =  ^r2  => 

x  =  y  —  --^r.  To  find  Q.  we  cither  use  symmetr>'  or  solve  (x  -  3)2  +  (y  -  I)2  =  r2  and 
y  —  I  =  —  j  (.x  —  3).  As  above,  we  get  a  =  3  —  -^=r,  y  =  I  +  Now  the  slope  of  the  line  PQ  is  j,  so 


1 

+ 

1  + 

t°  - 
7wr 

729+  lOr 

-7»r 

~  3  - 

7%r 

3729  -  4r 

5V29  +  50r 

=  6729 

-8 r 

<=> 

58  r 

=  729 

r 

y/29 
—  58 

So  the  minimum  value  of  r  for  which  any  line  with  slope  |  intersects  circles  with  radius  r  centered  at  the  lattice 
points  on  the  plane  is  r  =  =s  0.093. 


22. 


Assume  the  axes  of  the  cone  and  the  cylinder  are  parallel.  L.ct  H  denote 
the  initial  height  of  the  water.  When  the  cone  has  been  dropping  for  t 
seconds,  the  water  level  has  risen  x  meters,  so  the  tip  of  the  cone  is 
x  +  lr  meters  below  the  water  line.  We  want  to  find  dx/dl  when 
x  +  I  =  It  (when  the  cone  is  completely  submerged).  Using  similar 

rt  r  r 

triangles. - =  -  =>  n  =  —  (x  +  /). 

x  +  l  h  It 


volume  of  water 

and  cone  at  time  / 

original  volume 
of  water 

+ 

volume  of  submerged 
part  of  cone 

xR2(H+x) 

=  kR2II 

+ 

j  rr r2  (x  +  /) 

xR2H  +  xR2x 

=  xR2U 

+ 

3*^2  (x  +  /)3 

3lrR2x 

=  r2  (x  +  r)3 
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23. 


Differentiating  implicitly  with  respect  to  t  gives  us 


3/i 


dx_ 

dt 


'-i-’C 


,  dx 


3  (jr  +  /r  —  +  3  (x  +  ty 
dt 


,  dr 

dt 


dx  _  r2  (x  +  f)2 
dt  ~  h2  R2  -  r2  (x  + 1)2 


r2hl 


x+l  =  h 


h2R2-r2h 2  R2  —  r2 


Thus,  the  water  level  is  rising  at  a  rate  of  — — j  cm/s  at  instant  the  cone  is  completely  submerged. 

r  h  5h 

y  similar  triangles,  -  =  —  =>  r  =  — .  1  he  volume  of  the  cone  is 

5  16  16 

l  2 1  i  /5/»\2  #  25k  3  dV  25 k  2dh  - 

=  i/rr2/?  =  (  —  I  h  =  so  —  =  — -/r  — .  Now  the  rate  of 

3  3  \  6/  768  dt  256  <// 


change  of  the  volume  is  also  equal  to  the  difference  of  w  hat  is  being  added 
(2  cm3/min)  and  w  hat  is  oozing  out  ( knrl ,  where  itrl  is  the  area  of  the  cone  and  k 

dV 

is  a  proportionality  constant).  Thus,  —  =  2  —  knrl. 

dV  ,  n  dh  5(10)  25  J  /  10 

Equating  the  two  expressions  for  —  and  substituting  /?  =  10,  —  =  -0.3,  r  —  -  —  =  — ,  and  .  =  — 

.  _ _  „  ?  - -  I25*ttv/28T  „  750*  „  ,  .  r  , 

»  /=  jj,/28T.wcget  (10)2(-0.3)  =  2-*it^  •  fv/287  - — - =  2  +  -^g-.  Solving  lor  * 

gives  us  k  =  — ^  To  maintain  a  certain  height,  the  rate  of  oozing,  knrl,  must  equal  the  rate  of  the  liquid 
250;tn/28T 

.  256  +  375a  25  5s/28T  256  +  375*  _  , ,  „„„  _3 

being  poured  in.  that  is,  dV  /dt  —  0.  knrl  =  - , _  •  n  •  —  •  — - —  --  - 777^ - 1 1 .204  cm'  /min. 


250a  8  8 


128 


BLANK  PAGE 


Applications  of  Differentiation 


^3-1  Maximum  and  Minimum  Values 


1.  A  function  /  has  an  absolute  minimum  at*  =  c  if  /  (c)  is  the  smallest  function  value  on  the  entire  domain  of/, 
whereas  /  has  a  local  minimum  at  c  if  /  (c)  is  the  smallest  function  value  when  *  is  near  c. 

2.  (a)  The  Extreme  Value  Theorem 
(b)  See  the  Closed  Interval  Method. 

3.  Absolute  maximum  at  b:  absolute  minimum  at  d,  local  maxima  at  b,  e;  local  minima  at  d,  s:  neither  a  maximum 
nor  a  minimum  at  a.  c,  and  I. 

4.  Absolute  maximum  at  e;  absolute  minimum  at  t;  local  maxima  at  c.  e.  s:  local  minima  at  b.  c.  d.  r\  neither  a 
maximum  nor  a  minimum  at  a. 

5.  Absolute  maximum  value  is  /( 4)  =  4;  absolute  minimum  value  is  /( 7)  -  0;  local  maximum  values  are  /‘(4t  =  4 
and  /( 6)  =  3:  local  minimum  values  arc  /  (2)  =  I  and  /  (5)  =  2. 

6.  Absolute  maximum  value  is  /( 7)  =  5:  absolute  minimum  value  is  /  (I)  =  0:  local  maximum  values  arc 


r«*i 

ci 

II 

s 

i  =  4,  and  /( 5)  =  3;  local  minimum  values  are  /(I)  =  0,  / (4) 

=  2,  and  /  (6)  =  1 . 

7.  yj 

8.  y, 

. 

3  j 

\  V 

2- 

I 

\  2  1 

0 

12  3^  0 

12  3* 

191 


15.  /( x)  =  8  -  3.x,  x  >  I.  Absolute  maximum 
/(I)  =  5;  no  local  maximum.  No  absolute  or 
local  minimum. 


17.  f  (x)  =  x2,  0  <  x  <  2.  No  absolute  or  local 
maximum  or  minimum  value. 


19.  f  (x)  =  0  <  x  <  2.  Absolute  minimum 

/  (0)  =  0;  no  local  minimum.  No  absolute  or 
local  maximum. 


21.  /  (x)  =  x2,  —  3  <  x  <  2.  Absolute  maximum 
/  (-3)  =  9.  No  local  maximum.  Absolute  and 
local  minimum  /  (0)  =  0. 


SECTION  4.1  MAXIMUM  AND  MINIMUM  VALUES  □ 

16-  f(x)  =  3  —  2.x,  x  <  5.  Absolute  minimum 
/  (5)  =  —7;  no  local  minimum.  No  absolute  or 
local  maximum. 


18.  f  (x)  =  x2,  0  <  x  <  2.  Absolute  maximum 
/  (2)  =  4;  no  local  maximum.  No  absolute  or 
local  minimum. 


20.  /  (x)  =  x2.  0  <  x  <  2.  Absolute  maximum 
/( 2)  =  4.  Absolute  minimum  /  (0)  =  0.  No 
local  maximum  or  minimum. 


22.  f  (x)  =  1  +  (x  +-  1)J,  —  2  <  x  <  5.  No  absolute 
or  local  maximum.  Absolute  and  local  minimum 
/(-!)=  1. 
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23.  /  (()  =  I  //,  0  <l  <  I .  No  maximum  or 
minimum. 


Vi 

V 

0 

!  ' 

24.  /  (l)  =  I/'/,  0  <  l  <  I .  Absolute  minimum 
/ ( 1 )  =  I;  no  local  minimum.  No  local  or 
absolute  maximum. 


25.  /  (If)  =  sin If.  —2n  <  0  <  Ik.  Absolute  and 
local  maxima  /  t)  =  /  ( x )  =  I  Absolute 

and  local  minima  /(— t)  =  /  (t^)  =  ~  1 


1 

lit 

-lit 

0  ^ 

26.  J  (If)  =  tanfC  —  |  <0  <  ^ .  Absolute  minimum 
/(—£)  =  —1;  no  local  minimum.  No  absolute 
or  local  maximum. 


27.  /  (.v )  =  a-5.  No  maximum  or  minimum. 


29.  fix) 


v< 

L 

7 

10  x 

VI 

© 

ri 

X  <  1 

Absolute 


2  -  A  if  I  <  x  <  2 
minima  /  (0)  =  /  (2)  =  0;  no  local  minimum. 
No  absolute  or  local  maximum. 


28.  /  (a)  =  2  —  a4  .  L,ocal  and  absolute  maximum 
/  (0)  =  2.  No  local  or  absolute  minimum. 


a2  if  —  I  <  a  <  0 

/  (*)  =  , 

2 -a2  ifO  <  A  <  I 

Absolute  and  local  maximum  /  (0)  =  2.  No 
absolute  or  local  minimum. 
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31-  /  00  —  5x"  +  4x  =>  f  (*)  _  I  Ox  +  4.  /'  (x)  =  0  =>  .v  =  — | ,  so  —  |  is  the  only  critical  number. 

32.  /(.r)  =  5  +  6.r  — 2x3  =>  f  (x)  =  6  -  6x2  =  6(1  +  *)  (1  - x).  f  (x)  =  0  =>  *  =  ±1,  so  ±1  are  the 
critical  numbers. 

33.  /(/)  =  2 f3  +  3 1~  +  6<  +  4  =>  /'(/)  =  6r  +  6(  +  6.  But  l2  +  /  -f  1  =  0  has  no  real  solution  since 
b 2  _  4ac  =  I  -  4  (I)  (1)  =  — 3  <  0.  No  critical  number. 

34.  /(x)  =  4x3  —  9x2  -  12* +  3  =*  /(*)  =  12x2  -  18*  -  12  =  6  (2x2  -  3*  -  2)  =  6(2*  +  l)(x  -2). 
/'(*)  =  0  =>  *  =  —  j ,  2;  so  the  critical  numbers  are  *  =  —  j ,  2. 

35.  s  (l)  =  2l3  +  3r  -  6r  +4  =>  s'  (/)  =  6f 2  +  6r  —  6  =  6  (t2  +  t  —  1).  By  the  quadratic  formula,  the  critical 
numbers  are  l  —  (-1  ±  \/5^  /2. 


36.  s  (r)  =  i*  +  4r3  +  2t2  =>  s'  (r)  =  4r3  +  I2<2  +  4i  =  4l  (t2  +  3r  +  I)  =  0  when  /  =  0  or  t2  +  3i  +  1  =  0.  By 
the  quadratic  formula,  the  critical  numbers  are  I  =  0, 

r  (r2+  1)  1  -r(2r)  -r2  +  1  ..  , 

37-/(r)—  2  ,  -  =*  /('")— - — - tj— —  =  — - -j  =  0  <=>  r2  =  1  <=>  r  =  ±1,  so  these  arc 

r  +l  (r2  +  I)2  (r2  +  l)2 

the  critical  numbers.  Note  that  f  (*)  always  exists  since  r2  +  1  ^  0. 


38.  /(.-) 


z+  1 

z2  +  r  +  1 


z  =  0,  -2  are  the  critical  numbers.  (Note  that  z2  +  r  +  1  #  0  since  the  discriminant  <  0.) 


39.  g(x)  =  |2*+3|  = 


2*  +  3  if  2*  +  3  >  0 
-(2* +  3)  if  2*  +  3  <0 


=*  «'(*)  = 


if*  >  —  j 
-2  if*  < 


g1  (*)  is  never  0,  but  g7  (*)  does  not  exist  for  *  =  - §,  so  -  \  is  the  only  critical  number. 

40.  g(x)  =  xl/3  -x"2'3  =>  g'(x)  =  }*-2/3  +  ^*-V3  =  |*-s/3(jc  +  2)  =  .  g7  (-2)  =  0  and  g' (0) 

not  exist,  but  0  is  not  in  the  domain  ofg,  so  the  only  critical  number  is  —2. 

*1-  g(t)  =  5/2/3  +  f5/3  =>  g'  (/)  =  y/~1/3  +  |/2;3  g  (0)  does  not  exist,  so  /  =  0  is  a  critical  number. 

^  (0  =  (2  +  0  =  0  «=*  /  = —2,  so /  = -2  is  also  a  critical  number. 


does 


42.  g(f)  =  v7(l  -  /)  =  fl/2  -  /3/2  =>  g7  (/)  =  ___  J^/7.  g1  (0)  does  not  exist,  so  /  =  0  is  a  critical  number. 


I  -  it 


0  =  g'  (t)  =  =5  I  =  j,  so  l  =  j  is  also  a  critical  number. 


43.  /•"(*)  =  x4/i  (*  —  4)2  => 

F’  (*)  =  \x~l/s  (*  -  4)2  +  2* 4/5  (*  -  4)  =  \x~{/i  (*  -  4)  [4  (*  -  4)  +  10*1 

(*  -4)  (14*  -  16)  2  (x  -  4)  (7*  —  8)  „  ,  „ 

- 5x1/5 - = - 57(75 - =  0  when  *  =  4,  and  /•  (0)  does  not  exist. 

Critical  numbers  are  0.  *,  4. 


44.  G  (*)  —  \/x2  —  x  =*  G'  (*)  =  j  (x2  —  *)  "  1  (2*  —  I).  G'  (*)  does  not  exist  when  x2  —  *  =  0  or*  =0.  1. 
G'  (*)  =  0  <=>  2*  —  1  =  0  <=>  *  =  j.  So  the  critical  numbers  are  *  =0,  i,  1. 
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45.  /  (0)  =  sin’  (20)  =>  /'  (0)  =  2  sin  (20)  cos  (20)  (2)  =  2  (2  sin  20  cos  20)  =  2  (sin  (2  •  20)]  =  2  sin  40  =  0 
<=>  sin  40  =  0  <=>  40  —  nn,  n  an  integer.  So  0  =  m,t /4  are  the  critical  numbers. 

46.  g  (0)  =  0  +  sin  0  =>  g'  (0)  =  I  +  cos  0  =  0  «  cos  0  =  —  1 .  The  critical  numbers  are 
0  =  n  +  2«/r  =  (2m  +  I) jr,  m  an  integer. 

47.  /(x)  =  3x2  -  1 2x  +  5,  (0,3],  /'(x)  =6.1-12  =  0  »  x  =  2.  /(0)  =  5, /(2)  =  -7, /(3)  =  -4,  So 
/  (0)  =  5  is  the  absolute  maximum  and  /  (2)  =  —7  is  the  absolute  minimum. 

48.  /(x)  =  x3-  3x  +  1.  |0,3J.  f  (x)  =  3x2  —  3  =  0  «■  x  =  ±1,  but  -  I  is  not  in  [0, 3|.  /(0)  =  I.  /(I)  =  -1. 
/ (3)  =  19.  So  /(3)=  19  is  the  absolute  maximum  and  /(l)  = -I  is  the  absolute  minimum. 

49.  /(.v)  =  2.v5  +  3.v2  +  4.  |-2,  1],  /'  (x)  =  6x2  +  6.x  =  6x  (x  +  I)  =  0  o  x  =  -I,  0.  /(- 2)  =  0. 

/  (—  1 )  =  5,  /  (0)  =  4,  /  ( I )  =  9.  So  /  ( I )  =  9  is  the  absolute  maximum  and  /  (— 2)  =  0  is  the  absolute 
minimum. 

50.  /(x)  =  I8x  +  15x2 -4x3, 1-3,4).  /' (x)  =  18  +  30x  -  12x2  =  6(3  -  x)  (1  +  2x)  =  0  «=>  x  =  3,  -j. 

/  (-3)  =  189.  /  =  — -j.  /  (3)  =  81,  /  (4)  =  56.  So  /  (-3)  =  189  is  the  absolute  maximum  and 

/(— j)  =  — is  the  absolute  minimum. 

51.  / (x)  =  X4  -  4x2  +  2,  (-3,  2|.  /'  (x)  =  4x3  -  8x  =  4x  (x2  -  2)  =  0  x  =  0.  ± VI  / (-3)  =  47. 

/  (-V2 )  =  -2.  y  (0)  =  2.  /  (s/2)  =  -2.  /( 2)  =  2.  so  /  (±V5)  =  —2  is  the  absolute  minimum  and 
/  (-3)  =  47  is  the  absolute  maximum. 

52.  / (x)  =  3xs  —  5x3  —  I.  (-2.2J.  /'(x)  =  15x4  -  I5x2  =  I5x2(x+  I ) (x  —  1 )  =  0  x  =  -1.0,  I. 

/  ( — 2)  =  —57,  /  (-I)  =  I.  /  (0)  =  —  I,  /  (I)  =  —3.  /  (2)  =  55.  So  /(— 2)  =  -57  is  the  absolute  minimum 
and  /  (2)  =  55  is  the  absolute  maximum. 

53.  /  (x)  =  x2  +  [l-  2]  f  (x)  =  2x  —  =  2^-^j-^  =  0  «  x5-l=0  «.  (x  -  I)  (x2  +  x  +  1)  =  0. 

butx2fx+  1  i-  0.  so  x  =  I.  The  denominator  isOatx  =  0.  but  not  in  the  desired  interval.  /  (j)  =  x- 
/(I)  =  3,  /( 2)  =  5.  So  / (1)  =  3  is  the  absolute  minimum  and  / (2)  =  5  is  the  absolute  maximum. 

54.  /(x)=  1-1,2].  /'  (x)  =  -x  Jy/W^T1  =0  »  x  =0.  /(— l)  =  2V2,/(0)  =  3,/(2)  =  V5.  So 

/  (2)  =  V5  is  the  absolute  minimum  and  /  (0)  =  3  is  the  absolute  maximum. 

55.  /(x)=  ,*  , ,  [0.  2],  f  (x)  =  ^  +  0 -t  Qx)  _  -0  <=>  x  =  il,  but  —1  is  not  in  (0, 2]. 

*2+  1  (x24l)2  (x24-I)2 

/  (0)  s=  0,  /(l)  =  4,  /  (2)  =  f .  So  /  (I)  =  j  is  the  absolute  maximum  and  /(0)  =  0  is  the  absolute  minimum. 

V  (  y  J.  J  \  | 

56.  /'  (x)  =  — - — .  [1,2].  f  (x)  =  - = - 5  /  0  =>  no  critical  number.  /  ( I )  =  4  and 

x  +  I  (x  +  1)-  (x+l)2 

/  (2)  =  f.so/(l)  =  x  is  the  absolute  minimum  and  /  (2)  =  |  is  the  absolute  maximum. 

.  -  sinx 

57.  /  (x)  =  sinx  +  cosx.  0,  T  ■  j  (x)  =  cosx  -  sinx  =  0  <=>  sinx  -  cosx  =>  - =  I  =>  tanx  =  I 

1  s  1  cosx 

x  =  7.  /  (0)  =  I,  f  (j)  =  V2  as  1.41.  /(y)  =  'Z3/ 1  as  1.37.  So  /  (0)  =  1  is  the  absolute  minimum  and 
/  (f )  =  V5  is  the  absolute  maximum. 
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58.  /(x)  =  x  —  2cosx,  [—*,*].  f  (x)  =  I  +  2sinx  =  0  <=»  sinx  =  -J  «■  x  =  -2*  _* 

A  O  (>  ‘ 

/(-*>  =  2  ~  *  -114,  /  (-$)  =  x/3  -  £  *  -0.886.  /(-f)  =  -f  -  VI  *  -2.26. 

/Or)  =  it  +  2  as  5.14.  So  /  (— f )  =  —  f  —  VT  is  the  absolute  minimum  and  f  (n)  =  n  +  2  is  the  absolute 
maximum. 


We  sec  that  /'  (x)  =  0  at  about  x  —  —  1 .3,  0.2. 
and  1 . 1  Since  /'  exists  everywhere,  these  are 
the  only  critical  numbers. 


We  see  that  /'  (x)  =  0  at  about  x  =  0.0  and  2.0. 
and  that  /'  (x )  does  not  exist  at  about  x  =  -0.7. 
1.0.  and  2.7.  so  the  critical  numbers  of  /  arc 
about  -0.7,  0.0,  1.0,  2.0.  and  2.7. 


61.  (a) 


From  the  graph,  it  appears  that  the  absolute  maximum  value  is  about 
/(— 1.63)  =  9.71,  and  the  absolute  minimum  value  is  about 
/(1. 63)  -  -7.71.  These  values  make  sense  because  the  graph  is 
symmetric  about  the  point  (0,  I).  (y  =  x3  -  8x  is  symmetric  about 
the  origin.) 


(b) /(x)  =x3 -8x  +  I  =>  /'(x)  =  3x2  -  8.  So/'(x)  =  0  =>  x=±Ji. 

f  (±y§)  =  (i/iy1  -  8  (±y§) + 1 = ±§  y§  + . 

=  ~T\/f  +  1  =  1  —  2^  (minimum)  or  yy/f  +  1  =  1  +  (maximum) 
(From  the  graph,  we  see  that  the  extreme  values  do  not  occur  at  the  endpoints.) 


62.  (a) 


2.5 


From  the  graph,  it  appears  that  the  absolute  maximum  value  is 
/  (2)  =  2,  and  that  the  absolute  minimum  value  is 
about  /  (0.25)  =  -0. 1 1 . 


(b) /(x)  =  x4 -3x3 +  3x2 -x  =»  /' (x)  =  4x3  —  9x2  +  6x  —  I  =  (4x  —  I) (x  —  I)2.  So/'(x)  =  0 
x  =  |  or  x  =  I  Now  /(I)  =  I4  —  3  -  I3 +  3-  I2  —  I  =  0  (not  an  extremum)  and 


/(j)-(j)  -  3  (j)  +3(t)  -  j  =—$s  (minimum). 
/  (2)  =  24  —  3  •  23  -f  3  •  22  —  2  =  2  (maximum). 


At  the  right  endpoint  we  have 
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63.  (a) 


0.4 


From  the  graph,  il  appears  that  the  absolute  maximum  value  is  about 
/( 0.75)  =  0.32,  and  the  absolute  minimum  value  is 
/(0)  =  /  (I)  =  0,  that  is,  at  both  endpoints. 


(b)  /  (x)  =  xVx  -  x2 
So  /'  (x)  =  0  => 


=>  /'  (x)  =  X 


3x  -  4x2  =  0 


I  — 2x  , - T  (x  -  2x2)  +  (2x  -  2x2)  3x-4x2 

2Vx  -  x2  +  2\/x  -  x2  I'Jx  - x 2 

=>  X  =  Oor  /(0)  =  /(l)  =  0  (minima),  and 


/  (|)  =  1^1  -(?)2  =  T#  (maximum). 


64.  (a) 


L. 

-0.8 


From  the  graph,  it  appears  that  the  absolute  maximum  value  is  about 
/  (5.76)  =  0.58,  and  the  absolute  minimum  value  is  about 
/  (3.67)  =  -0.58. 


(b)/(x)  = 


2  +  sinx 


J  0*7  = 


sinx  =  —  £ 


(2  +  sinx)  +  sinx) 

=  X  or  Mr-  Now  /  (t)  =  ~TrP‘  -~7i  (minimum),  and  /  (*£•)  =  =  7J 


(maximum). 


65.  The  density  is  defined  as  p  = 
dp 


volume  F  (F) 


1000  (in  g/cm5).  But  a  critical  point  of  p  will  also  be  a  critical 


point  of  F  [since  —  =  -1000F-2  —  and  V  is  never  0],  and  F  is  easier  to 
dT  dT 

differentiate  than  p.  F  (/)  =  999.87  —  0  06426 /  +  0.0085043F2  —  0.00006797"  ~-=^> 

V  (7  )  =  -0.06426  +  0.0 1 70086 F  -  0.0002037F2.  Setting  this  equal  to  0  and  using  the  quadratic  formula  to  find 


T,  we  get  F  = 


-0.0170086  ±  V0.01700862  -  4  ■  0.0002037  ■  0.06426 


!  3.9665°  or  79.5318°.  Since  we  are 


2  (-0.0002037) 

only  interested  in  the  region  0°  <  F  <  30°,  we  check  the  density  p  at  the  endpoints  and  at  3.9665 

1000  1000  _  _  1000 

/>(0)~^*  1.00013; /<  (30) 


999.87  '  . 1003.764! 

its  maximum  density  at  about  3.9665°C. 


t  0.99625;  p  (3.9665)  • 


999.7447 


1.000255.  So  water  has 


66.  F  = 


pW 


p  sin  0  +  cos  0 


dF  _  (p  sin  0  +  cos  0)  (0)  -  p  IF  (p  cos  0  -  sin  77)  _  -pW  (p  cos  77  -  sin  9) 

(p  sin  77  +  cos  O)2 


dO 


dF 


dO 

F  = 


=  0 


p  cos  77  —  sin  77  =  0 


(tan  77)  W 


W  tan  0 


(p  sin  77  +  cos 77)“ 
p  =  tan  77.  Substituting  tan  77  for  p  in  F  gives  us 
W  tan  0  cos  0  IF  sin  77 


(tan  77)  sin  77  +  cost?  sin2  77  „  sin2  77  +  cos2  77 

- -  +  cost? 

cos  77 


W  sin  77. 


1 
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If  tan  0  =  n,  then  sin/7  =  JL - (see  the  figure),  so  F  =  --yJL _ IK.  We 

vV  +  1  v/7<2  +  1 

compare  this  with  the  value  of  F  at  the  endpoints:  F  (0)  =  /i  W  and  /-(f)  =  IK. 

Now  because  —  <  1  and  _  -  <  //.  we  have  that  -  IK 

•J)<2  + 1  ypTT  VK1 Tl 

is  less  than  or  equal  to  each  of  F  (0)  and  /•(f).  Hence,  ^  IK  is  the  absolute  minimum  value  of  A  (//).  and  it 

v//r2  +  I 

occurs  when  tan//  =  //. 

67.  We  apply  the  Closed  Interval  Method  to  the  continuous  function  /  on  [0,  10],  Its  derivative  is 

/'  (r)  =  0. 00045225C'  +  0  005752/2  —  0.19683/jj  +  0.9196/  —  0.6270.  Since  /'  exists  for  all  /.  the  only  critical 
numbers  of  /  occur  when  /'  (/)  =  0.  We  use  a  root-finder  on  a  computer  algebra  system  (or  a  graphing  device)  to 
find  that  /'(/)  =  0  when  /  =»  —29.7186,  0.823 1,  5.1309,  or  1 1.0459.  but  only  the  second  and  third  roots  lie  in  the 
interval  [0,  1 0].  The  values  of  /  at  these  critical  numbers  are  /  (0.823 1 )  %  99.09  and  /  (5. 1 309)  1 00.67.  The 

values  of  /  at  the  endpoints  of  the  interval  are  /  (0)  =  99.33  and  /  (10)  %  96.86.  Comparing  these  four  numbers, 
we  see  that  food  was  most  expensive  at  /  =s  5.1309  (corresponding  roughly  to  August,  1989)  and  cheapest  at 
/  =  10  (midyear  1994). 


68.  (a) 


4:00 


The  equation  of  the  graph  in  the  figure  is 
v  (/)  =  0.00146/5  —  0. 1 1553/2 

+24.98169/  -21.26872 


(b)  a  (/)  =  u'  (/)  =  0.00438/2  -  0.23 106/  +  24.98169 
=>  a'  (/)  =  0.00876/  -0.23106.  a'  (/)  =  0  => 

'|  =  sisi  »  26.4.  a  (0)  *  24.98. «  (/,)  =  21.94, 
and  a  (126)  a*  64.60.  The  maximum  acceleration  is 
about  64.6  ft/s2  and  the  minimum  acceleration  is 
about  21.94  ft/s2. 


69.  (a)  u  (r)  =  k  (ro  -  r)r2  =  kror2  -  kr2  => 
o'  (r)  =  2kr0r  —  3 kr2.  o'  (r)  =  0  => 

kr  (2/'o  —  3r)  =  0  =>  r  =  0  or  |ro  (but  0  is  not  in 
the  interval).  Evaluating  o  at  jro.  fro,  and  ro,  we  get 
o  (jro)  =  |*r^,  0  (fro)  =  jjkr2,  and  o  (r0)  =  0. 

Since  o  attains  its  maximum  value  at  r  =  |r0. 

This  supports  the  statement  in  the  text. 


(b)  From  part  (a),  the  maximum  value  of  o  is 

4  i  3 
71 Kr 0- 


20-  g  (x)  =  2  +  (x  -  5)3  =>  g’  (x)  =  3  (x  —  5)2  =>  /'  (5)  =  0,  so  5  is  a  critical  number.  But  g  (5)  =  2  and  g 
takes  on  values  >  2  and  values  <  2  in  any  open  interval  containing  5.  so  g  does  not  have  a  local  maximum  or 
minimum  at  5. 
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71.  /  (x)  =  x101  +  x51  +  x  +  I  =>  /'  (x)  =  lOlx100  +  51.x50  +  I  >  1  for  all  x,  so  /  (x)  =  0  has  no  solution. 

Thus,  /(x)  has  no  critical  number,  so  /  (x)  can  have  no  local  maximum  or  minimum. 

72.  Suppose  that  /  has  a  minimum  value  at  c,  so  /  (x)  >  /  (c)  for  all  x  near  c.  Then  g  (x)  =  — /  (x)  <  -/(c)  for 
all  x  near  c,  so  g  (x)  has  a  maximum  value  at  c. 

73.  If  /  has  a  local  minimum  ate,  then  g(x)  =  -/(x)  has  a  local  maximum  at  c.  so/ (c)  =  0  by  the  case  of  Fermat's 
Theorem  proved  in  the  text.  Thus,  f  (c)  =  —g’  (c)  =  0. 

74.  (a)  /  (x)  =  ax}  +  bx1  +  ex  +  d,  a  /  0.  So  f  (x)  =  lax2  +  2 bx  +  c  is  a  quadratic  and  hence  has  either  2,  1 ,  or  0 

real  roots,  so  /  (x)  has  either  2,  I  or  0  critical  numbers. 


Case  0)  (2  critical  numbers): 

/(x)=xJ-3x  =*  /'(x)  =  3xJ-3, 

>’ 

i 

so  x  =  —  1 .  1  are  critical  numbers. 

A 

i 

/  0 

fr 

Case  (ii)  (1  critical  number): 

/(x)  =  x3  =>  /'  (x)  =  3x2. 
so  x  =  0  is  the  only  critical  number. 

y 

L 

r 

0  x 

Case  (iii)  (no  critical  number): 

/  (x)  =  x3  +  3x  =>  /'  (x )  =  3x2  +  3, 

> 

1 

so  there  are  no  real  roots. 

L  . 

i 

i° 

(b)  Since  there  arc  at  most  two  critical  numbers,  it  can  have  at  most  two  local  extreme  values  and  by  (i)  this  can 
occur.  By  (iii)  it  can  have  no  local  extreme  value.  However,  if  there  is  only  one  critical  number,  then  there  is  no 
local  extreme  value. 
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Applied  Project  □  The  Calculus  of  Rainbows 


1.  From  Snell’s  Law,  we  have  sin  a  —  4  sin  /?  =>  —  (sin  a)  =  -  —  (sin  p) 

da  3  da 


dfi  3cos« 


4  udp 

COSO  =  - COS P  —  => 

3  da 


.  Now  D  (a)  =  x  +  2n  —  4/? 


D'(a)  =  2-4^  =2-3^^.  So  D' (a)  =  0  <=> 
an  cos  fi 


da  4  cos  fi 

2  cos  fi  =  3  cos  a .  Thus,  4  cos2  fi  —  9  cos2  a 
sin^  =  |sin«  =>  4-4^|sin«)  =9  — 9  sin2  a  =>  ^9  -  sin2  a  —  9  -  4  =  5 


4  —  4  sin2  fi  —  9  —  9  sin2  a.  Since  3  sin  a  =  4  sin  fi. 


«;n2«  _  20 
sin  a  —  27 


sin  a  .  So  a  =»  1.037  radians  or  59.4°.  We  show  that  this  a  does  give  the  minimum  on  [0,  f  ]:  When  a  =  0, 

sina  =  |  sin/?  =>  /?  =  0,  or  D  (0)  =  x  3.14.  When  a  =  1  =  sin  4  =  j  sin/?  =>  sin/?  =5  => 

/?  «  0.85.  SoD(f)=s;r  +  ;r-4  (0.85)  »  2.88.  Fora  «  1.037,  sin/?  =  |  sina  =  ij^.so  p  0.702  => 

D  (a)  as  7r  +  2  ( 1 .036)  -  4  (0.702)  as  2.4 1 .  So  the  minimum  occurs  when  a  1 .04  radians  or  59.4°. 


2. 


We  repeat  Problem  1  with  *  in  place  of  4 .  So  sin  a  =  k  sin  p  =»  —  =  -  COSK .  Then 

da  k  cos p 

D’  (a)  =  2  —  4 -j-  =  2  —  - - -  and  £>'  (a)  =  0  «  k  cos/?  =  2  cosa.  So  k 2  cos2  /?  =  4cos2  a  => 

da  kcosp 


k2  —  k2  sin2 p  =  4  -  4sin2a  =>  A2  -  sin2a  =  4  -  4sin2a  =>  3 sin2 a  =  4  -  k2 


sina 


So  for  k  «  1.3318  (red  light)  the  minimum  occurs  when  sinai 


(1.3318) 

3 


2 


orai 


1.038  radians,  so  the 


rainbow  angle  is  about  x  —  D(a  1)  =»  42.3°.  For  k  =»  1.3435  (violet  light)  the  minimum  occurs  at 
a2  =»  1 .026  radians,  and  so  the  rainbow  angle  is  about  x  -  D  (02)  25  40.6°. 


3.  At  each  reflection  or  refraction,  the  light  is  bent  in  a  counterclockwise  direction:  the  bend  at  A  is  a  —  /?.  the  bend 
at  B  is  x  —  2/?.  the  bend  at  C  is  again  x  —  2 p,  and  the  bend  at  D  is  a  —  /?.  So  the  total  bend  is 

D  (a)  =  2  (a  —  /?)  +  2  (a  —  2/?)  =  2a  —  6/?  +  2x,  as  required.  Now  sin  a  =  k  sin/?  =s  —  =  -  So 

da  k  cos  /? 

D'  (a)  =  2  —  6—  =  2  —  - - -  and  D'  (a)  =  0  <=>  k  cos  /?  =  3  cos  a.  So  A2  cos2/?  =  9  cos2  a  => 

da  kcosp 


k2  —  k2  sin2  p  =  9  —  9  sin2  a  it2  —  sin2  a 
A  =  |,  then  the  minimum  occurs  when  sinai  = 


=  9  —  9  sin2  a 


9  —  (4/3)2 


or«| 


sin2  a  =  =*  Sin-  y  , 

=»  1.254  radians.  Thus,  the  minimum 


/9-A2 

a=Vnr 


.  If 


counterclockwise  rotation  is  D  (« j )  ^  231°,  which  is  equivalent  to  a 
clockwise  rotation  of  360°  —  231°  =  129°  (see  the  figure).  So  the  rainbow 
angle  for  the  secondary  rainbow  is  about  180°  -  129°  =  51°,  as  required. 
In  general,  the  rainbow  angle  for  the  secondary  rainbow  is 
7T  —  [2k  —  D  (a)J  =  D  (a)  —  n . 
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4.  In  the  primary  rainbow,  the  rainbow  angle  gets  smaller  as  k  gets  larger,  as  we  found  in  Problem  2,  so  the  colors 
appear  from  top  to  bottom  in  order  of  increasing  k.  But  in  the  secondary  rainbow,  the  rainbow  angle  gels  larger  as 
k  gets  larger.  To  see  this,  we  find  the  minimum  deviations  for  red  light  and  for  violet  light  in  the  secondary  rainbow. 


For  k  <*>  1.3318  (red  light)  the  minimum  occurs  when  sin 


inni  =  J 


9-  1.33182 


or  « i  »  1 .254  radians,  and  so  the 


rainbow  angle  is  D  (u  i )  —  jr  as  50.6°.  For  k  as  |  .3435  (violet  light)  the  minimum  occurs  when 
9  _  1  34352 

sin  «2  =  J - - - or  «2  **  1 .248  radians,  and  so  the  rainbow  angle  is  D  (1*2)  —  rr  as  53.6°.  Consequently, 

the  rainbow  angle  is  larger  for  colors  with  higher  indices  of  refraction,  and  the  colors  appear  from  bottom  to  top  in 
order  of  increasing  k,  the  reverse  of  their  order  in  the  primary  rainbow. 


Note  that  our  calculations  above  also  explain  why  the  secondary  rainbow  is  more  spread-out  than  the  primary 
rainbow:  in  the  primary  rainbow,  the  difference  between  rainbow  angles  for  red  and  violet  light  is  about  1 .7°, 
whereas  in  the  secondary  rainbow  it  is  about  3°. 


32  The  Mean  Value  Theorem 


1.  f(x)  =  x2  -  4x  4-  I,  [0, 4).  Since  /  is  a  polynomial,  it  is  continuous  and  differentiable  on  R,  so  it  is  continuous  on 
[0,4]  and  differentiable  on  (0, 4).  Also,  /(0)  =  I  =  /(4).  f  (c)  =  0  «  2c  — 4  =  0  ea  c  =  2,  which  is  in 
the  open  interval  (0. 4),  so  c  =  2  satisfies  the  conclusion  of  Rolle’s  Theorem. 

2.  f  (x)  —  x 3  —  3x2  +  lx  +  5,  [0, 2].  /  is  continuous  on  [0, 2]  and  differentiable  on  (0, 2).  Also,  /  (0)  =  5  =  /  (2). 

('  (c)  =  0  <=s  3c2  —  6c  4-2  =  0  c=s  c  —  - — — -  —  =  1  ±  5  -n/3,  both  in  (0, 2). 

6 

3.  /  (x)  =  sin  2rrx,  [—1,1]./,  being  the  composite  of  the  sine  function  and  the  polynomial  lux,  is  continuous  and 
differentiable  on  R,  so  it  is  continuous  on  [—1,  1]  and  differentiable  on  (—1, 1).  Also,  / (—  1)  =  0  =  /  (I). 
f'(c)  =  0  <=>  2rrcos2jtc  =  0  <=>  cos2rrc  =  0  <=>  2rrc  =  ±§  4- 2jrn  <=>  c  =  ±|  4-n.  Ifn  =  Oor 
±1,  then  c  =  ±J,  ±|  is  in  (-1,  1). 

4.  /  (.v)  =  .v  Vx  4-  6,  [—6, 0],  /  is  continuous  on  its  domain.  [—6,  00),  and  differentiable  on  (—6, 00),  so  it  is 

continuous  on  [—6, 0]  and  differentiable  on  (—6, 0).  Also,  /  (— 6)  =  0  =  / (0).  f  (c)  =  0  <=*  ,  =  0 

2  vc  +  6 

<=>  c  =  —4,  which  is  in  (—6, 0). 

5.  J  (x)  =  1  -*2/3.  /(-!)=  I  —  (—  1  )2/3  =  1-1=0  =  / (1).  f'(x )  =  -|x“1/5,  so  f  (c)  =  0  has  no  solution. 
This  docs  not  contradict  Rolle’s  Theorem,  since  f  (0)  does  not  exist,  and  so  /  is  not  differentiable  on  [- 1 ,  I]. 

6.  /  (x)  =  (x  —  1)  2.  / (0)  =  (0  —  l)-2  =  I  =  (2  —  l)-2  =  /  (2).  f  (x)  =  —2  (.r  —  I)-3  =>  /'(*)  is  never 

0.  This  does  not  contradict  Rolle’s  Theorem  since  /'  (1)  does  not  exist. 


/(8)-/(0) 

8-0 


6-4 

8 


4' 


The  values  of  c 


which  satisfy  f  (c)  =  j  seem  to  be  about 
c  =  0.8,  3.2,  4.4.  and  6.1. 
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/(7)-/(0)  2-4  2  „  . 

- z — - =  — - —  =  — -.  The  values  of  c 

/  —  U  7  7 


which  satisfy  f  (c)  =  -  =  seem  to  be  about 
c=  1.2, 2.8,  4.7,  and  5.8. 


9.  (a),  (b)  The  equation  of  the  secant  line  is 
,  85-5, 

y  -  5  =  g—  (*  - 1)  <=> 
y  =  +  i 


10 


(C)  / (a)  =  V  +  4/a  =>  /'(a)  =  I  -  4/a:2.  So 

/’  (c)  =  j  =>  c2  =  8  =>  c  =  2  \/2,  and 
/  (c)  =  2  72  +  —  =  375.  Thus.  an  equation 

of  the  tangent  line  is  y  -  375  =  4  (x  -  2  ^2^ 
<=>  y  =  ja  +  275. 


10 


10.  (a) 


c 

4 

V. 

V7 

-5 


(b)  The  slope  of  the  secant  line  is  2,  and  its  equation  isy  =  lx. 
/(a)  =  a3  —  2a  =»  /'  (a)  =  3.v2  —  2,  so  we  solve 

f'(c)  =  2  =*  3c2  =  4  =»  c  =  ±2^1  as  1.155.  Our 
estimates  were  off  by  about  0.045  in  each  case. 


It  seems  that  the  tangent  lines  are  parallel 
to  the  secant  at  a  a=  ±1.2. 

11.  /(a)  —  3a2  +  2x  +  5,  [— I,  I],  /  is  continuous  on  [ — 1 .  1 1  and  differentiable  on  (—1,  1)  since  polynomials  are 
continuous  and  differentiable  on  R.  f  (c)  =  L4l — ^  6c  +  2  =  -  -  ■ 1  *  ~  ^  1  *  =  — ~  6  —  2  <=> 


b  —  a 


6c  =  0  <=>  c  =  0,  which  is  in  (—  1 ,  I ). 


l-(-D 


12.  /(a)  =  a3  +  a  —  I.  fO,  2).  /  is  continuous  on  [0, 2J  and  differentiable  on  (0,  2).  /'  (c)  =  ^ 


3c2  +  1  =  9  *  ^  <=*  3c2  =  5  -  I  C5  c‘  = 


„2  _  4 

J 


c  =  ±^.  but  only  is  in  (0, 2). 


2 
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differentiable  on  (0,  1).  /'  (c)  =  — /(£)  ^ 

b  —  a  3c~'- 


13.  /  (x)  =  ifx,  [0,  1],  /  is  continuous  on  R  and  differentiable  on  (— oo,  0)  U  (0,  oo),  so  /  is  continuous  on  [0,  1]  and 

1  /(l)-/(0)  1  1-0 

3c2/3  _  |  ^  c2/3  =  j  <=>  c2  —  <=>  c  =  ±y^j  =  but  only  ^  is  in  (0. 1). 

14.  /  (x)  =  X  1 1,4].  /  is  continuous  on  [1,4]  and  differentiable  on  (1,4).  /'  (c)  =  £1-1 — — —  <=> 

x  +  2  6  -  a 

2  _  I 

=  •? — l  <=>  (c  +  2)2  =  18  <=>  c  =  -2±3s/2.  -2  +  3 s/2  =  2.24  is  in  (1,4). 


(c  +  2)2 


4-  1 


15.  /(x)  =  \x  -  1|.  /(3)-/(0)  =  |3-  1|  —  |0—  1 1  =  1.  Since  /'(c)  = -I  ifc  <  1  and /'(c)  =  1  ifc  >  1, 

/'  (c)  (3  —  0)  =  ±3  and  so  is  never  equal  to  1 .  This  docs  not  contradict  the  Mean  Value  Theorem  since  /'  ( I )  does 
not  exist. 


16.  /(x)  =  /(2)  —  /(0)  =  3  —  (—1)  =  4.  /'(*)=  ----  ’■ — * [X  +  l>  =  2  2-  Since  f  (x )  <0 

x  -  I  (x  +  l)2  (x  +  I)2 

for  all  x  (except  x  =  —  1 ),  /'  (c)  (2  -  0)  is  always  <  0  and  hence  cannot  equal  4.  This  does  not  contradict  the 

Mean  Value  Theorem  since  /  is  not  continuous  at  x  =  I . 


17.  f  (x)  =  x5  +  lOx  +3.  Since  /  is  continuous  and  /  (—  I )  =  — 8  and  /  (0)  =  3,  the  equation  f  (x)  =  0  has  at  least 
one  root  in  (—  1 , 0)  by  the  Intermediate  Value  Theorem.  Suppose  that  the  equation  has  more  than  one  root;  say  a 
and  b  are  both  roots  with  a  <  b.  Then  f  (a)  —  0  =  /  (b)  so  by  Rolle’s  Theorem  /'  (x)  =  5x4  +  10  =  0  has  a  root 
in  (a.  b).  But  this  is  impossible  since  clearly  /'  (x)  >  10  >  0  for  all  real  x. 


18.  /  (x)  =  3x  —  2  +  cos  (f  x).  Since  /  is  continuous  and  / (0)  =  —  1  and  /  (1)  =  1,  the  equation  /  (x)  =  0  has  at 

least  one  root  in  (0,  1 )  by  the  Intermediate  Value  Theorem.  Suppose  it  has  more  than  one  root;  say  a  <  b  are  both 
roots.  Then  /  (a)  =  0  =  /  ( b ),  so  by  Rolle’s  Theorem,  /'  (x)  =  3  —  j  sin  (|x)  =  0  has  a  root  in  (a,  b).  But  this 
is  impossible  since -sinx  > —I  =>  /'  (x)  >  3  -  |  >  0  for  all  real  x. 

19.  /  (x)  =  x5  —  6x  +  c.  Suppose  that  /(x)  =  0  has  two  roots  a  and  b  with  —  1  <  a  <  b  <  1.  Then 
/  (a)  =  0  =  /  (A),  so  by  Rolle’s  Theorem  there  is  a  number  d  in  (a,  b)  with  /' (d)  =  0.  Now 

0  =  /'  ( d )  =  5 d*  —  6  =>  d  —  ±^1,  which  are  both  outside  [—1,  I]  and  hence  outside  (a,  b).  Thus,  /  (x)  can 
have  at  most  one  root  in  [—  1 ,  I  ]. 

20.  /  (x)  =  x4  +  4x  +  c.  Suppose  that  f  (x)  —  0  has  three  distinct  real  roots  a,  b,  d  where  a  <  b  <  d.  Then 

/  (a)  =  /  ( b )  =  f  (d)  —  0.  By  Rolle’s  Theorem  there  are  numbers  ci  and  C2  with  a  <  ci  <  b  and  b  <  ci  <  d 
and  0  =  f'(ci)  =  f  (c2),  so  /'  (x)  =  0  must  have  at  least  two  real  solutions.  However 
0  =  /'(x)  =  4x3  +  4  =  4  (x3  +  1)  =  4(x  +  I)  (x2  —  x  +  I)  has  as  its  only  real  solution  x  =  —  l.  Thus,  /  (x) 
can  have  at  most  two  real  roots. 


21.  (a)  Suppose  that  a  cubic  polynomial  P  (x)  has  roots  ai  <02  <  03  <  04,  so  P  (ai )  =  P  (02)  =  P  (a;)  =  P  (aj). 
By  Rolle’s  Theorem  there  are  numbers  ci,  C2,  C3  with  ai  <  ci  <  a2,  a2  <  C2  <  03  and  aj  <  0  <  04  and 
P'  (ci)  ■  P'  (C2)  =  P'  (C3)  =  0.  Thus,  the  second-degree  polynomial  P'  (x)  has  three  distinct  real  roots, 
which  is  impossible. 

(b)  We  prove  by  induction  that  a  polynomial  of  degree  n  has  at  most  n  real  roots.  This  is  certainly  true  for  n  =  I. 
Suppose  that  the  result  is  true  for  all  polynomials  of  degree  n  and  let  P  (x)  be  a  polynomial  of  degree  n  +  I . 
Suppose  that  P  (x)  has  more  than  n  +  I  real  roots,  say  ai  <  02  <  03  <•••  <  a„+i  <  a„+2.  Then 
P  (m)  =  P  (02)  =  •■•  =  /’  (a„+2)  =  0.  By  Rolle’s  Theorem  there  are  real  numbers  ci, . . .  ,cn+i  with 

ai  <  ci  <  a2 .  =*  a„+i  <  c„+i  <  a„+2  and  P'  (c\)  =  •••  =  /*'  (cn+i)  =  0.  Thus,  the  nth  degree 

polynomial  P'  (x)  has  at  least  n  +  1  roots.  This  contradiction  shows  that  P  (x)  has  at  most  n  +  1  real  roots. 
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22.  (a)  Suppose  that  f  (a)  —  f  ( b )  =  0  where  a  <  b.  By  Rollc’s  Theorem  applied  to  /  on  (a,  A]  there  is  a  number  c 
such  that  a  <  c  <  b  and  /'  (c)  =  0. 

(b)  Suppose  that  /(a)  =  f  (b)  =  f  (c)  =  0  where  a  <  b  <  c.  By  Rolle’s  Theorem  applied  to  f  (x)  on  [a,  A|  and 
[b,  c\  there  are  numbers  a  <  d  <  b  and  b  <  e  <  c  with  f  (d)  -  0  and  /'  (<?)  =  0.  By  Rolle’s  Theorem 
applied  to  f'(x)  on  [d,  e\  there  is  a  number  g  with  d  <  g  <  e  such  that  f"  (g)  =  0. 

(c)  Suppose  that  /  is  n  times  differentiable  on  R  and  has  n  +  I  distinct  real  roots.  Then  /<">  has  at  least  one  real 
root. 


23.  By  the  Mean  Value  Theorem,  /  (4)- /(l)  = /'(c)  (4-  1)  for  some  c  6  (1,4).  But  for  every  c  e  (1,4)  we  have 
/'  (c)  >  2.  Putting  /'  (c)  >  2  into  the  above  equation  and  substituting  /  (I )  =  10,  we  get 
/  W  =  /(!)  +  /'  (c)  (4  —  I)  =  10  +  3  f  (c)  >  10  +  3-2=  16.  So  the  smallest  possible  value  of  / (4)  is  16. 


24.  By  the  Mean  Value  Theorem,  — — — ^-1 

x<m^m<AmX<mlrn 

5-2  3 


=  f  (c)  for  some  c  6  (2, 5).  Since  I  <  /'  (x)  <  4,  we  have 
:  <  4  or  3  <  /  (5)  —  /  (2)  <  12. 


25.  Suppose  that  such  a  function  /  exists.  By  the  Mean  Value  Theorem  there  is  a  number  0  <  c  <  2  with 

f  (c)  —  j  _  o -  =  2'  's  imPoss|blc  since  /'  (x)  <  2  <  j  for  all  x .  so  no  such  function  can  exist. 


26.  Let  h  =  /  -  g.  Then  since  /  and  g  are  continuous  on  [a,  b]  and  differentiable  on  (a,  b),  so  is  b.  and  thus  h 
satisfies  the  assumptions  of  the  Mean  Value  Theorem.  Therefore,  there  is  a  number  c  with  a  <  c  <  b  such  that 
h  (b)  =  h  (b)  -  h  (a)  =  h'  (c)  (b  -  a).  Since  h'  (c)  <  0,  h'  (c)  (b  -  a)  <  0,  so /(/>)  -  g(h)  =  h  (b)  <0and 
hence  /  (b)  <  g  (6). 


27.  We  use  Exercise  26  with  f  (x)  =  VI  +  x,g(x)  -  I  +  j.x,  and  a  =  0  Notice  that  /  (0)  =  1  =g(0)  and 

/'(*)=  2yj-+7  <  ^  =  s'  (x)  for  A  >  o.  So  by  Exercise  26,/ (6)  <  g(b)  =>  Vl  +  *  <  I  +  j/j  for  b  >  0 

Another  Method:  Apply  the  Mean  Value  Theorem  directly  to  cither  / (x)  =  1  +  -  vT+7  or  g(x)=  -/T+x 

on  (0, 6). 


28.  /  satisfies  the  conditions  for  the  Mean  Value  T  heorem,  so  we  use  this  theorem  on  the  interval  [—6,  b\. 

~~V-7-6)  ^  =  f  f°r  SOmC  c  6  l,ut  since  /  is  odd.  / (-*)  =  -/  (b)  Substituting  this  into  the 

.  /(*)  +  /(*)  „  /(b) 

above  equation,  we  get  - —  =  /'  (c)  =»  — —  =  /'  (c). 

2b  b 


29.  Let  f  (x)  =  sinx  and  let  b  <  a.  Then  /(x)  is  continuous  on  (6,  n]  and  differentiable  on  (b,  a).  By  the  Mean 
Value  Theorem,  there  is  a  number  c  e  (b,a)  with  sino-sin*  =  f(a)-f(b)  =  f'(c)(a-b)  =  (cost)  (a  -  b). 
Thus,  |  sin  a  -  sin  6|  <  |cosc|  |i  -  a\  <  \a  -  6|.  If  a  <  b,  then 

|sin  a  —  sin  6|  =  |sin  b  —  sin  a|  <  |6  —  a|  =  |a  —  6|.  If  a  —  b,  both  sides  of  the  inequality  are  0. 


30.  Suppose  that  f  (x)  =  c.  Let  g  (x)  =  cx,  so  g'  (x)  =  c.  Then,  by  Corollary  7,  /  (x)  =  g  (x)  +  d,  where  d  is  a 
constant,  so  /(x)  =  cx  +  d. 


31.  Forx  >  o,  / (x)  =  g  (x),  so  f  (x)  =  g’  (x).  Forx  <  0,  /'  (x)  =  (1/x)'  =  -1/x2  and 

g'  (-*)  =  (I  +  1/x)'  =  -  1/x2,  so  again  /'  (x)  =  g’  (x).  However,  the  domain  of  g  (x)  is  not  an  interval  [it  is 
(-oo,  0)  U  (0,  oo)|  so  we  cannot  conclude  that  /  -  g  is  constant  (in  fact  it  is  not). 
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32.  Let  n  (/)  be  the  velocity  of  the  car  I  hours  after  2:00  P.M.  Then  ”  ^ 1  ^ ~  '  ■  ,, —  =  '20.  By  the  Mean 

I  /6  —  U  l/o 

Value  Theorem  there  is  a  number  0  <  c  <  |  with  o'  (c)  =  120.  Since  o'  (/)  is  the  acceleration  at  time  r.  the 
acceleration  c  hours  after  2:00  P.M.  is  exactly  120  mi/h2. 

33.  Let  g(t)  and  h  (l)  be  the  position  functions  of  the  two  runners  and  let  /  (/)  =  g(t)  —  h  (r).  By  hypothesis 

/  (0)  =  g  (0)  -  li  (0)  =  0  and  /  (b)  —  g(b)-  It  ( b )  =  0  where  b  is  the  finishing  time.  Then  by  Rolle’s  Theorem, 
there  is  a  time  0  <c  <  b  with  0  =  f  (c)  =  g’  (c)  -  h'  (<■).  Hence,  g'  (c)  =  h'  (c),  so  at  time  c,  both  runners  have 
the  same  velocity  g'  (c)  =  h'  (c). 

34.  Assume  that  /  is  differentiable  (and  hence  continuous)  on  R  and  that  /'  (v)  yt  1  for  all  x.  Suppose  /  has  more 
than  one  fixed  point.  Then  there  are  numbers  a  and  b  such  that  a  <  b,  /  (a)  =  a,  and  f  (b)  —  b.  Applying  the 
Mean  Value  Theorem  to  the  function  /  on  [a,  6],  we  find  that  there  is  a  number  c  in  (a,  b )  such  that 

/'  (c)  =  ~  .  But  then  /'  (c)  =  7 — -  =  I,  contradicting  our  assumption  that  /'  (jc  )  yt  I  for  every  real 

number  x.  This  shows  that  our  supposition  was  wrong,  that  is,  that  /  cannot  have  more  than  one  fixed  point. 


51-3  How  Derivatives  Affect  the  Shape  of  a  Graph 

1.  (a)  /  is  increasing  on  (0, 6)  and  (8, 9). 

(b)  /  is  decreasing  on  (6,  8). 

(c)  /  is  concave  upward  on  (2, 4)  and  (7, 9). 

(d)  /  is  concave  downward  on  (0, 2)  and  (4, 7). 

(e)  The  points  of  inflection  are  (2.  3),  (4, 4.5)  and  (7, 4)  (where  the  concavity  changes). 

2.  (a)  /  is  increasing  on  (0,  2.8)  and  (4, 5.5). 

(b)  /  is  decreasing  on  (—  1 , 0),  (2.8, 4),  (5.5, 7).  and  (7,8). 

(c)  /  is  concave  upward  on  (—  1 , 2)  and  (7,  8). 

(d)  /  is  concave  downward  on  (2,  4)  and  (4, 7). 

(e)  The  only  point  of  inflection  is  (2,  2).  Note  that  7  is  not  in  the  domain  of  this  function. 

3.  (a)  Use  the  Increasing/Decreasing  (I/D)  Test. 

(b)  Use  the  Concavity  lest. 

(c)  At  any  value  of  .v  where  the  concavity  changes,  we  have  an  inflection  point  at  (x,  f  (x)). 

4.  (a)  See  the  First  Derivative  Test. 

(b)  See  the  Second  Derivative  Test  and  the  note  that  precedes  Example  7. 

5.  (a)  Since  f  (x)  >  0  on  (-00, 0)  and  (3, 00),  /  is  increasing  on  the  same  intervals.  /'  (x)  <  0  and  /  is  decreasing 

on  (0, 3). 

(b)  Since  /'  (x)  =  0  at  x  =  0  and  /'  changes  from  positive  to  negative  there.  /  changes  from  increasing  to 

decreasing  and  has  a  local  maximum  at  x  =  0.  Since  /'  (x)  —  0  at  x  =  3  and  changes  from  negative  to  positive 
there.  /  changes  from  decreasing  to  increasing  and  has  a  local  minimum  at  x  =  3. 
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6-  (a)  /'(*)  >  0  and  /  is  increasing  on  (—1,3)  and  (4.  oo).  f  (x)  <  Oand  /  is  decreasing  on  (-oo,  -1)  and 
(3.4). 

(b)  Since  /'  (x)  =  0  at  x  =  3  and  /'  changes  from  positive  to  negative  there,  /  changes  from  increasing  to 
decreasing  and  has  a  local  maximum  at  x  =  3.  Since  /'  (jr)  =  0  at  x  =  - 1  and  x  =  4  and  changes  from 
negative  to  positive  at  both  values,  /  changes  from  decreasing  to  increasing  and  has  local  minima  at  x  —  - 1 
and  v  -  4. 

7.  There  is  an  inflection  point  al  a  =  1  because  /"  (x)  changes  from  negative  to  positive  there,  and  one  at  x  =  7 

because  f"  (x)  changes  from  positive  to  negative  there. 

8.  (a)  /  is  increasing  on  the  intervals  where  /'  ( x )  >  0.  namely,  (2, 4)  and  (6. 9). 

(b)  /  has  a  local  maximum  where  it  changes  from  increasing  to  decreasing,  that  is,  where  /'  changes  from  positive 
to  negative  (at  x  —  4)  Similarly,  where  f  changes  from  negative  to  positive.  /  has  a  local  minimum  (at  x  —  2 
and  at  x  —  6). 

(c)  When  /'  is  increasing,  its  derivative  f"  is  positive  and  hence,  /  is  concave  upward.  This  happens  on  ( 1 . 3), 

(5,  7),  and  (8,  9).  Similarly,  /  is  concave  downward  when  f  is  decreasing  —  that  is,  on  (0, 1),  (3,  5),  and 
(7,  8). 

(d)  /  has  inflection  points  at  x  =  1,3,  5,  7,  and  8,  since  the  direction  of  concavity  changes  at  each  of  these  values. 

9.  T  he  function  must  be  always  decreasing  and  concave  downward. 


10.  (a)  The  rate  of  increase  of  the  population  is  initially  very  small,  then  gets  larger  until  it  reaches  a  maximum  at 

about  t  =  8  hours,  and  decreases  toward  0  as  the  population  begins  to  level  off. 

(b)  T  he  rate  of  increase  has  its  maximum  value  at  /  =  8  hours. 

(c)  The  population  function  is  concave  upward  on  (0, 8)  and  concave  downward  on  (8,  18). 

(d)  At  /  =  8.  the  population  is  about  350.  so  the  inflection  point  is  about  (8. 350). 

11.  (a) /(x)  =  x3  -  \Zx  +  1  =>  /'  (x)  =  3xJ  —  12  =  3  (x  +  2)  (x  —  2).  So  /'  (x)  >  0  »  x>2orx<-2 

and  /'  (x)  <  0  <=s  -2  <  x  <  2.  So  /  is  increasing  on  (-oo.  -2)  and  (2,  oo)  and  decreasing  on  (-2, 2) 

(b)  J  changes  from  increasing  to  decreasing  at  .v  =  —2  and  from  decreasing  to  increasing  at  x  =  2.  Thus. 

/  (-2)  =  1 7  is  a  local  maximum  and  /  (2)  =  - 1 5  is  a  local  minimum. 
tc)  ./  *(*)*=  6x .  /"  (x)  >  0  «=>  x  >  0  and  f"  (x)  <  0  e=s  ,v  <  0.  Thus,  /  is  concave  upward  on  (0,  oo)  and 
concave  downward  on  (— oo,  0).  There  is  an  inflection  point  where  the  concavity  changes,  at 
(0,/(0))  =  ((),!). 

12.  (a)  fix)  =  5  -  3x:  +x3  =>  /'  (x)  =  -6x  +  3x2  =  3x  (x  -  2).  So  /'  (x)  >  0  «  x<0orx>2and 

/'  (x)  <  0  <=>  0  <  x  <  2.  So  /  is  increasing  on  (— oo,  0)  and  (2,  oo)  and  /  is  decreasing  on  (0, 2). 

(b)  /  changes  from  increasing  to  decreasing  at  x  =  0  and  from  decreasing  to  increasing  at  x  =  2.  Thus.  /  (0)  =  5 
is  a  local  maximum  and  /  (2)  =  I  is  a  local  minimum. 

(c)  /'  (x)  =  —6  +  6x  =  6 (x  —  I).  f  (x)  >  0  <=>  x  >  I  and  /"  (x)  <  0  «=>  x  <  I.  Thus,  /  is  concave 
upward  on  (I,  oo)  and  concave  downward  on  (-oo,  1).  There  is  an  inflection  point  at  (1.3). 
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13.  (a)  / (x)  =  x6  +  192x  +  17  =»  /'  (x)  =  6x5  +  192  =  6  (x5  +  32).  So  /'  (x)  >  0  <=>  x5  >  -32  <=> 

x  >  — 2  and  /'  (x)  <  0  <=>  x  <  —2.  So  /  is  increasing  on  (—2,  oo)  and  decreasing  on  (— oo,  —2). 

(b)  /  changes  from  decreasing  to  increasing  at  its  only  critical  number,  x  =  —2.  Thus,  /  (—2)  =  —303  is  a  local 
minimum. 

(c)  /"  (x)  =  30x4  >  0  for  all  x,  so  the  concavity  of  /  doesn’t  change  and  there  is  no  inflection  point.  /  is  concave 
upward  on  (— oo,  oo). 

14.  (a)  f  (x)  =  x/  (1  +  x)2  => 

,,,,  (I  +  x)2(l)  —  (x)2(l  +  x)  (I  +  x)[(l  +  x)  —  2x]  (l+x)(l-x)  \-x  „ 

/  (x)  =  - - -r -  =  - 1 -  =  - 3 -  =  - r.  So 

[(|+x)2f  (•+*)  (I  -+-JC)4  O+x)3 

/'( x)  >  0  <=>  -1  <  x  <  1  and  f'(x)  <  0  <=>  x  <  —  1  or x  >  I.  So  /  is  increasing  on  (—  I,  I)  and  /  is 

decreasing  on  (— oo,  —I)  and  (1,  oo). 

(b)  /  changes  from  increasing  to  decreasing  at  x  =  1 .  x  —  —1  is  not  in  the  domain  of  /.  Thus,  /  (I)  =  |  is  a  local 


f"(  (■+*)  (l+*)2[— 1(1+*)  —  3(1—  x)l  2x  —  4  Q 

[(l+x)3f  (1+t)6  U+*)4 

<=>  x  >  2  and  /"  (x)  <  0  <=>  x  <  2  (x  yF  —  I ).  Thus,  /  is  concave  upward  on  (2,  oo)  and  /  is  concave 
downward  on  (— oo,  —  1 )  and  (—1,2).  There  is  an  inflection  point  at  ^2, 

15.  (a)  /  (x)  =  x  —  2sinx  on  (0,  3a)  =>  /' (x)  =  1  —  2cosx. /' (x)  >  0  <=>  I—  2cosx  >  0  <=>  cost  <  j 

<=>  i  <  x  <  y  or  y  <  x  <  3t.  f  (x)  <  0  <=>  cosx  <=s  0<x<yor^-<x<y-.  So  /  is 
increasing  on  ^  j,  yj  and  (y,  3x),  and  /  is  decreasing  on  (0,  y)  and  (y,  y^. 

(b)  / changes  from  increasing  to  decreasing  at  x  =  y,  and  from  decreasing  to  increasing  at  x  =  j  andatx  =  y. 
Thus,  /  (x)  =  x  +  s/3  »  6.97  is  a  local  maximum  and  /  (y)  =  y  -  s/3  **  —0.68  and 

/  ( y ■)  =  y-  —  y/3  w  5.60  are  local  minima. 

(c)  /"  (x)  =  2sinx  >0  «=>  0  <  x  <  *  and  2  x  <  x  <  3>r,  /"  (x)  <  0  <=>  jr  <  x  <  2n .  Thus,  /  is 
concave  upward  on  (0,  x )  and  (2x ,  3jr ),  and  /  is  concave  downward  on  (>r ,  2n ).  There  arc  inflection  points  at 
(x,  n)  and  (2x,  2x). 

16.  (a)  / (x)  =  2sinx  +  sin2x  on  [0, 2x]  =»  f'(x)  =  2 cosx  +  2 sin x  cosx  =  2 cosx  (1  +  sinx).  /'  (x)  >  0 

<=>  cosx  >  0  (since  1  +  sinx  >0  with  equality  when  x  =  y,  a  value  where  cosx  =  0)  <=>  0  <  x  <  y  or 

y  <  x  <  2x.  So  /  is  increasing  on  (0,  § )  and  ,  2x^.  and  /  is  decreasing  on  (y ,  -y^. 

(b)  Since  /  changes  from  increasing  to  decreasing  at  x  =  y ,  /  (y )  =  3  is  a  local  maximum.  Since  /  changes 
from  decreasing  to  increasing  atx  =  y,  f  (yj  =  —  lisa  local  minimum. 

(c)  f"  (x)  =  2 cosx  (cosx)  +  (1  +  sinx)  (-2 sinx)  =  2cos2x  -  2 sinx  —  2 sin2 x 

=  2(1—  sin2x)  —  2  sinx  —  2sin2x  =  2  —  2  sinx  —  4sin2x  =2(1  +  sinx)  (1  —  2  sinx) 

/"  (x)  >  0  <=>  I  —  2  sinx  >0  o  sinx  <  y  <=s  0<x<foryy<x<  2x,  so  /  is  concave 
upward  on  (0,  f)  and  2x^.  and  concave  downward  on  ^  J There  are  inflection  points  at 
and(f  ,|). 
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17. /(x)  =  xs-5x  +  3  =>  f  (x)  —  5a:4  —  5  =  5  (x2  +  I)  (x  +  I)  (x  —  I). 

First  Derivative  Test:  /'  (at)  <  0  =>  -I  <  x  <  I  and  f'(x)  >  0  =>  x  >  I  or  x  <  - 1 .  Since  /'  changes 
from  positive  to  negative  at  x  =  —  I,  /(— 1)  =  7  is  a  local  maximum;  and  since  /'  changes  from  negative  to 
positive  at  x  =  I ,  /  (1 )  =  —  1  is  a  local  minimum. 

Second  Derivative  Test:  /"(*)  =  20x3.  /'(x)  =  0  o  x  —  ±1.  f"  (-1)  =  -20  <  0  =>  /  (—1)  =  7  is 
a  local  maximum. /"(I)  =  20  >  0  =>  /(I)  =  —  1  is  a  local  minimum. 

Preference:  For  this  function,  the  two  tests  are  equally  easy. 

’!ii'  4-x2  (2  +  x)(2-x) 


18.  /(x)  = 


-2  +  4 

First  Derivative  Test:  f'(x)>  0 


/'(..)  +  4)  •  I  —  x  (2x) 

(x2  +  4)2 


(x2  +  4)2 


(x2+4r 

*  —  2  <  x  <  2  and  f  (x)  <  0  =»  Jt  >  2  or  x  <  —2.  Since  f  changes 
from  positive  to  negative  at  x  =  2,  /  (2)  =  j  is  a  local  maximum;  and  since  f  changes  from  negative  to  positive  at 
x  -  —2,  /(— 2)  =  —  j  is  a  local  minimum. 

Second  Derivative  Test: 


/"(*)  = 


(*2  +  4)  (— 2x)  -  (4  -  x2)  ■  2  (x2  +  4)  (2x)  _  -lx  (x2  +  4)  [(x2  +  4)  +  2  (4  -  x2)]  _  -2x  (12- 


[(x2  +  4)2] 


(jc2  +  4) 4 


(jc2  +  4) 


f'(x)  =  0  <=s  x  =  ±2.  /"  (—2)  =  |^  >  0  =s  /(— 2)  =  —  |  is  a  local  minimum,  f"  (2)  =  <  0  =» 

/  (2)  =  j  is  a  local  maximum. 

Preference:  Since  calculating  the  second  derivative  is  fairly  difficult,  the  First  Derivative  Test  is  easier  to  use  for 
this  function. 

19.  /  (jc)  =  jc  +  VI  -  Jt  =>  f  (x)  =  I  +  j  (I  -  x)_l/2  (—  1)  =  I - - - .  Note  that  /  is  defined  for 

2V1  —  Jc 

I  —  jc  >  0,  that  is,  forjc  <  1.  /'(jc)  =  0  =>  2V1  -  jc  =  I  =>  VI  -  x  =  5  =>  l-x  =  j  =>  x  =  j. 
/'  does  not  exist  at  x  =  1,  but  we  can’t  have  a  local  maximum  or  minimum  at  an  endpoint. 

First  Derivative  Test:  /'  (jr)  >  0  =>  x  <  |  and  f  (jt)  <  0  =>  |  <  jc  <  I.  Since  /'  changes  from 

positive  to  negative  atjc  =  |,/^|J  =  |isa  local  maximum. 

Second  Derivative  Test:  f"  (x)  =  -i  (I  -  x)~3/2  (-1)  = - ! - r.  f"  (\\  =  -  2<0  => 

V  ’  4(VT^7)  W 

/  (|)  =  !  is  a  local  maximum. 

Preference  The  First  Derivative  lest  may  be  slightly  easier  to  apply  in  this  case. 

20.  (a)  f(x)  =  x4(x-  l)3  => 

/'  (jc)  =  X*  •  3  (x  -  l)2  +  (x  -  l)3  ■  4jc3  =  X3  (x  -  I)2  [3x  +  4  (x  -  1)]  =  x3  (x  -  l)2  (7x  -  4) 

The  critical  numbers  are  0,  I ,  and  ( . 

( b)/"(x )  =3jc2(jc-  I)2  (7x  —  4)  +  x3  •  2  (x  —  l)(7x  -  4)  +  x3  (x  -  l)2-7 
=  x2  (x  -  1)  [3  (x  -  1)  (7x  -  4)  +  2x  (7x  -  4)  +  7x  (x  -  I)) 

Now  /"  (0)  =  /"  (1)  =  0,  so  the  Second  Derivative  Test  gives  no  information  forx  =  0  orx  =  1. 

f  "  (y)  —  (7)  (t  —  *)  ®  +  7  (^)  -  l)J  =  (y)  (— y)  (4)  (— y)  >  0,  so  there  is  a  local  minimum 

atx  =  y. 


(c)  /'  is  positive  on  (— oo,  0),  negative  on  (o,  *),  positive  on  (y,  l),  and  positive  on  (1,  oo).  So  /  has  a  local 
maximum  atx  =  0,  a  local  minimum  at x  =  |.  and  no  local  maximum  or  minimum  at x  =  I. 
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21.  /(— l)  =  4and /( I  )  =  0  gives  us  two  points  to  start  with. 

/'  (—  I )  =  /'  ( I )  =  0  =>  horizontal  tangents  at  jr  =  ±  1 .  /'  (x)  <  0  if 
|x|  <  I  =>  /  is  decreasing  on  (—1, 1). /' (x)  >  0  if  |x|  >  I  =»  /is 

increasing  on  (-oo. —1)  and  (1.  oo). /"  (x)  <  0  ifx  <  0  =*  /isconcave 
downward  on  (-oo,  0).  f"  (x)  >  0  if  x  >  0  =>  /is  concave  upward  on 
(0,  oo)  and  there  is  an  inflection  point  atx  =  0. 


22.  Since  /'  (—  I )  =  0  and  /'  ( I )  does  not  exist,  we  have  a  horizontal  tangent  at 
x  = -I  and  a  vertical  tangent  atx  =  I. /' (x)  <  0  if  |x|  <  I  =»  /is 
decreasing  on  (—  1 .  I ),  and  /'(x)>0if|x|>l  =>  /is  increasing  on 

(— oo,  —  l)and  (l,oo).  /"(x)  <  Oifx  /  I  =>  /  is  concave  downward  on 

(—oo,  1)  and  (l,oo). 


23.  Using  the  same  principles  as  in  Exercises  2 1  and  22,  we  sketch  a  possible 
graph. 


24.  lim  /  (x)  =  — oo  =>  there  is  a  vertical  asymptote  at  x  =  3.  /'  (0)  =  0 

.t->3 

means  that  there  is  a  horizontal  tangent  at  x  =0.  f  (x)  >  Oifx  <  0  or  x  >  3 
and  /'  (x)  <  0  if  0  <  x  <3  indicates  that  there  is  a  local  maximum  at  x  =  0, 
since  /  is  increasing  on  (— oo,  0)  and  decreasing  on  (0, 3),  and  then  increasing 
on  (3,  oo).  /"  (x)  <  0  ifx  /  3  =*  /  is  concave  downward  on  (-oo,  3)  and 

(3,oo). 


25.  (a)  /  is  increasing  where  /'  is  positive,  that  is,  on  (0, 2),  (4, 6).  and  (8,  oo);  and  decreasing  where  /'  is  negative, 
that  is,  on  (2, 4)  and  (6, 8). 

(b)  /  has  local  maxima  where  /'  changes  from  positive  to  negative,  at  x  =  2  and  at  x  =  6,  and  local  minima  where 
/'  changes  from  negative  to  positive,  at  x  =  4  and  at  x  =  8. 

(c)  /  is  concave  upward  where  /'  is  increasing,  that  is.  on  (3, 6)  and  (e)  y 

(6.  oo),  and  concave  downward  where  /'  is  decreasing,  that  is,  on 
(0,3). 

(d)  There  is  a  point  of  inflection  where  /  changes  from  being  CD  to 
being  CU,  that  is,  at  x  =  3. 
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26.  (a)  /  is  increasing  where  /'  is  positive,  on  (1,6)  and  (8,  oo),  and  decreasing  where  f  is  negative,  on  (0,  1)  and 

(6,8). 

(b)  /  has  a  local  maximum  where  /'  changes  from  positive  to  negative,  at  ,r  -  6,  and  local  minima  where  /' 
changes  from  negative  to  positive,  at  x  =  I  and  at  x  =  8. 


(c)  /  is  concave  upward  where  /'  is  increasing,  that  is,  on  (0, 2),  (3, 5).  (e) 

and  (7,  oo),  and  concave  downward  where  /'  is  decreasing,  that  is.  on 

(2,  3)  and  (5, 7). 

(d)  There  are  points  of  inflection  where  /  changes  its  direction  of 
concavity,  at  x  =  2,  x  =  3.  x  =  5  and  x  =  7. 


27.  (a)  /(x)  =  2x3  -  3x2  -  12x  =>  f  (x)  =  6x2  -  6x  -  12  =  6  (x2  -  x  -  2)  =  6(x  -  2)  (x  +  I).  /'  (x)  >  0 
<=>  x  <  —  1  orx  >  2  and  /'  (x)  <  0  <=>  —  1  <  x  <  2.  So  /  is  increasing  on  (— oo,  —  I )  and  (2,  oo).  and  / 
is  decreasing  on  (—1,2). 

(b)  Since  /  changes  from  increasing  to  decreasing  at  x  =  -  I,  /(-I)  =  7  is  a  local  maximum  value.  Since  / 
changes  from  decreasing  to  increasing  at  x  =  2,  /  (2)  =  -20  is  a  local  minimum  value 


(c)  /"  (x)  =  6  (Zt  -  I)  =>  f"  (x)  >  0  on  (s.  oo^  and  /"  (x)  <  0 
on  (-oo.  5).  So  /  is  concave  upward  on  (j,  oo)  and  concave 
downward  on  (-00,  j).  There  is  a  change  in  concavity  at  x  =  5. 
and  we  have  an  inflection  point  at  (  j,  — -y  V 


28.  (a) /(x)  =  2 +  3x -x3  =>  /'(x)  =  3  -  3x2  =  -3  (x2  -  I)  =  -3  (x  +  I)  (x  -  1).  f'(x)  >  0  » 

— 1  <  x  <  1  and  /'  (x )  <  0  <=>  x  <  - 1  or  x  >  1 .  So  /  is  increasing  on  (—  1 ,  I )  and  /  is  decreasing  on 
(-00.  —1)  and  (1, 00). 


(6)  /  (—I)  =  0  is  a  local  minimum  value  and  /  (l)  =  4  is  a  local 
maximum  value. 

(c)  f"  (x)  =  -6.x  =>  f"  (x)  >  0  on  (-00, 0)  and  f"  (x)  <  0  on 

(0. 00) .  So  /  is  concave  upward  on  (—00. 0)  and  concave  downward 
on  (0. 00).  There  is  an  inflection  point  at  (0. 2). 
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29.  (a)  / (x)  =  x4  —  6x2  =>  /'  (x)  =  4x3  -  I2v  =  4.x  (x2  —  3)  =  0  when  x  =  0,  ±>/3. 


Interval 

4x 

x2  —  3 

/'(x) 

/ 

x  <  -x/3 

- 

+ 

- 

decreasing  on  oo,  -  V5) 

— Vl  <  x  <  0 

- 

- 

+ 

increasing  on  J5, 0^ 

0  <  X  <  s/3 

+ 

- 

- 

decreasing  on  ^0,  -Jl'j 

x  >  x/3 

+ 

+ 

+ 

increasing  on  ( s/i,  oc^ 

(b)  L,ocal  minima  /  (±n/t)  =  -9,  local  maximum  /( 0)  =  0 

(c)  /”  (x)  -  12x2  —  12  =  12  (x2  —  1)  >  0  <=>  x2  >  1  o  |x|  >  1 
<=>  x  >  I  orx  <  —  1,  so  /  is  CU  on  (— oo,  —  1),  (1,  oo)  and  CD  on 
(—1,  1).  Inflection  points  at  (±1,  —5) 


30.  (a)  g  (x)  =  200  +  8x3  +  x4  =>  g'  (x)  =  24x2  +  4x3  =  4x2  (6  +  x)  =  0  when  x  =  -6  and  when  x  =  0. 
g'  (x)  >  0  x  > -6(x  ^0)and^(x)  <  0  <=>  x  <  -6,  sog  is  decreasing  on  (-oo,  -6)  and  g  is 
increasing  on  (—6,  oo),  with  a  horizontal  tangent  at  x  =  0. 

(b)  g  (—6)  =  —232  is  a  local  minimum  value.  There  is  no  local  (d) 

maximum  value. 

(c)  g"  (x)  =  48x  +  12x2  =  I2x  (4  +  x)  =  0  when  x  =  -4  and  when 
x  =  0.  g"  (x)  >  0  <=*  x  <  —4  or  x  >  0  and  g"  (x)  <  0 
0  <  x  <  4.  so  g  is  CU  on  (— oo,  —4)  and  {0,  oo),  and  g  is  CD  on 
(—4, 0).  Inflection  points  at  (—4,  —56)  and  (0, 200) 


31.  (a)  h  (x)  =  3x5  -  5x3  +  3  =»  h'  (x)  =  I5x4  -  15x2  =  I5x2  (x2  -  1)  =  0  when  x  =  0,  ±1.  h'  (x)  >  0 
x2  >  I  t=>  x>  I  orx  <  —I,  so  h  is  increasing  on  (— oo,  — I)  and  (1,  oo)  and  decreasing  on  (— 1,  1). 

(b)  Local  maximum  li  (-1)  =  5,  local  minimum  h  (I)  =  I 

(c)  h"  (x)  =  60x3  -  3 Ox  =  30x  (2.x2  -  I) 

=  60x(x  +  ^)(x-^)  =* 


h"  (x)  >  0  when  x  >  ^7;  ol  —  y? 


or  — U  <  x  <  0,  so  h  is  CU  on 


and  and  CD  on  (-00,  — and  (o,  Inflection 

points  at  (±^.3±^)and(0, 3) 
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32.  (a)  h  (x)  =  (x2  -  I)5  =>  h'  (x)  =  6x  (x2  —  1)'  >  0  <=>  x  >  0  (x  ^  1),  so  h  is  increasing  on  (0,  oo)  and 

decreasing  on  (— oo,  0). 

(b)  h  (0)  =  —1  is  a  local  minimum. 

(c)  h"  (x)  =  6  (x2  -  l)‘  +  24.v“  (x2  —  l)  =  6  (x2  —  I)  (5x2  —  1).  The  roots  ±1  and  ± 4^  divide  R  into  five 
intervals. 


Interval 

x2-l 

5x2  -  1 

h"(x) 

Concavity 

x  <  -1 

+ 

+ 

+ 

upward 

-'<*<-75 

- 

+ 

- 

downward 

~7i  <x<7s 

- 

- 

+ 

upward 

7$  <x  <  1 

- 

+ 

- 

downward 

X  >  1 

+ 

+ 

+ 

upward 

From  the  table,  we  see  that  h  is  CU  on  (— oo,  —I ),  ^5)  al’d 

(1,  00).  and  CD  on  (—  I,  and  (-7.,  l).  Inflection  points  at  (±1,0) 
“"d 


33.  (a)  P  (x)  =  x s/x2  +  I  => 

2 2  2^2  i  | 

P’  (x)  =  y.x2  +  I  +  —  =  ~-.r  >  0.  so  P  is  increasing  on  R. 

Vx2  +  I  Vx2  +  1 

(b)  No  maximum  or  minimum 


(c)  P"  (x)  =  ■ 


4xVxT+  I  -  (2x2  +  I)  ~ 


vA^+T  *  (2*:  +  3) 


*2+'  (x2+l)3/2 

x  >  0  so  P  is  CU  on  (0,  oo)  and  CD  on  (-00, 0).  IP  at  (0, 0) 


>  0 


34.  (a)  P  (x)  =xV.x  +  I.  domain  =  (—1, 00),  P'  (x)  =  Vx  +  I  +x- 


ix  +  2  2 

>  0  when  x  >  —  ^ ; 


2>A+i  2vAx+I 

P'  (x)  <  0  when  -1  <  x  <  —  j,  so  P  is  increasing  on  (-5, 00^  and  decreasing  on  I,  — |Y 


(b)  Local  minimum  P  t)  =  — T75 

3(2y/7TT)-(3x+2)(  I  /vATT) 


(c)  P"(x)  =  ■ 


3x  +  4 


4(x  +  l)  4  (x  +  I)'1  2 

x  >  —  I,  so  P  isCU  on  (—1, 00).  No  inflection  point 


>  0  when 
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35.  (a)  Q  (x)  =  xl/3  (x  +  3)2/3  =>  Q'  (x)  =  (at  +  3)2/3  +  at'/3  (x  +  3)-,/3  =  ^3^^173  Thc 

critical  numbers  are  —3,  —  I,  and  0.  Note  that  x2/3  >  0  for  all  x.  So  Q'  (x)  >  0  when  x  <  — 3  or  x  >  —  I  and 
Q'  (x)  <0  when  — 3  <  x  <  —  I  =»  Q  is  increasing  on  (—00,  —3)  and  (—  1 , 00)  and  decreasing  on 
(-3,-1). 

(b)  Q  (—3)  =  0  is  a  local  maximum  and  (d) 

Q  (—1)  =  — 41/3  ss  —1.6  is  a  local  minimum. 

(c)  g"(*)  =  -tS/3(t2+3)4/3  =»  Q"  (*)  >  0  when  x  <  0, 

so  Q  is  CU  on  (—00,  —3)  and  (—3, 0)  and  CD  on  (0, 00).  IP 
at  (0, 0) 

36.  (a)  Q(x)  =  x  -3xl/3  =*  (T*  (x)  =  I  -  >  0  <=>  x2/3  >  I  «=>  x2  >  1  <=>  x<-lorx>l.so 

Q  is  increasing  on  (-00,  —1),  and  (1,  00),  and  decreasing  on  (-1,  I). 

(b) (7'(x)  =  0  <=>  x  =  ±1;  Q  (1)  =  -2  is  a  local  minimum,  (d) 
and  Q  (—  1)  =  2  is  a  local  maximum. 

(c)  Q"  (x)  =  |x_!/3  >0  <=>  x  >  0,  so  Q  is  CU  on  (0, 00) 
and  CD  on  (—00, 0).  Inflection  point  at  (0, 0) 

37.  (a)  / (0)  =  sin2 0  =>  f(fl)  =  2sin0cos0  =  sin 20  >  0  <=>  20  e  (0,  a) U  (2jt, 3a)  o 

0  e  (0,  j)  U  (or,  ?£■).  So  /  is  increasing  on  (0,  f )  and  (a,  ^),  and  decreasing  on  (§,  a)  and  ,  2a). 

(b)  Local  minimum  / (a)  =  0.  local  maxima  /(§ )  =  /  (jr)  =  1 

(c)  f"  (0)  =  2  cos  20  >  0  «  (d) 

20  €  (0,f)u(2f.  5f)u(^,4a)  » 

0  e  (0,  7)  U  )  U  2a),  so  /  isCU  on  these 

intervals  and  CD  on  (f ,  ^-)  and  ^-).  IP  at  ^ ,  j), 
n  =  1,3,  5, 7 

38.  (a)/(r)  =  r  +  cosr  =>  f  (t)  =  1  -  sinr  >  0  for  all  1  and  (d) 

/'  (r)  =  0  when  sin  I  =  1  <=>  t  =  —  ^  or  §,  so  /  is 
increasing  on  (-00, 00). 

(b)  No  maximum  or  minimum 

(c) /"(0  =  -c osr  >  0  <=>  /  6  (“T,  — f)  u  (f  •  t)>so 
/  is  CU  on  these  intervals  and  CD  on  2a,  —  ^f). 

^) ,  and  ,  2a).  Points  of  inflection  at  /  = 
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39.  (a) 


From  the  graph,  we  get  us  an  estimate  of  /  ( I )  =«  1 .4 1  as  a  local 

x  +  I 


maximum,  and  no  local  minimum.  /  (x)  = 


1  -X 


/'(*>=,,  . 
(x2  +  1) 

the  exact  value. 


3/2 


,/'(x)  =  0  o  x  =  l./(l)  =  ^  =  V2i 


(b)  From  the  graph  in  part  (a),  /  increases  most  rapidly  somewhere  between  x  =  —  \  and  x  =  —  To  find  the 

exact  value,  we  need  to  find  the  maximum  value  of  /',  which  we  can  do  by  finding  the  critical  numbers  of  /'. 

2x2  -  3x  -  1  3  ±  vT7  3  +  y/l7  ,  .  .  .  .  ,  „ 

/  (x)  =  -j— ^ =0  <=>  x  = - - - ,  x  = - - - corresponds  to  the  minimum  value  of  / . 


he  maximum  value  of  /'  is  at  ^ 3  23  (—0.28, 0.69). 


40.  (a) 


9 


From  the  graph,  we  get  estimates  of  /  (2.61)  0.89  as  a  local  and 

absolute  minimum,  /  (0.53)  2.26  as  a  local  maximum,  and 
/  (2tr)  as  8.28  as  an  absolute  maximum,  /(x)  =  x  +  2cosx 
(0<x<2ir)  =>  /' (x)  =  1  —  2sinx. /' (x)  =  0  «=> 

sinx  =  j  o  x  =  f,  /(f)  =  f  +  y/i  is  the  exact  value  of 
the  local  maximum,  /  (x)  =  X  —  ^ *s  *be  exact  value  of  the 

local  and  absolute  minimum,  and  /  (2a)  =  2a  +  2  is  the  exact  value 
of  the  absolute  maximum. 


(b)  From  the  graph  in  part  (a),  /  increases  most  rapidly  somewhere  between  x  =  4.5  and  x  =  5.  Now  /  increases 
most  rapidly  when  /'  (x)  =  I  —  2  sinx  has  its  maximum  value,  f"  (x)  =  —2  cosx  =0  «  x  =  | . 

/'  (0)  =  f  (2a)  =  I,  /'  (y)  =  —  1,  and  /'  =  3.  The  maximum  value  of  /'  occurs  at  (%£■,  . 


41.  (a)  From  the  graphs  of 

/  (x)  =  3x5  -  40x3  +  30x2,  it  seems  that  / 
is  concave  upward  on  (—2, 0.25)  and 
(2,  oo),  and  concave  downward  on 
(— oo,  —2)  and  (0.25,  2),  with  inflection 
points  at  about  (—2,  350),  (0.25,  1),  and 
(2,-100). 


650  10 


(b) 


From  the  graph  of  /"  (x)  =  60x3  —  240x  +  60,  it  seems  that  /  is  CU 
on  (—2.1, 0.25)  and  (1.9,  oo).  and  CD  on  (— oo,  -2.1)  and  (0.25, 2), 
with  inflection  points  at  about  (—2. 1 , 386),  (0.25,  1 .3)  and 
( 1 .9,  —87).  (We  have  to  check  back  on  the  graph  of  /  to  find  the 
y-coordinatcs  of  the  inflection  points.) 


-200 
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42.  (a) 


j 


-} 


From  the  graphs  of  /  (,v )  =2  cos  x  +  sin  2.x.  it 
seems  that  /  is  CIJ  on  (1.5,  3.5)  and  (4.5, 6.0), 
and  CD  on  (0,  1.5),  (3.5, 4.5)  and  (6.0, 2n).  with 
inflection  points  at  about  (1.5, 0.3).  (3.5,  —1.3), 
(4.5, 0.0)  and  (6.0,  1.5). 


(b) 


6 


-6 


From  the  graph  of  /"  (.x)  =  —2  cos  x  —  4  sin  2.x 
it  seems  that  /  is  CU  on  (1.57, 3.39)  and 
(4.71, 6.03)  and  CD  on  (0,  1 .57),  (3.39,  4.71) 
and  (6.03, 2a),  with  inflection  points  at  about 
(1.57, 0.00).  (3.39,-1.45).  (4.71,0.00)  and 
(6.03,  1.45). 


43.  In  Maple,  we  define  /  and  then  use  the  command 

plot  (diff  (dif  f  (f ,  x)  ,  x) ,  x=-3 .  .3) ;.  In  Mathematica,  we 
define  /  and  then  use  Plot  iDt  [Dt  [f  ,x) ,  x) ,  (x,  -3,  3)  ]  .We 
see  that  /"  >  0  for  x  >  0. 1  and  /"  <  0  for  x  <  0. 1 .  So  /  is  concave 
up  on  (0. 1 ,  oo)  and  concave  down  on  (— oo.  0. 1 ). 


44.  It  appears  that  f"  is  positive  (and  thus 
/  is  concave  up)  on  (—  1 .8, 0.3)  and 
(1.5.  oo)  and  negative  (so  /  is  concave 
down)  on  (— oo,  — 1.8)  and  (0.3,  1.5). 


45.  Most  students  learn  more  in  the  third  hour  of  studying  than  in  the  eighth  hour,  so  K  (3)  —  K  (2)  is  larger  than 
K  (8)  —  K  (7).  In  other  words,  as  you  begin  studying  for  a  test  the  rate  of  knowledge  gain  is  large  and  then  starts 
to  taper  olf.  so  K'  (!  )  decreases  and  the  graph  of  K  is  concave  downward. 


46.  At  first  the  depth  increases  slowly  because  the  base  of  the  mug 
is  wide.  But  as  the  mug  narrows,  the  codec  rises  more  quickly. 
Thus,  the  depth  d  increases  at  an  increasing  rate  and  its  graph  is 
concave  upw  ard.  The  rate  of  increase  of  d  has  a  maximum 
when  the  mug  is  narrowed,  that  is.  when  the  mug  is  half  full.  It 
is  there  that  the  inflection  point  occurs.  Then  the  rate  of 
increase  oft/  starts  to  decrease  as  the  mug  widens  and  the  graph 
becomes  concave  down. 


47.  f(x)  =  tan.v  —  x  -  >  /'  (x)  =  sec2  at  —  1  >  0  tor  0  <x  <  *  since  sec2  x  >  1  for  0  <  x  <  j.  So  /  is 
increasing  on  (0,  y)  Thus.  / (.v)  >  J  (0)  =  0  for  0  <  x  <  f  =»  tan x  —  x  >  0  =*  tan.v  >  x  for 

0  <  .x  <  ^. 
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48.  L.el  /(x)  =  2/x  -  3  +  1/x.  Then  /'  (x)  =  l//x  -  1/x2  >  0  for  x  >  I  since  for  x  >  l.x2  >  x  >  Jx.  Hence./ 
is  increasing,  so  for  jr  >  I,  /(x)  >  / ( I )  =  0  or  2/x  —  3  +  1  /x  >  0  for  x  >  I .  Hence,  2/x  >  3  -  I /x  for 
x  >  I. 


49.  f  (x)  =  axi  +  bx!  +  cx  +d  =>  /(I)  =  a  +  6  +  c  +  d  =  Oand 
/ (—2)  =  — 8o  +  46  —  2c  +  rf  =  3.  Also  /'(!)  =  3a  +  26  +  c  =  Oand 
/'  (—2)  -  12a  —  4/>  +  c  =  0  by  Fermat’s  Theorem.  Solving  these  four 
equal  mils,  we  get  a  =  6  =  j,  c  =  —  j.  d  =  3,  so  the  function  is 

/(x)=  J  (2x3  +  3.v2-  I2x  +  7). 


50.  f(x)  -  x3  +  ax-  +  bx  +  2  =5  /'  (v)  =  3.x2  +  2 ax  +  b.  If x  =  -3  is  an  extremum,  then 

/'  (—3)  =  27  —  6a  +  6  =  0  <=>  b  —  6a  —  27.  If  .x  =  —  I  is  an  extremum,  then  /'  (—  I )  =  3  —  2a  +  A  =  0 

<=>  b  =  2a  —  3.  So  i  =  2a  —  3  and  b  =  6a  —  27  =»  6  =  9,  a  =  6.  Then 

/'  (.x)  =  3.v2  +  12.x  +  9  =  3  (.x  +  1)  (x  +  3)  and  the  First  Derivative  Test  shows  that  /  has  a  local  maximum  when 

.x  =  —3  and  a  local  minimum  when  x  =  —  I. 


51.  We  will  make  use  of  the  converse  of  the  Concavity  Test;  that  is,  if  /  is  concave  upward  on  /.  then  f"  >  0  on  /. 

If  /  and  g  arc  CU  on  /,  then  /"  >  0  and  g”  >  0  on  /.  so  (/  +  g)"  =  /"  +  g"  >  0  on  /  -3  /  +  g  is  CU  on  /. 

52.  Since  /  is  positive  and  CU  on  /,  /  >0  and  /"  >  0  on  / .  So  g  (x)  =  [/  (x)]2  =>  g1  =  Iff  => 

g"  =  2/'/'  +  Iff"  =  2  (/')2  +  Iff"  >0  =>  g  is  CU  on  /. 


53.  Since  /  and  g  arc  positive,  increasing,  and  CU  on  /,  we  have  /  >  0.  f  >  0,  /"  >  0.  g  >  0.  g'  >  0.  g"  >  0  on  /. 
Then  (fg)‘  =  fg  +  fg  =>  (/g)"  =  f"g  +  2/V  +  fg"  >0  =>  /g  is  CU  on  /. 


54.  Since  /  and  g  are  Cll  on  (—00,  00).  f"  >  0  and  g"  >  0  on  (—00, 00). 
h{x)  =  f(g(x))  =>  A'(x)  =  /'(g(.x))g'(x)  =» 

6"(.x)  =  /”(g(x))g'(x)g'(x)  +  /'(g(x))g"(x)  =  /"(g(x))[g'(x)]:!  +  /'tg(x))g"(x)  >  0  if  /'  >  I). 
So  h  is  CU  if  /  is  increasing. 


55.  Let  the  cubic  function  be /(x)  =  ax3  +  6x2  +  cx  +d  =>  /'(x)  =  3ax2  +  26x  +  c  => 
f"  (x)  =  6«.x  +  26.  So  /  is  CU  when  6a.x  +  26  >  0  <=*  x  >  -6/  (3a),  and  CD  when 
x  <  —6/  (3a).  and  so  the  only  point  of  inflection  occurs  when  x  =  —6/  (3a).  If  the  graph 
has  three  x-intercepts  xj ,  xv  and  xj,  then  the  equation  of  /  (x)  must  factor  as 

/(■*)  =  a  (x  —  xi)  (x  —  X2)(x  -  xi)  =  a  [x3  -  (xi  +xv  +  xx)x2  +  (xixv  +X1X3  +  X2.X3 )  x  -  .vixsx.ij. 
So  6  =  —  a  (xi  +  X2  +  X3).  Hence,  the  x-coordinatc  of  the  point  of  inflection  is 

_ _ -q(xi  +X2  +  X3)  _  xi  +  xi  +  X3 

3a  3  a 


3 
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56.  P(x)  =  xA+cxi  +  x2  =>  P'  (x)  =  4.x3  +  3c*2  +  lx  =>  P"  (*)  =  I2*2  +  6c*  +  2.  T  he  graph  of  P"  (*) 
is  a  parabola.  If  P"  (*)  has  two  roots,  then  it  changes  sign  twice  and  so  has  two  inflection  points.  This  happens 
when  the  discriminant  of  /’"(*)  is  positive,  that  is,  (6c)2  —  4  •  12  •  2  >  0  <=>  36c2  -  96  >  0  <=> 

^  ■  I!  36c**  —  96  =  0  <=>  c  ■=  P"  (*)  is  0  at  one  point,  but  there  is  still  no  inflection  point  since 

/>"(*)  never  changes  sign,  and  if  36c2  -  96  <0  »  |c|  <  then  P"  (x)  never  changes  sign,  and  so  there  is 
no  inflection  point. 


c  =  ^  c  =  0  c  =  — 2 

For  large  positive  c,  the  graph  of  /  has  two  inflection  points  and  a  large  dip  to  the  left  of  the  y-axis.  As  c 
decreases,  the  graph  ol  /  becomes  flatter  for  *  <  0.  and  eventually  the  dip  rises  above  the  *-axis,  and  then 
disappears  entirely,  along  with  the  inflection  points.  As  c  continues  to  decrease,  the  dip  and  the  inflection  points 
reappear,  to  the  right  of  the  origin. 

57.  By  hypothesis  g  =  /'  is  differentiable  on  an  open  interval  containing  c.  Since  (c,  /  (c))  is  a  point  of  inflection,  the 
concavity  changes  at  *  =  c.  so  /'  (*)  changes  signs  at  *  =  c.  Hence,  by  the  First  Derivative  Test,  /'  has  a  local 
extremum  at  *  =  c.  Thus,  by  Fermat’s  Theorem  f"  (c)  =  0. 

58.  /(*)=*“  =>  /'  (*)  =  4*3  =>  /"(*)  =  12*2  =>  /"(0)  =  0.  For*  <0, /"(*)>  O.so/isCUon 
(— oo,  0);  for*  >  0,  /"  (*)  >  0,  so  /  is  also  CU  on  (0,  oo).  Since  /  does  not  change  concavity  at  0,  (0, 0)  is  not 
an  inflection  point. 

59.  Using  the  fact  that  |x|  =  Vx2,  we  have  that#  (x)  =  xVx2  =>  g' (x)  = -s/x2  +  x/x2  =  2VX2  =  2|x|  => 

*"(*)  =  2*  (*2)  '  ‘  =  <  0  for  *  <  0  and  g"  (*)  >  0  for  *  >  0,  so  (0, 0)  is  an  inflection  point.  But  g"  (0) 

docs  not  exist. 

60.  There  must  exist  some  interval  containing  c  on  which  f"  is  positive,  since  f"  (c)  is  positive  and  /"'  is  continuous. 
On  this  interval,  f  is  increasing  (since  f"  is  positive),  so  f"  =  (/')'  changes  from  negative  to  positive  at  c.  So 
by  the  I-  irst  Derivative  lest,  f  has  a  local  minimum  at  *  =  c  and  thus  cannot  change  sign  there,  so  f  has  no 
maximum  or  minimum  at  c.  But  since  /"  changes  from  negative  to  positive  at  c,  f  has  a  point  of  inflection  at  c  (it 
changes  from  concave  down  to  concave  up). 
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E3.-4  Limits  at  Infinity;  Horizontal  Asymptotes 

1.  (a)  As  v  becomes  large,  the  values  of  /  (x)  approach  5. 

(b)  As  x  becomes  large  negative,  the  values  of  f  (x)  approach  3. 

2.  ia)  The  graph  of  a  function  can  intersect  a  The  graph  of  a  function  can  intersect  a  horizontal  asymptote. 

vertical  asymptote  in  the  sense  that  it  It  can  even  intersect  its  horizontal  asymptote  an  infinite 

can  meet  but  not  cross  it.  number  of  times. 


(b)  The  graph  of  a  function  can  have  0.  I,  or  2  horizontal  asymptotes.  Representative  examples  arc  shown. 


No  horizontal  asymptote  One  horizontal  asymptote  Two  horizontal  asymptotes 


3.  (a)  lim  /(.v)  =  oo  (d)  lim  / (x)  =  I 

*->2  *->00 

(b)  lim  /(x)  =  oo  (e)  lim  f(x)  =  2 

*->-|-  *->-00 

(c)  lim  /(*)  =  — oo  (0  Vertical:  x  =  —I,  jr  =  2;  Horizontal:  y  =  I, y  =  2 

*->-i+ 

4.  (a)  lim  g( x)  —  2  (d)  lim  g  (x)  = -oo 

*->oo  *->o 

(b)  lim  g(x)  =  -2  (c)  lim  g(x)  =  -oo 

*->-00  r— *  -2  ' 

(*)  =  00  (f)  Vertical:  .r  =  -2,  x  =  0,  x  =  3;  Horizontal:  y  -  -2.  y  =  2 

5.  If /(.*)  =  *r/2',  then  a  calculator  gives /(O)  =0, /(I)  =  0.5, /(2)  =  l,/(3)=  l.l25,/(4)=  1, 

/  (5)  =*  0.78125,  /  (6)  =  0.5625.  /(7)  =  0.3828125.  /  (8)  =  0.25.  /( 9)  =  0.158203125.  /( 10)  =  0.09765625. 
y  (20)  %  0.00038147.  /  (50)  at  2.2204  x  I0-'2,  y  (100)  as  7.8886  x  I0"27.  It  appears  that  lim  (*2/21)  =  0. 

JC— »oo  '  ' 
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6.  (a)  From  a  graph  of /(jt)  =  (1  —  2/jt)1  in  a  window  of  |0,  10,000]  by  [O,  0.2],  wc  estimate  that  lirn^  /  (jt)  =  0. 14 


(to  two  decimal  places.) 


(b) 


X 

/(*) 

10.000 

100,000 

1,000,000 

0.135308 

0.135333 

0.135335 

From  the  table,  we  estimate  that  lim  f  (x)  =  0,1353  (to  four 
x— »oo 

decimal  places.) 


I  4 

-  +  -j 

, -  =  lim  -*■ - 

*-»oo  x1  —  2x  +  5  *-*°° 


7.  lim 


Jt  +  4 


lim 


e+) 


».f,-i+4) 

*-*00  \  X  J X2  J 


,  2  5 

1 - +  -j 

X  x2 

lim  —  +  4  lim 

X— >00  X  x  -»oo 

|lm|-2l,mi  +  5.1ml“|-2(0>  +  5(<)) 


0  +  4(0) 


8.  lim 


7  f3  +  4/ 


7+  ■ 


MMJ  *-*00  * 

4 


I 


i-*oo  2t5  —  r2  +  3  ' 


=  lim 


lim  7  +  4  lim  -* 

-»OQ  /->OQ  l1 


=  0 


7  +  4(0) 


13  I  , 

2 - +  -j  lim  2  —  lim  -  +  3  lim  -r 

/  /*  /-*oo  f-*oo  t  l-*oo 


2  -  0  +  3  (0)  2 


9.  lim 


(1  -  Jt)  (2  +  Jt) 


*-*-oo  (1  +  2x)  (2  -  3*)  *->-oo 


r  i  i 

r2  .1 

-  - 1 

-  +  i 

X 

'i 

[2 

-  +  2 

-  -3 

jt 

_jt 

lim - 1 

2 

lim  -  +  1 

X-*-00  x 

*-*  -OO  x 

1 

2 

lim  -+2 

lim - 3 

_x->-oo  X 

_*-*  -OO  * 

(S.4+2,7)  (0  —  I )  (0  +  I )  _ 

(0  +  2)  (0  -  3)  ~  6 


10.  lim 


im 

-»oo  I 


T  2*2  —  1 " 

1/2 

(H) 

[jt  +  8*2_ 

I1,/2 

lim  -j — — 

i+8 

x 


(5,1,2) 


|  -l'/2 

lim  2  —  lim  -=■ 

*-*QO  *-»OQ  X* 

lim  -  +  lim  8 

.  X— >0O  X  x— >oo  J 


r2-oV'2 

“[o+«J  =5by(7)and 


Theorem  4. 


r4-r2+l 
11.  lim  —j - * -  -  lim 


111  I  I  I 

- 7  +  ~t  hm - lim  -?  +  lim  -r  o  _  o  4-  0 

r  r •*  r3  _  r-»oo  r  r-» oo  r 3  r-»oo  r3  _  w  v/  -r  v  _  . 

“  1  “  1 +0-0  “ 


r->oo  r5  +  rs  —  r  r-*oo  .1  1  .....  1  * 

1  +  - -  lim  I  +  lim  — T  —  lim  — r 

rL  r*  r-» oo  r— >oo  rl  r-*na  r* 


„  6/2  +  5/  6/2  +  5/ 

12.  lim  — - — - —  =  lim  — ^ - : - r  =  lim 


r-> oo  r-» oo  r->oo  r 

6  +  5// 


i4l-oo  (1  -  /)  (2/  -  3)  ■  ii-00  -2/2  +  5/  -  3  "  il-oo  -2  +  5/t  -  3//2 


lim  6  +  5  lim  (1//) 

f— >  —oo  l—t  —oo 


6  +  5(0) 


lim  (-2) +  5  lim  (I//) -3  lim  (l/»2)  -2 +  5(0) -3(0) 


=  -3 


13. 


14. 


-J  1  +  4* 2  \j 0/*  )  +  4  VO  +  4 

lim  — ; - =  lim  ■  ■  ■■ . — —  =  — — —  =  2 

*— *oo  4  +  Jt  *-*oo  (4/or)  +1  0+1 

Vjt2  +  4.r  _  |jm  -71+4/*  _  -TT+o  _  II 
x-4  -oc  4x  +  1  x  4  — oo  4+1/jf  4  +  0  4 

Note:  In  dividing  numerator  and  denominator  by  x,  we  used  the  fact  that  for  x  <0.x  =  — 
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15.  ,im|^=lim  (»Ag->=£zI,., 

*-»°°l  +  Vx  x->oo  (1  /Jx)  +  •  0+1 

16.  lim  (Vx2  +  3x  +  I  -x)  =  lim  (Vx2  +  3jc  +  I  -  x) 

*->o°  \  /  x-*oo  \  ) 


x2  +  3x  +  l-x2 
=  lim  ,  .  - - =  lim 


Vx2  +  3x  +  I  +  X 
Jx2  +  3x  +  1  +  * 
3x  +  1 


*-.<x>  Vx2  +  3x  +  I  +  x  Vx5  +  3x  +  1  +x 

3  +  l/x  3  +  0  3 


=  lim 

J— *00 


’  yj  1  +  (3/x)  +  (l/x2)  +  I  VI  +3  0  +  0+  I  2 

17.  lim  (Vx2  +  I  —  -Jx 2  -  l)  =  lim  (jx2  +  I  —  Vx2  -  l)  ■V^t  +  1 

*-»O0  \  /  AT  — > OO  V.  / 


Vx2  +  I  +  y/x2  -  I 


-  lim 


(*2  +  l)  -  (x2-  I) 


=  lim 


y/x2  +  1  +  y/x2  -  I  x->°°  yjx2  +  I  +  y/x2  -  1 


—  lim  -  2/x 

0 

n 

yi+(i/x2)+x/i-(i/x2) 

VTTo  +  VT^o 

lim  (x  +  >/x2  + 

x  —  Vx2  +  2x 

x2  -  (x2  +  2x) 
=  lim  - - - - 

X-4-OO  V  / 

x  -  Vx2  +  2x 

x-»-oo  x  —  Vx2  +  2x 

-2* 

— 2 

— ~x-  V^T-2x 

x->-00  |  +  ^1  +  2/x  1+V1+20 

-1 


Note:  In  dividing  numerator  and  denominator  by  x,  we  used  the  fact  that  for  x  <  0,  x  =  -y/x2. 


19.  lim 

.r— >oo 


/  . _ , _  ,  (V+x^+T  -  3x)  (V9x2  +  x  +  3x)  (V9x2  +  x)  -  (3x)2 

(V9.x2  +x  _  3x)  =  lim  A - ~  ’  V - ’-=  lim  ^ -  ’ - 

V  /  jr-.oo  V9x2  +  x  +  3x  J9x2  +  x  +  3x 


,  (9x2  +  x)  —  9x2 

=  lim  — , -  -  lim 


x/x 


=  lim 


*-*«  y/9x2  +  X  +  3*  (V9.^+x  +  3x)  /x  x-*°°  V9+ l/x  +  3 


V9  +  3  3  +  3  6 

20  Hm^eosjr  does  not  exist  because,  asx  increases,  cosx  does  not  approach  any  one  value,  but  oscillates  between  1 
and  —I. 


21.  Vx  is  large  when  x  is  large,  so  lim  Jx  —  oo. 

x~*oo 

22.  Vx  is  large  negative  when  x  is  large  negative,  so  lim  Vx  =  -oo. 

.«•->  -OO 

23.  lim  (x  —  Jx)  =  lim  yfx  (y/x  —  1)  =  oo  since  Jx.  -»  oo  and  Jx  —  1  — »  oo  as  x  -»  oo. 

x-»oo '  '  x-»oe  '  1  v  v 

24.  lim  (x  +  Jx)  =  oo  since  x  -»  oo  and  Jx  oo. 

x-yoa  '  ' 

25.  lim  (x3  —  5.x2)  =  — oo  since  x3  ->  -oc  and  -5.x2  -»  -oo  as  x  ->  -oo. 

Or:  lim  (x3  —  5x2)  =  lim  x2  (x  —  5)  =  — oo  since  x2  — »  oo  and  x  —  5  — >  — oo. 

x-»-oo  v  '  x-y-oo 

26.  lim  (x2  —  x4)  —  lim  x2  (1  -  x2)  -  -oo  since  x2  — >  oc  and  I  —  x2  -»  — oo. 

x— »oo  '  '  r— »oo  '  7 
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27.  lim  ~ — -  =  lim  — - ^ — rr  =  oo  since  I  — L  — >  I 

*-*<*>  .v6  +  I  *->»  (l/.«)  +  (1/x7)  .v7 

Or:  Divide  numerator  and  denominator  by  Is  instead  of  a7. 

I  I  I  .sin/ 

28.  If  /  =  -.then  lim  x  sin  -  =  lim  -  sin  /  =  lim  - =  1. 

X  *-»°o  .x  /_> 0*  /  /->0+  / 


-  oo  since  I  — -  —>  1  while  -  +  -»  0+  as  x  — »  oo. 


X 

fix) 

-10,000 

-100,000 

-1,000,000 

-0.4999625 

-0.4999962 

-0.4999996 

From  the  graph  of  /  (x )  =  V?  +  x  +  I  +  x,  we 

estimate  the  value  of  lim  /  (x)  to  be  -0.5. 

.v— *  — oo 


From  the  table,  we  estimate  the  limit  to  be  —0.5. 


.  /  /— r - r  \  /  r-x - r  \  Vx2  +  x  +  I  -  x  (x2+x 

(e)  lim  ( Vx2  +  v  +  l  +  .v )  =  lim  ( Vx2  +  *  +  I  +  x )  .  .  — -  =  lim  . 

.t-*-oo\  /  .t-»-oo\  )  [Vx2  +  x  +  1  -x  J  *->-oo  Vx2  + 


(x2+X+l  -X2 

lim  - 

*->-oo  Vx2  +x  +  1  -x 

1+0  _ 

-VI  +0  +  0-  1  ~  2 


(x  +  l)(l/x)  ,.  l+(l/x)  1+0 

=  lim  - - - - r - =  hm  -  —  -  -  -  — - - = 

(v/x^+xTT  —  x)(!/x)  w~00  -J\  +  (1/x)  +  (1/x2)  -  I  -VI  +0  +  0-1 

Note  that  for  x  <  0.  we  have  Vx2  =  |x|  =  —  x,  so  when  we  divide  the  radical  by  x,  with  x  <  0,  we  get 

iv*2+x  +  F  =  -~Vxi+x+  1  =  -  /l  +  (1/x)  +  (l/-v2). 
x  Vx- 


From  the  graph  of 

/  (x)  =  V3x2  +  8x  +  6  -  V3.v2  +  3x  +  1,  we 
estimate  (to  one  decimal  place)  the  value  of 
lim  /  (x)  to  be  1.4. 


X 

fix) 

10,000 

100.000 

1.000.000 

1.44339 

1.44338 

1  44338 

From  the  table,  we  estimate  (to  four  decimal 
places)  the  limit  to  be  1.4434. 


(c)  lim  f(x)  =  lim 

*->oc  *->oo 


(V3x2  +  8x+6  -  V3x2  +  3*  +  l)  (V3x2  +  8*  +  6  +  V3x2  +  3*  +  l) 


V3x2  +  8x  +  6  +  V3x2  +  3x  +  1 
(3x2  +  8*  +  6)  -  (3x2  +  3x  +  I) 

*-*ao  V3.v}  +  8x  +  6  +  V3x2  +  3x  +  I 
_  ljm  _ (5x  +  3)(l/x) _ 

l~’°°  (  V3*1  +  a*  +  6  +  V3x2  +  3x  +  l)  (1/x) 


V3  +  8/x  +  6/x2  +  n/3  +  3/x  +  1  /x2  V3  +  V3  2V3 


1 .443376 
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31.  lim  — - —  =  lim  - — —  =  -  ■*—  =  1,  so  v  =  I  is  a  horizontal 

*->±oox+4  ,t-»±oo  1  +  4/x  1+0 

asymptote,  lim  — — —  =  oo  and  lim  --  ---  =  — oo,  so  x  =  —4  is  a 
v-»  -t  '  x  +  4  *-*-4+  -V  +  4 

vertical  asymptote.  The  graph  confirms  these  calculations. 


32.  Since  x2  —  I  — >  0  and  y  <  0  for  —  1  <  x  <  I  and  y  >  0  for  x  <  —  1  and 

,  ,  ,.  x2  +  4  ,.  x2+4 

x>  1.  we  have  lim  -r - -  =  -oo.  lim  -= - -  =  oo, 

»_l-x2-l  t->i+x2-l 

x2  +  4  X2  +  4 

lim  — = - =  oo,  and  lim  —x - =  — oo.  sox  =  I  and  x  =  —  I 

x2-l  t_-|+X2-l 

are  vertical  asymptotes.  Also 

,x2  +4  I  +  4/.x2  1+0  ,  .  |  . 

lint  —x - =  Inn  - x  = - =  I,  soy  =  I  is  a  horizontal 

r->±oc  X2  -  I  x-*±oo  |  —  l/x2  1-0 

asymptote.  The  graph  confirms  these  calculations. 
x2  x 

33.  lim  -= - -  =  lim  - - - rx  =  ±oo.  so  there  is 

t-*ico  x2  +  3x  -  10  x— * ±oo  l  +  (3/x)  -  (10/x2) 

no  horizontal  asymptote. 

xJ  x3 

lim  — s — - - —  —  lim  - - — - —  =  oo.  since 

r-*2+  X2  +  3x  -  10  ,->2+  (x  +  5)  (x  -  2) 

x’  x3 

- — - —  >  0  for  x  >  2.  Similarly,  lim  — , -  =  — oc 

(x  +  5)  (x  -  2)  *-*2-  x2  +  3x  -  10 


and  lim  -x — - —  =  -oo,  lim  =  oo,  so x  =  2 

x2  +3x  -  10  x-*-5*  x2 +  3x  -  10 

and  x  =  —5  are  vertical  asymptotes.  The  graph  confirms  these 

calculations. 


x3  +  1  1  +  l/x3  .  .  . 

34.  lim  — x - =  lim  - x  =  I,  soy  =  I  is  a  horizontal 

x-»±oo  x3  +  x  x->±oo  1  +  l/x2 

jX2  |  x3  +  I 

asymptote.  Since  y  =  — - =  — — ; - r  >  0  for  x  >  0  and  y  <  0  for 

X  "1"  X  X  fx*  +  1 1 

X3  +  1  X3  +  1 

—  1  <  x  <  0,  lim  — : - =  oo  and  lim  — r - =  —  oo,  sox  =  0  is  a 

,t-rO+  Xi  +  X  x-*0-  X J  +  X 

vertical  asymptote. 
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x  -  9  I  —  9/x 

36.  lim  =  lim  ,  ■  - 

x~>oc  V4jr2  +  3.x  +  2  *->°°  J4  +  (3/x)  +  (2/x2) 


—  —  =  - .  Using  the  fact  that  Vx^  =  |x  |  = 

y/4  +  0  +  0  2 


for  x  <  0,  we  divide  the  numerator  by  —x  and  the  denominator  by  Vx^.  Thus, 
x  —  9  —  1  +  9/x  -1+0  1 

jt-*-oo  y/4x2  +  3x  +  2  y4  +  Q/x)  +  (2/x2)  n/4  +  0  +  0  2 

The  horizontal  asymptotes  are  y  =  ±  ^ .  The  _ _ 

polynomial  4.vJ  +  3x  +  2  is  positive  for  all  x,  j()  _____ 

so  the  denominator  never  approaches  zero,  . . . •/• . 

and  thus  there  is  no  vertical  asymptote.  \ 


37.  Let's  look  for  a  rational  function. 

(1)  lim  /  (x)  =  0  =»  degree  of  numerator  <  degree  of  denominator 

jr-*±oo 

(2)  lim  /  (x)  =  —oo  =>  there  is  a  factor  of  x2  in  the  denominator  (not  just  x.  since  that  would  produce  a 

jr-*0 

sign  change  a!  x  =  0),  and  the  function  is  negative  near  x  —  0. 

(3)  lim  f  (x)  =  oo  and  lim  /  (x)  =  — oo  =>  vertical  asymptote  at  x  =  3;  there  is  a  factor  of  (x  —  3)  in 

.x-»3"  x-*3+ 

the  denominator. 

(4)  /  (2)  =  0  =»  2  is  an  x-intcrccpt;  there  is  at  least  one  factor  of  (x  -  2)  in  the  numerator. 

Combining  all  of  this  information,  and  putting  in  a  negative  sign  to  give  us  the  desired  left-  and  right-hand  limits, 
2  —  x 

gives  us  /  (x )  =  — : - —  as  one  possibility. 

x-  (x  -  3) 

38.  The  denominator  of  the  rational  function  we  arc  looking  for  must  have  factors  (x  —  1)  and  (x  —  3).  The  degree  of 
the  numerator  must  equal  the  degree  of  the  denominator,  and  the  ratio  of  the  leading  coefficients  must  be  1.  One 


possibility  is  / (x)  = 


(x  —  I)  (x  —  3) 


1  —  X 

39.  y  -  - has  domain  (— oo,  —  I )  U  (—  1 ,  oo). 

I  +  x 

lim  - — —  =  lim  - -  =  - — -  =  —  I,  so  v  =  —  1  isa  HA.  The 

r— *±oo  I  +  x  x-»±oo  l/x  +  I  0+1 

..  ...  ,  (1+x)(-l)-(l— x)(l)  -2 

line  x  =  —  I  is  a  VA.  v  =  — - - - — x - — - x  <  0 

(I+x)2  (1  +  or)2 

for  x  #  1 .  Thus,  (-oc,  —  I )  and  (—  I ,  oo)  are  intervals  of  decrease. 


_0(l  -)-*)  4 

v"  =  —2  - - x  — - x  <  0  forx  <  -I  and  y"  >  0  forx  >  —  I.  so  the  curve  is  CD  on  (-oo,  —  1)  and 

[(l+x)2]-  0+*>3 

CU  on  (- 1 ,  oo).  Since  x  =  —  I  is  not  in  the  domain,  there  is  no  IP. 
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I  +  2x2 

40.  y  =  - - —  has  domain  R.  >♦ 

l+x2  y-2 

l+2x2  1/x2  +  2  0  +  2 

I")'  — - ——  I'm  — — = — ~  =  - — -  =  2,  so  y  =  2  is  a  HA. 

*->±oo  I  +- jc-  .<-»±oo  1/x2  +  1  0+1 

,u  ,  (1  +  x2)  (4.x )  —  (1  +  2x2)  (2x)  lx  „  n  1 

I  here  is  no  VA.  v  = - - — s - - - = - -  >  0 

(>+x2)2  (l+X2)2 

o  x  >  0, 

and  y'  <  0  <=>  x  <  0.  Thus,  y  is  increasing  on  (0,  oo)  and  y  is  decreasing  on  (— oo,  0) .  There  is  a  local  (and 


absolute!  minimum  at  (0,  1).  y‘ 


_  (I  +  x2)2  (2)  —  (2x)  ■  2  (I  +  x2)  (2x)  =  2  —  6x2 


[(1+jc2)2] 


(1  +-2)J 


0  <=>  x  =  ±-W. 


y"  >  0  <=>  -tj  <  x  <  so  the  curve  isCU  on  and  CD  on  (-oo,  and  oo).  There 

are  IP  at  (±-^,|). 


....  x  \/x  0 

41.  Inn  -  =  lim  - — r •  =  - — -  =  0,  so  v  =  0  is  a  horizontal 

*->*00*2+1  x->±ool  +  l/*2  |+0 

asymptote. 

,  x2  +  I  —  .y  (2x)  I  —x2 

y  — - s —  = - x  —  0  when  x  =  ±  I  and  y'  >  0  <=> 

(x2+l)2  (x2+  I)2 

x2  <  I  «=>  -I  <x  <  1,  soy  is  increasing  on  (—1,  1)  and  decreasing 
on  (-oo.  —  I)  and  (1,  oo). 

,  =  (I  +x2)2  (— 2x)  —  (I  —  x2)  2  (x2  +  I)  2x  _  2r  (x2  -  3) 


(I  +  x2)2  (— 2x )  —  ( I  —  x2)  2  (x2  +  I )  2x  2x  (x2  —  3)  „ 

- - — 5 - = - J-  >0  x  >  -s/3  or  — >/3  <  x  <  0.  so  y  is  CU 

(l+x2)4  (l+x2)3 

(n/T,  oc)  and  (-  •/},  o)  and  CD  on  (-oo,  —  and  (o,  V5). 


42.  y  = 


Vx2  + 1  yr+T/x 


has  domain  R.  As  x  — >  ±oo.  y  — >  ±  1 ,  so 


y  =  ±1  are  It  A.  There  is  no  VA.  y  =  x  (x2  +  l)-'2  => 

y  =  x  (-4)  (x2+ l)  ~(2x)  +  (x2  +  l)  '  "(I) 

=  (,2+1)-2/2[-,2  +  (,2+l)] 

/  7  \  -3/2 

=  (x‘  +  l)  >0  for  all  * 

Thus,  v  is  increasing  for  all  x.  y"  =  (—5)  (x2  +  l)  5,2  (2x)  = - — ,  ,7 

K  ''  (x2  +  1)5/2 

{—00, 0)  and  CD  on  (0, 00).  There  is  an  inflection  point  at  (0, 0). 


> 

V  —  1 

0 

* 

y  =  -l 

xx  >  0  for  x  <  0.  So  the  curve  is  CU  on 
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43.  v  =  /  (x)  —  x2  (x  —  2)  (I  —  x).  The  y-intercept  is  / (0)  =  0,  and  the  x-intercepts 

occur  when  y  =  0  =>  x  —  0,  1, 2.  Notice  that,  since  x2  is  always  positive,  the 

graph  does  not  cross  the  x-axis  at  0,  but  does  cross  the  x-axis  at  I  and  2. 

lim  x2  (x  —  2)  (I  —  x)  =  —oo,  since  the  first  two  factors  are  large  positive  and  the 
jr-*o© 

third  large  negative  when  x  is  large  positive,  lint  x2  (x  —  2)  (1  —  x)  =  — oo  because 

x-»-oo 

the  first  and  third  factors  are  large  positive  and  the  second  large  negative  as  x  — >  -oo. 


44.  y  =  (2  +  x)3  (1  —  x)  (3  —  x).  As  x  — »  oo,  the  first  factor  is  large  positive,  and 
the  second  and  third  factors  are  large  negative.  Therefore,  lim  /  (x)  =  oo.  As 

X — >00 

x  -»  — oo.  the  first  factor  is  large  negative,  and  the  second  and  third  factors  are 
large  positive.  Therefore,  lim  /  (x)  =  — oo.  Now  the  y-intercept  is 

x—*  — oc 

/  (0)  =  (2)3  (1)  (3)  =  24  and  the  x-intercepts  are  the  solutions  to  /  (x)  =  0 
=>  x  =  —2,  I  and  3,  and  the  graph  crosses  the  x-axis  at  all  of  these  points. 


45.  v  =  /  (x)  =  (x  +  4)5  (x  -  3)4.  The  y- intercept  is  /  (0)  =  4s  (-3)4  =  82,944. 

The  x-intercepts  occur  when  y  =  0  =>  x  =  —4,  3.  Notice  that  the  graph  does 

not  cross  the  x-axis  at  3  because  (x  —  3)4  is  always  positive,  but  does  cross  the 

x-axis  at  —4.  lim  (x  +  4)5  (x  —  3)4  =  oo  since  both  factors  are  large  positive 
jr— >oo 

when  x  is  large  positive,  lim  (x  +  4)5  (x  —  3)4  =  — oo  since  the  first  factor  is 

x-*-oo 

large  negative  and  the  second  factor  is  large  positive  when  x  is  large  negative. 


46.  y  =  (1  -  x)  (x  —  3)2  (x  —  5)2.  As  x  -»  oo,  the  first  factor  approaches  — oo  while 
the  second  and  third  factors  approach  oo.  Therefore,  lim  (x)  =  — oo.  As 

x-xoo 

x  — »  — oo,  the  factors  all  approach  oo.  Therefore,  lim  (x)  =  oo.  Now  the 

x~*~oo 

y-intercept  is  /  (0)  =  (I)  (-3)2  (— 5)2  =  225  and  the  x-intercepts  are  the  solutions 
to  /(x)  =  0  =>  x  —  I,  3,  and  5.  Notice  that  /  (x)  docs  not  change  sign  at 
x  =  3  or  x  =  5  because  the  factors  (x  —  3)2  and  (x  —  5)2  are  always  positive,  so 
the  graph  docs  not  cross  the  x-axis  atx  =  3  or  x  =  5,  but  does  cross  the  x-axis  at 
x  =  1. 


47.  First  we  plot  the  points  which  are  known  to  be  on  the  graph:  (2,-1)  and  (0, 0).  We  can  also  draw  a  short  line 
segment  of  slope  0  at  x  =  2,  since  we  are  given  that  /'  (2)  =  0.  Now  we  know  that  /'  (x)  <0  (that  is,  the 
function  is  decreasing)  on  (0, 2),  and  that  f"(x)  <0on(0,l)and  /"(x)  >  Oon  (1,2).  So  we  must  join  the 
points  (0, 0)  and  (2,-1)  in  such  a  way  that  the  curve  is  concave  down  on  (0,  1)  and  concave  up  on  (1,2). 

The  curve  must  be  concave  up  and  increasing  on  (2, 4).  and 
concave  down  and  increasing  on  (4,  oo).  Now  we  just  need 
to  reflect  the  curve  in  the  y-axis,  since  we  are  given  that  /  is 
an  even  function.  The  diagram  shows  one  possible  function 
satisfying  all  of  the  given  conditions. 


48.  The  diagram  shows  one  possible  function 
satisfying  all  of  the  given  conditions. 
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2  10.000 


Q  have  the  same  end  behavior. 


53.  Divide  numerator  and  denominator  by  the  highest  power  of  x  in  Q  (x). 

(a)  If  deg  P  <  deg  Q,  then  numerator  ->  0  but  denominator  doesn’t.  So  lim  |  P  (.t) /Q  (at)]  =  0. 

X— >00 

(b)  If  deg  P  >  deg  Q,  then  numerator  -»  ±oo  but  denominator  doesn’t,  so  lim  \P  (jt)  /Q  (jc)]  =  ±oo  (depending 

.t— >  OO 

on  the  ratio  of  the  leading  coefficients  of  P  and  Q). 
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y. 

0 

X 

v 

J. 


(i)  n  =  0  (ii)  n  >  C  (n  odd)  (iii)  n  >  0  (n  even)  (iv)  n  <  0  (n  odd)  (v)  n  <  0  (n  even) 

From  these  sketches  we  see  that 


1  ifn  =  0 
(a)  lim  x"  =  0  if  «  >  0 

,t-»0+ 

oo  ifn  <  0 


1  ifn  =  0 
(c)  lim  x"  =  00  ifn  >  0 

r->  oc 

0  ifn  <  0 


1  if  n  =  0 
0  ifn  >  0 

(b)  lim  x"  - 

*-»o-  —oo  ifn  <  0,  n  odd 

oo  if  n  <  0.  n  even 

1  if  n  =  0 
— oo  if  n  >  0.  n  odd 

(d)  lim  x"  — 

x-t-oo  oo  ifn  >  0,  n  even 

,  0  if  n  <  0 


4jt  -  I  (  I  \  4x 2  +  3*  /  3  \ 

55.  lim  -  =  lim  (4 - 1  =  4,  and  lim  - = - —  lim  1 4  H —  I  =4.  Therefore,  by  the  Squeeze 

t— >0C  .V  X—XOQ  \  X  )  X-tOO  X1  X-*<X>  \  x  / 


Theorem,  lim  f  (x)  =  4. 


56.  (a)  After  l  minutes,  25 1  liters  of  brine  with  30  g  of  salt  per  liter  has  been  pumped  into  the  tank,  so  it  contains 

(5000  +  25/ )  liters  of  water  and  25 1  ■  30  =  750/  grams  of  salt.  Therefore,  the  salt  concentration  at  time  /  will 
750/  _  30/  g 


be  C  (/)  = 


5000  +  25/  200  +  /  L' 


(b)  lim  C  it)  =  lim  ' — =  lim  —  = -^- =  30.  So  the  salt  concentration  approaches  that  of 

<->oo  200  +  /  <-*oo  200// +///  0+1 

the  brine  being  pumped  into  the  tank. 


6*2  +  5.x  -  3  ,  „  „  „  „  6x2  +  5jt  -  3  ,  ,  „ 

■^  2  _  j - 3  <  0  2  «  2  8  <  _-f  "  <  3  2  So  we 

graph  the  three  parts  of  this  inequality  on  the  same  screen,  and  find 

,  ,  6.v2  +  5x  —  3 

that  the  curve  v  =  — —i - j —  seems  to  lie  between  the  lines 

y  =  2  8  and  y  =  3.2  whenever  x  >  12  8.  So  we  can  choose  N  =  13 
(or  any  larger  number),  so  that  the  inequality  holds  whenever  x  >  N. 
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58.  For  f:  =  0.5.  we  must  find  JV  such  that  whenever  at  >  we  have 

I  \/4x2  4-  1  v"4  x 2  -f-  i 

- - - - 2  <  0.5  <=>  1.5  <  — — —  <  2.5.  We  graph  the 

|  x  +  I  .v  +  1 

three  parts  of  this  inequality  on  the  same  screen,  and  find  that  it  holds 

whenever  x  >  3.  So  we  choose  N  —  i  (or  any  larger  number).  For 

y/4x2  -T-  1 

e  =  0.1,  we  must  have  1 .9  <  -  <2.1.  and  the  graphs  show 

x  +  I 

that  this  holds  whenever  or  >  19.  So  we  choose  N  =  19  (or  any  larger 
number). 


v^x2  +  I 

59.  For  c  =  0.5.  we  need  to  find  N  such  that - (—2)  <  0.5 

x  +  I 


<=>  —2.5  < 


<—1.5  whenever  x  <  N.  We  graph  the 


x  +  I 

three  parts  of  this  inequality  on  the  same  screen,  and  see  that  the 
inequality  holds  for  .x  <  —6.  So  we  choose  A1'  =  —6  (or  any  smaller 
number). 

V4.x2  +  1 

For  /:  =0.1.  we  need  -2.1  < - - —  <-1.9  whenever 

or  +  1 

x  <  N.  From  the  graph,  it  seems  that  this  inequality  holds  for 
x  <  —22.  So  we  choose  any  N  =  —22  (or  any  smaller  number). 


2x  +  1 

60.  We  need  N  such  that  .  >  100  whenever  x  >  N.  From  the 

s/T+T 

graph,  we  see  that  this  inequality  holds  for  .x  >  2500.  So  we  choose 
N  =  2500  (or  any  larger  number). 


61.  (a)  \/x2  <  0.0001  <=>  x2  >  1/0.0001  =  10,000  <=>  x  >  100  (x  >  0) 

(b)  Ift  >  0  is  given,  then  \/x2  <  r.  <=>  x2  >  \/c  <=>  x  >  Let  N  =  l/^/tf. 

Then  x  >  N  =>  x  >  -7=  =>  4r  —  0  =-!-<{;,  so  lim  4?  =  0. 

*/£  X~  X1  X~*QO  X1 

62.  (a)  l//x  <  0.0001  <=>  Jx  >  1/0.0001  =  I04  <=>  x  >  10s. 

(b)  lf<:  >  0  is  given,  then  I / ~fx  <  e  <=>  y/x  >  I /<:  <=>  x  >  l/e2.  Let  S  =  1/e2. 


Then.x  >  N 


X  >  T  =»  \~r= 


-  0  =  -^=  <  e,  so  lim  — =  0. 
V.X  x- .oo 
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63.  For x  <  0.  |l/x  —  0|  =  —\/x.  Ifi;  >  0  is  given,  then  —  1  /jr  <  e  <=>  x  <  —  1/e. 

Take  N  =  —  1  /c.  Then  x  <  N  =>  x  <  —  I/e  =>  |(  1  /jc)  -  0|  =  —  l/x  <  e,  so  lim  (1/jt)  =  0. 

x~*-oo 

64.  Given  A/  >  0,  we  need  N  >  0  such  that  x  >  N  =»  x3  >  AT.  Now  x3  >  M  «=>  x  >  1/M,  so  take  N  =  1/~M. 
Then  x  >  N  =  IfM  =>  x3  >  AT,  so  lim  x 3  =  oo. 

x-voo 

65.  Suppose  that  lim^  /  (x)  =  /..  T  hen  for  every  e  >  0  there  is  a  corresponding  positive  number  A'  such  that 

| /  (jc )  —  /. |  <  r.  whenever  x  >  N.  If  /  =  l/x,  then  x  >  N  o  0  <  l  <  l/N.  Thus,  for  every  c  >  0  there  is  a 

corresponding  A'  >  0  (namely  1  /N)  such  that  \f  (1/r)  -  L\  <  r.  whenever  I  <  <5.  This  proves  that 

lim  /(I //)  =  /.=  lim  f  (x). 

,-,0+  *-»oo 

Now  suppose  that  lim  /  (x)  =  L.  Then  for  every  r.  >  0  there  is  a  corresponding  negative  number  N  such 
x—*  —oo 

that  | / (.x )  —  /. |  <  e  whenever  x  <  N.  If  /  =  1/jr,  then  ,x  <  N  o  \/N  <  l/x  <  0.  Thus,  for  every  t:  >  0 

there  is  a  corresponding  S  >  0  (namely  -  l/N)  such  that  | /  (l/r)  —  L\  <  i:  whenever  —S  <  I  <  0.  This  proves 

that  lim  f(l/l)  =  l.=  lim  f  (x). 

<-»o-  x-t-oo 

66.  Definition  Let  f  be  a  function  defined  on  some  interval  (— oo,  a).  Then  lim  /  (x)  =  — oo  means  that  for 

x— » -oo 

every  negative  number  M  there  is  a  corresponding  negative  number  N  such  that  /  (x)  <  M  whenever  x  <  N. 

Now  we  use  the  definition  to  prove  that  lim  (1  +  x3)  =  —  oo.  Given  a  negative  number  A/,  we  need  a  negative 

number  N  such  that  x  <  N  =i  I  +x3  <  Af.  Now  l+x3<A/  o  x3  <  AT  —  I  o  x<  1/M  —  I.  Thus, 
we  take  N  =  1/M  —  I  and  find  that  x  <  N  1  +  x3  <  M.  This  proves  that  lim  (l+x3)  =  —  oo. 

*-*  -oc  7 


Summary  of  Curve  Sketching 


1.  y  =  /(x)  =  x3  +  x  =  x  (x1 2  +  I)  A.  /  is  a  polynomial,  so  D  =  R. 

B.  x-intcrccpt  =  0,  y-intercept  =  / (0)  =  0  C.  / (— x)  =  — / (x),  so  / 
is  odd;  the  curve  is  symmetric  about  the  origin.  D.  /  is  a  polynomial,  so 
there  is  no  asymptote.  E.  f  (x)  =  3x2  +  I  >  0,  so  /  is  increasing  on 
(— oo,  oo).  K.  There  is  no  critical  number  and  hence,  no  local  maximum 
or  minimum  value.  G.  /"  (x)  =  6x  >  0  on  (0,  oo)  and  f"  (x)  <  0  on 
(— oo,  0),  so  /  is  CU  on  (0,  oo)  and  CD  on  (-oo,  0).  Since  the  concavity 
changes  at  x  =  0,  there  is  an  inflection  point  at  (0, 0). 

2.  y  =  f  (x)  =  x3  +  6x2  +  9x  =  x  (x  +  3)2  A.  D  =  R  B.  x-intercepts 
are  -3  and  0.  y-interccpt  =  0  C.  No  symmetry  D.  No  asymptote 

E.  f  (x)  =  3x2  +  I2x  +  9  =  3  (x  +  I)  (x  +  3)  <  0  » 

— 3  <  x  <  —  I ,  so  /  is  decreasing  on  (—3,  —  I )  and  increasing  on 
(— oo,  —3)  and  (—  I ,  oo).  F.  Local  maximum  /  (—3)  =  0,  local 
minimum /(—I)  = —4  G.  /" (x)  =  6x  +  12  =  6(x  +  2)  >  0  <=> 
x  >  —2,  so  /  is  CU  on  (—2,  oo)  and  CD  on  (— oo,  —2).  IP  at  (—2,  —2) 
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3  y  =  /(x)  =  2-  1 5.x  +  9x2  —  x3  =  -  (x  -  2)  (x2  -  7*  +  1)  A.  D  =  R 
x-intercepts:  /  (x)  =  0  =>  x  =  2  or (by  the  quadratic  formula) 
x  =  (=s  0.15,  6.85)  C.  No  symmetry  D.  No  asymptote 

E.  f'(x)  =  -15  +  18*  -  3x2  =  -3  (.x2  -  6x  +  5) 

=  -3  (x  -  I )  (x  -  5)  >  0  <=>  I  <  x  <  5 
so  /  is  increasing  on  ( 1 , 5)  and  decreasing  on  (-oo,  1 )  and  (5,  oo). 

F.  Local  maximum  /( 5)  =  27,  local  minimum  /  (I)  =  — 5 

G.  ]  "  (x )  =  1 8  —  6x  =  —  6  (x  —  3)  >  0  »  x  <  3,  so  /  is  CU  on 
(-oo,  3)  and  CD  on  (3,  oo).  IP  at  (3,  1 1) 


y  —  /(■*)  —  8x-  —  x4  —  x2  (8  —  x2)  A.  D  =  R  B.  ^-intercept:  / (0)  =  0;  x-intercepts:  /  (x)  =  0  => 


*  =  0,  ±2c/2  ±2.83)  C.  /  (-x)  =  /  (x),  so  /  is  even  and  symmetric  about  the  y-axis.  D.  No  asymptote 

E.  /'(x)  =  I6x  -4x3  =  4x  (4-x2)  =  4x  (2 +  x)  (2 -x)  >  0  <=>  H.  <-2. 16)  xt  (2  ,6) 


x  <  — 2  or  0  <  x  <  2,  so  /  is  increasing  on  (— oo,  -2)  and  (0, 2)  and 
decreasing  on  (-2, 0)  and  (2,  oo).  F.  Local  maxima  /  (±2)  =  16,  local 
minimum /(0)  =  0  G.  f  (x)  =  16  —  12x2  =  4  (4  -  3x2)  =  0  <=> 

x  =  ±Ty  f"W>0  «  <Jt  <  ;fc.»o/isCU  on  (-.£,£) 
and  CD  on  (-oo.  and  (^-,oo).  IP  at  (±^-, 


5-  y  =  f  (x)  =  x4  +  4x3  =  x3  (x  +  4)  A.  D  =  R  B.  y-intercept: 

/  (0)  =  0;  x-intercepts:  /  (x)  =  0  <=>  x  =  -4, 0  C.  No  symmetry 
D.  No  asymptote  E.  /'  (x)  =  4x3  +  I2x2  =  4x2  (x  +  3)  >  0  » 
x  >  —3.  so  /  is  increasing  on  (—3,  00)  and  decreasing  on  (—00,  —3). 

F.  Local  minimum  /  (—3)  =  —27,  no  local  maximum 

G.  f"  (x)  =  12x2  +  24x  =  12x  (x  +  2)  <  0  <=>  — 2  <  x  <  0,  so  /  is 
CD  on  (—2, 0)  and  CU  on  (-00,  —2)  and  (0,  00).  IP  at  (0, 0)  and 
(-2,-16) 


6-  y  =  /(x)  =  2-x  -x9 

=  -(x-  l)(x8+x7+x6  +  x5  +  x4+x3+x2+x  +  2) 

A.  D  =  R  B.  y-intercept:  /(0)  =  2;  x-inlerccpt:  /(x)  =  0  <=> 
x  -  1  (By  part  E  below,  /  is  decreasing  on  its  domain,  so  it  has  only  one 
x-intercept.)  C.  No  symmetry  D.  No  asymptote 
E.  f  (x)  =  —  I  —  9x8  =  —  1  (9x8  +  I )  <  0  for  all  x,  so  /  is  decreasing 
on  R.  F.  There  is  no  extremum.  G.  /"  (x)  =  — 72x7  >0  <=> 
x  <  0,  so  /  is  CU  on  (-00,  0)  and  CD  on  (0, 00).  IP  at  (0, 2) 
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7.  y  =  /(.r)  =  x/(x  -  1)  A.  D  =  {x  |  x  ^  I)  =  (-oo,  I) U (I, oo)  B.  ,v-intcrecpt=  0. y-intercept=  / (0)  =  0 

X  x 

C.  No  symmetry  D.  lim  - -  =  I ,  so  y  — -  I  is  a  HA.  lim  - -  —  — oo, 

,t-*±oo.r-l  i-ti-jr-l 


.x 

lim  - =  oo.  so  x  =  I  is  a  VA. 

t->i+  x  -  I 

E.  /'  (x)  =  — — ^  ^  = - — y  <  0  for  x  /  1 ,  so  /  is  decreasing 

(x  -  I)'  (x  -  ir 


on  (— oo.  I)  and  (l,oo) .  F.  No  extremum 


o  x  >  1.  so  /  is  Cl)  on  (I,  oo)  and  CD  on  (— oo,  1).  No  IP 


8.  y  =  x/  (x  —  I)2 
C.  No  symmetry 


A.  O  —  (x  |  x  /  1)  =  (— oo,  I)  U  (I,  oo)  B.  x-interccpt=  0,  y-intercept=  /(0)  =  0 
JC  x 

D.  lim  - r  =  0,  so  y  =  0  is  a  HA.  lim - y  =  oo,  so  x  =  I  is  a  VA. 

*-*±°°(x-l)2  x-*l  (x  -  l)2 


E.  /'(. t)  = 


(x-  1  )2  ( 1 )  -  or  (2)  (x  -  I)  x  I 


j .  This  is  negative  on  (-oo,  - 1 )  and  ( I ,  oo)  and  positive  on 


(—  I ,  I ).  so  /  (x )  is  decreasing  on  (— oo,  —  I )  and  ( I ,  oo)  and  increasing  on  (—  1 ,  1 ) . 


F.  Local  minimum  /(— I)  =  — no  local  maximum. 

.  (x  —  l)3  (—1)  +  (x  +  I)  (3)  (x  —  t)2  2  (x  +  2)  ,,, 

G.  /" <x)  = - r — TT - =  -r—TJ-  Ih 


negative  on  (— oo,  —2),  and  positive  on  (—2,  I )  and  ( I ,  oo).  So  /  is  CD 
on  (— oo,  —2)  and  CU  on  (—2,  1)  and  (I,  oo).  /  has  an  inflection  point  at 


(-2.-1) 


9.  y  =  /(x)  =  l/(x2 -9)  A.  D  =  {.«  |  x  ^  ±3|  =  (-oo,  -3)  U  (-3, 3)  U  (3,  oo) 

B.  v-intercept  = /(0)  = -i,  no  x -intercept  C.  /(-x)  = /(x)  =*  /  is  even;  the  curve  is  symmetric  about 

the  y-axis.  D.  lim  .  *  „  =0.  so  y  =  0  is  a  HA.  lim  ,  *  =  -oo,  lim  ,  *  =  oo, 

r  *->±oo  X2  -  9  x-,3-X2-9  x-»3+X2-9 

lim  — r— —  =  00.  lim  , 1  ,  =  -oo,  so x  =  3  and  x  =  -3  are  H. 

.,-,-3  x2-9  x-*-3+  x2  —  9 

VA.  F„  /'  (x)  = - - — ^  >0  <=>  x  <  0  (x  #  -3)  so  /  is 

(x2  -  9)‘ 

incrcasing  on  (— oo,  -3)  and  (—3, 0)  and  decreasing  on  (0,  3)  and  (3,  oo) . 

F.  Local  maximum  /  (0)  =  —  5. 

r  „  ~2  (.t2  -  9) 2  +  (2x)  2  (x2  -  9)  (lx)  6  (x2  4-3)  p  ^ 

'V  (x2  —  9)4  (x2-9)3 

x2  >  9  <=>  x  >  3  or  x  <  —3,  so  f  is  CL)  on  (— oc,  —3)  and  (3,  00) 
and  CD  on  (—3, 3).  No  IP 
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10.  y  =  f(x)  =  x/  (x2  -  9)  A.  D  =  (x  |  x  ji  ±3|  =  (— cso.  -3)  U  (-3, 3)  U  (3,  oo)  B.  x-interccpt  =  0. 

y-inlcrccpt  =  / (0)  =  0.  C.  /(— x)  =  —f(x),  so  /  is  odd;  the  curve  is  symmetric  about  the  origin. 

D.  lim  — — -  =0.  so  y  =  0  is  a  HA.  lim  — r -  =  oo.  lint  — r - =  — oo. 

*-.±00*2-  9  '  *-,3+x2-9  t-.3-A2-9 

I'm  -j — =  oo.  lim  -= — -  =  -oo.  so  x  =  3  and  x  =  -3  are  VA. 
x-»-3+  x2  -  9  x2  -  9 

„  .  (x2  -  9)  -  x  (It)  x2  +  9 

J  (x)  = - — — - =  — — - —  <  0  (x  £  ±3)  so  ]  is  decreasing  on  (-oo,  -3),  (-3. 3). 

(jt2  -  9)  (jt2  -  9)‘ 

and(3,oo).  F.  No  extremum  H.  ^  i  >'♦ 

g  r  (t)  ^ (*2  ~ 9)2  -  (*2 + 9)  2  - 9)  p»)  1  I 

(x2 — 9)4  IV  iv__ 

lx  (x2  +  27)  \ ;  <>  "\j  ' 

= - «—  >  0  when  —  3  <  x  <  0  or  x  >  3.  V  V 

(*2~9)  I  j 

so  /  is  CU  on  (-3,0)  and  (3,00);  CD  on  (-00,  -3)and(0,3).  IP  is  |  |v  =  3 

(0.0). 


y  =  f(x)  =  x/(x2  +  9)  A.  D  =  R  B.  ^-intercept:  /(O)  =  0; jt -intercept;  /  (x)  =  0  <=»  x  =  0 
C.  /(— Jt)  =  — / Or),  so  /  is  odd  and  the  curve  is  symmetric  about  the  origin.  I).  lim  [x  /(x2  +  9)]  =  0,  so 

.y  =  0  is  a  HA;  no  VA  E.  /'  (x)  =  ^  +  9^(l)  ~  *  =  9  ~  -  £+.T.)(3  ~  >  0  ^ 

(*2  +  9)2  (x2  +  9)2  (x2+9)2 

-3  <  x  <  3.  so  /  is  increasing  on  (-3, 3)  and  decreasing  on  (-oo,  -3)  and  (3,  oo).  F.  I.ocal  minimum 
/(— 3)  =  —  j,  local  maximum  / (3)  =  | 

G  f„  (.  =  (*2  +  9)2  (~2x)  -  (9  -  x2)  ■  2  (x2  +  9) (2x)  =  (2x)  (x2  +  9)  [-  (x2  +  9)  -  2  (9  -x2)l 


[(jc2  +  9)2] 


(jr2  +  9) 4 


2x  (x2  -  27) 

=  — 2 - r1  =0  «=>  x  =  0,  ±V27  =  ±3%/3 

(x2  +  9) 


/"(x)>0  <=>  —  3>/3  <  x  <  Oorx  >  3>/3,  so  /  isCU  on  (— 3-v/3,  o)  H.  Y* 

v  '  (3,  1) 

and  ^3-^3,  oc^ .  and  CD  on  ^—oc,  —3  and  ^0, 3s/3^  There  are  three  i 

inflection  points:  (0, 0)  and  (±3>/3.  ±jtV3j.  - J - 


(-3.4) 
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12.  V  =  /  (x)  =  x1  / (x2  +  9)  A.  O  =  R  B.  ^-intercept:  /  (0)  =  0;  x-intercept:  /(x)  =  0  <=>  .4=0 
C.  /  (—4)  =  / (x),  so  /  is  even  and  symmetric  about  the  y-axis.  D.  lim^[x2 /(x2  +  9)]  =  1,  soy  =  1  is 


(x2  +  9)  (2x)  —  x2  (2x) 

HA-  nn  VA  r  ^  -  '  '  7  v  _ 

18x 

ii/\,  rui  v/\  kj.  j  7  - 

(x2  +  9)2 

'  (x2  +  9)2 

and  decreasing  on  (—00, 0).  F.  Local  minimum  /  (0)  =  0;  no  local  maximum 

„  (x2  +  9)2  (18)  —  18x  •  2  (x2  +  9)  •  2x 

18  (x2  +  9)  [(x2  +  9)  —  ■ 

J  \X)  —  -2 

[(x2  +  9)2] 

(x2  +  9)4 

-54  fx  +  Vf)  (x  -  V5) 

= - i >  0  <=> 

(x2  +  9)3 

-V3  <  x  <  x/3 

so  /  is  CU  on  (-V3,  '/lj  and  CD  on  (-00,  — v/3^ 

and  (V3,  ooj.  There  H. 

arc  two  inflection  points:  (±V3, 


(x2+9)3 


13.  y  =  /(x)  = 


(x  —  1)  (x  +  2)  x2  +  x  —  2 


—  A.  D  =  {x  \  x  ^  —2,  I)  =  (-oo,  -2)  U  (-2,  1)  U  (I,  oo) 


B.  y-intcrcept:  / (0)  =  no  x -intercept  C.  No  symmetry 
1  \/x2  0 

D.  lim  -r — - -  =  lim  - — - =  -=0,  soy  =  Oisa  HA.  x  =  -2  and  4  =  1  are 

t->±oo  x2  +  2x  -  2  *->±00  1  +  I/*  -  2/x2  I 

A2  »  _  if  .  n  _  1  n 


,  x2 +4 -2)  0-1  (ir  +  1)  2x  +  1  „  1  .  _ 

'  (x  —  1  )2  (x  +  2)2  (x  —  l)2  (x  +  2)2  2 

/'  (x)  <  0  <=>  x  >  —  j  (x  1).  So  /  is  increasing  on  (—00,  —2)  and  (—2,  — jj,  and  /  is  decreasing  on 

(-5,  l)  and  (l,oo).  F.  /  (-j)  =  — 5  is  a  local  maximum. 

„  (x2  +  x  —  2)2  (—2)  —  [—  (2x  +  1)J  (2)  (x2  +  x  —  2)  (2x  +  I) 

J  \x)  —  ,  ,,2 

[(x-I)2(x  +  2)Y 

2  (x2  +  x  -  2)  [-1  (x2  +  x  -  2)  +  (2x  +  l)2]  2  (-x2  -  x  +  2  +  4x2  +  4x  +  1) 

—  1  !  '  1  —  ..1  .  - .  t 


(x  -  l)4  (x  +  2)4 

_  2  (3x2  +  3x  +  3)  _  6  (x2  +  x  +  l) 
~  (x  -  1  )3  (x  +  2)3  ~  (x  -  l)3  (x  +  2)3 


(x  —  1  )3  (x  +  2)3 


The  numerator  is  always  positive,  so  the  sign  of  /"  is  determined  by  the 
denominator,  which  is  negative  only  for  — 2  <  x  <  1.  Thus,  /  is  CD  on 
(—2,  1)  and  CU  on  (—00,  —2)  and  (1, 00).  No  IP 

*J1 

L 

!  0 

X 

x—2\A 

II 

fH-f) 
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14.  y  =  /  (x)  =  x2(x  +  -i)  A-  O  =  {*  I  x  #  0,  -  3)  =  (-00.  -3)  U  (-3, 0)  U  (0,  oo)  B.  No  intercept  C.  No 

symmetry  D.  lim  -5- - —  =  0,  soy  =  0  is  a  HA.  lim  —= — ! — —  =  oc  and  lim  —= — 1 - =00, 

x->:toox2(x  +  3)  x->0  x2  (x  +  3)  X-.-3+  x2  (x  +  3) 

,im  "i7  *  ■  so  x  =  0  and  x  =  -3  are  VA.  E.  /'  (x)  =  — >0  «=>  -2  <  x  <  0; 

x-,-3-  x2  (x  +  3)  x3(x+3)2 

/'  (x)  <  0  o  x  <  —2  or  x  >  0.  So  /  is  increasing  on 

(-2, 0)  and  decreasing  on  (-00, -3),  (—3, -2),  and  II.  Y| 

(0, 00).  F.  /  (—2)  =  j  is  a  local  minimum.  1  II 

G  r,x)  ^  jc3  (or  -t-  3)2  —  (jc  -h  2)  [3.x-  (x  +  3)2  +  x32  (x  +  3)]  k-J  V 

*  x6  (x  +  3)4  '0  -r 

=  6  (2jr2  +  8x  +  9)  | 

x4  (x  +  3)3  | 

Since  2x2  +  8x  +  9  >  0  for  all  x,  f"  (x)  >  0  <=>  x  >  -3  (x  /  0),  so 
/  is  CU  on  (—3, 0)  and  (0,  oo),  and  CD  on  (—00,  —3).  No  IP 


1  *4"  x2  2 

15.  y  =  /(x)  =  - — =  — I  +  - -  A.  D  =  {x  |  x  5^  ±1)  B.  No  x -intercept, 

y-intcrccpt  =  /  (0)  =  I  C.  /  (— x)  =  /  (x),  so  /  is  even  and  the  curve  is  symmetric  about  the  y-axis. 

_  1 +x2  (l/x2)  +  I  l+x2  l+x2 

D.  lim  - - j=  lim  . - -  =—  1,  soy  =  —  I  is  a  HA.  lim  - - ^  =  00,  lim  - T  =  -00, 

X-»±00  1  —  X*"  x-»±oo  (l/x2)  -  I  x-»l-l-x2  x-»  I +  1  —  X2 

l+x2  l+x2 

lim  - x  =  —00,  lim  - ,  =00.  So  x  =  1  and  x  =  —  1  are  VA. 

x-»-l~  I  -X2  X-.-I+  I  -x2 


E.  f  (x)  = - 2  >0  <=>  x  >  0  (x  yt  I),  so  /  increases  on 

(1  -x2) 

(0, 1 )  and  ( 1 , 00),  and  decreases  on  (-00,  —  I )  and  (—1,0). 

F.  /  (0)  =  I  is  a  local  minimum. 

G  y"  =  4('~*2)2~4*,2(l~*2)(~2*)  _  4(1+  3x2)  >  0  ^ 
(l-x2)4  (1-x2)3  > 

x2  <  1  <=>  -I  <  x  <  1,  so  /  isCU  on  (— 1,  I)  and  CD  on  (— 00,  — 1) 
and  (1, 00).  No  IP 
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A'3  -  I 

16.y  =  /(A)  =  — —  A.  D  =  {at  |  x  ±  —  1)  =  (-oo, -l)U(-l,oo)  B.  x-intercept  =  1, 

a3  -  1  1  -  I/a3 

y-intercept  =  /  (0)  =  - 1  C.  No  symmetry  D.  lim  — ; - -  =  lim  ,  -  .  ■ ,  =  I,  soy  =  I  is 

A— >±00  A3  +  1  *->±00  1  4-  1  /a3 

A3  —  I  A3  —  1 

a  1 1  A.  lim  — r - =  oo  and  lim  —= -  = -oo,  sox  =  -l  is  a  VA. 

*-,-1-  A3  +  I  *->-!*  A3  +  I 

E.  /'  (a)  =  (A  +  ) — (i- - —  —  X-  ^  =  — — — -  >  0  (a  ^  - 1 )  so  /  is  increasing  on  (-oo,  —  I )  and 

(a3  +  I)2  (a3  +  l)2 

(—  I ,  oo) .  F.  No  extremum 

G  ,»  _  *2a  (a3  +  l)2  —  6a2  ■  2  (a3  +  1)  ■  3a2  „  „ 

{a5+,)4  ‘  J\ 

12a  (I -2a3)  ,  .«g^_ |— . 

= - 3 - >  0  <=>  a  <  —  1  or  0  <  a  <  -jfe,  _ j _ / — 


(Aj+ir 

so  /  is  CU  on  (— oo,  - 
IP  (0,-0.  (-£=,-$) 


h.  ^j\  y 

y- 1 

j  0 

/;i.o)  * 

/  i  \  i  / 

(0.-1) 

b'00)'  , — iff 

17.  y  =  f  (a)  =  -*-! —  =  — - - 1  ,  ,,  A.  D  =  {a  |  a  #  0,  ±1)  B.  No  intercept  C.  /(-a)  =  -/(a), 

A  -A  A  (A—  1)(.A+1) 

I  ....  I  1 

svmmelric  about  (0,  0)  D.  lim  —= - =  0.  so y  =  0  is  a  HA.  lim  — * - =  oo,  lim  — * - =  — oo, 

*->±oo  A3— A  *->0~  X3  —  A  *->0+A3— A 

lim  — r- —  =  -oo.  lim  — =  oo,  lim  — = -oo,  lim  — r-^ — =  oo.  So  a  =  0,  a  =  1.  and 

X — >  1  —  A3  —  A  *— >  1  +  A3  —  A  *->  — I-  A3  —  A  *->-1+  A3—  A 

a  =  —  I  arc  VA.  E.  /'(*)  =  — — =>  f( a)  >  0  x2  <  j  »  - -4  <  a  <  4.  (a  /  0), 

(a3 -a)2  'n 

so  /  is  increasing  on  ^--^,0^,  ^0, -2.  j  and  decreasing  on  (-oo. -I),  H.  ^  ^  I 

I,  — ^-^=.  l).  and  (I,  oo).  F.  Local  minimum  i  ;l 

f  [~7l)  =  local  maximum  '(ts)  =  —  vlo-j—8^ 

2  (6a4-  3a2  +  1)  ,  ,  \l  I* 

G.  f  ( a)  =  — — - ; — Since  6a4  —  3a2  +  1  has  negative  ||  • 

|  0| 

discriminant  as  a  quadratic  in  a2,  it  is  positive,  so  /"  (a)  >0  c=o 

a3  —  a  >  0  <=>  a  >  1  or  —  I  <  a  <  0.  /is  CU  on  (—  1 , 0)  and  ( I ,  oo), 

and  CD  on  (— oo.  —  I )  and  (0,  I ).  No  IP 
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•  o  , ,  ,  I  —  X2  I  I 

'*•  y  —  J  (x)  —  — —  =  jy  —  -  A.  D  =  {jc  |  x  7  0)  B.  x-intercepts  ±1,  no  ^-intercept 

,  1  -x2 

C.  /(— x)  =  -/(x).  so  the  curve  is  symmetric  about  (0,0).  D.  lim  — = — =  0,  so  v  =  0  is  a  HA 

x-*±oo  X 3 

I  —  x2  I  —  x2  3  l  x2  —3 

lim  - s —  =  00,  lim  - 5 —  =  -00,  so  x  =  0  is  a  VA.  E.  /  (x)  =  — 7  +  —  = - - —  >0  <=> 

x-*0+  xJ  x-*0“  x 3  x*  x2  x* 

|x|  >  75.  so /is  increasing  on  (-00, -75),  (73, 00)  and  decreasing  H.  >f  , 

on  (— 75, 0)  and  (o,  75)  .  F.  /  (75)  = is  a  local  minimum, 

/  (— 75)  =  is  a  local  maximum.  ■  -  -  -*  \ - ► 

-  . I 


G. /"(,)  = 


0  <  x  <  76,  so  /  is  CU  on  (-00,  -76),  (0,  7<i)  and  CD  on  (—76, 0) 
and  (76. 00).  IP  (76,  -g^)and  (-76,  ^). 


19.  y  —  f  (x)  =  *75  -x  A.  The  domain  is  (x  |  5  -  x  >  0)  =  (-00,  5]  B.  ^-intercept:  /  (0)  =  0; 
x -intercepts:  /(x)  =  0  <=>  x  =  0,  5  C.  No  symmetry  D.  No  asymptote 

E.  /'  (x)  =  x  •  j  (5  —  x)-'/2  (— I)  +  (5  —  x)1*2  ■  I  =  i(5-x)-,/2[-x  +  2(5-x)]  = 

2>/5  —  x 

X  <  y,  so  /  is  increasing  on  (-00,  y)  and  decreasing  on  (y ,  5). 

F.  Local  maximum  /  (y)  =  y  7l5  as  4.3;  no  local  minimum  H.  ^10 

2  (5  -  x)'/2  (-3)  -  (10  -  3x)  •  2  (J)  (5  -  x)"'/2  (-1)  /•"" 

G.  /"  (x)  = - 7  ' - 

(275^1)  ~7 

_  (S  -  x)-|/2  [-6(5 -x)  + (10 -3x)l  _  3x  -  20  / 

4(5  — x)  _4(5-x)3/2  / 

/"  (x)  <0  for  x  <  5,  so  /  is  CD  on  (—00,  5).  No  IP 


20.  y  =  f(x)  -  yfx  -  7x  -  1  A.  D  =  {x  |  x  >  0  andx  >  I)  =  {x  |  x  >  1)  =  [1, 00)  B.  No  intercepts  C.  No 

symmetry  D.  lim  (y/x  -  7x  -  I)  =  lim  (,/x  -  7x  -  1)  ~  -  =  lim  - !■ -  =  0,  so 

*->°°  'Tx  +  Tx^T  X-.00  +  y/^ZT] 

>>  =  0isaHA.  E.  f  (x)  =  —7=  —  ■  J -  <  Ofor  all  x  >  I,  since  x  —  1  <  x  => 

2  y/x  2  ■>/ x  —  I 

7x  -  1  <  y/x,  so  /  is  decreasing  on  ( 1 , 00) .  F.  No  local  extremum  II.  > 

1  r  1  11  (i.  i) 

G.  /  (x)  =  --  [-jtj  -  — jpjjJ  =>  /”  (x)  >  0  for  x  >  I,  so 

/  is  CU  on  (1, 00).  — - ► 
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21.  v  =  /  (at)  =  \/jt-  +  I  —  v  A.  /)  =  R  B.  No  x-intercept, 

^-intercept  =  I  C.  No  symmetry  D.  lim  ^Vx2  -f  1  —  x)  =  oo  and 

I  ini  (V.v-  +  I  —  x)  =  lim  ( Vx2  +  I  —  x)  +  +  ~  lim  ... ..  . - =  0, 

x-»oo  V  /  x-*oo  V  /  y/x2  .j.  )  _f.  x  r-»oo  _f.l_j.jf 

soy  =  0  is  a  HA.  E.  f  (at)  =  _J  —  I  = -  =>  II.  \ 

s/ar2+  I  s/x2  +  1  \ 

/'  (x)  <  0,  so  /  is  decreasing  on  R.  F.  No  exlrcmuni  \ 

I 

G.  j"  (or)  = - —  >  0.  so  /  is  CU  on  R.  No  IP 

(x2  4-  l)V- 


s  decreasing  on 


22.  y  —  /  (x)  =  v/x/  (x  —  5)  A.  D  =  (x  |  x/  (x  —  5)  >  0)  =  (— oo,  0]  U  (5,  oo).  B.  Intercepts  are 

0.  C.  No  symmetry  D.  lim  ./-*-=  lim  *  =  I.  soy  =  I  is  a  HA.  lim  —  < 

2  2  x-»±«!  V  x  —  5  V  I  —  5/x  jt-»5+  V  x  —  5 

x  =  5  is  a  VA.  E.  /'  (x)  =  ^  ^  ^  ^  *  -^2  =  -§  [x  (x  -  5)3]’ 1/2  <  0,  so  /  is  decreasing  on 

(— oo,  0)  and  (5,  oo) .  F.  No  local  extremum  H.  j\ 

G.  f"  (x)  =  |  [x  (x  -  5),]“3/2  (x  -  5)2  (4x  -  5)  >  0  for  x  >  5,  and  1=1...  . i.._^ 

f"  (x)  <  0  for  x  <  0.  so  /  is  CU  on  (5,  oo)  and  CD  on  (— oo,  0).  No  IP  ^ - j - 

\x  *  5 

23.  y  =  /(x)  =  i/x2  -  25  A.  D  =  {x  |  x2  >  25)  =  (— oo,  -5]  U  [5,  oo)  B.  x-interccpts  arc  ±5,  noy-im 

s-*  r  d  v  d' d  »  .i  . .  i  .  -i  .  i:_  V..?  At  . . . 


23.  y  =  /(x)  =  i/x1  -  25  A.  D  =  {x  |  x2  >  25)  =  (— oo,  —5)  U  [5,  oo)  B.  x-interccpts  arc  ±5,  no  y-interccpt 
C.  ft—  x)  =  fix),  so  the  curve  is  symmetric  about  the  y-axis.  D.  lim  vlv2  —  25  =  oo.  no  asymptote 

x-*±00 

E.  f  (x)  =  4  (x2  —  25)  3/1  (lx)  = - - - r-T  >  0  if  x  >  5.  so  /  is  increasing  on  (5,  oo)  and  decreasing  on 

4  2  (x2  -  25)3/4 

(— oo,  —5) .  F.  No  local  extremum 

„  „  2  (x2  -  25)5/4  -  3x2  (x2  -  25)-,/4 

G-V=  4(x2-25)3'2 

x2  +  50  „  - 

— - t77  <  —  5  0  5  x 

4(x2-25)7/4 

so  /  is  CD  on  (—oo,  —5)  and  (5,  oo).  No  IP 

24.  y  —  / (x)  =  x  >/x5  -  9  A.  D  —  {.t  |  x2  >  9)  =  (-oo,  -3)  U  [3,  oo)  B.  x-intercepts  are  ±3,  no y-intercept. 
C.  f  (—x)  =  —  /(x),  so  the  curve  is  symmetric  about  the  origin.  D.  lim  Jx2  —  9  =  oo, 

x  — *  OO 

x2 

lim  Vx2  —  9  =  — oo.  no  asymptote  E.  /'  (*)  =  y/x"2  —  9  -f —  ~  ■  >  0  for  x  e  L),  so  /  is  increasing  on 

oo  y/x2  —  9 

(— oo,  —3)  and  (3,  oo) .  F.  No  extremum 
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*  2xVx-  -  9  — AT 2  (x/Jx2  -9) 

G.  f"  (x)  =  — =  + - 5-A - l 

Jr2  —  9 

.V  (2.V2  -  27)  rr  rr 

=  >0  ~  *>V§0r_:V§  <  T  <0- 

so  /  is  CU  on  00^  and  3y^,  —3^  and  CD  on^-oc.  — 3^^ 

and  .p(±3/f.±¥) 


O  J  A 


y  —  /(-v)  —  “  A.  D  —  {.v  |  |.t|  <  1,  x  ^  0}  =  [—  1, 0)  U  (0,  1]  B.  ^-intercepts  ±1,  no  ^-intercept 


vi  —  x~ 
Iim  - 

JT-*Of  x 


..  VI  -  x* 

Iim  - 

x—*0~  X 


•  If*  r<  rt  ,  ,  V  — /VI  —  A  I  —  VI  —  .1 

so x  =  0  is  a  VA.  t.  /  (a)  =  2 - - - 5- - = - 

a2  x2 

and  (0,1).  F.  No  extremum 

G  J"(x)  =  xi\\-Xxifn  >0  °  ->  <T<-y§or 

**  <  x  <  so  /  is  CU  on  1,  ant*  ^0.  and  CD  on 

(-/io)and  (#')•  IP(±/M^) 


a-’TT^ 


<  0,  so  f  is  decreasing  on  (-1.0) 


0  1  * 


•V  -+■  i 

26.  y  =  /  (.v)  =  ...  A.  Z>  =  R  B.  A-intercept  - 1,  y-inlercept  I  C.  No  symmetry 

Vx2  +  I 

r-  A  +  I  X  +  I 

L>.  nm  —  1 .  and  Iim  —==  = —1,  so  horizontal  asymptotes  are  y  =  ±1 . 

A-.00  /XJ  +  i  *->-oo  2  H  y 


E.  /' (a)  = 


v/a5  +  1--t4===  (2a)  (a  +  I) 

_ 2a/a2  +  I  I  -A 


J  V*  f  —  7 ^ - 77 -  =  - ttt  ->  U  w  .X 

(**  +  •)  (a2  +  I)1'2 

on  (— oo,  I ),  and  decreasing  on  (1,  oo) .  F.  /(I)  =  V2  is  a  local  maximum. 
G  /"(■■)  -|(*2+i)3/2-t(a2+1)'/2(2a)(I-a)  _  2a2  —  3a  —  1 

(a2  +  I)3  (a2+1)5/2' 

/" (a)  =  0  o=>  2a2 -3a -1=0  <=>  | 

3  ±  */9  —  4  (2)  (-1)  3±TI7  /  ,  /r?\ 

2(2) - -  =  — 4 —  /(A)isCUon(-oo,i^n) 

and  andCDon  (^^2,  ipatA  =  i±^S 


jp  >0  <=»  a  <  1,  so  /  is  increasing 


y, 

y-  1 

_ _ 

X 

1  >•=-■' 
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27.  y  =  /  (x)  =  x  +  3x2/3  A.  P  =  R  B.  y  =  x  +  3* 2/3  =  x2/3  (x 1/3  +  3)  =  0  if  *  =  0  or  -27  (x-interccpts). 
y-intcrcept  =  /  (0)  =  0  C.  No  symmetry  D.  lim  (x  +  3x2/3)  =  oo, 

x— poo  '  7 

lim  (x  +  3x2/3)  =  lim  x2/3  (x 1/3  +  3)  =  — oo,  no  asymptote  H. 

x->~oo'  '  x-»-oo  '  ' 

E.  f'(x)  =  I  +2x"l/3  =  (xl/3  +  2)/x1/3  >  0  <=>  x  >  0  or 
x  <  —8,  so  /  increases  on  (— oo,  —8),  (0,  oo)  and  decreases  on 
(—8, 0) .  F.  Local  maximum  /  (—8)  =  4,  local  minimum  /  (0)  =  0 
G.  f"  (x)  =  —  jx-4/3  <  0  (x  ^  0)  so  /  is  CD  on  (— oo,  0)  and  (0,  oo). 

No  IP 


28.  y  =  /  (x)  =  x5/3  —  5x2/3  =  x2/3  (x  —  5)  A.  D  —  R  B.  x-intercepts  0,  5,  y-intercept  0  C.  No  symmetry 


D.  lim  x2/3  (x  —  5)  =  ±oo,  so  there  is  no  asymptote 
*-»±00 

E.  f  (x)  =  fx2/3  -  ^x-'/3  =  jx_1/3  (x  -  2)  >  0  x  <  0  or 
x  >  2,  so  /  is  increasing  on  (— oo,  0),  (2,  oo)  and  decreasing  on  (0, 2) . 

F.  /  (0)  =  0  is  a  local  maximum.  /  (2)  =  — 3\/4  is  a  local  minimum 

G.  /"(x)  =  ^x“,/3  +  J^x-4'3  =  $x-4/3(x  +  I)  >  0  «  x  > -1, 
so  /  is  CU  on  (—  1 , 0)  and  (0,  oo),  CD  on  (-oo,  —  1 ).  IP  (—  I ,  —6) 


29.  y  =  /(x)  =  x  +  7M  A.  D  =  R  B.  x-intcrcepts  =0,-1,  y-intcrcept  0  C.  No  symmetry 

D.  lim  (x  +  VjxT)  =  oo,  lim  (x  +  /IxT)  =  — oo.  No  asymptote  E.  Forx  >  0,  /(x)  =  x  +  Jx  =» 

x-*oo '  '  X-»-00  1  ' 


f  (x)  =  1  +  — -=  >  0,  so  /  increases  on  (0,  oo). 

2/x 

Forx  <  0,  /  (x)  =  x  +  V^x  -»  f  (x)  =  I - ==  >  0  <=> 

2y/—X 

l*f--x  >1  o  —  x  >  j  <=>  x<  — |,so  /increases  on  (-oo,  —  j) 
and  decreases  on  (— ^,  0^  .  F.  /  (—  =  £  is  a  local  maximum, 

/ (0)  =  0  is  a  local  minimum.  G.  Forx  >  0,  /"  (x)  =  — |x-3^2  =» 
/"  (x)  <  0,  so  /  is  CD  on  (0.  oo).  For  x  <  0,  f"  (x)  =  -{  (-x)“3/2 


=>  f"  (x)  <  0.  so  /  is  CD  on  (-oo,  0).  No  IP 
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30.  v  =  /  (x)  =  (x2  —  l)‘  ’  A.  D  =  R  B.  x-intercepts  ±1,  y-intercept  I  C.  / (— x)  =  /  (x),  so  the  curve  is 
symmetric  about  the  y-axis.  D.  lim  (x2  —  1)'/3  =  oo,  no  asymptote  E.  f  (,r)  =  |x  (x2  -  I) _l/3  => 

/'  (x)  >  0  <=>  x  >  I  or  —  I  <  x  <  0,  /'  (x)  <  0  <=>  x  <  —  I  or  0  <  x  <  I .  So  /  is  increasing  on 
(—  1 , 0),  ( I ,  oo)  and  decreasing  on  (— oo,  —  1 ),  (0,  1 ) . 

F.  /(— 1)  =  /(I)  =  0  are  local  minima,  /  (0)  =  1  is  a  local  maximum.  H. 

G.  /"(x)  =  \  (x2  -  1)‘,/3  +  |x  (-})  (x2  -  l)-4/3  (2x) 

=  i  (x2-3)(x2-1)'4/3>0  cs  |x|>v/3 
so  /  is  CEJ  on  ^ — oo,  —  ^v/3,  oo^  and  CD  on  ^ — -n/3,  —  1^, 

(-1,  l),(l,V5).  IP(±v/3,  -^5) 

31.  y  =  / (x)  =  cosx  —  sinx  A.  D  =  R  B.  y  =  0  <=»  cosx  =  sin  x  <=>  x  =  nn  +  n  an  integer 

(x-intercepts),  y-intercept  =  /  (0)  =  I .  C.  Periodic  with  period  In  D.  No  asymptote 

E.  /' (x)  =  - sinx  —  cos  x  =  0  <=>  cosx  =—  sinx  <=>  x  =  2nn  +  or  2nn  +  ^ .  /'(x)>0  <=> 

cosx  <  —  sinx  <=>  Inn  +  ^  <  x  <  Inn  +  so  /  is  increasing  on  [inn  +  ^,2 nn  +  ^  j  and  decreasing 
on  [inn  —  ^ ,  Inn  +  .  F.  Local  maxima  /  (inn  —  |)  =  -/l,  local  H. 

minima  /  [inn  +  ^  =  — s/2.  G.  f"  (x)  =  —  cosx  +  sinx  >  0  <=> 
sinx  >  cosx  «=>  x  e  [inn  +  j,  Inn  +  .  so  /  is  CU  on  these 

intervals  and  CD  on  [inn  —  ,  Inn  +  f )  IP  (nn  +  J,  0) 

32.  y  =  f  (x)  =  sinx  —  tanx  A.  D  =  fx  |  x  ^  (In  +  1)  % )  B.  v  =  0  <=>  sinx  =  tanx  =  <=> 

cosx 

sinx  =  0  or  cosx  =  I  »  x  =  nn  (x-intercepts),  y-intercept  =  / (0)  =  0  C.  /(— x)  =  — / (x),  so 
the  curve  is  symmetric  about  (0, 0).  Also  periodic  with  period  In  H. 

D.  lim  (sinx  -  tanx)  =  — oo  and  lim  (sinx  —  tanx)  =  oo,  so 

x-s*/2“  x-»x/2+ 

x  =  nn  +  §  arc  VA.  E.  f  (x)  =  cosx  —  sec2  x  <  0,  so  /  decreases  on 
each  interval  in  its  domain,  that  is,  on  ((2n  —  I)  f ,  (In  +  I)  f )  ■ 

F.  No  extremum  G.  f"  (x)  =  —  sinx  —  2  sec2  x  tanx  = 

—  sinx  (I  +  2sec3x).  Note  that  I  +  2scc3x  ^  0  since  sec3  x  ^  -j. 
f"  (x)  >  0  for  — 5  <  x  <  0  and  <  x  <  2ar,  so  /  is  CU 
on^n  —  n,  nn'j  and  CD  on  [n  +  IP(nx,0).  Notcalso 

that  f( 0)  =  0  but  /'  (n)  =  -2. 
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33.  y  =  /(a)  =  x  tan  a,  -y  <  x  <  y  A.  D  =  (-§ ,  § )  B.  Intercepts  If. 

areO  C.  /(— jt)  =  /  (,v).  so  the  curve  is  symmetric  about  the  y-axis. 

D.  lim  x  tan*  =  oo  anti  lim  a  tana  =  oo.  so  A  =  y  and 
*-*-*/2f 

x  =  -4  are  VA.  E.  /'  (x)  =  tan.v  +.v  sec2  a  >0  »  0  <  ,v  <  | ,  so 
/  increases  on  (0.  y)  and  decreases  on  (— 7. 0).  F.  Absolute  minimum 
/( 0)  =  0.  G.  y"  =  2 sec2  x  +  2x  tan.x  scc2x  >  0  for  - \  <x  <  y,  so 
/  isCUon  (— f ,  5).  Noll’ 


34.  Y  =  f(x)  =  lx  +  cotx.  0  <  x  <  n  A.  D  =  (0,x).  B.  No  v-intcrcept  C.  No  symmetry  D.  lim 

(2a  +  cot  A)  =  00,  lim  (2x  +  cot.x)  =  -00,  so  a  =  0  and  a  =  x  are  VA.  E.  /'  (a)  =  2  -  esc2  a  >  0  when 

CSC2  A  <2  <=>  sin.*  >  -y  <=>  |  <  a  <  yf ,  so  /  IS  increasing  on  H. 

)  and  decreasing  on  (0.  y)  and  (yf ,  n  j  F.  /  (y)  =  I  +  y  is  a 

local  minimum.  /  ^  —  I  is  a  local  maximum. 

G.  /"  (a)  =  — 2esc.x  (—  esc  a  cot  x)  =  2  esc2  a  cot. x  >  0  <=>cotx  >  0«=> 

0  <  a  <  t.  so  /  isCU  on  (0,  y),  CD  on  (y,x).  IP  (y.  x) 


35,  v  = /(.x)  =  A/2-sin.x,0  <  a  <3x  A.  D  =  (  0,3a)  B.  No  y-intercept.  The  x-intercept.  approximately 
1 .9.  can  be  found  using  Newton’s  Method.  C.  No  symmetry  D.  No  asymptote  E.  f  (a)  =  5  -  cos  a  >  0 
<=»  cos  a  <  *  o  y  <  a  <  ^  or  ^  <  a  <  3x,  so  /  is  increasing  on  (y,  and  (^y,  3a)  and  decreasing 

on  (0.  y)  and  .  F.  /(y)  =  §  -  ^  is  a  local  minimum,  H. 

/  f  =  ^-  +  ^  is  a  local  maximum.  /  (yf )  =  yf  -  ^  is  a  local 

minimum.  G.  /"  (a)  =  sin.x  >  0  «  0  <  .*  <  a  or  2a  <  a  <  3a, 
so  /  isCU  on  (0,  a)  and  (2a,  3a)  and  CD  on  (a,  2a).  IP  (a,  y)  and 
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36 .  y  =  /  (.y)  =  cos2*  —  2sin.x  A.  D  =  R  B.  y-intercept:  / (0)  =  I  C.  No  symmetry,  but /has  period  2/r. 
D.  No  asymptote  E.  y'  =  2cosx  (—  sinx)  —  2cos.y  =  —  2cosx  (sinx  +  1).  y'  =  0  <=>  cos.v=0or 
sinx  =  —I  «  x  —  (2 n  +  I)  J.  y'  >  0  when  cosx  <  0  since  sinx  +  I  >  0  for  all  x.  Soy'  >  0  and  /  is 

increasing  on  ((4«  +  I)  §.  (4n  +  3)  § );  y'  <  0  and  /  is  decreasing  on  ((4n  -  1)  ,  (4n  +  1)  f ). 

F.  l.ocal  maxima  are  /  ((4n  +  3)  §)  =  2;  local  minima  are  /  ((4n  +  I)  |)  =  —2. 

G.  y'  =  —  2cosx  (sinx  +  I)  =  — sin2x  -  2cosx  => 

y"  =  -2cos2x  +  2sinx  =  -2  (1  —  2sin2x)  +  2sinx  H. 

=  4sin2x  +  2  sinx  —  2  =  2  (2  sinx  —  1)  (sinx  +  1) 
y"  =  0  <=»  sinx  =  j  or  —  I  =>  x  =  f  +  2  ni,  2*  +  2nn,  or 

+  2mjt.  y"  >  Oand  /isCU  on  +2 nn,  +  2nx);y"  <  Oand  / 

is  CD  on  ^  +  Inn,  |  +  2  (n  +  I)  jr).  There  are  inflection  points  at 
(f  and  ^  +  2nn,  -  j) 


37.  y  =  / (x)  =  2 cosx  +  sin2  x  A.  D  =  R  B.  y-intcrcept  =  / (0)  =  2  C.  / (— x)  =  / (x),  so  the 
curve  is  symmetric  about  the  y-axis.  Periodic  with  period  2jt  D.  No  asymptote 

E.  /'(x)  =  — 2sinx  +  2sinx  cosx  =  2sinx  (cosx  —  1)  >  0  »  sinx  <  0  «  (2n  —  1) ?r  <  x  <  Inn,  so 
/  is  increasing  on  ((2n  —  I)  n,  2 nn)  and  decreasing  on  (2 nn,  (2n  +  I)  n) .  F.  /  (Inn)  =  2  is  a  local 


maximum,  /  ((2n  +  1)  n)  —  —  2  is  a  local  minimum. 

G.  f"  (x)  =  — 2cosx  +  2cos2x  =  2  (2cos2x  —  cosx  -  I) 

=  2(2 cosx  +  l)(cosx  -  1)  >  0 

<=>  cosx  <  —  J  «=>  x  £  ^2nn  +  2*.,  2nn  4-  so  /  is  CU  on  these 
intervals  and  CD  on  ^2 nn  —  ,  2 nn  +  IP  when  x  =  2 nn  ± 


38. /(x)  =  sinx  —  x  A.  D  =  R  B.  x-intercept  =  0  =  y-intcrccpt 

C.  /(— x)  =  sin(— x)  -  (-x)  =  —  (sinx  -  x)  =  —f  (— x),  so  /  is  odd. 

D.  No  asymptote  E.  /'  (x)  =  cosx  —  1  <  0  for  all  x,  so  /  is  decreasing 
on  (—00,00).  F.  No  local  extremum  G.  /"(x)  =  —  sinx  =» 
/"(x)>  0  <=>  sinx  <  0  <^>  (2n  —  l)x  <  x  <  Inn,  so  /is  CU  on 
((2n  —  l)x,  2nn)  and  CD  on  (2nn,  (2n  +  l)jr),  n  an  integer.  Points  of 
inflection  occur  when  x  =  nn. 
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39.  y  =  f(x)  =  sin 2*  -  2 sin*  A.  D  =  R  B.  v-intcrcept  =  /(O)  =  0.  y  =  0  » 

2  sin*  =  sin  2*  =  2 sin x  cos x  <=>  sin*  =  0  or  cos*  =  1  <=*  *  =  «*  (*-intercepts) 

C.  /(— *)  =  —/(*).  so  the  curve  is  symmetric  about  (0, 0).  /Vote  /  is  periodic 
with  period  lit ,  so  wc  determine  D-G  for  — tr  <  *  <  * .  D.  No  asymptotes 

E.  /'  (*)  =  2cos2*  —  2cos*  =  2  (2 cos2 *  —  I  —  cos*)  =  2  (2 cos*  +  I)  (cos*  —  1)  >  0  «=>  cos*  <  —  j 
»  -jc  <*<— ^for^-  <  *  <  ,t.  so  /  is  increasing  on  (-*.  -^)  and  (^,  *)  and  decreasing  on 

e  =  2^  is  a  local  maximum. /(^f)  = -^  is  a  local  minimum. 

G.  /"(*)  =  -4sin  2r  +2sin*  =  2sinx  (I  -  4cos*)  =  0  when*  =  0.  H.  T 

±jr  or  cos*  =  |.  If «  =  cos-1  4,  then  /  is  CU  on  (— «,  0)  and  («,  tr)  \  \ 

and  CD  on  (-*,-«)  and  (0,«).  IP  (0. 0).(rr,  0),(«,  zlL - ^  °  "  , — / - . 

x  /  -a  \  2v  lir  * 

(-«.  h0)-  1  \j 

40  y  _  J  (X)  -  cosx /  (2  +  sin*)  A.  D  =  R  Note:  f  is  periodic  with  period  2*.  so  we  determine  B  G  on 

|0, 2*1.  B.  v-intercepts  § ,  2f ,  y-inlercept=  /(())  =  ^  C.  No  symmetry  other  than  periodicity  D.  No 

(2  +  sin*)  (-sin*)  -cos*  (cos*)  2sin*  +  I  „ 

asymptote  E.  /' (*)  = - p -  =  ?  /  W  >  °  ~ 

2  sin*  +  1  <  0  <=>  sin*  < -J  <=>  2*  <*<  so  /  is  increasing  on  and  decreasing  on 

(0,  £).  (lit,  2*)  .  F.  /(£)  =  is  a  local  minimum, ^  is  a  local  maximum. 

(2  P  sin*)3  (2  cos*)  —  (2 sin*  +  1)2(2  +  sin*) cos*  2cos*  (I  -  sin*)  ^ 


G’  f  (x)  (2  +  sin x)4  (2  +  S'n *)3 

cos*  <  0  «  f  <*<2f,so/isCUon(f.2f)andCDon(0,f)and(?f,2*).  IP  (f  .0),  (^,o) 


X 

/ 

1  1 

1^3 

l  v 

_S^T| 

2?r  2jls'ns_>/  •* 

2  /.!i  _  J_\  2 

(  *  •  7*' 

IP  ,  WL  ,  ll'L‘  ,  If 2I  2  ,,  ,,2\ 

Vy~  24  El  ^  12  El  24/7/  24  El  1 

=  -j—*2  (.V  -  I.)2  =  e*2  (*  -  l-)2 
24/;/ 

where  c  — - — -r-  is  a  negative  constant  and  0  <  x  <  L.  We  sketch 

24  /■.  / 

/(jr)  =  c.T"  <*  -  /,)2  fore  =  -I.  /( 0)  =  /(/.)  =  0. 
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/'  (*)  =  cx2  [2  (x  -  £)1  +  (x  -  L)2  (2 cx)  =  2 cx  (x  -  L )  |x  +  (x  -  /.)]  =  2cx  (x  -  L)  (2x  -  L).  So  for 
0  <  x  <  L,  f  tO  >  0  <=>  x  (x  —  L)  (2x  —  L)  <  0  (since  c  <  0)  <=>  L/2  <  x  <  L  and  /'  tO  <  0  «=> 
0  <  x  <  L/2.  So  /  is  increasing  on  (L/2,  L)  and  decreasing  on  (0,  L/2),  and  there  is  a  local  and  absolute 
minimum  at  (L/2,  f  (L/2))  =  (L/2,  cL* / 16). 


f  (-0  =  2c[.r  (x  —  L)  (2x  —  L)\  => 

f"  (x)  =  2c  [l  (x  —  L)  (2x  —  L)  +  x  (1)  (2x  —  L)  +  x  (x  —  L)  (2)J  =  2c  (6.x2  -  6 Lx  +  L1)  =  0  <=> 


,x  -  — — — — —  -  j  L±^L,  and  these  arc  the  ,t -coordinates  of  the  two  inflection  points. 

k  k  2k  2k 

42.  F  (.x)  - 7 - r,  where  k  >  0  and  0  <  x  <  2.  F*  (a  )  =  — r  + - r .  F'  (x)  =  0  <=> 

x2  (x  -  2)2  x3  (x  -  2)3 

2k 

jc3  =  —  (jc  —  2)3  «•  x  —  —  (x  —  2)  o  2x  =  2  »  x  =  1 .  For  0  <  x  <  1.  -=■  >  2 k  and 

Xs 


- T  >  -2k  =>  F'  (x)  >  0,  and  for  I  <  x  <  2,  — j  <  2k  and 

(,x  -  2)3  x3 

2k 

- T  <  —2k  =>  F'  (x)  <  0. 

(x  -  2)3 

So  F  (x)  is  increasing  on  (0,  1)  and  decreasing  on  (1,  2),  with  an  absolute 
and  local  maximum  at  (I,  F (\))  =  (I,  —2k). 

The  force  is  always  negative,  and  is  maximized  (weakest)  when  the 
particle  is  equidistant  from  the  other  two  particles. 


43.  y  =  f(x)  =x3/(x2  -  I)  A.  0  =  {x|x#±l)  =  (-oo,-l)U(-l,l)U(l,oo)  B.  x-inlercept  =  0. 
>-interccpt  =  0  C.  /  (— .x)  =  —  f  (x)  =»  /  is  odd.  so  the  curve  is  symmetric  about  the  origin. 

X3  -X3  X  X 

D.  lim  -= - =  oc  but  long  division  gives  —z - =  x  +  - -  so  /  (x)  —  .x  =  — r - -  — >  0  as  .x  ->  ±oc 

x-*oo  ,x2  -  I  x2  -  I  .x2  —  I  x2  —  I 

'3 

— -  =  oo,  lim  -r — -  =  — « 

-  1  x  — ¥  —  I  ~  xz  -  I 

3x2  (.x2  -  1)  -  .x3  (2x)  .x2  (.x2  -  3) 


.x3  x3  x3 

v  =  x  is  a  slant  asymptote  lim  — = — -  —  — oo,  lim  — = — -  =  oo,  lim  — -  =  — oo, 
*-*i-  x2  —  1  x-»l+X2-l  x-»-i-  x2  —  I 


lim 


=  oo,  so  x  =  1  and  x  =  —  I  are  VA.  E.  f  (x)  = 


.  '  '  '  (x2  —  1)*  (x2-l) 

f  (x)  >  0  o  x2  >  3  e=>  x  >  -s/3  or  x  <  — x/3,  so  /  is  increasing  on  oo,  — ,/3j  and  (>/3,  oo) 
and  decreasing  on  ( — >/3,  —  I  ^ .  ( — 1,1).  and  ^  1 ,  \/Tj  . 

F.  f  v/5)  =  —  is  a  local  maximum  and  /  ^  is  a  local 


2x  (x2  -f  3) 

minimum.  G.  v"  = - - - —  >  0  x  >  I  or  —  1  <  x  <  0,  so  / 

(x2-.)3 

is  CU  on  (—1,0)  and  (1,  oo)  and  CD  on  (— oo,  —  1)  and  (0,  I).  IP  (0, 0) 


-I 


i 


X  y  —  x 
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44.  y  =  /(x)  =  x  -  1/x  A.  D  =  {x  |  x  #  0}  =  (-oo,  0)  U  (0,  oo)  B.  x -intercepts  ±  1,  no  ^-intercept 

C.  /(— x)  =  — /  (x),  so  the  curve  is  symmetric  about  the  origin.  D.  ^  hm^  (x  —  1/x)  =  ±oo,  so  no  HA.  But 

(x  _  l /x)  -  x  =  -1/x  -»  0  as  x  ->  ±oo,  soy  =  x  is  a  slant  asymptote.  H. 

Also  lim  (x  -  1 /x)  = -oo  and  lim  (x  -  1/x)  =  oo,  sox  =  0  is  a  VA. 

*-»<P  *-»o- 

E.  /'  (x)  =  I  +  1/x2  >  0,  so  /  is  increasing  on  (-oo,  0)  and  (0,  oo) . 

F.  No  extremum  G.  f"  (x)  =  -2/x3  =>  f"  (x)  >  0  o  x  <  0. 
so  /  is  CU  on  (—oo,  0)  and  CD  on  (0,  oo).  No  IP 


45.  y  _  f  (x)  =  (x2  +  4)  /x  =  x  +  4/x  A.  D  =  (x  |  x  ^  0)  =  (-oo,  0)  U  (0,  oo)  B.  No  intercept 

C.  /  (-x)  =  -/  (x)  =»  symmetry  about  the  origin  D.  ^litn.  (x  +  4/x)  =  oo  but  /  (x)  -  x  =  4/x  ->  0  as 

x  ->  ±oo,  so  y  =  x  is  a  slant  asymptote.  lim  (x  +  4/x)  =  oo  and 

lim  (x  +  4/x)  =  -oo,  so  x  =  0  is  a  VA.  E.  f  (x)  =  1  -  4/x2  >  0 
x->0- 

x2  >  4  <=>  x  >  2  or  x  <  -2,  so  /  is  increasing  on  (-oo,  -2) 
and  (2,  oo)  and  decreasing  on  (—2, 0)  and  (0, 2).  F.  /  (—2)  =  — 4  is  a 
local  maximum  and  /  (2)  =  4  is  a  local  minimum. 

G.  /"(x)  =  8/x3  >  0  o  x  >  0  so  /  is  CU  on  (0,  oo)  and  CD  on 
(— oo,  0).  No  IP 

46  v=  /(x)=  v2+x  +  1  =x  +  l  +  -  A.  D  =  {x|x#0)  =  (-oo,0)U(0,oo)  B.  No  intercept 
7  x  X 

(x-interccpts  would  occur  when  x2  +  x  +  1  =  0  but  this  equation  has  no  real  roots  since  b2  -  4 ac  =  -3  <  0.) 

C.  No  symmetry  D.  lim  (x  +  1  +  1/x)  =  ±oo,  so  no  HA.  But  (x  +  I  +  1/x)  —  (x  +  1)  =  1/x  — »  0  as 
x-»oo 

x  -»  ±oo.  so  v  =  x  +  1  is  a  slant  asymptote.  Also  lim  (x  +  1  +  1/x)  =  oo,  lim  (x  +  1  +  1/x)  =  — oo,  so 

jt-*o+  *-*o- 

x  =  0  is  a  VA.  E.  f’(x)  =  1  -  1/x2  >  0  when  x2  >  1  <=>  x  >  1  or  H. 

x  <  —  1;  /'  (x)  <  0  -1  <x  <  I.  So  /  is  increasing  on  (-oo, -1), 

(1 ,  oo)  and  decreasing  on  (—  1 , 0),  (0, 1).  F.  /  (1)  =  3  is  a  local 
minimum, /(-l)  = —1  is  a  local  maximum.  G.  /"(x)  =  2/x3  >  0 
e=>  x  >  0,  so  /  is  CU  on  (0,  oo)  and  CD  on  (-oo,  0).  No  IP 
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47.  y  = - -  —  X  A.  D  —  [x\x^\)  B.  y  =  0  <=>  x  =  — ^ —  <=>  x2-x-l=0  =>  x  =  1  ±ys 

x  —  I  x  -  I  ' 

(x-interccpts),  y-intercept  =  /  (0)  =  —  I  C.  No  symmetry  I).  y  -  (— x)  =  — ! - »  0  as 

x  —  I 


lim  ( — ^ - x  |  =  — oo,  so  x  =  1  i 

x  — *  1  —  \X  —  I  / 


is  a  VA. 


E.  /'  (x)  =  —  I  —  1/  (x  —  I)2  <0  for  all  ,r  /  I,  so  /  is  decreasing  on 
(-oo,  1)  and  (l,oo).  F.  No  local  extremum 


G.  /"(x)  = 


(x  -  I)- 


>0  <=>  x  >  1,  so/ is  CU  on  (l,oo)  and  CD 


on  (— oo,  1).  No  IP 


48.  y  =  f  (x)  =  j  A-  D  =  jx  |  x  yt  —  |}  =  (-oo, U  f ,  oo^  B.  Intercepts  are 

xJ  x2  x2 

0.  C.  No  symmetry  D.  lim  - -  =  ±oo,  so  no  HA.  lim  - 7=00,  lim  - — —  =  -00,  so 


x  *  ±00  2x  +  5 


*-*-5/2+ 2x  +  5  x->-s/2-2x  +  S 

25/4 


2x  +5 


0  as 


«  .  ...  „  ,  ....  x2  x  5  25/4  x2  (x  5\ 

x  =  -  §  is  a  VA.  By  long  division,  - - -  =  -  -  -  +  - - -,  so  - - -  = 

2  2x  +  5  2  4  2x  +  5  2x  +  5  \2  4/ 

1  s  •  1  _  ,, ,  2x  (x  +  5)  —  2x2  2x  (x  +  5) 

x  — >  ±00,  so  y  =  ix  —  I  is  a  slant  asymptote.  E.  /  (x)  = - : - -  — — - ^  =>  f  (x)  >  0 

2  4  (2x  +  5)2  (2x  +  5)2 


on  (—00,  —5)  and  (0, 00),  decreasing  on  ^—5,  —5)  and  0^  . 

F.  /  (0)  =  0  is  a  local  minimum,  /  (— 5)  =  — 5  is  a  local  maximum. 
_  ,  (4x  +  10)  (2x  +  5)2  —  (2x2  +  lOx)  ■  2  (2x  +  5)  (2) 

(2x  +  5)4 


50 


(2x  +  5)3 
(-00, -§).  No  IP. 


>0  <=>  x  >  —  §,  so  /  is  CU  on  ^-f,  00^  and  CD  on 


49.  —  yr-  =  I  =»  y  =  ±- S x2  —  a2.  Now 

az  bz  a 


lim  \-Jx2  —  a2  -  -x]  =  -  •  lim  (-/x2  -  a2  —  x)  =  -  ■  lim  “  - =  0,  which 

*-*<»  L<?  a  J  a  I_>°°  '  '  Vx2  —  a2  +  x  o  Vx2  —  a2  +  x 


b  . 


shows  that  y  =  -x  is  a  slant  asymptote.  Similarly 
a 


lim  --Vx2  -  a2  -  f--x^l  =  — 
*-><»[_  a  \  a  /J 


b  -a2 

—  ■  lim  ,  - 

a  x-,oc  y/j2  -a2+x 


=  0,  soy  =  — x  is  a  slant  asymptote. 
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^3  _|_  j  ^3  j  |  ^3  j  I 

50.y(x)—x2  — - x2  = - = -,  and  lim  -=  0.  Therefore,  lim  f/  {.t )  —  -x  2  ]  =  0.  and  so 

»  XX  X-tiX  x  1 

the  graph  of  /  is  asymptotic  to  that  of  y  —  x2.  For  purposes  of  differentiation,  we  will  use  /  (x)  =  x2  +  1  /x. 

A.  D  =  (x  |  x  ^  0|  B.  No  y-intercept;  to  find  the  x-intereept.  we  set  y  =  0  <=>  x  =  - 1 .  C.  No  symmetry 
....  x3  +  I  x3  +  1 

D.  lim  - =  oc  and  lim  - = -oo,  so  x  =  0  is  a  vertical  H.  .•  >  t, 

x-*o+  x  x-*o-  x  V.  1 1  ft 


asymptote.  Also,  the  graph  is  asymptotic  to  the  parabola  y  =  x2,  as 
shown  above.  E.  /'  (x)  =  2x  -  l/x2  >0  <=>  x  >  -Jp,  so  /  is 

v2 


increasing  on  oo)  and  decreasing  on  (-oo,  0)  and  (o.  .  - r\  '  rf - ► 

F.  I.ocal  minimum  /  (t^)  =  no  local  maximum  \ 

G.  J "  (x)  —  2  +  2/x3  >  0  <=s  x  <  —  I  or  x  >  0,  so  /  is  CU  on  1 

(— oo,  —  I )  and  (0,  oo),  and  CD  on  (—  1 , 0).  IP  (—  1 , 0). 

jJjioo  V  -  '  'J  =  — v - ~x  ~  xJ|±oo  7  =  0,  so  the  graph  of  /  is  asymptotic  to  that  ofy  =  x3. 

A.  D  =  (x  |  x  yt  0)  B.  No  intercept  C.  /  is  symmetric  about  the  origin.  D.  lim  (  x3  +  -  |  =  — oo  and 

*->o  \  x) 

lim  ^  '  ^  =  °o.  so  x  =  0  is  a  vertical  asymptote,  and  as  shown  above,  the  graph  of 

/  is  asymptotic  to  that  of  y  =  x3.  E.  /' (x)  =  3x2  -  l/x2  >  0  <=>  H. 

x4  >  5  <=»  |x|  >  -^=,  so  /  is  increasing  on  (-oo,  and  1  I  / 

{irr  °°)  and  dccrcasin8  <>"  (-^■°)  ^  (o.  -fe)  F  Local  ~^F\  ^  i  * 

maximum  f  =  -4  •  3-5-'4,  local  minimum  /  =  4  •  3  5/4  jf  l 

G.  ./  "  (jt )  =  6.v  -f  2/.v3  >0  <^>  x  >  0,  so  /  is  CU  on  (0,  oo)  and  CD 
on  (—oo,  0).  No  IP 
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Graphing  with  Calculus  and  Calculators 


/'(*)  =  I6x3-  14* +4  =>  /"  (x)  =  48x2  —  14 

9  10 


-2  -4 


After  finding  suitable  viewing  rectangles  (by  ensuring  that  we  have 
located  all  of  the  x -values  where  either  /'  =  0  or  /"  =  0)  we  estimate 
from  the  graph  of  f  that  /  is  increasing  on  (—  1 . 1 , 0.3)  and  (0.7,  oo) 
and  decreasing  on  (-oo,  —1.1)  and  (0.3, 0.7),  with  a  local  maximum  of 
/  (0.3)  «  6.6  and  minima  of  /  (—  I .  I )  =s  —  1 .0  and  /  (0.7)  as  6.3.  We 
estimate  from  the  graph  of  /"  that  /  is  CU  on  (-oo,  —0.5)  and 
(0.5,  oo)  and  CD  on  (-0.5, 0.5).  and  that  /  has  inflection  points  at 
about  (-0.5, 2. 1 )  and  (0.5, 6.5). 


2.  /  (x)  =  8x5  +  45.r4  +  SOx3  +  90*  2  +  200*  =s  /'(*)  =  40.x4  +  IXO.r3  +  240x2  +  I80x  +  200  => 
f"  (x)  =  1 60r 1  +  540x2  +  480x  +  180 


After  finding  suitable  viewing  rectangles,  we  estimate  from  the  graph  of 
/'  that  /  is  increasing  on  (-oo,  -2.5)  and  (—2.0,  oo)  and  decreasing 
on  (-2.5, -2.0).  Maximum:  f  (-2.5)  -21 1.  Minimum: 

/(— 2)  s*  —216.  We  estimate  from  the  graph  of  f"  that  /  is  CU  on 
(-2.3,  oo)  and  CD  on  (— oo,  —2.3),  and  has  an  IP  at  (—2.3,  —213). 


*250 


250  □  CHAPTER  4  APPLICATIONS  OF  DIFFERENTIATION 


3.  /(x )  =  </x2  —  3.v  —  5 


/'(*)  = 


1  2x  —  3 
3  (x2  -  3*  -  5)2'3 


x2  -  3x  +  24 
(x2  -  3v  -  5) 5/3 


3 


l 

A 

{ 

3 


jVoTe;  With  some  CAS’s,  including  Maple,  il  is  necessary  to  define  f  (x)  = 


!  -  3*  -  5 


|*2  -  3x  -  5| 


1/3 


|x2  -  3x  -  5| 

the  CAS  does  not  compute  real  cube  roots  of  negative  numbers.  We  estimate  from  the  graph  of  /'  that  /  is 
increasing  on  (1.5, 4.2)  and  (4.2,  oo),  and  decreasing  on  (-oo,  -1.2)  and  (-1.2,  1.5).  /  has  no  maximum. 
Minimum:  /(1 .5)  w  —1.9.  From  the  graph  of  /",  we  estimate  that  /  is  CU  on  (-1.2, 4.2)  and  CD  on 
( — oc,  - 1 .2)  and  (4.2,  oo).  IP  (- 1 .2, 0)  and  (4.2. 0). 


4.  /(*)  = 


/"(*)  =  2 


x4  +  x3  —  2x2  +  2 
x2  +  x  -  2 

x6  +  3x5  -  3x4 


.  so  /'  (x)  =  2- 


s  +  2x4  -  3x3  -  4x2  +  2x  -  1 


(x2  +  x  —  2)2 


and 


llx3+  12x2+  18.x -2 


(x2  +  x  —  2)3 


We  estimate  from  the  graph  of  f  that  /  is  increasing  on  (-2.4,  -2),  (-2,  —1.5)  and  (1.5,  oo)  and  decreasing  on 
( — oo,  —2.4).  (—1.5,  I)  and  (1,  1.5).  Local  maximum:  /(— 1.5)  =»  0.7.  Local  minima:  / (—2.4)  ~  7.2, 

/(1 .5)  3.4.  From  the  graph  of  /",  we  estimate  that  /  is  CU  on  (— oo,  —2),  (—1.1, 0.1)  and  (I,  oo)  and  CD  on 


(-2, -1.1)  and  (0.1,  1).  /  has  IP  at  (-1.1, 0.2)  and  (0.1, -1.1). 


5.  /(x)  = 


x 

X3  -  x2  -  4x  +  1 


rw  = 


— 2x3  +  x2  +  1 
(x3-x2-4x  +  1)2 


/"(*)  = 


2  (3x5  -  3x4  +  5x3  -  6x2  +  3x  +  4) 
(x3  —  x2  —  4x  +  l)3 


-3 


-3 


-3 
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We  estimate  from  the  graph  of  /  that  y  =  0  is  a  horizontal  asymptote,  and  that  there  are  vertical  asymptotes  at 
x  =  — 1.7,  x  =  0.24.  and  .t  =  2.46.  From  the  graph  of  /',  we  estimate  that  /  is  increasing  on  (-oo,  —1.7), 

(-1.7, 0.24),  and  (0.24.  I),  and  that  /  is  decreasing  on  (1. 2.46)  and  (2.46.  oo).  There  is  a  local  maximum  at 
/(l)  =  -  }  From  the  graph  of  f" ,  we  estimate  that  /  is  CU  on  (-oo,  - 1 .7),  (-0.506, 0.24).  and  (2.46,  oo),  and 
that  /  is  CD  on  (—1.7,  —0.506)  and  (0.24. 2.46).  There  is  an  inflection  point  at  (—0.506,  —0. 192). 


6-  /(•*)  —  tan  jr  +  5  cosx  =>  /'(*)  =  scc2x  -  5sinx  =>  f"  (x)  =  2 sec3  .v  tan x  -  5 cost.  Since  /  is 

periodic  with  period  2x,  and  defined  for  all  x  except  odd  multiples  of  §.  we  graph  /  and  its  derivatives  on 


We  estimate  from  the  graph  of  /'  that  /  is  increasing  on  (-§,0.21),  (1.07,  |),  (§,  2.07),  and  (2.93,  ^  j,  and 
decreasing  on  (0.2 1 ,  1 .07)  and  (2.07. 2.93).  Local  minima:  /  ( 1 .07)  a:  4.23.  /  (2.93)  as  —5.10  Local  maxima: 
y" (0.2 1)  5.10.  / (2.07)  as  -4.23.  From  (he  graph  of  /",  we  estimate  that  /  isCU  on  (0.76,  y)  and  (2.38,  yt^. 

and  CD  on  (-f,0.76)  and  (§,2.38).  /  has  IP  at  (0.76,  4.57)  and  (2.38,  -4.57). 


1- f  (x)  =  x1  sinx  =>  /' (x)  =  2x sinx  +  xJcosx  =>  /"(a)  =  2sin.tr  +  4xcos.t  —  x2sinx 
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We  estimate  from  the  graph  of  /'  that  /  is  increasing  on  (-7,  -5.1).  (—2.3, 2.3).  and  (5. 1, 7)  and  decreasing  on 
(—5.1,  —2.3),  and  (2.3, 5.1).  Local  maxima:  /(— 5.1)  as  24.1,  f  (2.2)  ~  3.9.  Local  minima:  /  (—2.3)  as  —3.9, 
/  (5.1)  as  -24.1.  From  the  graph  of  /",  we  estimate  that  /  isCU  on  (-7,  -6.8),  (-4.0,  -1.5),  (0,  1.5).  and 
(4.0, 6.8),  and  CD  on  (-6.8,  -4.0),  (—1.5, 0),  (1.5,  4.0).  and  (6.8, 7).  /  has  IP  at  (-6.8,  -24.4).  (-4.0,  1 2.0). 
(-1.5,  -2.3),  (0, 0).  (1.5, 2.3),  (4.0,  - 1 2.0)  and  (6.8,  24.4). 
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8.  f  (x)  =  sin*  +  }  sin3x  =>  /'  (x)  =  cosx  +  cos3x  =?  /"  (x)  =  -sinx  -  3sin3x 


Note  that  /  is  periodic  with  period  2k,  so  we  consider  it  on  the  interval  [— ir,  rr].  From  the  graph  of  /',  we 
estimate  that  /  is  increasing  on  (—2.4,  —1.6),  (—0.8, 0.8),  and  (1.6, 2.4)  and  decreasing  on  (— rr ,  —2.4), 
(—1,6,  -0.8),  (0.8,  1.6)  and  (2.4,  k).  Maxima:  /(- 1.6)  -0.7,  / (0.8)  =  0.9,  /(2.4)  0.9.  Minima: 

/ (-2.4)  =K  -0.9,  / (-0.8)  —0.9,  /(I.6) «  0.7.  We  estimate  from  the  graph  of  /"  that  /  is  CD  on 

(-2.0,  -1.2),  (0, 1.2)  and  (2.0.  >r)  and  CU  on  (-rr,  -2.0),  (-1.2, 0)  and  (1.2, 2).  /  has  IP  at  (-*,  0), 
(-2.0,  -0.8),  (- 1 .2,  -0.8),  (0, 0),  ( 1 .2, 0.8),  (2.0, 0.8),  and  (k  ,  0). 


9.  f  (x)  =  8x3  -  3x2  —  10  =>  /' (x)  =  24x2  -  6x  =>  /"(*)  =  48x  -  6 


From  the  graphs,  it  appears  that  /  (x)  =  8x3  -  3x2  -  10  increases  on  (-oo,  0)  and  (0.25,  oo)  and  decreases  on 
(0, 0.25);  that  /  has  a  local  maximum  of /(0)  =  — 10.0  and  a  local  minimum  of/  (0.25)  =»  —10. 1;  that  /  is  CU 
on  (0. l,oo)  and  CD  on  (-oo, 0.1);  and  that /has  an  IP  at  (0.1, —  10).  / (x)  =  8x3  —  3x2  —  10  =» 

/'  (x)  =  24x2  -  6x  =  6x  (4x  -  1),  which  is  positive  (/  is  increasing)  for  (-oo,  0)  and  (3,00),  and  negative  (/ 

is  decreasing)  on  ^0.  3  ^ .  By  the  FDT,  /  has  a  local  maximum  at  x  =  0:  /  (0)  =  8  (0)3  —  3  (0)2  —  1 0  =  —  1 0;  and 
/  has  a  local  minimum  at  3:  /  (3)  =  g  -  ^  -  10  =  /'  (*)  =  24x2  -  6x  =* 

f"  (x)  =  48x  -  6  =  6  (8x  -  1),  which  is  positive  (/  is  CU)  on  ( j,  00).  and  negative  (/  is  CD)  on  (-00,  / 

has  an  IP  at  ( j ,  /  (g))  = 
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10. 


From  the  graphs,  it  appears  that  /  increases  on  (0, 3.6)  and  decreases  on  (-oo,  0)  and  (3.6,  oo);  that  /  has  a  local 

maximum  of  /  (3.6)  «  2.5  and  no  local  minima;  that  /  is  CU  on  (5.5,  oo)  and  CD  on  (-oo,  0)  and  (0,  5.5);  and 

.  ,D  , .  X2  +  1  lx  —  20  II  20 

that  /  has  an  IP  at  (5.5, 2.3).  /  (x)  = - y -  =  I  H - -  => 

x2  x  x2 

/'  (x)  =  —I  lx-2  +  40x~3  =  —x-3  (1  lx  -  40),  which  is  positive  (/  is  increasing)  on  (o,  and  negative  (/  is 
decreasing)  on  (-oo,  0)  and  on  |  yy  ,  oo^ .  By  the  FDT,  /  has  a  local  maximum  at  x  =  yy : 


/(«)- 


(f?)2+«i 

I 

(S) 

I2 

1600 


201 

=  -t— ;  and  /  has  no  local  minimum. 

o  0 


/'(x)  =  —  I  lx  2  +  40x  3  =>  /"  (x)  =  22x-3  —  I20x  4  =  2x  4  (I  lx  —  60),  which  is  positive  (/ is  CU)  on 
(yy,  oo),  and  negative  (/  is  CD)  on  (-oo,  0)  and  (o,  /has  an  IP  at  (fy ,  /  (fy))  =  (“. 


11. 


From  the  graph,  it  appears  that  /  increases  on  (-2. 1 , 2. 1 )  and  decreases  on  (-3,  -2. 1 )  and  (2. 1 , 3);  that  /  has  a 
local  maximum  of  /( 2.1)  as  4.5  and  a  local  minimum  of  /  (-2.1)  =»  -4.5;  that  /isCU  on  (-3.0,0)  and  CD  on 

(0,  3.0),  and  that  /  has  an  IP  at  (0, 0).  / (x)  =  xV9  -  x2  =>  /'  (x)  =  ■  ,  *  +  V9  -  x2  =  )  ~  2*  ■ 

\/9  —  x2  s/9  -  xi 

which  is  positive  (/  is  increasing)  on  (=4^,  and  negative  (/  is  decreasing)  on  (-3.  and  (ii(5, 3Y 

By  the  FDT,  /  has  a  local  maximum  of  /  ~  and  /  has  a  ,ocal  minimum  of 

/(=^)  =  -?  (since /is  an  odd  function.)  f  (r)  =  x  +  J9  -  r2  => 

'  '  V9  —  x2 

v/9  -x2  (-2x)  +  x2  (l)  (9-x2)~,/2(-2x) 

"  tr\  = _ _ ' _ 


f"  (x)  = 


9  — x2 


2. -1/2  _  — 2x  -  x3  (9  -  x2)  1  -  x 


r  (9  —  x2)-1'4  = 


— 3x _ x3  _  x  (2x2  -  27) 

_  V9-x2  (9-x2)3/2  ~~  (9-x2)3/2 

which  is  positive  (/  is  CU)  on  (-3, 0),  and  negative  (/  is  CD)  on  (0, 3).  /  has  an  IP  at  (0, 0). 


254  O  CHAPTER  4  APPLICATIONS  Of  DIFFERENTIATION 


From  the  graph,  it  appears  that  /  increases  on  (—5.2.  —  I.O)  and  (1.0,  5.2)  and  decreases  on  (— 2jt,  —5.2), 

(—  1 .0.  1 .0).  and  (5.2.  2a  ):  that  /  has  local  maxima  of  /  (—  1 .0)  «  0.7  and  /  (5.2)  as  7.0  and  minima  of 
/  (-5.2)  as  -7.0  and  /  ( 1 .0)  as  -0.7;  that  /  is  CU  on  (-2a .-3.1)  and  (0,  3. 1 )  and  CD  on  (-3. 1 , 0)  and 
(3.1, 2a),  and  that /has  IP  at  (0,0),  (—3.1, —3.1)  and  (3. 1, 3.1).  /(a)  —  a  -  2sin.it  =>  /' (a)  =  I  —  2cosa. 
which  is  positive  (/  is  increasing)  when  cos  a  <  j,  that  is.  on  — §)  and  (  y ,  yy),  and  negative  (/  is 

decreasing)  on  (-2a,  -^).  (-§ ,  f ),  and  (yi,  2a).  By  the  FDT,  /  has  local  maxima  of  /(— y)  =  §  +  s/3 
and  /  )  =  T  "*■  ai,d  I033*  minima  of  /(—  =  —  yy  —  s/3  and  /  (y)  =  — y  —  </}. 


/'(a)=  1— 2cosa  =>  f"(x)  —  2sina,  which  ispositive(/  is  CU)  on  (— 2a,  —  a)  and  (0,  a)  and  negative(/ 

is  CD)  on  (—a.  0)  and  (a,  2a).  /  has  IP  at  (0, 0),  (-a,  -a)  and  (a,  a). 


(x  +  4Ha  —  3)- 

/  (.v)  = - - has  VA  at  x  =  0  and  at  a  =  1  since 

x*  (a  —  I) 

lim  /  (a)  =  —oo,  lim  /  (a)  =  -oo  and  lim  /  (a)  -  oo. 
x-sO  a-*l  + 


/(a)  = 


(I  +  4/a)  (1-3/a)2 


0+  as  a  -»  ±oo,  so  /  is  asymptotic  to 


a  (a  -  1) 

the  a-axis.  Since  /  is  undefined  at  a  =  0,  it  has  no  y-intercept. 


/  (a)  =  0  =»  (a  +  4)  (a  —  3)2  =  0  =4  a  =  — 4  or  a  =  3,  so  /  has  a-intercepts  —4  and  3.  Note,  however, 
that  the  graph  of  /  is  only  tangent  to  the  a-axis  and  docs  not  cross  it  at  a  =  3,  since  /  is  positive  as  a  -*  3"  and  as 
a  ->  3+. 


From  these  graphs,  it  appears  that  /  has  three  maxima  and  one  minimum.  The  maxima  are  approximately 
/ (—5.6)  =  0.0182.  /(0.82)  =  —281.5  and  / (5.2)  =  0.0145  and  we  know  (since  the  graph  is  tangent  to  the 
a-axis  at  a  =  3)  that  the  minimum  is  /  (3)  =  0. 


14. 
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.  IO.x(x-l)4 

/(■*)  =  - — r- - — y  has  VA  at  x  =  - 1  and  at  x  =  2  since 

(x  -  2 y  (x  +  I)2 

lim  f (x)  =  oo,  lim  /(x)  =  -oo and  liin  fix)  =  oo. 

Jt— » —  I  i-*2-  21- 


/(■*)—  ~ — 2/t)1  (I  +  l/v)2  10  as x  ±0°-  50 / 's  asymptotic  to 

the  line  y  —  10.  /  (0)  =  0.  so  /  has  a  ^-intercept  at  0.  /  (x)  —  0  => 


•  0.x  (.it  —  I)4  =  0  =>  x  —  Oorx  =  1.  So  /  has  jr-intercepls  0  and  1. 
Note,  however,  that  /  does  not  change  sign  at  x  =  I.  so  the  graph  is 
tangent  to  the  .r-axis  and  does  not  cross  it. 

We  know  (since  the  graph  is  tangent  to 
the  .r-axis  at  x  =  I )  that  the  maximum 
is  /  (I)  =  0.  From  the  graphs  it 
appears  that  the  minimum  is  about 

y  (0.2)  =  -o.i 


i 


15.  /(*)  = 


x2(x+  I)3 
(x  -  2)2  (x  -  4)4 


,,,  ,  x  (x  +  l)2  (x}  +  I8x2  -  44x  -  16) 

/  (')  = - - ~5 - 1  (from  CAS). 

(x  -  2)  (x  -  4) 


From  the  graphs  of  f ,  it  seems  that  the  critical  points  which  indicate  extrema  occur  at  x  =  -20,  -0.3,  and  2.5,  as 

estimated  in  Example  3.  (There  is  another  critical  point  at  x  =  - 1 ,  but  the  sign  of  f  does  not  change  there.)  We 

...  ....  ,  (x  +  I)  (x6  +  36x5  +  6x4  -  628x3  +  684x2  + 672t  +  64) 

differentiate  again,  obtaining  /"  (x)  =  2- - — - - - - - Z _  > 


From  the  graphs  of  it  appears  that  /  is  CU  on  (-oo,  -5.0),  (- 1 .0,  -0.5).  (-0. 1 , 2.0).  (2.0, 4.0)  and  (4.0,  oo) 
and  CD  on  (—5.0.  - 1.0)  and  (-0.5,  -0.1).  We  check  back  on  the  graphs  of  /  to  find  the  ^-coordinates  of  the 
inflection  points,  and  find  that  these  points  are  approximately  (-5,  -0.005),  (-1,0),  (-0.5, 0.00001).  and 
(-0.1,0.0000066). 
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16.  /<*)  = 


10*  (x  -  l)4 
(x-2)3(*  +  I)2 


/'(*)  =  -  20 


(x-l)3(S*-1) 
(x-2)4(*  +  I)3 


(from  CAS). 


From  the  graphs  of  /',  we  estimate  that  /  is  increasing  on  (— oo,  —  1 )  and  (0.2, 1)  and  decreasing  on  (—  1 , 0.2), 

J*  -  l)2  (5x3-8x2  +  17* -6) 


(1,  2)  and  (2,  oo).  Differentiating  /'  (*),  we  get  /"  (*)  =  60- 


(*  -  2)5  (*  +  l)4 


From  the  graphs  of  /",  it  seems  that  /  isCU  on  (— oo,  —1.0),  (—1.0, 0.4)  and  (2.0,  oo),  and  CD  on  (0.4, 2). 


17  .,  =  /(*)  = 


s/FTT 


with  0  <  *  <  3*.  From  a  CAS,  /  = 


sin*  [2  (x2  +  I)  cosx  —  x  sin*] 


(4x4  +  6x2  +  5) cos2*  -  4*  (x2  +  l)  sin*  cos*  —  2x4  -  2*2  —  3 


(*2  +  l) 


3/2 


and 


(*2+l) 


5/2 


From  the  graph  of  /'  and  the  formula  for/,  we  determine  that  /  —  0  when*  =  n,  2rr,  3*.  or*  1.3, 4.6,  or 
7.8.  So  /  is  increasing  on  (0, 1.3),  (*,4.6),  and  (2*,  7.8).  /  is  decreasing  on  (1.3,  *),  (4.6,  2*),  and  (7.8,  3*). 
Local  maxima: /(1.3)  =»  0.6, /(4.6)  =  0.21,  and  /  (7.8)  «  0.13.  Local  minima: /(*)  =  /( 2*)  =  /(3s)=0. 
From  the  graph  of  /",  we  see  that  /'  =  0  <=>  *  =»  0.6,  2. 1,  3.8.  5.4,  7.0,  or  8.6.  So  /  is  CU  on  (0, 0.6), 

(2.1,  3.8),  (5.4, 7.0),  and  (8.6, 3*).  /  is  CD  on  (0.6,  2.1),  (3.8,  5.4),  and  (7.0, 8.6).  There  are  IP  at  (0.6,0.25), 

(2. 1 , 0.3 1),  (3.8, 0. 1 0),  (5.4,  0.1 1),  (7.0, 0.061 ),  and  (8.6, 0.065). 
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18.  /(x)  =  T 


f  (x)  = 


4x3  +  6x  +  9 


rw=- 


■t4  +  X  +  I  4  (*4  +  .T  +  1)5/4 

32x6  +  96x4  +  1  S2y3  —  48x2  +  6x  +  2 1 
I6(x4+x+l)9/4 


From  the  graph  of  /',  /  appears  to  be  decreasing  on  (-oo,  -0.94)  and 
increasing  on  (—0.94,  oo).  There  is  a  local  minimum  of 
/  (-0.94)  -3.01 .  From  the  graph  of/",  /  appears  to  be  CU  on 

(- 1 .25,  -0.44)  and  CD  on  (-oo,  - 1 .25)  and  (-0.44,  oo).  There  are 
inflection  points  at  (—1.25,  -2.87)  and  (-0.44,  -2.14). 
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From  the  graph  of  / (x )  =  sin  (e  +  sin  3x)  in  the  viewing  rectangle  [0,  a]  by  [-1.2,  1 .2],  it  looks  like  /  has  two 
maxima  and  two  minima.  If  we  calculate  and  graph  /'  (x)  =  [cos  (x  +  sin  3x)]  ( I  +  3  cos  3x)  on  [0,  2a  J,  we  see 
that  the  graph  of  f  appears  to  be  almost  tangent  to  the  x-axis  at  about  x  =  0.7.  The  graph  of 

/  =  —  [sin  (x  +  sin3x)|  (I  +  3cos3x)2  +  cos(x  +sin3x)(-9sin3x)  is  even  more  interesting  near  this x-valuc: 
it  seems  to  just  touch  the  x-axis. 


II  we  zoom  in  on  this  place  on  the  graph  of  /".  wc  see  that  f"  actually  docs  cross  the  axis  twice  near  x  =  0.65, 
indicating  a  change  in  concavity  for  a  very  short  interval.  If  we  look  at  the  graph  of  /'  on  the  same  interval,  we  see 
that  it  changes  sign  three  times  near  x  =  0.65,  indicating  that  what  we  had  thought  was  a  broad  extremum  at  about 
x  =  0.7  actually  consists  of  three  extrema  (two  maxima  and  a  minimum).  These  maxima  arc  roughly  /  (0.59)  =  I 
and  /( 0.68)  =  1.  and  the  minimum  is  roughly  /(0.64)  =  0.99996.  There  are  also  a  maximum  of  about 
/(1. 96)  =  I  and  minima  of  about  /(1.46)  =  0.49  and  /(2.73)  =  -0.51.  The  points  of  inflection  on  (0,  n)  are 
about  (0.61, 0.99998),  (0.66, 0.99998).  (1.17, 0.72).  (1.75, 0.77).  and  (2.28. 0.34).  On  (*,  2x),  they  arc  about 
(4.01,  -0.34),  (4.54,  -0.77),  (5.1 1,  -0.72),  (5.62.  -0.99998),  and  (5.67,  -0.99998).  There  are  also  IF  at  (0, 0) 
and  (»r ,  0).  Note  that  the  function  is  odd  and  periodic  with  period  2 it,  and  it  is  also  rotationally  symmetric  about  all 
points  of  the  form  ((2  n  +  I)  it  t  0),  n  an  integer. 
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20.  /  (x)  =  x3  +  c.x  =  x  (x2  +  c)  =>  /'  (x)  =  3x2  +  c  =>  /"  (x)  =  6x 


x-intercepts:  When  c  >  0.  0  is  the  only  x-intercept.  When  c  <  0,  the  x-intcrcepts  are  0  ami  ±  V— c. 
y-intercept  =  /  (0)  =  0.  /  is  odd.  so  the  graph  is  symmetric  with  respect  to  the  origin.  /"  (x)  <  0  for  x  <0  and 
f"  (x)  >  0  for  x  >  0,  so  /  is  CD  on  (-oo,  0)  and  CU  on  (0,  oo) .  The  origin  is  the  only  inflection  point. 

If  c  >  0,  then  /'  (x)  >  0  for  all  x,  so  /  is  increasing  and  has  no  local  maximum  or  minimum. 

If  c  =  0,  then  /'  (x)  >  0  with  equality  at  x  =  0,  so  again  /  is  increasing  and  has  no  local  maximum  or 
minimum. 

If  c  <  0,  then 

/'  (x)  =  3  [x2  -  (—c/3)]  =  3  (x  +  (x  -  v/-c/3).  so  f  (x)  >  0 

on  (— oo,  — V— c/3)  and  (,/— c/3,  oo);  f  (x)  <  0  on 
(-V-c/3,  y— c/3).  It  follows  that  /  (-V-c/3)  =  —  \cj—c( 3  is  a 
local  maximum  and  /  (s/-c/3)  =  ]cV-c/3  is  a  local  minimum.  As  c 
decreases  (toward  ntore  negative  values),  the  local  maximum  and 
minimum  move  further  apart. 

There  is  no  absolute  maximum  or  minimum.  The  only  transitional 
value  of  c  corresponding  to  a  change  in  character  of  the  graph  is  c  =  0. 


21.  f  (x)  =  x4  +  cx2  =  x2  (x2  +  c).  Note  that  /  is  an  even  function.  For  c  >  0.  the  only  x-intercept  is  the  point 
(0, 0).  We  calculate  /'  (x)  =  4x3  +  2cx  =  4x  (x2  +  ]c)  =s  f"  (x)  =  12x2  +  2c.  lfc  >  0.  x  =  0  is  the 
only  critical  point  and  there  are  no  inflection  points.  As  we  can  see  from  the  examples,  there  is  no  change  in  the 
basic  shape  of  the  graph 

for  c  >  0;  it  merely  becomes  steeper  as  c  increases.  For  c  =  0,  the 
graph  is  the  simple  curve  y  —  .v4.  For  c  <  0,  there  are  ^-intercepts  at 
0  and  at  ±yj~.  Also,  there  is  a  maximum  at  (0, 0),  and  there  are 

minima  at  ^±/~  U',  -  jc2^.  As  c  ->  -oo,  the  x-coordinates  of 
these  minima  gel  larger  in  absolute  value,  and  the  minimum  points 
move  downward.  There  arc  inflection  points  at  (V:k-^2). 
which  also  move  away  from  the  origin  as  c  —>  — oo. 
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22.  Wc  need  only  consider  (he  function  /(.v)  =  x2Vcl  -  .x2  for  c  >  0.  because  if  c  is  replaced  by 
tunction  is  unchanged.  For  c  =  0,  the  graph  consists  of  the  single  point  (0,  0) 

The  domain  ot  /  is  |— c,  c).  and  the  graph  of  /  is  symmetric  about  the  y-axis. 


•c. the 


/'(.v)  =  2.vv/c!-x2+.t2 


=  - 


2x(c2-x2)-x>  3t  (*2-H 


V^-x‘ 

So  wc  see  that  all  members  of  the  family  of  curves  have  horizontal  tangents  at  x  =  0,  since 

f  (0)  =  0  lor  all  c  >  0.  Also,  the  tangents  to  all  the  curves  become  very  steep  as 

x  “>  since  lim  /'  (x)  =  oc  and  lim  /'  (*)  =  -oo.  We  set  /'  (jr)  =  0 
*-»  -Af  i-»r 

e=>  x  =  0  or  .v2  —  jc2  =  0,  so  the  absolute  maxima  are  / 

f„  =  (~9*3  +  2c2)  Vc2  -  ,x*  -  (-3.x3  +  2c1- x)  (-x/y/c2  -  x2)  6t-<  _  9t.2.t2  +  2t.4 

**"■**  (C2-.v2)}/2 

quadratic  formula,  wc  find  that  f"  (x)  =  0  «  .r2  =  ‘)c  -  v^.  since  -c  <  x  <  c.  we  t 


12 


x2  =  so  the  inflection  points  are 

From  these  calculations  we  can  see  that  the  maxima  and  the  points  of 
inflection  get  both  horizontally  and  vertically  further  from  the  origin  as  c 
increases.  Since  all  of  the  functions  have  two  maxima  and  two  inflection 
points,  we  see  that  the  basic  shape  of  the  curve  does  not  change  as  c 
changes. 


Using  the 

nke 

3.5 


23.  Note  that  c  =  0  is  a  transitional  value  at  which  the  graph  consists  of  the  x-axis.  Also,  we  can  see  that  if  we 
substitute  — c  fore,  the  function  f  (x)  =  - — ■  .  2  will  be  reflected  in  the .v -axis,  so  we  investigate  only  positive 
values  of  c  (except  c  =  - 1,  as  a  demonstration  of  this  reflective  properly).  Also.  /  is  an  odd 
function,  lim  /  (x)  =  0,  so  y  —  0  is  a  horizontal  asymptote  for  all  c.  We  calculate 


/'  (x)  =  ‘•Q  +  c2.x2)  —  c.x  (2c2.x) 

(1+eV)2 


c  (c2x2  -  I) 

(1+cV)2 


/'(-*)  =  0 


1=0  o  x  =  ±  I  /c.  So  there 


is  an  absolute  maximum  of  /  (1/c)  =  5  and  an  absolute  minimum  of  /  (- 1  /c)  =  -  5 .  These  extrema  have  the 
same  value  regardless  of  c ,  but  the  maximum  points  move  closer  to  the  y-axis  as  c  increases. 
r  (x)  =  (~2c3x)  (I  +  c2x2)2  -  (-cV  -Fc)l2(l  +cV)  (2c2 x) | 

c2 

_  (-2c3*)  (I  +  c2x2)  +  (c3.x2  -  c)  (4c2x)  _  2c3.x  (c2x2  -  3) 

(1+cV)3  (l+c2*2)3 

f"  (x)  =  0  «=>  x  =  0  or  ±-\/3  j c.  so  there  are  inflection  points  at 

(0,0)  and  at  (±V3  j c,  ±~Jl j 

Again,  the  ^'-coordinate  of  the  inflection  points  does  not  depend  on  c,  but  as  c  increases,  both  inflection  points 
approach  the  y-axis. 


DA 
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24.  Note  that  /  (x)  = 


(l-x2)2  +  cx2 


is  an  even  function,  and  also  that  lim  /  (* )  =  0  for  any  value  of  c,  so  y  =  0 


is  a  horizontal  asymptote.  We  calculate  the  derivatives:  r  ]  [7*  " 

-4(1  -x2)x  +  2cx  4*  [*2  +  (lc  *  ')]  .  A\  A  I 

/  (*)  =  r  - 7 - T  =  7_t - ; - ^•and  \  u  VI  ^ 

[(i-^)J+«i]  [(i  -xj)+«2] 

1 Ox6  +  (9c  -  1 8)  x4  +  (3c2  -  1 2c  +  6)  x2  +  2  -  c  JJ/S//  ''X'&sT 

/"to  =2 - - - A - 5 -  Wc  . 

[x4  +  (c-2)x2  +  l]  c-4  0  c  =  8 

first  consider  the  case  c  >  0.  Then  the  denominator  of  f  is  positive, 
that  is,  ( 1  -  x2)2  +  cx2  >  0  for  all  x.  so  /  has  domain 

R  and  also  /  >  0.  If  Ac  —  I  >  0,  that  is,  c  >  2.  then  the  only  critical  point  is  /  (0)  =  1,  a  maximum.  Graphing  a 
few  examples  for  c  >  2  shows  that  there  are  two  IP  which  approach  the  y-axis  as  c  -»  oo. 

c  =  2  and  c  =  0  are  transitional  values  of  c  at  which  the  shape  of  the  curve  changes.  For  0  <  c  <  2,  there  arc 

three  critical  points:  /  (0)  =  I,  a  minimum,  and  /  ^±^1  -  jc^  =  7777—^77  1)0,11  maxima.  As  c  decreases 

from  2  to  0,  the  maximum  values  get  larger  and  larger,  and  the  x-values  at  which  they  occur  go  from  0  to  ±  I . 
Graphs  show  that  there  are  four  inflection  points  for  0  <  c  <  2,  and  that  they  get  farther  away  from  the  origin,  both 
vertically  and  horizontally,  as  c  — >  0+.  For  c  =  0,  the  function  is  simply  asymptotic  to  the  x-axis  and  to  the  lines 
x  =  ±1,  approaching  +00  from  both  sides  of  each.  The  y-intercept  is  1,  and  (0,  1)  is 
a  local  minimum.  There  are  no  inflection  points.  Now  if  c  <  0,  wc  can  write 

nx)= - ! - = - r- - e  =  — ; - ;= - rrt - ;= - r.  So  /has  vertical 

J  (|-.v2)2+cv2  (,_.r2)2_(>/Z3.x)2  (x2  —  *f^CX  —  l)  (.X2  +  yf—CX  —  1) 

asymptotes  where  x 2  ±  sf—cx  —1=0  <=>  x  =  (—>/—c  i  >/4  —  c) /  2  or  x  =  (>/”£  ±  >/4  —  c)/  2.  As  c 
decreases,  the  two  exterior  asymptotes  move  away  from  the  origin,  while  the  two  interior  ones  move  toward  it.  We 
graph  a  few  examples  to  sec  the  behavior  of  the  graph  near  the  asymptotes,  and  the  nature  of  the  critical  points 

x  =  0  and  x  =  ±J  I  —  Ac: 


We  sec  that  there  is  one  local  minimum,  /  (0)  =  1,  and  there  are  two  local  maxima. 

f  ( ±/T  —  Ac  |  =  — — ! - as  before.  As  c  decreases,  the  x-values  at  which  these  maxima  occur  get  larger. 

V  v  /  c(l  -  e/4) 

and  the  maximum  values  themselves  approach  0.  though  they  arc  always  negative. 
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25.  f  (x)  =  cx  +  sin.v  =5  /'  (x)  =  c  +  cosx  =>  /"(x)  =  -sinx 

/  (— x)  =  — /  (*),  so  /  is  an  odd  function  and  its  graph  is  symmetric  with  respect  to  the  origin. 

/  (at)  =  0  <=>  sinx  =  —cx,  so  0  is  always  an  x -intercept. 

/'(•*)  =  0  «=*  cosx  =  — c.  so  there  is  no  critical  number  when  |c|  >  1.  If  |c|  <  1,  then  there  are  infinitely 
many  critical  numbers.  If  xi  is  the  unique  solution  of  cos*  -  -c  in  the  interval  [0,  *],  then  the  critical  numbers 
are  Inn  ±  jt|,  where  n  ranges  over  the  integers.  (Special  cases:  When  c  =  I,  jtj  =0;  when  c  =  0,  x  =  ^ :  and 
when  c  =  - 1.  X|  =  jr.) 

/"  (.v)  <0  <=>  sinx  >  0.  so  /  is  CD  on  intervals  of  the  form  (Inn,  (2  n  +  1)  it).  /  is  CU  on  intervals  of  the 
form  ((2n-  l)/r,  2/r/r)  The  inflection  points  of  /  are  the  points  (2/ix ,  2nnc).  where  n  is  an  integer. 

If  c  >  I,  then  /'  (x)  >  0  for  all  x,  so  /  is  increasing  and  has  no  extremum.  If  c  <  - 1.  then  f  (x)  <  0  for  all  x, 
so  /  is  decreasing  and  has  no  extremum.  If  |c|  <  I,  then  /'  (x)  >  0  <=>  cosx  > -c  <=>  x  is  in  an  interval  of 
the  form  (2nn  —xi,2nn  +  X|)  for  some  integer  n.  These  are  the  intervals  on  which /is  increasing.  Similarly,  w'e 
find  that  /  is  decreasing  on  the  intervals  of  the  form  (2nn  +xi,2(/?+  1)jt  -X|).  Thus,  /  has  local  maxima  at 
the  points  2nn  +X|,  where  /  has  the  values  c  (2/i/r  +xi)  +sinx|  =c(2nn  +  xi)  +  Vl  -  c-,  and  /  has  local 
minima  at  the  points  2nn  -X|.  where  we  have  /  (2nn  -xi)  =  c(2/t7r  -X|)  -  sinxi  =  c(2nn  -xi)  -  /I  -  c1. 

ITte  transitional  values  of  c  arc  —  I  and  I .  The 
inflection  points  move  vertically,  but  not  horizontally, 
when  c  changes.  When  |c|  >  I,  there  is  no  extremum.  For 
|c|  <  1,  the  maxima  are  spaced  2,t  apart  horizontally,  as  -15 

arc  the  minima.  The  horizontal  spacing  between  maxima 
and  adjacent  minima  is  regular  (and  equals  n )  when  c  =  0, 
but  the  horizontal  space  between  a  local  maximum  and  the 

-io  3  <=-i 

nearest  local  minimum  shrinks  as  |c|  approaches  1. 


26.  For  c  =  0.  there  is  no  inflection  point;  the  curve  is  CU  everywhere.  If  c  increases,  the  curve  simply  becomes 
steeper,  and  there  are  still  no  inflection  points.  If  c  starts  at  0  and  decreases,  a  slight  upward  bulge  appears  near 
x  =  0,  so  that  there  are  two  inflection  points  for  any  c  <  0.  This  can  be  seen  algebraically  by  calculating  the  second 
derivative:  /(x)  =x4  +  cx2  +x  =>  /' (x)  =  4x3  +  2cx  +  I  =>  /"  (x)  =  I2x2  +  2c.  Thus,  f"  (x)  >  0 

when  c  >  0.  For  c  <  0.  there  arc  inflection  points  when  x  =  ±J-\c.  For  c  =  0.  the  graph  has  one  critical 
number,  at  the  absolute  minimum  somewhere  around  x  =  —0.6.  As  c  increases,  the  number  of  critical  points  does 
not  change.  If  c  instead  decreases  from  0,  we  sec  that  the  graph  eventually  sprouts  another  local  minimum,  to  the 
right  of  the  origin,  somewhere  between  x  =  I  and  x  =  2.  Consequently,  there  is  also  a  maximum  near  x  =  0.  After 
a  bit  of  experimentation,  we  find  that  at  c  =  — 1.5,  there  appear  to  be  two  critical  numbers:  the 


absolute  minimum  at  about  x  =  —  I,  and  a  horizontal  tangent  with  no 
extremum  at  about  x  =  0.5.  For  any  c  smaller  than  this  there  will  be  3 
critical  points,  as  shown  in  the  graphs  with  c  =  —3  and  with  c  =  —5. 
To  prove  this  algebraically,  we  calculate  f  (x)  =  4x3  +  2cx  +  I . 
Now  if  we  substitute  our  value  of  c  =  - 1 .5,  the  formula  for  f  (x) 
becomes  4x3  —  3x  +  I  =  (x  +  I)  (2x  —  I)2.  This  has  a  double  root  at 
x  =  j.  indicating  that  the  function  has  two  critical  points:  x  =  -  I 
and  x  =  5,  just  as  we  had  guessed  from  the  graph. 
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27.  (a)  /(x)  =  cx4  - 2x2  +  1.  Fore  =  0,  /(x)  =  -lx2  +  1,  a  parabola  whose  vertex,  (0,  1),  is  the  absolute 
maximum.  For  c  >  0,  /(x)  =  cx 4  -  2x2  +  1  opens  upward  with  two  minimum  points.  As  c  -»  0,  the 
minimum  points  spread  apart  and  move  downward;  they  are  below  the  x-axis  for  0  <  c  <  1  and  above  for 
c  >  I .  For  c  <  0,  the  graph  opens  downward,  and  has  an  absolute  maximum  at  x  =  0  and  no  local  minimum. 


(b)  /'  (x)  =  4cx3  -  4x  =  4cx  (x2  -  1  /c)  (c  #  0).  If  c  <  0,  0  is  the  only 
critical  number,  f"  (x)  =  12cx2  -  4,  so  f"  (0)  =  —4  and  there  is  a 
local  maximum  at  (0,  /  (0))  =  (0, 1),  which  lies  on  y  =  1  —  x2.  If 
c  >  0,  the  critical  numbers  are  0  and  ±  1  /y/c.  As  before,  there  is  a 
local  maximum  at  (0,  /  (0))  =  (0, 1),  which  lies  on  y  =  I  —  x2. 
f"  (±1  /y/c)  =  12  —  4  =  8  >  0,  so  there  is  a  local  minimum  at 
x  =  ±1  /y/c.  Here  /  (±1  /y/c)  —  c  (1/c2)  -  2/c  +  I  =  -1/c  +  I. 
But  (±1  fy/c,  -l/c+  l)  lies  on  y  =  1  -x2  since 

1  -  (±1  Ifcf  =  1  -  1/c- 


28.  (a)  /(*)  =  2x3  +  cx2  +  2x  =>  /'  (*)  =  6x2  +  lex  -1-2  =  2  (lx2  +  cx  +  1).  f  (x)  =  0  <=> 

x  =  ■■  C— — - So  /  has  critical  points  c2  —  12  >  0  <=>  |c|  >  2v^3.  For  c  =  ±2\/3, 

6 

f  (x)  >  0  on  (—  oo,  oo),  so  /'  does  not  change  signs  at  —c/6  ,  and  there  is  no  extremum.  If  c2  —  1 2  >  0,  then 

— c  —  —  1 2 

f  changes  from  positive  to  negative  at  x  = - - - and  from  negative  to  positive  at 

6 


c  +  y/c2  1 2  has  a  local  maximum  at  x  =  — — and  a  local  minimum  at 
6  6 


(b)  Let  xo  be  a  critical  number  for  /  (x).  Then  f  (xo)  =  0  => 

—  1  —  3* 2 

3xi  +  c*o  +1=0  c=>  c  = - -.Now 

u  xo 

/  (xo)  =  2x^  +  cx^  +  2x0  =  2x^  +  +  2x0 

=  2xo  -  xo  -  3xo  +  2xo  =  xo  -  xo 
So  the  point  is  (xo,  yo)  =  (xo,  xo  -  x^);  that  is,  the  point  lies  on  the 
curve  y  =  x  —  x2. 


Optimization  Problems 
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(b)  Call  the  two  numbers  x  and  y.  Then  x  +  y  —  23, 
so  y  =  23  —  x.  Call  the  product  P.  Then 
P  =  xy  =  x  (23  —  x)  =  23x  —  x2,  so  we  wish  to 
maximize  the  function  P  (x)  —  23x  -  x2.  Since 
P'  (x)  =  23  —  2x,  we  sec  that  P'  (x)  =  0  <=> 
x  =  y  =  1 1.5.  Thus,  the  maximum  value  of  P  is 

P  (1 1.5)  =  (I  I.5)2  =  132.25  and  it  occurs  when 
x  =  y  —  1 1.5. 

Or:  Note  that  P"  (x)  =  — 2  <  0  for  all  x,  so  P  is 
everywhere  concave  downward  and  the  local 
maximum  at  x  =  1 1.5  must  be  an  absolute 
maximum. 


We  needn’t  consider  pairs  where  the  first  number 
is  larger  than  the  second,  since  we  can  just 
interchange  the  numbers  in  such  cases.  The 
answer  appears  to  be  1 1  and  12.  but  we  have 
considered  only  integers  in  the  table. 

2.  The  two  numbers  are  x  +  100  and  x.  Minimize  / (x)  =  (x  +  100)x  =  x2  +  lOOx.  /'  (x)  =  2x  +  100  =  0  =* 
x  =  —50.  Since  /"  (x)  =  2  >  0,  there  is  an  absolute  minimum  at  x  =  -50.  The  two  numbers  are  50  and  -50. 

3.  The  two  numbers  are  x  and  — ,  where  x  >  0.  Minimize  / (x)  =  x  +  — .  f  (x)  =  1  -  —  =  *2  ~  l0°. 

x  x  X2  X2 

The  critical  number  is  x  =  10.  Since  f  (x )  <  0  for  0  <  x  <  10  and  /'  (jr)  >0  for  *  >  10,  there  is  an  absolute 
minimum  at  x  =  10.  The  numbers  are  10  and  10. 

4.  Lctx  >  0  and  let  /(x)  =  x  +  1/x.  We  wish  to  minimize  / (x).  Now 

/'  (x)  =  I  —  =  -y  (x2  —  1)  =  (x  +  1)  (x  —  I) ,  so  the  only  critical  number  in  (0,  oo)  is  1.  /'  (x)  <  0  for 

0  <  x  <  I  and  f  (x)  >  0  for  x  >  I,  so  /  has  an  absolute  minimum  at  x  =  1,  and  /( 1)  =  2. 

Or:  f"  (x)  =  2/x3  >  0  for  all  x  >  0,  so  /  is  concave  upward  everywhere  and  the  critical  point  (1,2)  must 
correspond  to  a  local  minimum  for  /. 

5.  If  the  rectangle  has  dimensions  x  and  y,  then  its  perimeter  is  2x  +  2y  =  1 00  m.  so  y  =  50  -  x .  Thus,  the  area  is 
A  —  *y  =  x  (50  -  x).  We  wish  to  maximize  the  function  A  (x)  =  x  (50  -  x)  =  50x  -  x2,  where  0  <  x  <  50. 
Since  A'  (x)  =  50  -  2x  =  -2  (x  -  25),  A'  (x)  >  0  for  0  <  x  <  25  and  A'  (x)  <  0  for  25  <  x  <  50.  T  hus,  A  has 
an  absolute  maximum  at  x  =  25,  and  A  (25)  =  252  =  625  m2.  The  dimensions  of  the  rectangle  that  maximize  its 
area  arc  x  =  y  =  25  m.  (The  rectangle  is  a  square.) 


First  Number 

Second  Number 

Product 

1 

22 

22 

2 

21 

42 

3 

20 

60 

4 

19 

76 

5 

18 

90 

6 

17 

102 

7 

16 

112 

8 

15 

120 

9 

14 

126 

10 

13 

130 

11 

12 

132 
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6.  If  the  rectangle  has  dimensions  x  and  y,  then  its  area  is  xy  =  1000  m2,  so  y  =  1000/x.  The  perimeter 
p  =  2x  +  2y  —  2x  +  2000/x.  We  wish  to  minimize  the  function  P  (x)  =  2x  +  2000/x  for  x  >  0. 

P'(x)  =  2  -  2000/x2  —  (2/x2)  (x2  -  1000).  so  the  only  critical  number  in  the  domain  of  P  is  t  =  VlOOO 

P"  (,v)  =  4000/x2  >  0,  so  /'  is  concave  upward  throughout  its  domain  and  P  (VlOOO^  =  4 VlOOO  is  an  absolute 

minimum  value.  The  dimensions  of  the  rectangle  with  minimal  perimeter  are  x  =  y  =  VlOOO  =  loVTT)  m.  (The 
rectangle  is  a  square.) 


7.  (a) 


The  areas  of  the  three  figures  arc  1 2.500.  1 2,500.  and  9000  ft2.  There  appears  to  be  a  maximum  area  of  at  least 
12.500  ft2. 


(b)  I  et  x  denote  the  length  of  each  of  two  sides  and  three  dividers.  Let  y 
denote  the  length  of  the  other  two  sides. 


y 


(e)  Area  A  =  length  x  width  =  y  ■  x 

(d)  Length  of  fencing  =  750  =>  5x  +  2y  =  750 

(e)  5*  +  2 y  =  750  =»  y  =  375  -  \x  =>  A  (x)  =  (375  -  §x)  x  =  375x  -  \x2 

(0  A’  (x)  =  375  -  5x  =  0  =»  x  =  75.  Since  A"  (x)  =  -5  <  0  there  is  an  absolute  maximum  when  x  =  75. 
Then  y  —  ^  —  187.5.  The  largest  area  is  75  (^)  =  1 4.062.5  ft2.  These  values  of  x  and  v  are  between  the 
values  in  the  first  and  second  figures  in  part  (a).  Our  original  estimate  was  low. 

(b)  Let  x  denote  the  length  of  the  side 
of  the  square  being  cut  out.  Let  y 
denote  the  length  of  the  base. 


The  volumes  of  the  resulting  boxes  are  1.  1 .6X75.  and  2  ft5.  There 
appears  to  be  a  maximum  volume  of  at  least  2  ft2. 

(c)  Volume  V  =  length  x  width  x  height  =>  V  -  y  ■  y  ■  x  =  xy2 

(d)  Length  ol  cardboard  =  3  =>  x  +  y  +  x  =  3  =s  y  +  2x  =  3 
(c)  y  +  2x  =  3  =a  y  =  3  -  2x  =>  V  (x)  =  x  (3  -  2x)2 
(0  r  (x)  =  x  (3  -  2x)2  =  x  (4x2  -  lit  +  9)  =  4x5  -  12x2  +  9x  => 

y>  (vj  _  i2.v2  -  24x  +  9  =  3  (4x2  -  8x  +  3)  =  3  (2x  -  I)  (It  -  3),  so  the  critical  numbers  arex  =  j  and 

t  =  |.  Now  0  <  x  <  j  and  V  (0)  =  V  (5)  =  0.  so  the  maximum  is  V  (5^  =  (5^  (2)2  =  2  ft5,  which  is  the 

value  found  from  our  third  figure  in  part  (a). 
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9-  [  xy  =  1.5  x  106,  soy  =  1.5  x  Vfi/x.  Minimize  the  amount  of  fencing. 

x  which  is  3*  +  ly  =  3*  +2  (1.5  x  lO6/*)  =  3*  +  3  x  I  (I6/*  =  /•'(*). 

F'  (*)  =  3  -  3  x  TO6/*-2  =  3  (.v2  -  I06)  /*2.  The  critical  number  is 
y  *  =  103  and  F'  (*)  <  0  for  0  <  *  <  I03  and  F'  (x)  >  0  if*  >  I03,  so  the 

absolute  minimum  occurs  when  *  =  103  and  y  =  1.5  x  103. 

The  field  should  be  1000  feet  by  1500  feet  with  the  middle  fence  parallel  to  the  short  side  of  the  field 

10.  Let  A  be  the  area  of  the  base  of  the  box  and  b  be  its  height,  so  32,000  =  lib2  or  It  =  32.000 /A2.  The  surface  area 
of  the  open  box  is  b2  +  Abb  =  b2  +  4  (32,000 /b2)  b  =  b2  +  4  (32,000)  /b.  So 

F'  (b)  =  2ft  -  4  (32.000)  /ft2  =  2  (ft3  -  64.000)  /ft2  =  0  <=>  ft  =  ^50)00  =  40.  This  gives  an  absolute 
minimum  since  V  (ft)  <  0  if  ft  <  40  and  T"  (ft)  >  0  if  ft  >  40.  The  box  should  be  40  x  40  x  20. 

11.  Let  ft  be  the  base  of  the  box  and  ft  the  height.  The  surface  area  is  1 200  =  A2  +  4A6  =s  ft  =  ( 1 200  —  ft2)  /  (4ft). 
The  volume  is  V  -  b2h  =  ft2  (1200  -  ft2)  /4ft  =  300ft  -  A3/4  =>  V  (ft)  =  300  -  Jft2.  I"  (ft)  =  0  => 

ft  =  V 400  =  20.  Since  I"  (ft)  >  0  for  0  <  ft  <  20  and  V  (ft)  <  0  for  ft  >  20,  there  is  an  absolute  maximum  w  hen 
ft  =  20  by  the  First  Derivative  Test  for  Absolute  Maximum  or  Minimum  Values.  If  ft  =  20.  then 
A  =  (1200  —  202)  /  (4  ■  20)  =  10,  so  the  largest  possible  volume  is  b2h  =  (20)2  (10)  =  4000  cm3. 

12.  ^  1 0  =  (2to)  (in)  A  =  2to2  A,  so  A  =  5/to2.  The  cost  is 

^  10  (2to2)  +  6  [2  (2toA)  +  2hut]  =  20t o2  +  36ioA.  so 

C  (to)  =  20 to2  +  36to  (5/to2)  =  20 to2  4-  180/to. 

C'  (to)  =  40to  —  1 80/ to2  =  40  (to3  —  ?)  /  to2  =>  to  =  ^  is  the 
critical  number.  There  is  an  absolute  minimum  for  to  =  since  C  (to)  <  0  for  0  <  to  <  and  C'  (to)  >  0  for 

“  >  ft  C  (yi)  =  20  (/f)2  +  ^  »  $163.54. 

13.  10  =  (2to)  ( w )  h  —  2urh%  so  h  =  5/u>2.  I  he  cost  is 

h  C  (to)  =  10  -1-  6 12  (2t/>/t)  4-  2/imJ  4-  6  ^2to2^ 


=  32 w~  4-  36 wh  =  32 w“  4-  IXO/to 


C  (to)  =  64 to  —  180/to2  —  4  (l6to*  —  45)  j  to2 


,= yi 's  9,c 


critical  number.  C  (to)  <  0  for  0  <  to  <  and  C  (to)  >  0  for  to  >  .  The  minimum  cost  is 

=  32(2  8125)2/3  +  180/^18125  *  $191.28. 


14.  (a)  Let  the  rectangle  have  sides  *  and  y  and  area  4.  so  A  =  xy  or  y  =  A /*.  The  problem  is  to  minimize  the 
perimeter  =  2*  +  2y  =  2*  +  24/*  =  P  (*).  Now  P'(x)-2-  24/* 2  =  2  (*2  -  4)  /*2.  So  the  critical 
number  is  *  =  s/4.  Since  P'  (*)  <  0  for  0  <  *  <  s/4  and  /"  (*)  >  0  for  *  >  s/4,  there  is  an  absolute 
minimum  at  *  =  s/4.  T  he  sides  of  the  rectangle  are  s/4  and  4  j  Va  =  s/4,  so  the  rectangle  is  a  square. 
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(b)  Let  p  be  the  perimeter  and  x  and  y  the  lengths  of  the  sides,  so  p  —  2x  +  1y  =>  y  =  jp  —  x.  The  area  is 
A  (x)  =  x  (i/>  —  x)  =  \px  —  x2.  Now  0  =  /('  (x)  =  jp  —  2x  =>  x  =  \p.  Since  A"  (x)  =  — 2  <  0,  there 
is  an  absolute  maximum  where  x  =  \p  by  the  Second  Derivative  Test.  The  sides  of  the  rectangle  are  \p  and 
\  p  —  \p  —  p p,  so  the  rectangle  is  a  square. 


15.  The  distance  from  a  point  (x,  y)  on  the  line  to  the  origin  is  J (x  —  0)2  +  O'  -  0)2  =  -Jx2  +  y2. 

However,  it  is  easier  to  work  with  the  square  of  the  distance,  that  is, 

D(x)  =  +  y2)2  =  x2  +  v2  =  x2  +  (4x  +  7)2  =  I  lx2  +  56x  +  49.  Because  the  distance  is  positive,  its 

minimum  value  will  occur  at  the  same  point  as  the  minimum  value  of  D. 

D'  (x)  =  34x  +  56,  so  O'  (x)  =  0  <=>  x  =  -  .  D"  (x)  =  34  >  0,  so  D  is  concave  upward  for  all  .v.  Thus,  D 
has  an  absolute  minimum  at.r  =  —  .  The  point  closest  to  the  origin  is  ff,  pj) 


16.  The  square  of  the  distance  from  a  point  (x,  y)  on  the  line  v  =  -6x  +  9  to  the  point  (-3,  1)  is 

D  (jr)  =  (.r  +  3)2  +  O’  -  l)2  =  (x  +  3)2  +  (— 6.t  +  8)2  =  37x2  -  90.r  +  73.  O'  (x)  =  74.x  -  90,  so  D'  (x)  =  0 
«  x  =  4^.  D"  (x)  =  74  >  0,  so  D  is  concave  upward  for  all  x.  Thus,  D  has  an  absolute  minimum  at  x  = 

The  point  on  the  line  closest  to  (—3,  1)  is 


17.  By  symmetry,  the  points  are  (x,  y)  and  (x,  —  y),  where  y  >  0.  The  square  of  the  distance  is 

D(x)  =  (x  -  2)2  +.v2  =  (x  -  2)2  +  (4  +  x2)  =  2.x2  —  4x  +  8.  So  D'  (x)  =  4x  -  4  =  0  =*  x  =  I  and 

y  =  ±V4  +  1  =  ±\/5.  The  points  are  (..±75). 


18.  The  square  of  the  distance  from  a  point  (x,  y)  on  the  parabola  x  =  — y2  is 

x2  +  0'  +  3)2  =/  +y2+6y  +  9=  DO')-  Now  D'  O')  =  4y3  +  2y  +  6  =  2  O’  +  1)  (2y2  -  2y  +  3).  Since 
2v2  —  2y  +  3  =  0  has  no  real  roots,  y  =  —  I  is  the  only  critical  number.  Then  x  =  —  (—  1  )2  =  — I,  so  the  point  is 


19. 


Area  of  rectangle  is  (2x)  (2 y)  =  4xy.  Also  r2  =  x2  +  y2  so 
y  —  •Jr2  —  x2,  so  the  area  is  A  (x)  =  4xvV2  —  x2.  Now 

(  _  ^2  \  j.2 _ 

■Jr2  -  X2 - .  .  I  =  4  -  The  critical  number 

Vr2-x2/  Jr2—x2 

isx  =  -j^r.  Clearly  this  gives  a  maximum. 

y  =  Jr2  -  (±jr)  =  •J\r2  =  -^r  =  x,  which  tells  us  that  the  rectangle 
is  a  square.  The  dimensions  arc  2.x  =  V2r  and  2 y  =  V2r. 
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Area  is  4 xy.  Now  the  equation  of  the  ellipse  gives  y  =  ~  >Ja2  —  x2.  so 


r  V 

0 

we  maximize  A  (x)  =  4-xVa2  —x2. 

a 


- ] _ A'  (x)  =  +  —  [ - J^L_ 

a  a  [  2Va2  —  x2 . 

So  the  critical  number  is  x  =  and  this  clearly  gives  a  maximum.  Then  y  —  -j*b,  so  the  maximum  area  is 

4(^')(»=2o/’- 


^i-y  &L  r-  r-  n 

— — - - =  —  v 3  (similar  triangles)  V3x  =  Xf  I.  -  y  => 

y  =  Q  (L  —  2jc).  The  area  of  the  inscribed  rectangle  is 
A  (x)  =  (2 x)y  =  -fix  (i  -  2x)  where  0  <  x  <  i  / 2.  Now 
0  =  /I'  (x)  =  vli  -  4V3x  =>  x  =  V3i  /(4v/3)  =  i/4.  Since 
(0)  =  A  (i/2)  =  0,  the  maximum  occurs  when  x  =  i/4,  and 
y  =  i  —  l.  =  ^i.  so  the  dimensions  are  i/2  and  ^i. 


Hie  rectangle  has  area  A  (x)  =  2x.v  =  2.v  (8  -  x2)  =  16x  —  2x3,  where 
0  <  x  <  2s/2.  Now  (x)  =  16  -  6x2  =0  =»  x  =  2^.  Since 
(x,.v)  ,i  (0)  =  A  (2s/2^  =  0.  there  is  a  maximum  when  x  =  2^/J.  Then 
y  =  y,  so  the  rectangle  has  dimensions  and  y . 


P 


ein 


The  area  of  the  triangle  is 

A  (x)  =  i  {It)  (r  +  x)  =  /  (r  +  x)  =  %/r5  -  x*  ( r  +  x).  Then 

+  jr 

0  =  A'(x)=r—p^=  +  Vr*-x*+x—^L= 

1  2 Vr2-x2  2\/r2  -  x2 

X2  +  rx  rr: - r 

= - ,  -  .  +  \/r2  -x2  =J 


=  s^f2  ~  x2  =»  x2  +rx  =  r2  —  x2  =>  0  =  2x2  +  rx  -  r2  =  (2x  -  r)  (x  +  r)  =>  x 

1  =  ~r ■  Now  A  (r)  =  0  =  A  (— r)  =>  the  maximum  occurs  where  x  =  jr,  so  the  triangle  has  height 

r  +  kr  =  T  and  basc  =  2/fr2  = 
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The  rectangle  has  area  xy.  By  similar  triangles 


i-y  3 


—4 y  +  12  =  3*  ory  =  -  |x  +  3.  So  the  area  is 

A(x)  =  x  (-|x  +  3^  =  -  |x2  +  3x  where  0  <  x  <  4.  Now 

0  =  A'(x)  =  -jx  +  3  =»  x  =  2  andy  =  5.  Since  A  (0)  =  A  (4)  =  0, 

the  maximum  area  is  ^4  (2)  =  2^4)  =  3  cm2. 


The  cylinder  has  volume  V  =  x y2  (2x).  Also  x2  +  y2  =  r2  => 
y2  =  r2  -  x2,  so  V  (x)  =  it  (r2  -  x2)  (2x)  =  2ff  (r2x  -  x3),  where 
0  <  x  <  r.  V  (x)  =  2ir  (r2  —  3x2)  =0  =3  x  =  r/yj 3.  Now 

V  (0)  =  V  (r)  -  0,  so  there  is  a  maximum  when  x  =  r  jy/ 3  and 

V  (r  j n/5)  =  x  ( r 2  -r2/ 3)  ^2r  j =  4 xr3  j  (3V3)  . 


By  similar  triangles,  y/x  =  h/r.  so  y  =  hx/r.  The  volume  of  the 
cylinder  is  xx2  (h  —  y)  =  xhx2  -  ( xh/r)x 3  =  V  (x).  Now 
V'(x)  =  2xhx-(3xh/r)x2  =xhx(2-3x/r).  So0=T'(x)  => 

x  =  0  or  x  =  jr.  The  maximum  clearly  occurs  when  x  =  and  then  the 

volume  is  x  (jrj  h  (l  -  3)  =  yjxr2h. 


The  cylinder  has  surface  area  2>r>'2  +  2 xy  (2x).  Now  x2  +  y2  =  r2 

y  —  * Jr 2  —  x2,  so  the  surface  area  is 

S(x)  =  2tr  ( r 2  -  x2)  +  4 xxy/r2  -  x2,  0  <  x  <  r. 

S  (x)  =  -4xx  +  4x  \lr2  -x2  -  4xx2/y/r2  -  x2 
4x  (r2  -  2x2  —  X'Jr2  -*2) 


xy/r^--x*  —  r2  —  2x2  (★)  =4  x2  (r2  - x2)  =  r*  -  4r2x2  +  4x4  =>  5x4  -  5r2x2  +  r"  =  0.  By  the 

quadratic  formula,  x2  =  ^f^r2,  but  we  reject  the  root  with  the  +  sign  since  it  doesn’t  satisfy  (★).  So 
x  —  J5~t/*r.  Since  S  (0)  =  5(r)  =  0,  the  maximum  occurs  at  the  critical  number  and  x2  =  5  ~j/V2  => 
y2  --  5*t/*r2  =>  the  surface  area  is  2x  r2  +  4x  =  xr2  ^1  +  y/t^. 
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28. 


Wc  arc  given  2y  +  x  +  it  =  30.  soy  =  ^30  -  x  -  ^)-  The  area 
is*'+M§)2  ,  so 

A  (x)  =  .x  (l5  -  ^  +  j,xx2  =  I5x  • 

=  0  =»  x  = 


2  4 

4'(x)  =  15  —  (1  +  J)x  i 


ijt2  -  ix2 
2x  -jX  . 


15 


60 


Clearly  this  gives  a  maximum,  so  the  dimensions  are  x  —  60  IT  and  y  =  15-  30 


I  +  jt/4  4  +  ir 

15ji  30 


29. 


the  height  of  the  rectangle  is  half  the  base. 

xy  =  384 


4  +  a 


4  +  )r  4  +  x  4  +  ar 


ft  so 


30. 


31. 


2 

- 1- 

x  — 2 

y-3 

y 

■  i  • 

1  ;  *• 

_ l _ ± _ 

10 

*  1  10 

—  X 

□s  A-1^1 


y  =  384/x.  Total  area  is 
/f(x)  =  (8+x)(12  +  384/x)  =  !2(40  +  x  +  256/x),so 


y+12  =  12  (1  -  256/x2)  =  0  =>  x  =  16.  There  is  an  absolute 


minimum  when  x  =  16  since  A‘  (x)  <  0  for  0  <  x  <  16  and  A’  (.x)  >  0 
for  x  >  16.  When  x  =  16,  y  =  384/16  =  24,  so  the  dimensions  are 
24  cm  and  36  cm. 

xy  =  180,  soy  =  180/x.  The  printed  area  is 

(x  -  2)  (y  -  3)  =  (x  -  2)  (180/x  -  3)  =  186  -  3x  -  360/x  =  A  (x). 

A1  (x)  =  -3  d-360/x2  =  Owhenx2  =  120  =>  x  =  2730.  This  gives 
an  absolute  maximum  since  A’  (x)  >  0  for  0  <  x  <  2730  and  A’  (x)  <  0 
forx  >  2730.  When  x  =  2730,  y  =  180/(2730),  so  the  dimensions  are 
2730  in.  and  90/730  in. 

Let  x  be  the  length  of  the  wire  used  for  the  square.  The  total  area  is 


10  -x 
3 


=  ■r-v2  +  ^j(IO  —  x)2,0<x  <  10 


^'(x)  =  Jx-^(10-X)  =  0  «  ’x  +  ^x-i^=0  «*  x  =  ^. 
A  (°)  =  (#)  100  »  4.81,  A  (10)  =  $  =  6.25  and  A  (^r})  =»  2.72,  so 

(a)  The  maximum  area  occurs  when  x  =  10  m,  and  all  the  wire  is  used  for  the  square. 

(b)  The  minimum  area  occurs  when  x  =  4  .35  m. 


Now 


32. 


Total  area  is 


10-x 


□«  0 


=(09 


* - =0 

n 


0<x  <  10.  A’(x)~  -  -  -^-0- 
8  2n 

x  =  40/  (4  +  tt).  A  (0)  =  25/a  as  7.96,  A  (10)  =  6.25,  and 
A  (40/  (4  +  a))  as  3.5,  so  the  maximum  occurs  when  x  =  0  m  and  the 
minimum  occurs  when  x  =  40/  (4  +  n)  m. 
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33. 


T  he  volume  is  /'  =  xr2h  and  the  surface  area  is 


S  (/*)  =  nr1  +  2k  rh  —  nr~  +  2  nr 


(£)- 


nrL  + 


2  V 


S'  (/•)  =  2nr  -  =  0 


2tt/-3  =  21' 


This  gives 
V 


:s  an  absolute  minimum  since  S  (r)  <  0  for  0  <  r  <  and  S'  (r)  >  0  for  r  >  When  r  —  . 


r 


./r 

h  =  — e  = - rpi  =  >/  —  cm 

>rrJ  ?r  (V/k)1'2  V  * 


34. 


L  =  8csc 0  +  4  sec#,  0  <  0  <  $ . 

—  =  -  8  esc  0  cot  #  +  4  sec  0  tan  0  =  0  when  see  0  tan  0  =  2  esc  0  cot  0 
dO 

<=>  tan3  0  =  2  <=>  tan#  =  v^2  o  #  =  tan-1  1/2.  d L/dO  <  0 
when  0  <  0  <  tan'1  1/2.  dL/dO  >  0  when  tan-1  1/2  <  0  <  § ,  so  L  has 
an  absolute  minimum  when  0  =  tan-1  1/2,  so  the  shortest  ladder  has 

length  L  =  8^‘^  f '3  +  4x/l  +  22/3  «  16.65  ft. 

t  8 

Another  Method:  Minimize  L?  =  x2  +  (4  +  y)2,  where  — —  =  -. 

4  +  T  y 


h2  +  r2  =  R2  =»  V  =  ^r2/t  =  y  (#2  —  /i2)  h  =  j  (/f2#  —  A3). 
I"  (/i)  =  i  (#2  -  3/i2)  =  0  when  It  =  -j-  R.  This  gives  an  absolute 
maximum,  since  \"  (h)  >  0  for  0  <  h  <  -4=  R  and  I"  (h)  <  0  for 

v3 

It  >  -U  It.  Maximum  volume  is 
v  (73«)  =  7(75/?3  *’• 


al.n2 

36.  (a)  £  («)  = - 


£'  (»)  =  aL 


(o  -  «)  3 a2  —  »J 

(n  -  it)2 


=  0  when 


2h3  =  3uu2  =>  2u  =  3 u  =>  it  =  5 u.  Hie  First  Derivative 
lest  shows  that  this  value  of  n  gives  the  minimum  value  of  £. 


SECTION  4.7  OPTIMIZATION  PROBLEMS  LI  271 


37.  S  =  6s h  —  ys2  cot  0  +  3s2 esc  0 


(a)  —  =  js2  esc” (I  —  3s2 ^  esc 0 cot 0  or  4s2  csc/7  ^cse/7  —  \^3 cut  // Y 


dS  ^ 

(b)  —  —  0  when  esc  0  -  >/3  cot  0  =  0 
d(> 


I  yjcosfl  ^ 
sin  0  sin  0 


cos  /7  =  -j..  The  First  Derivative  Test 


shows  that  the  minimum  surface  area  occurs  when  /7  =  cos-1  v  55°. 


(c) 


38. 


1 5  kin/li 


20  km/h 


•0 


If  cos  0  =  ^=,  then  cot/7  =  and  csc/7  =  ^j.  so  the  surface  area 

isS  =  bsh  -  5»2^  +3s2^^  =6s/i  -  ^j.v2  +  j^*2  =6s  (/i  +  j^s) 


Let  /  be  the  time,  in  hours,  after  2:00  I’.M.  The  position  of  the  boat  heading 
south  at  lime  /  is  (0,  -20/).  The  position  of  the  boat  heading  east  at  time  / 
is  (— 15  +  15/,  0).  If  D(l)  is  the  distance  between  the  boats  at  time  /.  we 
minimize /(/)  =  |£>(/)]2  =  20 2/2  +  I52(/  -  I)2. 
f  (/)  =  800/  +  450  (/  -  I )  =  1250/  -  450  =  0  when  /  =  JSj,  =  0.36  h. 


=  216  mm  —  2 1  min  36  s.  Since  /"  (/ )  >  0.  this  gives  a 
minimum,  so  the  boats  are  closest  together  at  2:2 1 :36  p.M. 


Jx-  +  25  5  -  » 

39.  Here  T  (x)  =  ■  /  +  ±— 0  <  *  <  5 

6  8 


T  (x)  = 


x  1  - 

=  —  -  =  0  <=>  8.v  =  6Vx2  +  25  » 


6->/.v2  4-  25  8 

16.v2  —  9  (,t2  +  25)  <=>  x  =  f.T  But  >  5,  so  T  has  no  critical  number.  Since  T  (0)  ss  1 .46  and 
T  ( 5)  1 . 1 8,  he  should  row  directly  to  II 

40.  In  isosceles  triangle  AOB,  LO  —  180°—  0-0,  so/.  HOC  2/7  The 

distance  rowed  is  4  cos/7  while  the  distance  walked  is  the  length  of  arc 
HC  =  2  (2/7)  =  4/7.  The  time  taken  is  given  by 
4  cos  0  4/7 

T  ( 0 )  =  — - —  +  —  =  2cos/7  +  0. 0  <  0  <  f . 

2  4  i 

T‘  (0)  =  — 2  sin/7  +  I  =  0  <6»  sin/7=J  =>  /7=*. 

Cheek  the  value  of  7"  at  /7  =  £  and  at  the  endpoints  of  the  domain  of  that  is.  0  —  0  and/7  —  *  .1  (0)  —  2. 

T  ( j)  —  >/5  +  z  2.26.  and  /’(!)  =  y  ^  1.57.  Therefore,  the  minimum  value  of  /'  is  L  when  0  —  T- .  that  is. 

the  woman  should  walk  all  the  way.  Note  that  T"  (/7)  =  -2  cos/7  <  0  for  0  <  0  <  4.  so  0  =  |  gives  a  maximum 

time. 


41. 


3k  k 

The  total  illumination  is  /  (.v)  =  —  H - y,  0  <  x  <  10.  I  hen 


4 


2k 


/'(*)  =  — y-  + 

v3  (10 -x) 


4^3(IO-.v)=x  =>  ,v  =  ■ 

I  +  ^5 

since  /"  (x)  >  0  for  0  <  ,v  <  10. 


x2  (10  — x)2 

j=0  =»  6*(IO-x)J  =  2*x3  =» 

10^3 


5.9  ft.  T  his  gives  a  minimum 
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42. 


The  line  with  slope  m  (where  m  <  0)  through  (3,  5)  has  equation  y  —  5  =  m  (x  —  3) 
or  y  =  m.x  +  (5  -  3m).  The  ^-intercept  is  5  -  3m  and  the  a: -intercept  is  -5/m  +  3. 

So  the  triangle  has  area  A  (m)  =  j  (5  —  3m)  (—5/m  +  3)  =  15  —  25/  (2m)  —  |m. 

Now  A'  (m)  =  — — r  -  -  =  0  <=>  m  =  - 1  (since  m  <  0).  A"  (m)  =  --^  >  0.  so 
2m-1  2  m- 

therc  is  an  absolute  minimum  when  m  =  —  j.  Therefore,  the  equation  of  the  line  is 


y  —  5  =  —  |  (x  —  3)  or  y  =  —5*  +  10. 


A  Here  s~  =  h1  +  67' 4.  so  /r  =  s2  —  A  7' 4  The  area  is  .4  —  5  b vAv -  —  A7/4.  Let  the 

perimeter  be  p,  so  2s  +  b  =  p  or ,s  =  (p  —  b)  /2  => 

_ _ 

A  (h)  =  {bJ(p-b)2/4-b2/4  =  hjp2  -  2pA/4.  Now 

/T'  (6)  =  ^  - ,  ■■■  =  Therefore,  /I'  (6)  =  0 

' - r - -  4  vV  -  2pb  Ay/p1  -  2p6 

P 

=>  -3pb  +  p2  =  0=>  b  =  p/3.  Since  /('  (A)  >  0  for  h  <  p/3  and  A'  (6)  <  0  for  b  >  p/3,  there  is  an  absolute 
maximum  when  b -p/3.  But  then  2s  +  p/3  =  p  so  s  =  p/3  =*  s  =  b  =s  the  triangle  is  equilateral. 


Therefore,  A’  (b)  =  0 
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Now  we  must  check  the  value  of  A  at  this  point  as  well  as  at  the  endpoints  of  the  domain  to  see  which  gives  the 
maximum  value.  A  (0)  =  «VA2  -  a2,  A  (a)  =  0  and 


oA  a2  b2  1  ab  ( a 2  +  A3) 

y/a^  +  A2  .  y/a2  +  A 2  y/a2  -f  A 2  J  a2  +  b2 


Since  A  >  VA2  —  a2 ,  A  (a2/y/ a-  +  b^\  >  A  (0).  So  there  is  an  absolute  maximum  when  x  =  _  In  this 

case  the  horizontal  piece  should  be  and  the  vertical  piece  should  be  +  h\  =  V<?+ A- 


y/a2  +  A2 


y/ a2  +  A2 


45.  L  (x)  =  |/t/>|  +  \RP\  +  |C/>|  =  x  +  v/(5  - x)1  +  22  +  v'js"- *)2  +  32 


=  X  +  y/x1  -  lOx  +  29  +  y/x-  -  I0.X  +  34 
•v  -  5  x  -  5 


L'(x)=  1  + 


y/x2  —  I  Ox +29  +  \/.v 2  -  lOx  +  34 


From  the  graphs  of  /.  and  L\  it  seems  that  the  minimum  value  of  L  is  about  /,  (3.59)  —  9,35  m 


46.  We  note  that  since  c  is  the  consumption  in  gallons  per  hour,  and  v  is  the  velocity  in  miles  per  hour,  then 
c  gallons/hour  gallons 

«  "  miles/hour  =  ~rnikT  8'VeS  US  the  consumP,ion  in  gallons  per  mile,  that  is,  the  quantity  C.  To  find  the 


ii  d(J 

minimum,  we  calculate  — 
d  11 


dc  d» 

iL  /£\  _  do  C  dv  _ 
du  \iiJ  n2 


This  is  0  when  0—  -  c  —  0  <=>  —  =  y.  This  implies  that  the  tangent 

line  ofc  (»)  passes  through  the  origin,  and  this  occurs  when  n  =»  53  mi/h. 
Note  that  the  slope  of  the  secant  line  through  the  origin  and  a  point 
(«,  c  (»))  on  the  graph  is  equal  to  G  (»),  and  it  is  intuitively  clear  that  G  is 
minimized  in  the  case  where  the  secant  is  in  fact  a  tangent. 
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The  total  time  is 

T  (x)  =  (time  from  A  to  C)  +  (time  from  C  to  B) 

V]  02 


,  x  d  —  x  sin0|  sin02 

T'  (x)  = - .  . - .  - =  = - 

i)\y/a 2  +  x2  niy/b*  +  (d  —  x)2  !,2 

.  „  sin  0i  sin  02 

The  minimum  occurs  when  7  (x)  =  0  =>  - = - . 

O  l  1)2 

If  d  =  \Q7'l  we  minimize  /(0i)  =  +  |/?S|  =  a  csc0j  +  6 esc #2* 

df 

DifTcrcntiating  with  respect  to  0|,  and  setting  — -  equal  to  0,  wc  get 

dU\ 

df  n  d02 

— —  =  0  =  -flcsc0i  cot0j  —  b esc 02  cot 02 ~7~r • 
d0\  dO\ 


So  we  need  to  find  an  expression  for  — — .  We  can  do  this  by  observing  that  \QT\  =  constant  =  a  cot0i  +  b  cot 02- 

du\ 


,2nd0  2 


Differentiating  this  equation  implicitly  with  respect  to  0 1 ,  wc  get  -acsc*0i  —  b  esc-  (>2  =  0 

dt>2  acsc20|  ...  ,  df 

=»  — -  = - t — .  We  substitute  this  into  the  expression  for  to  get 

dO  1  b  esc2  (>2  dO  1 

(acsc20|\  „  „  csc20icot02 

—  o cse2 0  )  ~  Q  *=*  -ocsc0|  cot0i  +  o — - = 


-a  esc  0 1  cot  0i  -  b  CSC  02  cot  02  I 


esc2  01  cot  05 

0  «  — ocsc0|  cot0i  +  0 - - - =0  <=> 

esc  02 


cot  0i  esc  02  =  esc  0i  cot  02  o  COt^~  —  1:0102  «=>  cos  0i  =  cos  02-  Since  0i  and  02  are  both  acute,  we 

CSC  01  CSC  02 

have  0i  =02. 


x  0  A 

7*5=311 


y2  =  x2  +  z2,  but  triangles  CD  A'  and  BC  A  are  similar,  so 

4^,-  4  z/8  =  x  /(4Vx  -  4)  =>  z  —  lx  / y/x  -  A.  Thus,  we  minimize 

C  f(x)  =  y2  =  x2  +  4x2/(x  -  4)  =  x3/ (x  -  4),  4  <  x  <  8. 

...  3x2(x-4)— x3  2x2(x  — 6)  ,  .  n 

f  (*)  = - 7 - 73 - =  - 7(2  =  0  when  *  =  6.  /  (x)  <  0 

(x  -  4)2  (x  -  4) 

when  x  <  6,  /'  (x)  >  0  when  x  >  6,  so  the  minimum  occurs  when 
E  , . 

x  =  6  in. 


6 

9 

/ b 

/ 

c 

y  ' 

problem.  Let  Z,  be  the  length  of  the  line  AC  B  going  from  wall  to  wall 
touching  the  inner  comer  C.  As  0  — »  0  or  0  — >  §,  we  have  L  — »  oo  and 
there  will  be  an  angle  that  makes  L  a  minimum.  A  pipe  of  this  length  will 
just  fit  around  the  corner. 
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dL/dO  =  —  9csc//cot/?  +  6  see  0  tan  0  —  0  when 


From  the  diagram,  L  =  L\  +  7,2  =  9csc/7  +  6sec/7 

6sec/7tan0  =  9csc//cot/7  c=>  tan3  0  =  |  =  1.5  <=>  tan 0  =  ^TI.  Then  sec2  0  =  1  +  and 

csc20=l  +  (§)  /  .  so  the  longest  pipe  has  length  /,  =  9  |^1  +  (§)  '  3J  +  6  ^1  +  (|)2/'"|  =»  21.07  ft. 

Or,  use  0  =  tan-1  ( 7T5)  =  0.852 


51. 


=>  L  =  9csc0  +  6sec0  %  21.07  ft. 

It  suffices  to  maximize  tan  0.  Now 

3/  .  ,  .„  tan  t/i  +  tan/7  /  +  lan0  „ 

—  =  tan  (w  +  0)  = -  = - .  So 

I  I  —  tan  (ir  tan  0  I  —  Man  0 

3/  (I  -  /  tan0)  =  /  +  tanfl  =>  2/  =  ( 1  +  3/2)  tan 0 

tanO=T^I.I.et/(r)  =  tanO  =  TA7I  =* 

A 


r(o=2(,+3,2)-2:(60=2-^=o  «  i - 3/j = o 


(1  +  3/2) 


(I  +  3/2)2 


<=>  / 


_  _L 


since  t  >  0.  Now  /'(/)>  0 


for  0  <  /  <  and  f  (/)  <  0  for  /  >  so  /  has  an  absolute  maximum  when  /  =  -i  and 
2(l /v3)  , 

tan 0  —  — =  ^5  ^  0  ~  z-  Substituting  for  1  and  0  in  3/  =  tan ( vz  + 0 )  gives  us  V3  =  Ian  (y/  +  | ) 


52. 


We  maximize  the  cross-sectional  area 

.4(0)  =  10/1  +  2  (\dh)  =  1 0/i  +  i7/i  =  10(10 sin 77)  +-  (10 cos 72) (10 sin 7?) 

=  100  (sin  0  +  sin0cos0),  0  <  0  <  j 

A'(0)  =  100  (cos//  +  cos2  0 -sin2//)  =  1 00  (cos  0  +  2  cos2  0  -  l)  =  100  (2  cos//  -  I)(cos0  +  1) 

=  0when  cos0  =  ^  <=>  0  =  ^.  (cos0  5A -1  since  0  <  0  <  f.) 

Now  A  (0)  =  0,  A  (§)  -  100  and  A  ( j)  —  75\/3  ss  129.9,  so  the  maximum  occurs  when  0  =  y . 

53-  a  =  W  sin  0,  c  ~  If  cos  0,  b  =  L  cos  0,  d  —  L  sin  0.  so  the  area  of  the 

circumscribed  rectangle  is 

A  (0)  =  (a  +  b)  (c  +  d)  =  (IV  sin//  +  L  cos 0)  ( IV  cos 0  +  L  sin//) 
=  /.  IV  sin2  0  +  LW  cos2  0  +  (7, 2  +  IF2^  sin //cos// 

=  LW  +  \  (f.2  +  IF2)  sin 2(7,0  <  0  <  § 

This  expression  shows,  without  calculus,  that  the  maximum  value  of  A  (0)  occurs  when  sin  20  =  1  <=>  20  -  ■ 

=>  x  =  f.  So  the  maximum  area  is  A  (f)  =  LIV  +  \(L2  +  IV2)  =  i  (L  +  IV)2. 
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54.  (a)  I  .el  D  be  the  point  such  that  a  =  \AD\.  From  the  figure,  sin/7  =  — — j  =>  |BC|  =  b  esc  77  and 


cos  77  = 


\BD\ 


\AB\ 


|BC|  |BC'| 
(a  -  |.l«|)scc77  =  A  csc/7 


«(»)  =  <■ 


m  rIBC| 
+  * 


|BC| 

|BC[  =  (a  -  M£|)sec77.  Eliminating  |BC|  gives 

A  cot  77  =  a  —  \A  B\  =>  \AB\  =  a  -b cot/7.  The  total  resistance  is 

r  — Acot77  7>csc6 
+  ■ 


BC|  fa  —  bcotl)  hcscf)\ 

T  V~T"  +  r}  ) 


tb) 


(/>  esc3  0  b  esc  0  cot  0  \  ._  ,./  esc  17  cot  77  \ 

- - __j  =  6Ccsc^-r--rJ 


esc  0  cot  0 

«=»  -5-  =  - - 

'l  r2 

esc  77  cot  77 


<=>  -r  = 


J  =  ^=cos77. 
4  esc  77 


77'  (77)  >  0 

rl  r2 

minimum  when  cos  77  =  rS'/'i' 

(c)  When  n  =  §n.  "c  have  cos77  =  (fj)  .  so  77  =  cos-1  (j)  79°. 

55.  (a) 


cos 77  <  -4  and  «'  (77)  <  0  when  cos77  >  -j,  so  there  is  an  absolute 
r4  ri 


B  *  C  I3-*  D 

If  k  =  cnergy/km  over  land,  then  energy /km  over  water  =  1.47..  So  the  total  energy  is 

, _ _  dE  l.4fcr  .  „  dE 

E=  1. 4*s/25  +  x2  +  k  (13  -.x),  0<  x  <  13,  and  so  —  = 

’\'72 


m~kSetd7  =  0 


d*  (25+ a2)' 

l.4*.x  =  A  (25 +.x2)’'4  =»  l.96.tJ  =  x2  +  25  =»  0.96x2  =  25  =»  x  =  =»  5. 1  .Testing  against 

the  value  of  E  at  the  endpoints:  E  (0)  =  I  Ak  (5)  +  137:  =  207:.  E  (51)  ^  I7.9A.  £  (13)  se  19.57c.  I  hus.  to 
minimize  energy,  the  bird  should  fly  to  a  point  about  5. 1  km  trom  B. 

(b)  If  WjL  is  large,  the  bird  would  fly  to  a  point  C  that  is  closer  to  B  than  to  D  to  minimize  the  energy  used  flying 
over  water.  If  W /L  is  small,  the  bird  would  fly  to  a  point  C  that  is  closer  to  D  than  to  B  to  minimize  the 


dE 


IV  x 


-  I.  =  0  when 


distance  ofthe  flight.  £  —  0  >/25  +  .x2  +  L  (13  — .x)  =»  ~  x- 

—  =  V'2-±-'-,  By  the  same  sort  of  argument  as  in  part  (a),  this  ratio  will  give  the  minimal  expenditure  of 

I.  x 

energy  if  the  bird  heads  for  the  point  a:  km  from  B. 


(c)  For  flight  direct  to  I).  x  =  13,  so  from  part  (b),  WjL  =  ^j-1— 


1 .07.  There  is  no  value  of  W / 1.  for  which 


the  bird  should  flv  directly  to  B.  But  note  that  lim  (W/L)  =  oo.  so  if  the  point  at  which  £  is  a  minimum  is 

i-*0+ 

close  to  B.  then  W/L  is  large. 

(d)  Assuming  that  the  birds  instinctively  choose  the  path  that  minimizes  the  energy  expenditure,  we  can  use  the 


equation  for  dE /dx  -  0  from  part  (a)  with  1  Ak  =  c,  .x  =  4,  and  7:  =  I :  c  (4)  =  1  •  (25  +  4 


21 1/2 
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56.  (a)  /  (x)  oc 


strength  of  source 


(distance  from  source) 

k  k 

1  (*)  =  .■■>'■  7t  + 


7.  Adding  the  intensities  from  the  left  and  right  lightbulbs. 


X2  +  <fl  ^  (to  -  x )-  +  d2  x2  f  d2  +  x2  -  20x  +  too  +  d2  ' 

(b)  The  magnitude  of  the  constant  k  won’t  affect  the  location  of  the  point  of  maximum  intensity,  so  for  convenience 

2  (x  —  10) 


vve  take  k  =  1.  /'  (x)  =  — - 


Zx 


(x2  +  d2)  (x2  -  20x  +  100  +  d2Y 

Substituting  d  =  5  into  the  equations  for  /  (x)  and  /'  (x).  we  get 


Is  (x)  = 


1 


1 


x2  +  25 


x2  —  20x  +  125 
n  oos _ 


and  /j  (x)  =  — 


2  (x  -  10) 


(x2  +  25)2  (x2  -  20x  +  1 25)~ 

From  the  graphs,  it  appears  that  Is  (x) 
has  a  minimum  at  x  =  5  in. 


(c)  Substituting  d  =  10  into  the  equations  for  /  (x)  and  /'  (x)  gives  /|o  (x)  = 


1 


I 


x2  +  100  x2  —  20x  +  200 


and 


l\o(x)  — 


2x 


[x2  +  100)" 


2(x  -  10) 

(x2  -  20x  +  200) 2 
0000s 


c  —  ~~ — — - — — N 

lw 

10 

From  the  graphs,  it  seems  that  for 
d  —  10.  the  intensity  is  minimized  at  the 
endpoints,  that  is.  x  =  0  and  x  =  10.  The 
midpoint  is  now  the  most  brightly  lit 
point! 


0.014  -00000 

(d)  From  the  first  figures  in  parts  (b)  and  (c).  we  see  that  the  minimal  illumination  changes  from  the  midpoint 
(x  =  5  with  d  =  5)  to  the  endpoints  (x  =  0  and  x  =  10  with  d  —  10). 


0.0565 

K 


1 

' 

/ 

\ 

1. 

\  7(0)  /( 5) 

\y 

10  0 

. _ .  _ _ _ _ _ > 

m 

0.0525  »  0,0215  r  -O.OI  ,/ 

So  we  try  d  =  6  (sec  the  first  figure)  and  we  sec  that  the  minimum  value  still  occurs  at  x  =  5.  Next,  we  let 
d  =  8  (sec  the  second  figure)  and  we  see  that  the  minimum  value  occurs  at  the  endpoints.  It  appears  that  for 
some  value  of  d  between  6  and  8.  we  must  have  minima  at  both  the  midpoint  and  the  endpoints,  that  is.  /  (5) 
must  equal  /  (0).  To  find  this  value  of  d,  we  solve  /  (0)  =  /  (5)  (with  k  —  I): 

II  112 

d2  +  100  +  rf2  -  25  +  d-  +  25  +  d-  ~  25  +  d2  ^ 

(25  +  d2)  (100  +  d2)  +  d2  (25  +  d2)  =  2d2  (100  +  d2)  =» 

2500  +  1 25 d2  +  d4  +  25</2  +  d4  =  200d2  +  2d4  =>  2500  =  50 d2  =>  d2  =  50 
d  =  5VZ  *4  7.071  (for  0  <  d  <  10).  The  third  figure,  a  graph  of  /  (0)  —  /  (5)  with  d  independent,  confirms 
that  /  (0)  —  /  (5)  =  0,  that  is,  /  (0)  =  /  (5),  when  d  =  5~/2.  t  hus  the  point  of  minimal  illumination  changes 
abruptly  from  the  midpoint  to  the  endpoints  when  d  =  5%/2. 
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Applied  Project  □  The  Shape  of  a  Can 

1.  In  this  case,  the  amount  of  metal  used  in  the  making  of  each  top  or  bottom  is  (2 r)2  =  4  r2.  So  the  quantity  we  want 

to  minimize  is  A  =  2k rh  +  2  (4r2).  But  V  =  nr2 It  <=>  h  =  V/k r2.  Substituting  this  expression  for  h  and 

differentiating  A  with  respect  tor,  we  get  dA/dr  =  —2V/r2  +  16r  =  0  I6rj=2l  =2 nr~li  <=> 

h  8  d2  A  4  V 

—  =  — .  This  gives  a  minimum  because  ——r  =  16  H — r-  >  0. 
r  n  dr 2  r 3 

2.  We  need  to  find  the  area  of  metal  used  up  by  each  end,  that  is,  the  area  of  each 

hexagon.  We  subdivide  the  hexagon  into  six  congruent  triangles,  each  sharing 
one  side  (s  in  the  diagram)  with  the  hexagon.  We  calculate  the  length  of 
s  =  2r  tan  J  =  -^=r,  so  the  area  of  each  triangle  is  jsr  =  -Lr2.  and  the  total 

area  of  the  hexagon  is  6  •  ^-r2  =  2 -Jlr2 .  So  the  quantity  we  want  to  minimize 
is  A  =  2nrh  +  2  •  2-v/j r2. 

Substituting  for  li  as  in  Problem  I  and  differentiating,  we  get  ~  =  — —  +  8 -/>.  Setting  this  to  0,  we  get 


—  =  ^  — .  Again  this  minimizes  A  because  -~-r  =  8\/3  +  — r-  >  0. 
rn  dr 2  H 


d~  A 


4P 


=21'=  2jt  r2li  => 

3.  Let  C  =  4>/3r2  +  2xrh  +  k  (4 nr  +  h)  =  4>/3r2  +  2irr  k  Thcn 

dC  2V  2k V  K  ,  .  K  A 

-  =  8 Vir - =  +  4/cjt - r.  Setting  this  equal  to  0,  dividing  by  2  and  substituting  —  ~irh  and  — j  =  - 

dr  r2  n  r}  f  trr  r 

r  kh 

in  the  second  and  fourth  terms  respectively,  we  get  0  =  4v3r  -  xh  +  2kit - <=> 


k  ^2jt  —  =  irli  -  4\/3i 


k  2rr  -  h/r 


r  => - — —  =  1.  We  now  multiply  by  — ,  noting  that 

r  ich/r  -  4>/3 


vv 

k  ' 


ifv  k  SIY  _  ,[7h  and  et  VV  _  ,/)r It  2n  -  A/r 

k  r  V  r3  V  r  k 


r  irlt/r  —  4v/3 

We  see  from  the  graph  that  when  the  ratio  Yv/k  is  large,  that  is,  either  the 
volume  of  the  can  is  large  or  the  cost  of  joining  (proportional  to  k)  is  small, 
the  optimum  value  of  h/r  is  about  2.21,  but  when  YV /k  is  small, 
indicating  small  volume  or  expensive  joining,  the  optimum  value  of  h/ r  is 
larger.  (The  part  of  the  graph  for  VV/k  <  0  has  no  physical  meaning,  but 
confirms  the  location  of  the  asymptote.) 

5.  Our  conclusion  is  usually  true  in  practice.  But  there  are  exceptions,  such  as  cans  of  tuna,  which  may  have  to  do 
with  the  shape  of  a  reasonable  slice  of  tuna.  And  for  a  comfortable  grip  on  a  soda  or  beer  can,  the  geometry  of  the 
human  hand  is  a  restriction  on  the  radius.  Other  possible  considerations  arc  packaging,  transportation  and  stocking 
constraints,  aesthetic  appeal  and  other  marketing  concerns.  Also,  there  may  be  better  models  than  ours  which 
prescribe  a  differently-shaped  can  in  special  circumstances. 
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Applications  to  Economics 


1.  (a)  C  (0)  represents  the  fixed  costs  of  production,  such  as 
rent,  utilities,  machinery  etc.,  which  are  incurred  even 
w  hen  nothing  is  produced. 

(b)  The  inflection  point  is  the  point  at  which  C"  (x)  changes 
from  negative  to  positive,  that  is,  the  marginal  cost  C'  (x) 
changes  from  decreasing  to  increasing.  So  the  marginal 
cost  is  minimized. 


(c)  The  marginal  cost  function  is  C'  (x). 
We  graph  it  as  in  Example  1  in 
Section  3.2. 


2.  (a)  We  graph  C'  as  in  Example  1  in  Section  3.2. 


td  2 


4  6 


(c)  Since  the  graph  in  part  (b)  is  decreasing,  we  estimate  that 
the  minimum  value  of  c  (x)  occurs  at  x  =  7.  T  he  average 
cost  and  the  marginal  cost  are  equal  at  that  value. 


(b)  By  reading  values  of  C  (x)  from  its 
graph,  we  can  plot  c  (x)  =  C  (x)  /x. 


3.  c(x)  =  21.4 -0.002.x  and  c  (x)  =  C  (x)  /x  =>  C  (x)  =  21.4x  -  0.002xJ.  C'  (x)  =  21.4  -  0.004x  and 
C'(1000)  =  17.4.  This  is  an  estimate  of  the  cost  of  producing  the  lOOIstunit. 


4.  (a)  Profit  is  maximized  when  the 
marginal  revenue  is  equal  to  the 
marginal  cost,  that  is,  when  R  and 
C  have  equal  slopes. 


(b)  P(x)=  R(x)-C(x)is 
sketched. 


(c)  The  marginal  profit  function  is 
defined  as  P'  (x). 


280  □  CHAPTER  4  APPLICATIONS  OF  DIFFERENTIATION 


5.  (a)  The  cost  function  is  C.  (x)  =  40,000  +  300.x  +  x2.  so  the  cost  at  a  production  level  of  1 000  is 
C  ( 1 000)  =  $  1 .340,000.  The  average  cost  function  is  c  (x)  =  300  -3-  x  an(j 


c  (1000)  =  S1340/unit.  The  marginal  cost  function  is  C'  (x)  =  300  +  2x  and  C'  (1000)  =  $2300/unit. 

x2  =  40,000 


(b)  We  must  have  C  (x)  =  c  (x)  <=>  300  +  2x  =  +  300  +  x  <=>  x  = 


x  x 

=>  x  =  y/ 40,000  =  200.  T  his  gives  a  minimum  value  of  the  average  cost  function  c  (x)  since 

„ ,  80,000 
c"  (x)  = - >  0. 


(c)  The  minimum  average  cost  is  c  (200)  =  $700/unit. 


/*’  (y\  2S  000 

6.  (a)  C  (x)  =  25,000  +  1 20x  +  0.  lx2,  C  (1000)  =  $245,000.  c  (x)  =  — —  =  — : - +  120  +  0.  lx, 

X  X 

c  (1000)  =  $245/unit.  C  (x)  =  120  +  0.2*,  C  (1000)  =  $320/unit. 

(b)  We  must  have  C  (x)  =  c  (x)  <=»  120  +  0.2x  =  +  120  +  0.  lx  <=»  0.  lx  =  => 

x  x 

0.  lx2  =  25.000  =>  x  =  v/250,000  =  500.  This  gives  a  minimum  since  c"  (x)  =  — >  0. 

x3 

(c)  The  minimum  average  cost  is  c  (500)  —  $220.00/unit, 

7.  (a)  C  (x)  =  45  +  ^  +  C  (1000)  =  $2330.71.  c  (x)  =  —  +  ^  + -^-,  c  (1000)  =  $2.33/unit. 

2  560  *  2  560 

C'(x)  =  C'(IOOO)  =  $4.07/unit. 

(b)  We  must  have C'(x)  =  c(x)  =»  \  +  ^  =  7  +  5  +  555  =»  7  =  5*0  =*  ^  =  (45) (560) 

=>  x  —  n/25.200  =3  159.  This  is  a  minimum  since  c"  (x)  =  90/x2  >  0. 

(c)  The  minimum  average  cost  is c  (159)  =  SI. 07/unit. 


2000 

8.  (a)  C(x)  =  2000+  lOx  +  0.00lx3,C (1000)  =  $1,012,000.  c(x)=  - +  10  +  0.00lx2, 

* 

c(l000)  =  S 1 01 2/unit.  C'(x)=  10  +  0.003.x2, C (1000)  =  $30l0/unit. 

(b)  We  must  have  C  (x)  =  c  (x)  <=»  10  +  0.003x2  =  +  10  +  O.OOIx2  o  =  0.002x2  <=> 

*  * 

x3  =  2000/0.002  =  1,000,000  <=>  x  =  100.  This  is  a  minimum  since  c"  (x)  =  4.  0.002  >  0  for 

Xs 

x  >  0. 

(c)  T  he  minimum  average  cost  is  c  (100)  =  $40/unit. 

2  « 

9.  (a)  C  (x)  =  2y/x  +  gjjjjjj,  <"(1000)  =  $188.25.  c  (x)  = +  ^,  c  (1000)  =  $0. 19/unit. 


C  (x)  =  -=  +  — — .  C  (1000)  =  $0.28/unit. 
y/X  4000 

I 


x  _  2  * 

Jx  +  4000  ~  ~jx  +  8000 


(b)  We  must  have  C  (x)  =  c  (x) 

x  =  (8000)2'3  =  400.  This  is  a  minimum  since  c"  (x)  =  |x-5^2  >  0. 

(c)  The  minimum  average  cost  is  c  (400)  =  $0. 1 5/unit. 


=  „  ^  =  8000  = 
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10.  (a )C(x)=  1000 +  96x  +  2x3/2,C  (1000)  =  $160,245.55.  c(x)  =  — —  +  96  +  2,/x,c(1000)  =  $160.25/unil. 
C'  (x)  =  96  +  3v/x.  C'  (1000)  =  $190. 87/unit. 

(b)  We  must  have  C'  (x)  =  c  (x)  o  96  +  3^/x  =  1000/x  +  96  +  2jx  es  =  1000/x  <=» 
x3/2  =  10(H)  »  x  =  (I000)-/3  =  100.  Since  c'  (x)  =  (x3/2  -  1000)  /x2  <  0  for  0  <  x  <  100  and 
c'  (x)  >  0  forx  >  100,  there  is  an  absolute  minimum  atx  =  100. 

(c)  The  minimum  average  cost  is  c  (100)  =  $l26/unit. 


1 1.  (a)  C  (x)  =  3700  +  5x  -  0.04x2  +  0.0003x3  =>  C'  (x)  =  5  -  0.08.x  +  0.0009x2  (marginal  cost). 


c  (x)  =  — ~  = - 1-  5  —  0.04x  +  0.0003x2  (average  cost). 


<b) 


The  graphs  intersect  at  (208.5 1 , 27.45).  so  the 
production  level  that  minimizes  average  cost 
is  about  209  units. 


(c)  c'  (x)  = - 5-  -  0.04  +  0.0006V  =  0  => 

xi 

X,  =  208.51.  c(xi)w$27.45/unit. 

(d)  C"  (x)  =  -0.08  +  0.0018x  =  0  => 

x,  =  $=  44  44.  C'  (X!)  =  $3. 22/unit. 

C"  (jc)  =  0.0018  >  0  for  all  x ,  so  this  is  the 
minimum  marginal  cost. 


12.  (a)  C  (x)  =  339  +  25x  -  0.09x2  +  0.0004x3  =s  C'  (x)  =  25  -  O.I8x  +  0.0012x2  (marginal  cost). 

,  .  C  (x)  339  , 

c  (x)  -  — - —  =  — —  +  25  —  0.09x  +  0.0004.V  (average  cost). 

339 

c'(x)  = - T  -0.09  +  0.0008X  =0  => 

x 1 

X|  s:  135.56.  c(xi)  =»  $22.65/unit. 

C"  (x)  =  -0. 1 8  +  0.0024x  =  0  => 
x  =  =  75.  C  (75)  =  $18.25/unit. 

C"  (x)  —  0.0024  >  0  for  all  x.  so  this  is  the 
minimum  marginal  cost. 

The  graphs  intersect  at  (135.56,  22.65),  so  the 
production  level  that  minimizes  average  cost 
is  about  136  units. 


(b) 


(c) 

(d) 


13.  C  (x)  =  680  +  4x  +  O.OIx2,  p(x)  =  12  =>  R(x)=xp(x)  =  I2x.  If  the  profit  is  maximum,  then 

/?' (x)  =  C' (x)  l2  =  4  +  0.02v  =>  0.02x  =  8  =s  x  =  400.  The  profit  is  maximized  if  P"  (x)  <  0, 

but  since  P"  (x)  =  R"  (x)  —  C"  (x),  we  can  just  check  the  condition  R"  (x)  <  C"  (x).  Now 
R"  (x)  =  0  <  0.02  =  C"  (x),  so  x  =  400  gives  a  maximum. 
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14.  C(x)  =  680  +  4x  +  0.0lx2.  p(x)  =  I2-X/500.  Then  ft  (x)  =  xp  (x)  =  I2x  -  x2/500.  iriheprofilis 
maximum,  then  ft'  (jc)  =  C  (x)  <=»  12  —  x/250  =  4  +  0.02x  e=>  8  =  0.024x  <=>  x  =  8/0.024  = 

The  profit  is  maximized  if  P"  (x)  <  0,  but  since  P"  (x)  =  R"  (x)  -  C"  (x),  we  can  just  check  the  condition 
R"  (x)  <  C"  (x).  Now  ft"  (x)  =  - 25g  <  0.02  =  C"  (x),  sox  =  ^  gives  a  maximum. 


15.  C  (x)  =  1450  +  36x  -  x2  +  O.OOIx3,  p  (x)  =  60  -  O.OIx.  Then  ft  (x)  =  xp  (x)  =  60x  -  O.Olx2.  If  the  profit  is 
maximum,  then  ft'  (x)  =  C'  (x)  <=>  60  —  0.02.x  =  36  —  2x  +  0.003.x2  ~ >  0.003x2  —  I  98x  —  24  =  0.  By 


the  quadratic  formula,  x  = 

x  «  (1.98  + 2.05) /0.006  = 
=>  ft"  (672)  <  C"  (672) 


1 .98  ±  v/(— 1  98)2  +  4(0.003)  (24)  1 .98  ±  74.2084 

2(0.003)  “  0.006 

=  672.  Now  ft"  (x)  =  -0.02  and  C"  (x)  =  -2  +  0.006.x 
=>  there  is  a  maximum  at  x  =  672. 


Since  x  >  0, 

=>  C"  (672)  =  2.032 


16.  C  (x)  =  10,000  +  28x  -  O.Olx2  +  0.002x3,  p  (x)  =  90  -  O.OZx.  Then  ft  (x)  =  xp  (x)  =  90x  -  0.02.x2.  If  the 
profit  is  maximum,  then  ft'  (x)  =  C'  (x)  »  90  —  0.04x  =  28  -  0.02x  +  0.006x2  <=> 

0.006x2  +  O.Olx  -  62  =  0  <=>  3x2  +  10.x  -  3 1,000  =  0  (x  -  100)  (3x  +  310)  =  0  ee.  x  =  100 
(since  x  >  0).  The  profit  is  maximized  if  P"  (x)  <  0,  but  since  P"  (x)  =  ft"  (x)  —  C"  (x),  we  can  just  check  the 
condition  ft"  (x)  <  C"  (x).  Now  ft"  (x)  =  -0.04  <  -0.02  +  0.012x  =  C"  (x)  forx  >  0,  so  there  is  a  maximum 
at  x  =  100. 


17.  C  (x)  =  0.001.x3  -  0.3x2  +  6x  +  900.  The  marginal  cost  is  C'  (x)  =  0.003x2  -  0.6.x  +  6.  C'  (x)  is  increasing 
when  C"  (x)  >  0  «  0.006.x  -  0.6  >  0  »  x  >  0.6/0.006  =  100.  So  C'  (x)  starts  to  increase  when 
x  =  100. 


18.  C(x)  =  0.0002.x3  -  0.25.x2  +  4x  +  1500.  The  marginal  cost  is  C'  (x)  =  0.0006x2  -  0.50x  +  4.  C'  (x)  is 
increasing  when  C"  (x)  >  0  <=>  0.0012x  -  0.5  >  0  o  x  >  0.5/0.0012  =«  417.  So  C’  (x)  starts  to  increase 
when  x  =417. 


19.  (a)  C  (x)  =  1200  +  12x  -  O.lx2  +  0.0005.x3.  ft  (x)  =  xp  (x)  =  29.x  -  0.00021x2. 

Since  the  profit  is  maximized  when  ft'  (x)  =  C'  (x),  we  examine  the 
curves  ft  and  C  in  the  figure,  looking  forx-values  at  which  the  slopes  of 
the  tangent  lines  are  equal.  It  appears  that  x  =  200  is  a  good  estimate. 

400 

(b)  ft'(x)  =  C'(.x)  =»  29  -  0.00042x  =  12 -O.lx +  0.001 5x2  =>  0.0015x2  -  0.19958.x  -  17  =  0  => 

x  =»  192.06  (for  x  >  0).  As  in  Kxercise  13,  ft"  (x)  <  C"  (x)  =>  -0.00042  <  —0.2  +  0.003x  <=> 

0.003x  >  0.19958  <=>  x  >  66.5.  Our  value  of  1 92  is  in  this  range,  so  we  have  a  maximum  profit  when  we 
produce  1 92  yards  of  fabric. 


10,000 


20.  (a)  Cost  =  setup  cost  +  manufacturing  cost  =>  C  (x)  =  500  +  m  (x)  =  500  +  20x  —  5x3/4  +  O.Olx2.  We  can 

solve  x  (p)  =  320  -  7.7 p  for  p  in  terms  of  x  to  find  the  demand  (or  price)  function,  x  =  320  -  7.7 p  =s 

320  -  x  320x  -  x2 

T  ip  =  320  —  x  =>  p(x)=  — jj-.  R(x)  =  xp(x)= - — - . 

(b)  C' (x)  =  ft' (x)  =»  20  -  jX'l/4  +0.02x  =  — yy—  =»  x  =  81.53  planes,  and 

p  (x)  =  S30.97  million.  The  maximum  profit  associated  with  these  values  is  about  $463.59  million. 
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21.  (a)  We  are  given  that  the  demand  function  p  is  linear  and  p  (27,000)  =10 ,  p  (33,000)  =  S,  so  the  slope  is 

il.Oto-n.lM  =  -3550  and  an  equation  of  the  line  isy  -  10  =  (-3555)  (x  -  27,000)  =» 
y  =  p(jr)  =  -34i,(+  l9=  19 -jr/3000. 

(b)  The  revenue  is  R(x)  =  xp  (x)  =  I9x -x2/3000  =*  If  (x)  =  19 -x/ISOO  =  0  when  x  =  28,500.  Since 
R"  (x)  =  —1/1500  <  0,  the  maximum  revenue  occurs  when  x  =  28,500  =>  the  price  is 
p  (28,500)  =  $9.50. 

22.  (a)  Let  p  ( x )  be  the  demand  function.  Then  p(x)  is  linear  and  y  =  p  (x)  passes  through  (20,  10)  and  (18,  1 1),  so 

the  slope  is  — j  and  an  equation  of  the  line  is  y—  10  =  —5  (x  -  20)  <=  y  =  —  jx  +  20.  Thus,  the  demand 
is  p  fv)  =  -  jx  +  20  and  the  revenue  is  R  (x)  =  xp  (x)  =  -^x2  +  20x. 

(b)  The  cost  is(’(x)  =  6x,  so  the  profit  is  P  (x)  =  R  (x)  -  C  (x)  =  -5X2  +  I4x.  Then  0  —  P'  (x)  =  -x  +  14 
=»  x  =  14.  Since  P"  (x)  =  - 1  <  0,  the  selling  price  for  maximum  profit  is  p  (14)  =  20  —  14  =  $13. 

23.  (a)  As  in  Example  3,  we  see  that  the  demand  function  p  is  linear.  We  are  given  that  p  (1000)  =  450  and  deduce 

that  p  (1 100)  =  440,  since  a  $10  reduction  in  price  increases  sales  by  100  per  week.  The  slope  for  p  is 
noo- 1000  =  -js.  so  an  equation  is  p  -  450  =  (x  -  1000)  or  p  (x)  =  -^x  +  550. 

(b)  R  (x)  =  xp  (x)  =  500x  —  x2/10.  R'  (x)  =  550 -x/5  =  0  when  x  =  5  (550)  =  2750.  p  (2750)  =  275,  so  the 
rebate  should  be  450  —  275  =  $175. 

(c)  C  (x)  =  68,000  +  I50x  => 

P(x)  -  R(x)-C(x)  =  550x  —  x2/IO  —  68,000  -  I50x  =  400x  -  x2/ 10  -  68,000.  P'  (x)  =  400  -  x/5  =  0 
when  x  =  2000.  p  (2000)  =  350.  Therefore,  the  rebate  to  maximize  profits  should  be  450  —  350  =  $100. 

24.  Let  x  denote  the  number  of  $5  increases  in  rent.  Then  the  price  is  p  (x)  =  400  +  5x.  and  the  number  of  units 
occupied  is  1 00  —  x .  Now  the  revenue  is 

R  (.x)  =  (rental  price  per  unit)  x  (number  of  units  rented) 

=  (400  +  5x) (100  —  x)  =  — 5x2  +  100.X  + 40,000  for0<x  <  100  => 

R'  (x)  =  —  lOx  +  100  =  0  <=>  x  =  10.  This  is  a  maximum  since  R"  (x)  =  —10  <  0  for  all  x.  Nowwemust 
check  the  value  of  R  (x)  =  (400  +  5x)  (100  —  x)  at  x  =  10  and  at  the  endpoints  of  the  domain  to  see  which  gives 
the  maximum  value.  R  (0)  =  40,000,  R  (10)  =  (450)  (90)  =  40,500,  and  R  (100)  =  (900)  (0)  =  0.  Thus,  the 
maximum  revenue  of  $40,500/wcek  occurs  when  90  units  are  occupied  at  a  rent  of  $450/weck. 
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Newton's  Method 


The  tangent  line  at  x  —  9  intersects  the  x-axis  at 
x  ss  6.0.  so  X2  **  6.0.  The  tangent  line  at  x  =6.0 
intersects  the  x-axis  at  x  »  8.0,  so  xy  ss  8.0. 


The  tangent  line  at  x  =  I  intersects  the  x-axis  at 
x  2.3,  so  x2  2.3.  The  tangent  line  at  x  =  2.3 
intersects  the  x-axis  at  x  at  3,  so  X3  ss  3.0. 


3.  Since  xj  =  3  and  y  =  Sx  -  4  is  tangent  to y  =  / (x)  at  x 

intersects  the  x-axis.  y  =  0  5x2  -  4  =  0  =>  X2 

4.  (a) 


=  3,  \vc  simply  need  to  find  where  the  tangent  line 


(b) 


Ifxi  =  0,  then  X2  is  negative,  and  X3  is  even  more  Ifxi  =  I,  the  tangent  line  is  horizontal  and 

negative.  T  he  sequence  of  approximations  does  Newton’s  method  fails, 

not  converge,  that  is,  Newton’s  method  fails. 


If  X]  =3,  then  X2  =  1  and  we  have  the  same  If  xi  =  4,  the  tangent  line  is  horizontal  and 

situation  as  in  part  (b).  Newton’s  method  fails  Newton's  method  fails. 

again. 


(e) 


If  xi  =  5,  then  X2  is  greater  than  6,  X3  gets  closer  to  6,  and 
the  sequence  of  approximations  converges  to  6.  Newton’s 
method  succeeds! 
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5.  f  (x)  =  x3  +  x  +  1 


,,  ,  .  ,  2  ,  i  •*«  +*;>+'  , 

/  (x)  =  3x4  +  1,  sox„+i  -  x„ - ,  .  xi  =  -I 

3x2  +  I 


-1-1  +  1 

«=-'-^-rrr— °-75 


XI  =  -0.75  - 


(-0.75)3  -  0.75  +  1 
3  (-0.75)2  +  I 


:  -0.6860.  Here  is  a  quick  and 


easy  method  for  finding  the  iterations  on  a  programmable  calculator.  (The  screens  shown  are  from  the  TI-82,  but 
the  method  is  similar  on  other  calculators.)  Assign  x3  +  x  +  1  to  Yi  and  3x2  +  I  to  Y2.  Now  store  —  1  in  X  and 
then  enter  X  —  Y|  /Y2  -»  X  to  get  -0.75.  By  successively  pressing  the  ENTER  key,  you  get  the  approximations 

■’Cl,-V2,X3 . 


Vi BXS+X+1 

-1+X 

VzB3X2+l 

-1 

V3=i 

X-Yi/Vz-»X 

Vh  = 

-.75 

Ve  = 

-.6860465116 

Vfi= 

-.6823395826 

Y?  = 

-.6823278039 

Va  = 

6.  /(x)  =  x3  -x2-  1 


f  (x)  -  3x2  -  2x,  so  x„+|  =  x„  -  '  "  "  — 

3x-  -  2x„ 


.  X|  =  1 


I  -  I  -  I  23  —  22  —  1 

*2=1  —  ,  „  =2  =>  x3  =  2  -  r— ■  ■  =  1.6250. 


3-2 


3  •  22  -  2  •  2 


7.  / (x)  =  x4  -  20  =>  f  (x)  =  4x3,  so  x„+,  =  x„ 


x3  =  2.125- 


(2.125)4  -20 
4(2.125)' 


2.1148. 


4  ~  20 

4x3 


•  *1 


=  2 


*2  =  2  — 


24  -20 
4(2)' 


2.1250  => 


8-  f  (x)  =  x7  —  100  =>  f  (x)  =  7x6,  so  x„+ 1  =  x„ 


=5  X3  =  1.9375- 


(I  .9375)7  -  100 
7  (I.9375)6 


1.9308 


*2=2- 


128-  100 
7-64 


1 .9375 


9.  To  approximate  x  =  730  (so  that  x3  =  30),  we  can  take  /  (x)  =  x3  —  30.  So  f  (x)  =  3x2,  and  thus, 
x3  -  30  ir- 

x„+ 1  =  x„ - —3 — •  Since  v 27  =  3  and  27  is  close  to  30,  we’ll  use  xi  =  3.  We  need  to  find  approximations 

until  they  agree  to  eight  decimal  places.  Xi  =  3  =>  X2  =»  3. 1 1 1 1 1 1 1 1,  X3  =»  3. 10723734, 

X4  =»  3.10723251  *»X5.  So  4^30  3 . 1 072325 1 ,  to  eight  decimal  places. 


10.  /(x)  =  .r7  -  1000 


yl  —  1000 

/'  (x)  =  7x6,  soxn+i  =  x„  —  — •  We  need  to  find  approximations  until  they 


7_6 

agree  to  eight  decimal  places.  X|  =  3  =>  X2  2.76739173,  X3  2  69008741,  X4  »  2.68275645. 
x5  =»  2.68269580  =»  x6.  Thus,  71000  «  2.68269580,  to  eight  decimal  places. 


11.  /(x)  =  Zx5  -  6x2  +  3x  +  1  f  (x)  =  6x2  -  I2x  +  3  =>  x„+i  —  x„  -  ~X"  +  *  ■  We  need 

6x2  -  I2x„  +  3 

to  find  approximations  until  they  agree  to  six  decimal  places,  xi  =  2.5  =>  X2  ^  2.285714,  x3  as  2.228824, 

X4  =s  2.224765,  X5  =s  2.224745  as  X6.  So  the  root  is  2.224745,  to  six  decimal  places. 
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/(at)  =  a5  —  a4  -  5a:3  - a2  +  4a  +  3  =* 

3  /'(a)  =  5a4-4a3-15a2-2a  +  4  => 

~  xi  —  5a3  —  x2  +  4a„  +  3  _ 

Jr"+I  =  **  *  5a4  -  4.i,]  -  1 5x2  —  Zx„  +  4  Fr°m  ,he  graph  °f/'  *here 
appear  to  be  roots  near  —  1.4,  1.1,  and  2.7. 


AT  |  =  —1.4 

a2  as  -1.39210970 

At3  as  —1.39194698 


At|  =  l.l 

*2  =  1.07780402 
as  1.07739442 


*l  =2.7 

at2  «  2.72046250 

A3  as  2.71987870 


A4  « -1.39194691  as  as  a4  as  1 .07739428  as  x4  as  2.71987822  as  as 
To  eight  decimal  places,  the  roots  are  -1.39194691,  1.07739428,  and  2.71987822. 


Solving  a2  (4  —  a2)  =  — — -  is  the  same  as  solving 
/  (a)  =  4a2  -  a4  -  —3— — “  =  0.  /'  (a)  =  8a  -  4a3  + 


■*/»+!  —  xn  ~~  ' 


X2  +  1  '  '  7 

4a2  —  a4  —  4  /(a2  +  I) 


(a2  +  l)4 

- .  From  the  graph  of  /  (a). 


8a„  -  4a3  +  8a„  j  (a2  +  1)" 

there  appear  to  be  roots  near  a  =  ±1.9  and  x  —  ±0.8.  Since  /  is  even,  we 
only  need  to  find  the  positive  roots. 


A|  =  0.8  ai  =  1.9 

a2  =  0.84287645  a2  as  1 .94689103 

A3  as  0.84310820  a3  as  1.94383891 

A4  as  0.843 10821  as  a5  a4  as  |  .94382538  as  a5 

To  eight  decimal  places,  the  roots  are  ±0.843 1 082 1  and  ±  1 .94382538. 


V  = 

vJ 

/ 

\X 

A 

-jt  + ’  1/ 

1 — 

u 

/  \ 

y  =  2  sin  tix 
4 


From  the  graph,  we  see  that  there  arc  roots  of  this  equation 
near  0.2  and  0.8.  /(*)  =  > /x2  —  x  +  1  —  2  sin  nx  => 

y.  2A  -  1 


/'  (a)  =  — ==  -  2n  cos  it  a,  so 
2Va2  -  a  +  1 


[v/  \J  \J  V/J  ,/a2  —  a„  +  I  -  2  sin  n x„ 

-L-  A„+|-A„  2a, ,  -  1  • 

— =====  —  2  n  cos  nxn 

Zjx2  -x„  +  1 

Taking  ai  =  0.2.  we  get  a2  as  0. 15212015,  a3  as  0.15438067,  a4  as  0.15438500  a5.  Taking  a,  =  0.8,  we  get 

A2  as  0.84787985,  A3  =s  0.84561933,  a4  as  0.84561500  as  .t5.  So,  to  eight  decimal  places,  the  roots  of  the  equation 
are  0. 1 5438500  and  0. 8456 1 500. 
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24. 


From  the  graph,  we  see  that  the  only  root  of  this  equation  is  near  0.6. 
/ (x)  =  cos  (x 2  +  I)  -  x3  =*>  /'  (x)  =  —  2x  sin  (x2  +  I)  —  3x2, 


so  x„+i  =  x„  +  : 


cos  (x2  +  I)  -  x* 


-.  faking  xi  =  0.6,  we  get 


2x„  sin  (x2  +  I)  +  3x2 
xt  as  0.59699955,  X3  as  0.59698777  sas  X3.  To  eight  decimal  places, 
the  root  of  the  equation  is  0.59698777. 


25.  (a)  /(x)  =  x2  —  a  =>  /'  (x)  =  2x,  so  Newton’s  method  gives 


(b)  Using  (a)  with  a  =  1 000  and  xi  =  V900  =  30,  we  get  X2  as  3 1 .666667,  X3  as  3 1 .622807.  and 
x4  =»  3 1 .622777  as  x5 .  So  71000  as  3 1 .622777. 

26.  (a  )/(x)  = - a  =»  /'  (x)  =  — so  x„4 1  =  x„  -  =x„  +  x„  -  ax},  =  2x„  -  ax2. 

X  X2  -\/x- 


(b)  Using  (a)  with  a  =  1 .6894  and  x\  =  j  =  0.5,  we  get  xi  =  0.5754,  X3  as  0.588485,  and  X4  as  0.588789  as  X5. 
So  1/1.6984  as  0.588789. 


27.  /(x)  =  x3  —  3x  +  6  =*  f  (x)  =  3xJ  —  3.  If  xi  =  1,  then  f  (xi)  =  0  and  the  tangent  line  used  for 
approximating  X2  is  horizontal.  Attempting  to  find  X2  results  in  trying  to  divide  by  zero. 

28. x3— x  =  l  <=>  x3  —  x  —  I  =  0.  /  (x)  =  x3  —  x  —  I  =»  /'  (x )  =  3x 2  —  I.  so  xn+i  =  x„  —  V"  -X” — 

3x2  _  | 

(a)  xi  =  l,X2  =  1.5,  x3  as  1.347826,  x4  as  1.325200,  x5  as  1.324718  as  x6 

(b) X|  =0.6, x2  =  I7.9.X3  as  1 1.946802, X4  as  7.985520, x5  as  5.356909, x6  as  3.624996. x7  as  2.505589, 
xg  «  1.820129, X9  as  1.461044, x)0  as  1.339323, xn  as  I,324913,xi2  «  1.324718  as xu 

(c) xi  =  0.57,  X2  as  -54.165455,  x3  as  -36.1 14293,  x4  as  -24.082094,  xs  as  - 16.063387,  x6  as  —10.721483. 
x7  as  -7.165534,  xg  as  -4.801704,  x9  «  -3.233425,  xt0  as  -2.193674,  xn  as  -1.496867, 

xj2  as  -0.997546.xi3  «s  -0.496305, x)4  as  -2.894162, x,5  as  -1 .967962, X]6  as  -1.341355, 
xn  as  -0.870187,  xig  as  -0.249949,  x]9  as  -1.192219,  x2o  as -0.731952,  x2i  =s  0.355213, 

X22  as  -1.753322,  x23  as  -1. 189420,  x24  as  -0.729123,  x2s  as  0.377844,  x26  as  -1.937872, 
x27  as  -1.320350,  x2g  »  -0.851919,  x29  as  -0.200959,  x30  as  —1.1 19386,  x3)  as  -0.654291, 

X32  as  1.547009,  X33  as  1.360050,  X34  as  1.325828,  X35  as  1.324719,  x36  as  1.324718  as  X37. 

From  the  figure,  we  see  that  the  tangent  line  corresponding  to  xi  —  I 
results  in  a  sequence  of  approximations  that  converges  quite  quickly 
(X5  as  X6>.  The  tangent  line  corresponding  to  X|  =  0.6  is  close  to 
being  horizontal,  sox2  is  quite  far  from  the  root.  But  the  sequence 
still  converges  — just  a  little  more  slowly  (X12  sas  x j 3 ).  Lastly,  the 
tangent  line  corresponding  to  xi  =  0.57  is  very  nearly  horizontal,  x2 
is  farther  away  from  the  root,  and  the  sequence  takes  more  iterations 
to  converge  (X36  as  X37). 
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29.  For  f (x)  =  xl/3,  /'(*)  =  |x~2/3  and 

/(■*/.)  x'n,}  ,  ,  r 

t,h  l  =  ■  =  x„  -  TTT  =  x„  -  3x„  =  -2x„.  Therefore. 

J  l*»)  jX„ 

each  successive  approximation  becomes  twice  as  large  as  the  previous  one 
in  absolute  value,  so  the  sequence  of  approximations  fails  to  converge  to 
the  root,  which  is  0,  In  the  figure,  we  have  xi  =  0.5,  X2  =  —2  (0.5)  =  —  I, 
and  *3  =  — 2(— I)  =  2. 


-3 


30.  According  to  Newton’s  Method.  forx,,  >  0, 


■*»*►  1  —  xn 


.X/j— i  —  Xn  ■ 


\/(2y/x^) 

\/ 


=  x„  —  2x„  =  —x„  and  for  x„  <  0, 

=  x„  —  [—2  (—x„)]  -  —x„.  So  we  can  see  that 


\/(2J-x„) 

after  choosing  any  value  jej  the  subsequent  values  will  alternate  between 
— xi  and  jt|  and  never  approach  the  root. 


31.  (a)  f(x)  =  3x3  -  2 8v3  +  6x2  +  24x  =>  /'  (a)  =  12jc?  —  84x2  +  12x  +  24  => 

f"  (x)  =  36x2  —  168x  +  12.  Now  to  solve  /'  (x)  =  0,  try  x\  =  A  =>  X2  =  xi  —  {—X  —  —  -  => 

i  f  U i)  3 

X3  0.6455  =>  X4  as  0.6452  =>  xs  as  0.6452.  Nowtryxi=6  =>  X2  =  7.12  =»  X3  as  6.8353 

=*  x4  =5  6.8102  =>  xs  *  6.8100.  Finally  try  xi  =-0.5  =>  X2  «<  -0.4571  =>  x3  as -0.4552  => 
X4  as  —0.4552.  Therefore,  x  =  —0.455,  6.810  and  0.645  arc  all  critical  numbers  correct  to  three  decimal 
places. 

(b)  /(-l)  =  13,  /( 7)  =  -1939,  / (6.810)  %  -1949.07,  /  (-0.455)  -6.912,  / (0.645)  as  10.982. 

Therefore,  /  (6.8 1 0)  as  — 1949.07  is  the  absolute  minimum  correct  to  two  decimal  places. 


32.  /  (x)  =  x2  +  sinx  =>  /'  (x)  =  2x  +  cosx.  /'  (x)  exists  for  all  x,  so  to 

find  the  minimum  of  /,  we  can  examine  the  zeros  of  f.  From  the  graph  of 
we  see  that  a  good  choice  for x  1  isxi  =—0.5.  Use g  (x)  =  2x  +  cosx 
and  g’  (x)  =  2  —  sinx  to  obtain  X2  as  —0.4506.  X3  as  —0.4502  as 
Since  f"  (x)  =  2  -  sinx  >  0  for  all  x,  /  (-0.4502)  as  -0.2325  is  the 
absolute  minimum. 


33.  y  =  x3  +  cosx  =*  y’  —  3x2  —  sinx  =»  y"  —  fix  —  cos x  =>  y"’  =  6  +  sinx.  Now  to  solve  y"  —  0.  try 

X|  —  0,  and  then  X2  =  X|  —  'V  1  ^  as  0. 1677  =>  X3as0.1643  =>  X4  as  0. 1644  as  xs.  For  x  <  0.1644. 

/  (x  1) 

>•"  <  0,  and  for  x  >  0.1 644,  y"  >  0.  Therefore,  the  point  of  inflection,  correct  to  three  decimal  places,  is 
(0.164, /(0.164))  =  (0.164, 0.991). 
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34. 


/(*)  =  —  sin*  =*  f  (x)  =  —  cos  jr.  At  x  =  a,  the  slope  of  the 
tangent  line  is  f  (a)  =  -  cosa.  The  line  through  the  origin  and  (a,  /  (a)) 
—  sin  a  —  0 


2ir  isy  = 


a  —  0 


-x.  If  this  line  is  to  be  tangent  to  /  at  x  =  a.  then  its 


slope  must  equal  f  (a).  Thus,  — =  -  cos  a  =>  tan  a  =  a.  To 


solve  this  equation  using  Newton’s  method,  let  g  (.x)  =  tan*  —  x, 

g '  (x)  =  sec2  x  —  1,  and  x„+\  =  .x„  —  lan*" — ^  with  xi  =4.5  (estimated  from  the  figure),  xi  as  4.493614. 

see'  x„  —  I 

X}  as  4.493410,  X4  as  4.493409  «jT5.  Thus,  the  slope  of  the  line  that  has  the  largest  slope  is  f  (.ts)  sas  0.217234. 


35. 


56.000 


The  volume  of  the  silo,  in  terms  of  its  radius,  is 
V  ( r )  =  nr2  (30)  +  j  ^jjrr3  j  =  30 nr1  +  jffr3. 

From  a  graph  of  V,  we  see  that  V  (r)  =  15,000  at  r  as  1 1  ft.  Now  we  use 
Newton’s  method  to  solve  the  equation  V  (/■)  —  15,000  =  0. 

20  dV  30xr~  +  |jrr3  —  15,000 


——  =  60jrr  +  2 *t2,  so  r„+\  —  r„  —  - 
dr 


.  Taking 


60icr„  +  2x  r2 

ri  =  1 1,  we  get  ri  =  1 1 .2853, 0  =  11 .2807  as  r,|.  So  in  order  for  the  silo 
to  hold  1 5,000  ft3  of  grain,  its  radius  must  be  about  1 1 .2807  ft. 

36.  Let  the  radius  of  the  circle  be  r.  Using  s  =  rO,  we  have  5  —rO  and  so  r  =  5/0.  From  the  Law  of  Cosines  we  get 
42  =  r-  +  r2  —  2  r  r- cost?  <=>  16  =  2r2 (I  —  cosO)  =  2 (5/fl)2 (I  —  cost?). 

Multiplying  by  0~  gives  1 6 02  =  50  ( I  —  cos0),  so  we  take 
/  (0)  =  1 602  +  50  cos  0  -  50  and  f  (0)  =  220  -  50  sin  0.  The  formula 


,  v,  ,  X  J  „  „  160?  +  5Ocos0„  —  50  „ 

for  Newton  s  method  is  0„+i  =  0„ - „ - .  From  the 

320 „  -  50  sin  0„ 

graph  of  /,  we  can  use  0]  =  2.2,  giving  us  0i_  »>  2.2662, 

0 3  as  2.2622  as  O4.  So  correct  to  four  decimal  places,  the  angle  is 
2.2622  radians  as  130°. 
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37.  In  this  case,  A  =  18.000,  R  —  375,  and  =  5(12)  =  60.  So  the  formula  becomes  18.000  = - [l  —  (I  +  .x)  60] 

«=»  48.i  =  1  —  (I  +  jr)-60  »  48.x  (I  +.X)60  -  (1  +  x)60  +  1  =  0. 

Let  the  LHS  be  called  /  (.x),  so  that 


/(*)  =  48x(60)  (I  +  x)59  +  48  (1  je)60  —  60(1  +  x)59 

=  12(1  +  *)59  [4.x  (60)  +  4  (I  +  x)  -  5]  =  12  (1  +  .x)59  (244.x  -  I) 


*»+l  =  -*„ 


48.x, ,  ( I  +  x,,)60  —  ( I  +  x,,)60  -F  I 
I2(l+x„)f9(244x„-l) 


An  interest  rate  of  1%/month  seems  like  a  reasonable  estimate 


for.x  =  /  Solcl.x,  =  )%  =  D  O),  and  wcgel.rs  =  0.0082202.  .rj  »  0.0076802,  xj  as  0.0076291, 
xs  as  0.0076286  as  ,x6.  Thus,  the  dealer  is  charging  a  monthly  interest  rate  of  0.76286%  (or  9.55%/year, 
compounded  monthly). 
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- .  Wc  substitute  in  the  value 


38.  (a)  p(x )  =  x5  -  (2+r)x4  +  (1  +2r)x3  -  (I  -r)x2  +  2(l  -r)x  +  r-  1  => 

p'(x )  =  5x4  -  4(2  +r)x3  +  3(1  +  2r)x2  -  2(1  -r)x  +  2(1  -/•).  So  we  use 
_  x3-(2  +  r)j[,4  +  (l+2r)Y3-(l  —  r)x2  +  2  (I  -  r)x„+r  —  I 
Jr"+I  “  X"  Sx*  -  4  (2  +  r) x3  +  3  (I  +  2r)x2  -  2  (I  -  r) x„  +  2  (I  -  r) 

r  3.04042  x  10  h  in  order  to  evaluate  the  approximations  numerically.  The  libration  point  L\  is  slightly  less 
than  1  AU  from  the  sun.  so  we  take  xi  =  0.95  as  our  first  approximation,  and  get  xj  «  0.96682.  X3  0.97770, 
X4  ss  0.9845 1 .  X5  0.98830.  xt,  =s  0.98976,  xj  at  0.98998,  xj  =»  0.98999  =»  X9.  So,  to  five  decimal  places,  L  \ 

is  located  0.98999  AU  from  the  sun  (or  0.01001  AU  from  Earth). 


(b)  In  this  case  wc  use  Newton's  method  with  the  function 

p(x)-2ix2  =x5  -  (2  +  r)x4  +  (1  +  2r)x3  -  (I  +  r)x2  +  2(l -r)x+r-  1  => 

[p  (x)  -  2rx2]'  =  5x4  —  4  (2  +  r)x3  +  3(1  +  2x)x2  —  2(1  +  r)x  +  2(1  -  r).  So 


*M+I  =  X„  - 


x3-(2  +  r)x4  +  (l  +  2r)x3-(l  +  r)x2  +  2(l  -  r )  x„  +  r  —  I 


.  Again,  we  substitute 


5x,4  -  4(2  +  ;-)x3  +  3(1  +  2r)x2  -2(1  +  r)x„  +  2(1  -  r) 
r  at  3.04042  x  I0~6.  /,i  is  slightly  more  than  1  AU  from  the  sun  and,  judging  from  the  result  of  part  (a), 
probably  less  than  0.02  AU  from  Earth.  So  we  lake  x  \  =  1.02  and  get  X2  1.01422,  X3  as  1.01118, 

X4  as  1.01018,  xj  as  1.01008  as  X(,.  So,  to  five  decimal  places,  1. 2  is  located  1 .01008  AU  from  the  sun  (or 
0.01008  AU  from  Earth). 


Antiderivatives 


i**ar-va  tw 


1.  b  is  the  antiderivative  of  /.  For  small  x,  /  is  negative,  so  the  graph  of  its  antiderivative  must  be  decreasing.  But 
both  a  and  c  are  increasing  for  small  x,  so  only  b  can  be  f’s  antiderivative.  Also,  /  is  positive  where  b  is 
increasing,  which  supports  our  conclusion. 

2.  We  know  right  away  that  c  cannot  be  f’s  antiderivative,  since  the  slope  of  c  is  not  zero  at  the  x-value  where  /  =  0. 
Now  /  is  positive  when  a  is  increasing  and  negative  when  a  is  decreasing,  so  a  is  the  antiderivative  of  /. 

,2+1  j,l  +  l 

3.  / (x)  =  6x2  —  8x  +  3  =>  ^(x)  =  6j-£-j  —  8-j— p-j-  +  3x  +  C  =  2x3  —  4x2  +  3x  +  C 
Check:  F  (x)  =  2  ■  3x2  -  4  •  2x  +  3  +  0  =  6x2  -  8x  +  3  =  /(x) 


4.  /  (x)  =  4  +  x2  —  5x3  =>  F  (x)  =  4x  +  |x3  —  |x4  +  C 

.3  +  1  5  +  1  ,7  + 1 

5-  fix)  =  I  —  x3  +  5.x5  -  3x7  =>  f(x)  =  x-  — +  5— -3— +C  =  x-|x4  +  |x6-|x8  +  C 
6.  / (x)  =  x20  +  4x 10  +  8  =>  F(x)  =  ^x21  +  j?,xn  +  8x  +  C 


7.  / (x)  =  5x '''4  -  7x3/4  =>  F  (x)  =  5- 


,1/4  +  1 


,5/4 


,7/4 


+  C  =  5—  -  7—  +  C  =  4.x524  -  4x7/4  +  C 


j  +  I  |  +  I  5/4  7/4 

8.  f  (x)  =  2x  +  3.x1  7  =>  F(x)=x2  +  32?x2-7+C  =  x2  +  ^x2,  +  C 

9.  /(x)  =  yfx  +  i/x  =  x,/2  +x,/3  =s  F(x)  =  j)sx3/2  +  ^jx4/3  +  C  =  |x3/2  +  |x4/3  +  C 
10.  /  (x)  =  Yx2  -  s/x3  =  x2/3  —  x3/2  =*  F(x)  =  j^x5^3  -  572X5/2  +  C  =  ^x5/3  -  \x>l2  +  C 


SECTION  4.10  ANTIDERIVATIVES  □  293 


11.  /(x)  =  =  lOx  9  has  domain  (— oo,  0)  U  (0,  oo),  so  F  (x)  = 

xv 


Sec  Example  1(c)  for  a  similar  exercise. 

12.  /  (x)  =  3x-2  —  5x~4  has  domain  (— oo,  0)  U  (0,  oo),  so 
3x~' 

-I 


/•'(*)  = 


5x-3  „  3  5  _  „ 

— r — 1-  C|  =  —  +  - — r  +  C|  ifx  <  0 

-3  x  3.x3 


3  5 

“  +  3?+Cj 


ifx  >  0 


I0x~8  „  5 

-ZT+C|  =''4l»+C|  'fx  <0 
~TH  +  ^2  if*  >  o 


,3  ,  2<2  ,7/2  2,5/2 

13. ^(/)=^-±^-=/V2  +  2,3/2  =2  G(l)=‘—  +  2^jT+C=^  +  t>5'2  +  C 

Note  that  g  has  domain  (0,  oo). 

14.  / (x)  =  x2/3  +  2x-1/3  has  domain  (— oo,  0)  U  (0,  oo),  so 

r5/3  2rJ/3 

FW-  vj  +  ^r+^  =  ^/3+^/3+c.  if-o 

fx5'3  +  3*2/3  +  C2  ifjc  <  0 

15.  /i  (x)  =  x3  +  5sinx  H  (x)  =  jx4  +  5(-  cosx)  +  C  —  \x4  —  Scosx  +  C 

16.  /(/)  =  3cosr  —  4sinf  =>  F(t)  =  3 (sin r)  —  4(—  cos/)  +  C  =  3sin/  +  4cos/  +  C 

17.  /  (r)  =  4^/i  —  sec  /  tan  /  =>  F  (/)  =  yyy/3/2  —  sec  /  +  C  =  |/3/r2  —  sec  /  +  C’„  on  the  interval 
(nir  -  J.nn  +  y). 

18.  f  ( O )  =  6(/2  —  7 sec2  0  =>  F  (O)  =  20 3  —  7 tan //  +  C„  on  the  interval  ( nir  —  j.nir  +  y ). 

19.  /"(x)  =  6*  +  I2x2  =>  f  (x)  =  3x2  +  4x3  +  C  =>  /(*)  =x3 +x4  +  Cx  +  D 

20.  /" (x)  =  2  +  x3  +  x6  =>  /' (x)  =  2x  +  |x4  +  yx7  +  C  =>  /(x)  =x2  +  ^*5  +  ^x*  +  Cx  +  D 

21.  /"  (x)  =  1  +  x425  =»  /'  (x)  =  x  +  |x9/s  +  C  => 

/(x)  =  J*2  +  |-  ^x14'5  +  Cx  +  D  =  $x2  +  ^,x14'5  +Cx  +  D 

22.  /"(x)  =  cosx  =»  /'(x)  =  sinx +C  =»  / (x)  =  —  cosx  +  Cx  +  D 

23.  /"'  (/)  =  60/2  =»  f"  (/)  =  20/ 3  +  C  =>  /'(/)  =  Si 4  +  C/  +  D  =*  /  (/)  =  Is  +  |C/2  +  D/  +  £ 

24.  /"'(/)  =/-V7  =>  /"(/)  =  i/2-§/3/2+C  =»  /'(/)  =  ^/3-^/5/2  +  C/  +  0  =» 

/(')  =  n'4  ~  TS3'7/2  +  K'2  +  DI  +  E 


25.  /'  (x)  =  1  —  6x  =>  /  (x)  =  x  —  3x2  +  C.  /  (0)  =  (’  and  /  (0)  =  8  =>  C  =  8.  so  /  (x)  =  x  —  3x2  +  8. 

26.  /'(*)  =  8x3  +  1Zx  +  3  =»  /(x)=2x4+6x2  +  3x  +  C. /(I)=  II  +  C and /(I)  =  6  =>  11+C  =  6 
=»  C  =  —5,  so  /  (x)  =  2x4  +  6x2  +  3x  —  5. 


27.  f(x)  =  3yfi- IA/x  =3x|/2-x-1/2  =>  /(■«)  =  3  (j}j) x3'2  - -[jyx'^  +  C  => 

2  =  /(l)  =  2-2  +  C  =  C  =>  /(x)  =  2x3/2 -2x‘/2  +  2 

28.  /'(x)  =  1 +x-2,x  >  0  =>  /(x)  =  x  —  1/x  +  C.  Now  /(I)  =  1  —  I  +  C  =  I  =>  C  =  l,so 
/(x)=  1  +*  -  l/x. 

29.  /'(x)  =  3cosx  +  5sinx  =>  /(x)  =  3sinx  -  Scosx  +  C  =>  4  =  /(0)  =  -5  +  C  =>  C  =  9  => 
/(x)  =  3sinx  —  5cosx  +9 
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30.  f  (x)  =  3x-2 


/(*)  = 


—3/x  +  C|  if  jr  >  0 
— 3/x  +  C2  if  x  <  0 


/(l)  =  -3  +  C,  =0 


/(-l)  =  3  +  C2  =  0 


C2  -  —3.  So  /  (x)  = 


-3/x  +  3  if x  >  0 
—3/x  —  3  if  x  <  0 


C,  =3, 


31.  /"  (x)  =  x  =>  /'  (x)  =  jx2  +  C  =9  2  =  /'  (0)  =  C  =9  /'(x)  =  5X2  +  2  =9 
/  (x)  =  |x3  +  2x  +  D  =>  -3  =  /(0)  =  O  =9  /(x)=  £x3  +  2x-3 

32.  /"  (x)  =  20x3  -  10  =>  /'(x)  =  5x4-  lOx  +  C  =9  -5  =  /'(!)  =  5-  10  +  C  =9  C  =  0  =9 

/'  (x)  =  5x4  -  lOx  =9  /  (x)  =  x5  —  5x2  +  D  =9  l=/(l)=l-5  +  D  =9  0  =  5  =9 

/(x)  =  Xs  —  5x2  +  5 

33.  /"  (x)  =  x2  +  3cosx  =9  /'(x)  =  jx3 +  3sinx +C  =9  3  =  /'  (0)  =  C  =9  /'(x)  =  jx3 +  3sinx +  3 

=9  /(x)  =  J5X4  -  3  cosx  +  3x  +  O  =9  2  =  /  (0)  =  — 3  +  D  =9  D  =  5  =9 

/  (x)  =  px4  —  3  cosx  +  3x  +  5 

34.  f  (x)  =  x  +  xl/2  =9  /' (x)  =  $x2  +  fx3/2  +  C  =9  2  =  /'(l)  =  ^  +  ^+C  =9  C=|  =9 

/'  (x)  =  ^x2  +  |x3/2  +  |  =9  /(x)  =  £x3  +  ^x5/2  +  |x  +  0  =9  I  =  /(l)  =  ?  +  B  +  I  +  d  =* 

D  =  -fs  =9  /(x)  =  gx3  + -^x5/2  + |x  -  ^ 

35.  /"  (x)  =  6x  +  6  =9  /'  (x)  =  3x2  +  6x  +  C  =9  /(x)  =  x3  +  3x2  +  Cx  +  D.  4  =  /(0)  =  D  and 

3  =  /(!)  =  I  +  3  +  C  +  D  =  4  +  C  +  4  =9  C  = -5.  so /(x)  =  x3  +  3x2  -  5x  +  4. 

36.  /"  (x)  =  12x2  —  6x  +  2  =9  /’  (x)  =  4x3  —  3x2  +  2x  +  C  =9  /(x)  =  x4  -  x3  +  x2  +  Cx  +  O. 

I  = /(0)  =  Oand  11  = /(2)  =  I6-8  +  4  +  2C  + D  =  13  +  2C  =9  C  =  -l,so 

/ (x)  =  x4  -  x3  +  x2  —  x  +  I. 

37.  /"(x)  =  x~3  =9  /'  (x)  =  —  5X-2  +  C  =9  /  (x)  =  jx-1  +  Cx  +  D  =9  0=/(l)  =  j+  C+  D  and 

0  =  /  (2)  =  j  +  2C  +  O.  Solving  these  equations,  we  get  C  =  j,  O  =  -  j,  so  /(x)  =  l/(2x)  +  |x  —  |. 

38.  f"  (x)  =  sinx  =9  f"  (x)  =  -  cosx  +  C  =9  I  =  f  (0)  =  -1  +  C  =  1  =9  C  =  2.  so 

/"  (x)  =  —  cosx  +  2  =9  /'  (x)  =  —  sinx  +  2x  +  O  =9  1=/'(0)  =  D  =9  /'  (x)  =  —  sinx  +  2x  +  I 

=9  /(x)  =  cosx  +x2  +  x  +  E  =>  1  =  / (0)  =  I  +  E  =9  £  =  0,  so /(x)  =  cosx +  x2 +x. 

39.  Given  f  (x)  =  2x  +  I,  wc  have  /(x)  =  x2  +  x  +  C.  Since  /  passes  through  (1,6),  6=/(l)  =  l2  +  l+  C  =9 

C  =  4.  Therefore,  /  (x)  =  x2 •+  x  +  4  and  /  (2)  =  22  +  2  +  4  =  10. 

40.  /' (x)  =  x3  =9  /(x)  =  Jx4  +  C.  x+.v  =  0  =9  y  =  —  x  =9  m  =  —  1.  Now/n  =  /'(x)  =9 

x3  =  —  1  =9  x  =  — 1  =9  y=  1  (from  the  equation  of  the  tangent  line),  so  (-1,  1)  is  a  point  on  the  graph  of 

/.  From  /,  1  =  ( —  I )4/ 4  +  C  =9  C  =  |.  Therefore,  the  function  is /(x)  =  jx4  +  j. 
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41.  The  graph  of  £  will  have  a  minimum  at  0  and  a 
maximum  at  2.  since  f  =  F'  goes  from 
negative  to  positive  at  x  =  0,  and  from  positive 
to  negative  at  x  =  2. 


42.  The  position  function  is  the  antiderivative  of 
the  velocity  function,  so  its  graph  will  have  be 
horizontal  where  the  velocity  function  is  equal 
to  0. 


43. 


/'(*)  = 


[2  ifO  <  x  <  1  f  2x  +  C  if  0  <  jr  <  1 

I  if  I  <  or  <2  =9  /(x)  =  x  +  D  if  I  <  x  <  2 

I  —I  if 2  <  jr  <  3  — x  +  £  if  2  <  x  <  3 

/  (0)  =  —  1  =9  2(0)  +  C  =  — 1  =>  C  —  —  1 .  Starting  at  the  point 

(0.  - 1)  and  moving  to  the  right  on  a  line  with  slope  2  gets  us  to  the  point 

(1,1).  The  slope  for  1  <  x  <  2  is  I,  so  we  get  to  the  point  (2, 2).  The  line 
connecting  (1 , 1 )  to  (2, 2)  is  y  =  x,  so  D  =  0.  The  slope  for  2  <  x  <  3  is  - 1 , 
so  we  get  to  (3,  I).  /  (3)  =  I  =9  -3  +  £=l  =>  £  =  4. 


2x  -  1  if  0  <  x  <  1 
Thus,  /  (x)  =  x  if  I  <  x  <  2 

— x  +  4  if  2  <  x  <  3 

Note  that  /  is  continuous,  but  /'  (x)  does  not  exist  at  x  =  1  or  at  x  =  2. 

3 


44.  (a) 


(b)  Since  F  (0)  =  1,  we  can  start  our  graph  at  (0.  1).  /  has  a  minimum  at  about 
x  =  0.5,  so  its  derivative  is  zero  there.  /  is  decreasing  on  (0, 0.5),  so  its 
derivative  is  negative  and  hence.  F  is  CD  on  (0, 0.5)  and  has  an  IP  at  x  =»  0.5. 
On  (0.5, 2.2),  /  is  negative  and  increasing  (/'  is  positive),  so  F  is  decreasing 
and  CU.  On  (2.2,  oo).  /  is  positive  and  increasing,  so  F  is  increasing  and  CU. 


(c)/(x)  =  2x-3v/x  =>  (d) 

£(x)  =  x2  -  3  •  jx3/2  +  C.  £( 0)  =  C  and 
£  (0)  =  1  =>  C  =  I,  so 

£(x)  =  x2  -  2x3^  +  I. 
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50. 


X 

/(*) 

0 

0 

±0.2 

0.041 

±0.4 

0.169 

±0.6 

0.410 

±0.8 

0.824 

±1.0 

1.557 

±1.2 

3.087 

±1.4 

8.117 

±1.5 

21.152 

We  compute  slopes  (values  of  f)  as  in  the  table  and  draw  a  direction  field  as  in 
Example  6.  Then  we  use  the  direction  field  to  graph  F  starting  at  (0,  0)  and 
extending  in  both  directions.  Note  that  if  /  is  an  even  function,  then  the 
antiderivative  F  that  passes  through  the  origin  is  an  odd  function. 


ft 


51. 


Remember  that  the  values  of  /  are  the  slopes  of  F  at  any  x.  For 
example,  at  x  =  1 .4,  the  slope  of  F  is  /  (1 .4)  =  0. 


F(x)  = 


since  /  (x)  is  not  defined  at 


(b)  The  general  antiderivative  of  /(x)  —x~ 

—  1/x  +  C|  ifx  <  0 

—  1  /x  +  C2  if  x  >  0 

x  =  0.  The  graph  of  the  general  antiderivatives  of  /  (x)  looks  like 
the  graph  in  part  (a),  as  expected. 


53.  « (l)  =  s'  (/)  =  sin  I  —  cos  /  =>  s  (/)  =  —  cost  —  sinr  +  C.  x  (0)  =  —  I  +  C  and  x  (0)  =  0  =»  C  =  1.  so 
s  (l)  —  —  cos  I  —  sin  I  +  1 . 

54.  »  (f)  =  s'  (r)  =  I  5V7  =>  x(/)  =  /3^2  +  C.x(4)  =  8  +  Candx(4)  =  10  =>  C  =  2,  sox  (r)  = /3/2 +2. 

55.  a  (/)  =  o'  (/)  =  /  —  2  =>  o  ( I )  =  j<2  —  2l  +  C.  o  (0)  =  C  and  o  (0)  =  3  =»  C  =  3,  so  v  (l)  =  ^/2  —  2/  +  3 

and  x  (/)  =  g/3  —  /2  +  3<  +  D.  s  (0)  =  D  and  x  (0)  =  1  =>  D  =  1,  and  x  (/)  =  g/3  —  r2  +  3/  +  1. 

56.  a  (7)  =  o'  (r)  =  cos/  +  sinr  =»  o  (r)  =  sinr  —  cos/  +  C  =>  5  =  o  (0)  =  —  1+C  =*  C  =  6,  so 

v  (I)  =  sin/  —  cost  +  6  =»  x  (r)  =  —  cos/  —  sinr  +  6/  +  D  =s  0  =  x(0)  =  — 1  +  D  =>  D=l,so 
x  (r)  =  —  cos  t  —  sin  r  +  6/  +  I . 

57.  a(r)  =  o' (/)  =  1 0 sin /  +  3cosr  =*  »  (r)  =  —  lOcosr  +  3sinr  +  C  => 

x  (r)  =  —10 sinr  —  3  cost  +  Cl  +  D.  s  (0)  =  -3  +  O  =  0  and  x  (2ir)  =  — 3  +  2nC  +  D  =  \2  =»  D  —  3  and 

C  =  |.  Thus,  x  (r)  =  -lOsinr  —  3 cos  /  +  +  3. 

58.  a  (0  =  »'(<)=  10  +  3/  -3r2  =»  o  (r)  =  10/  +  \i2  -  r3  +  C  =>  x  (r)  =  5r2  +  ^/3  -  £/4  +  Cl  +  D  =» 

0  =  x  (0)  =  £>  and  10  =  x  (2)  =  20  +  4  -  4  +  2C  =>  C  =  -5,  sox  (r)  =  -5r  +  5r2  +  £f3  - 
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59.  (a)  Wc  first  observe  that  since  the  stone  is  dropped  450  m  above  the  ground,  v  (0)  =  0  and  s  (0)  =  450. 

»'  (/)  =  a  (/)  =  —9.8  =s  » (<)  =  —9.8/  +  C.  but  C  =  o  (0)  =  0,  so  u  (/)  =  —9.8/  =» 
s  (/)  =  -4.9/2  +  D  =>  O  =  s  (0)  =  450  =>  s  (/)  =  450  -  4.9/2. 

(b)  It  reaches  the  ground  when  0  =  s  (/)  =  450  —  4.9/2  =>  /2  =  450/4.9  =»  /)  =  7450/4.9  =»  9.58  s. 

(c)  v  (/i)  =  —9.87450/4.9  as  -93.9  m/s 

(d)  This  is  just  reworking  parts  (a)  and  (b)  with  »  (0)  =  —5.  i>  (/)  =  —9.8/  +  C  =>  — 5  =  0  +  C 

I,  (/)  = -9.8/ -  5.  *(/)  =  -4.9/2-  5/  +  D  =>  450  =  s  (0)  =  D  =>  s  (/)  =  -4.9/2  -  5/  +  450. 

s  (/)  =  0  =»  /  =  (5  ±  Vms)/ (-9.8)  =»  /,  as  9.09  s. 

60.  »'  (/)  =  <j  (/)  =  a  =>  o  (/)  =  ///  +  C  and  no  =  11  (0)  =  C  =>  o  (/)  =  at  +  i>o  =a  s  (/)  —  jsr/2  +  ugl  +  O 

=»  so  =  s  (0)  =  D  =»  s  (/)  =  jo/2  +  00/  +  »'o 

61.  By  Exercise  60.  s  (/)  =  -4.9/2  +  no  1  +  so  and  u  (/)  =  s'  (/)  =  —9.8/  +  00.  So 

[o  (z)]2  =  (-9.8/  +  «o)2  =  (9.8)2  /2  -  l9.6»o/  +  »g  =  Ug  -  19.6  (do  /  -  4.9/2).  But  -4.9  /2  +  00/  is  just  s  (/) 
without  the  so  term,  that  is,  s  (/)  —  so.  Thus,  [o  (/)J2  =  Dq  —  19.6  [s  (/)  -  sol- 

62.  For  the  first  ball,  si  (/)  =  - 16/2  +  48/  +  432  from  Example  8.  For  the  second  ball,  a  (/)  =  —32  => 
v  (/)  =  —32/  +  C,  but  v  (1)  =  —32(1)  +  C  =  24  =s>  C  =  56,  so  0  (/)  =  -32/  +  56  =» 

s(/)  =  -I6/2  +  56/  +  D.  buts(l)  =  -16(l)2  +  56(1)  +  D  =  432  =>  D  =  392,  and 
S2  (/)  =  —  1 6/2  +  56/  +  392.  The  balls  pass  each  other  when  si  (/)  =  S2  (/)  => 

— 16/2  +  48/  +  432  =  — 16/2  +  56/  +  392  «  8/ =  40  /  =  5  s. 

Another  Solution:  From  Exercise  60,  we  have  si  (/)  =  — 16/2  +  48/  +  432  ands2  (/)  =  — 16/2  +  24/  +  432.  We 
now  want  to  solve  si  (/)  =  S2  (/— I)  =>  — 16/2  +  48/  +  432  =  —  1 6  (/  —  I)2  +  24  (/  —  1)  +  432  => 

48/ =  32/ -  16  +  24/ -24  =>  40  =  8/  =>  /  =  5  s. 

63.  Marginal  cost  =  1.92  -  0.002x  =C'(x)  =>  C  (x)  —  1.92s  -  O.OOIx2  +  K.  But 

C(l)=  1.92-0.001  +  K  =  562  =>  K  =  560.081.  Therefore,  C  (x)  =  1.92x  -  0.001s2  +  560.081  => 

C  (100)  =  742.081 .  so  the  cost  of  producing  100  items  is  $742.08. 

dm 

64.  Let  the  mass,  measured  from  one  end,  be  m  (x).  Then  m  (0)  =  0  and  p  —  ——  —  x-1''2  =s  m  (x)  =  2x 1/2  +  C 

ax 

and  in  (0)  =  C  =  0.  so  in  (x)  =  2y/x.  Thus,  the  mass  of  the  rod  is  m  (100)  =  27100  =  20  g. 

65.  faking  the  upward  direction  to  be  positive  we  have  that  for  0  <  /  <  10  (using  the  subscript  1  to  refer  to 
0<l  <  10).  oi(/)  =  -  (9-0.9/)  =  »((/)  =>  «i(/)  =  -9/+0.45f2+D0,butDi(0)  =  oo  =  -10  => 

D|  (/)  =  —  9/  +  0.45/2  —  10  =  sj  (/)  =>  si  (/)  =  —  |/2 +0.15/3  —  10/ +  so.  Butsi  (0)  =  500  =  so  => 

si  (/)  =  — ?/2  +  O.I5/3  —  10/  +  500.  si  (10)  =  100.  so  it  takes  more  than  10  seconds  for  the  raindrop  to  fall.  Now 
for  /  >  10,  a  (/)  =  0  =  o'  (/)  =>  n  (/)  =  constant  =  01  (10)  =  — 9  (10)  +  0.45  (10)2  —  10  =  —55  =5 

o  (/)  =  -55.  At  55  ft/s,  it  will  take  100/55  ss  1.8  s  to  fall  the  last  100  ft.  Hence,  the  total  time  is  1 1.8  s. 

66.  «'  (/)  =  o  (/ )  =  -40.  The  initial  velocity  is  50  mi/h  =  5U.^80  =  2|2  ft/s  so  o  (/)  =  —40/  +  ^2.  The  car  slops 
when  n  (/)  =  0  »  /  =  ^5  =  Since  s  (/)  =  — 20/2  +  ™t,  the  distance  covered  is 

^(^)=-20(^)2  +  ¥  V  =  ^=*67.2ft. 

67.  a  (/)  =  k,  the  initial  velocity  is  30  mi/h  =  30  ■  |gjjjj  =  44  ft/s,  and  the  final  velocity  is 

50  mi/h=  50  •  ft/s.  So  0  (/)  —  kt  +  C  and  v  (0)  =  44  =>  C  =  44.  Thus,  o  (/)  =  kt  +  44  => 

2ij2  =  11  (5)  =  5*  +  44  =>  *  =  ff  =s  5.87  ft/s2. 
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68.  a  (/)  =  -40  =>  o  (/)  =  -40/  +  »o  where  n0  is  the  car’s  speed  (in  ft/s)  when  the  brakes  were  applied.  The  car 
stops  when  -40/  +  o0  =  0  <=*  /  =  35 o0.  Now  s  (/)  =  $  (-40)  l2  +  v0l  =  -20 12  +  no/.  The  car  travels  160  f) 

in  the  time  that  it  takes  to  stop,  sos  (^t>o)  =  160  =>  160  =  -20  +  r>o  (^»o)  =  gjn2  => 

«q  =  12.800  =»  no  =  80^2  =113  fl/s  (about  77  mi/h). 

69.  Using  Exercise  60  with  a  —  —32,  do  =  0,  and  so  -  h  (the  height  of  the  cliff),  we  know  that  the  height  at  lime  /  is 
s(Z)  =  — 16/2  +  h.  d(/)  =s'(/)  =  -32/  =>  -32/ =  -120  =>  /  =  3.75,  so 

0  =  s  (3.75)  =  — 16  (3.75)2  +  It  =*  h  =  1 6  (3.75)2  =  225  ft. 


70.  (a)  For  0  <  /  <  3  we  have  a  (/)  =  60/  =>  u  (/)  =  30/2  +  C  =»  »(0)=0  =  C  =>  «(/)  =  30/2,  so 
s(/)=10/3+C  =»  s  (0)  =  0  =  C  =>  s  (/)  =  I0/3.  Note  that  o  (3)  =  270  and  s  (3)  =  270. 

For  3  </  <  17:  a(l)  =  -g  = -32  ft/s  =>  d  (/)  = -32  (/ -  3)  +  C  =>  d(3)  =  270  =  C  => 


d  (/)  =  -32  (/  -  3)  +  270 


s  (/)  =  -16(/  -  3)2  +  270  (/  -  3)  +  C 


s  (3)  =  270  =  C 


s  (/)  =  - 1 6  (/  -  3)2  +  270  (/  -  3)  +  270.  Note  that  n  ( 1 7)  =  - 1 78  and  s  ( 1 7)  =  9 1 4. 

For  17  <  /  <  22:  The  velocity  increases  linearly  from  —178  ft/s  to  -18  ft/s  during  this  period,  so 
Ad  _  -18 -(-178)  160 

A/  - 


=  —  =  32.  Thus,  d  (/)  =  32  (/  —  17)  —  178 


22-  17 

s  (/)  =  16  (/  -  17)2  —  178  (/  -  17) +  914  and  s  (22)  =  424  ft. 

For/ >  22:  u  (/)  =  -18  =>  s  (/)  =  — 18(/  -  22)  +C.  Buts  (22)  =  424  =  C 
s  (/)  =  —  1 8  (/  —  22)  +  424. 

T  herefore,  until  the  rocket  lands,  we  have 


and 


o(0  = 


30/ 2 

—32  (/  -  3)  +  270 
32  (/  -  17)-  178 
-18 


ifO  <  /  <  3 
if  3  </  <  17 
if  17  <  /  <  22 
if/  >  22 


s(/)  = 


10/3 

— 16  (/  -  3)2  +  270  (/  —  3)  +  270 
16  (/  —  I7)2  —  178  (/-  17)  +  914 
—  1 8  (/  —  22)  +  424 


if  0  <  /  <  3 
if 3  </<  17 
if  17  <  /  <  22 
if/  >  22 


(b)  To  find  the  maximum  height,  set  0  (/)  on  3  <  /  <  1 7  equal  to  0.  -32  (/  -  3)  +  270  =  0  =»  /l  =  1 1 .4375  s 
and  the  maximum  height  iss  (/|)  =  -16(/|  -3)2  +  270(/i  -3)  +  270=  1409.0625  ft. 

(c)  To  find  the  time  to  land,  set  s  (/)  =  -18  (/  -  22)  +  424  =  0.  Then  /  -  22  =  ^  =  23.5,  so  /  =  45.6  s. 
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71.  (a)  First  note  that  90  mi/h  =  90  x  Ijjjg  ft/s  =  132  ft/s.  Then  a  (I)  =  4  ft/s2  =>  « (I)  =  4/  +  C.  but  o  (0)  =  0 
=>  C  =  0.  Now  4 l  =  132  when  /  =  -^  =  33  s,  so  it  takes  33  s  to  reach  132  ft/s.  T  herefore,  taking 
sr  (0)  =  O,  we  haves  (/)  =  2 r2,  0  <  l  <  33.  Sos  (33)  =  2178  ft.  15  minutes  =  15  (60)  =  900  s,  so  for 
33  <  t  <  933  we  have  u  ( l )  =  132  ft/s  =>  s  (933)  =  132  (900)  +  2178  =  120.978  ft  =  22.9125  mi. 

(b)  As  in  part  (a),  the  train  accelerates  for  33  s  and  travels  2 1 78  ft  while  doing  so.  Similarly,  it  decelerates  for  33  s 
and  travels  2 1 78  ft  at  the  end  of  its  trip.  During  the  remaining  900  —  66  =  834  s  it  travels  at  1 32  ft/s,  so 

the  distance  traveled  is  132  •  834  =  1 10,088  ft.  Thus,  the  total  distance  is 
2178+  110,088  +  2178  =  1 14,444  ft  =  21.675  mi. 

(c)  45  mi  =  45  (5280)  =  237,600  ft.  Subtract  2  (2 1 78)  to  take  care  of  the  speeding  up  and  slowing  down,  and  we 
have  233,244  ft  at  132  ft/s  for  a  trip  of  233,244/132  =  1767  s  at  90  mi/h.  The  total  time  is 

1767  +  2(33)=  1833  s  or  30.55  min. 

(d)  37.5  (60)  =  2250  s.  2250  -  2  (33)  =  2 1 84  s  at  maximum  speed.  2 1 84  ( 1 32)  +  2  (2 1 78)  =  292,644  total  feet  or 
292,644/5280  =  55.425  mi. 

Review 

—  CONCEPT  CHECK  -  ■  — ■■ 

1.  A  function  /  has  an  absolute  maximum  at  x  =  c  if  /  (c)  is  the  largest  function  value  on  the  entire  domain  of  /, 
whereas  /  has  a  local  maximum  at  c  if  /  (c)  is  the  largest  function  value  when  x  is  near  c.  Sec  Figure  4  in 
Section  4. 1 . 

2.  (a)  See  Theorem  4.1.3. 

(b)  See  the  Closed  Interval  Method  before  Example  8  in  Section  4.1. 

3.  (a)  See  Theorem  4. 1.4. 

(b)  See  Definition  4. 1 .6. 

4.  (a)  See  Rolle's  Theorem  at  the  beginning  of  Section  4.2. 

(b)  See  the  Mean  Value  Theorem  in  Section  4.2.  Geometrical  interpretation  —  there  is  some  point  /’  on  the  graph 
of  a  function  /  (on  the  interval  (a,  6)]  where  the  tangent  line  is  parallel  to  the  secant  line  that  connects 
(a, /(a))  and  (6. /(*)). 

5.  (a)  See  the  I/D  Test  before  Example  I  in  Section  4.3. 

(b)  See  the  Concavity  l  est  just  before  Example  4  in  Section  4.3. 

6.  (a)  Sec  the  First  Derivative  Test  after  Example  1  in  Section  4.3. 

(b)  See  the  Second  Derivative  lest  before  Example  6  in  Section  4.3. 

(c)  See  the  note  before  Example  7  in  Section  4.3. 

7.  (a)  See  Definitions  4.4. 1  and  4.4.5. 

(b)  See  Definitions  4.4.2  and  4.4.6. 

(c)  See  Definition  4.4.7. 

(d)  See  Definition  4.4.3. 

8.  Without  calculus  you  could  get  misleading  graphs  that  fail  to  show  the  most  interesting  features  of  a  function.  Sec 
the  discussions  on  pages  264  and  271 . 
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9.  (a)  Sec  Figure  3  in  Section  4.9. 
/(xi) 


(b)  X2=x\- 


f'(x l) 
/(*») 


(c)  Jf/i+1  —  xn  — 

f  (X«) 

(d)  Newton’s  method  is  likely  to  fail  or  to  work  very  slowly  when  /'  (xi )  is  close  to  0. 

10.  (a)  See  the  definition  at  the  beginning  of  Section  4.10. 

(b)  If  F\  and  /-3  are  both  antiderivatives  of  /  on  an  interval  /,  then  they  differ  by  a  constant. 


TRUE-FALSE  QUIZ 


1.  False.  For  example,  take  /  (x)  =  x3,  then  f  (x)  =  3x2  and  /'  (0)  =  0,  but  /  (0)  =  0  is  not  a  maximum  or 

minimum;  (0, 0)  is  an  inflection  point. 

2.  False.  For  example,  f  (x)  =  |x|  has  an  absolute  minimum  at  0,  but  /'  (0)  does  not  exist. 

3.  False.  For  example,  /  (x)  =  x  is  continuous  on  (0,  I )  but  attains  neither  a  maximum  nor  a  minimum  value  on 

(0,  1 ).  Don’t  confuse  this  with  /  being  continuous  on  the  dosed  interval  (a,  6],  which  would  make  the 
statement  true. 

4.  True.  By  the  Mean  Value  Theorem,  f  (c)  =  —  j  =  0.  Note  that  |c|  <  I  «=>  c  e  (- 1,  I). 

5.  True  by  the  ID  Test. 

6.  False.  For  example,  the  curve  y  =  f  (x)  =  I  has  no  inflection  points  but  /"  (c)  =  0  for  all  c. 

7.  False.  /'  (x)  =  g'  (x)  =>  /  (x)  =  g  (x)  +  C.  For  example,  /  (x)  =  x  +  2,  g  (x)  =  x  +  1  =s 

/'(*)  =  g'  (x)  =  1 ,  but  /  (x)  ^  g  (x). 

8.  False.  Assume  there  is  a  function  /  such  that  /  (] )  =  -2  and  / (3)  =  0.  Thai  by  the  Mean  Value  Theorem  there 

/(3)-/(l)  0  —  (—2) 


exists  a  number  c  e  (1,3)  such  that  /'  (c)  = 
contradiction. 

9.  True.  T  he  graph  of  one  such  function  is  sketched. 


3-1 


=  I .  But  f'(x)>  I  for  all  x,  a 


10.  False.  At  any  point  (a,  /  (a)),  we  know  that  /'  (a)  <  0.  So  since  the  tangent  line  at  (a,  /  (a))  is  not  horizontal,  it 

must  cross  the  x-axis  —  at  x  =  ft,  say.  But  since  /"(x)>  0  for  all  x,  the  graph  of  /  must  lie  above  all  of 
its  tangents;  in  particular,  /  (ft)  >  0.  But  this  is  a  contradiction,  since  we  are  given  that  /  (x)  <  0  for  all  x. 

11.  True.  l  et  X|  <  xi  where xi.xz  e  /.  Then /(xi)  < /(X2)  and  g  (xi)  <  g(x2)(since  /  andg  are  increasing  on 

/),  so  (/  +  g)(xi)  =  /(xi)  +  g(xi)  <  f{xi)  +  g(xi)  -(f  +  g)  (x2). 

12.  False,  /(x)  =  x  andg (x)  =  2x  are  both  increasing  on  (0,  1),  but /(x) —g(x)  = —x  is  not  increasing  on  (0, 1). 
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13.  False.  Take  /  (x)  =  x  and  g  (x)  =  x  -  I .  Then  both  /  and  g  are  increasing  on  (0,  1).  But 

/ (x)g(x)  =  x  (x  —  I)  is  not  increasing  on  (0,  1). 

14.  True.  Let  xi  <  *2  where  xi,x2  e  /.  Then  0  <  / (xi)  <  / (x2)  and  0  <  g  (xi )  <  g  (x2)  (since  /  and  g  are  both 

positive  and  increasing).  Hence, /(xi)g(xi)  <  f(xi)g(x\)  <  f(xi)gUi)-  So /g  is  increasing  on /. 

15.  True.  I.et  jci, xi  e  I  and.vt  <  X2.  Then  f  (x\)  <  f  (xi)  (/  is  increasing)  =>  (/ is  positive) 

=»  g(*i)  >  g  (*2)  =>  «W  =  I//  (*)  is  decreasing  on  I. 

16.  False.  The  most  general  antiderivative  is  F  (x)  —  —  1/x  +  C|  for  x  <0  and  F(x)  =  —  1/x  +  C2  for  x  >  0(see 

Example  1  in  Section  4.10). 

17.  T  rue.  If  /'  (x)  exists  and  is  nonzero  for  all  x,  then  /'  (x)  is  either  positive  everywhere  or  negative  everywhere. 

Hence,  /  is  either  strictly  increasing  everywhere  or  strictly  decreasing  everywhere,  so  /  (0)  cannot  equal 

/(•)• 


EXERCISES 


1.  f(x)  =  10  +  27.x  -  x3,  0  <  x  <  4.  f  (x)  =  27  -  3x2  =  -3  (,x2  -  9)  =  -3  (x  +  3)  (x  -  3)  =  0  only  when 

x  =  3  (since  -3  is  not  in  the  domain).  /'  (x)  >  0  forx  <3  and  /'  (x)  <  0  forx  >  3,  so  /( 3)  =  64  is  a  local  and 
absolute  maximum  value.  Checking  the  endpoints,  we  find  /  (0)  =  10  and  /  (4)  =  54.  Thus,  /  (0)  =  1 0  is  the 
absolute  minimum  value. 

2.  /  (x)  =  x  —  Vt,  0  <  x  <  4.  /'  (x)  =  1  —  I  / (2^/x)  =  0  <=>  1-Jx  =  1  =*  x  =  J.  /'  (x)  does  not  exist 

<=>  x  =  0.  /'  (x)  >  0  for  0  <  x  <  j  and  /'  (x)  <  0  for  |  <  x  <  4,  so  /  ( =  -  j  is  a  local  and  absolute 
minimum  value.  /  (0)  =  0  and  /  (4)  =  2,  so  /  (4)  =  2  is  the  absolute  maximum  value. 


3.  /(x)  = 


!+x+  1 


. (xJ  +  x+  l)(l)-x(2x  +  1)  l-x2 

,  -2  <  x  <  0.  /'  (x)  =  ^ - - - - - 5 - = - -5 

(x2+x  +  l)2  (x2+x  +  l)2 


=  0 


x  =  -1 


(since  I  is  not  in  the  domain),  f  (x)  <  0  for  -2  <  x  <  -  I  and  /'(x)  >  0  for  -  I  <  x  <  0,  so  /(-l)  =  -1  is  a 
local  and  absolute  minimum  value.  /  (-2)  =  -  |  and  /  (0)  =  0,  /  (0)  =  0  is  an  absolute  maximum  value. 


4.  /(x)  =  Vx2  +  4x  +  8,  -3  <  x  <  0.  f  (x)  —  (x  +  2)  /Vx2  +  4x  +  8  =  Owhenx  =  -2,  and  /'(x)  <  0  for 
x  <  -2,  /'  (x)  >  0  forx  >  -2.  So  / (-2)  =  2  is  a  local  and  absolute  minimum.  Also  / (-3)  =  y/S, 

f  (0)  =  2V2,  so  /  (0)  =  2n/2  is  an  absolute  maximum. 

5.  / (x)  =  x  —  >/2sinx,  0  <  x  <  a.  /' (x)  =  I  —  V2cosx  =  0  =»  cosx  =  =>  x  = 

f"  (i)  -  v^2  sin  j  =  1  >  0,  so  /  (f )  =  J-l  is  a  local  minimum.  Also  /  (0)  =  0  and  /  (a)  =  a.  so  the 
absolute  minimum  is  /  (f )  =  |  -  1,  the  absolute  maximum  is  /(a)  =  a. 


6.  / (x)  =  2x  +  2  cosx  —  4 sin x  —  cos2x.  0  <  x  <  a. 

/'  (x)  =  2  -  2 sin  x  —  4 cosx  +  2  sin 2.x  =  2(1  -  sinx  -  2 cosx  +  2sinx  cosx) 

=  2  (sinx  -  1)  (2  cosx  —  I)  =  0  when  sinx  =  1  or  cosx  =  j,  sox  =  §  or 
f  (x)  <0  for  0  <  x  <  7.  f  (x)  >  0  for  f  <  x  <  a,  so  /  (f )  =  y-  +  j  -  2\/3  is  a  local  minimum.  Also 
/(s)  0.13,  / (0)  =  1,  /  (a)  =  2a  -  3  sa  3.28,  so  /  (7)  =  +  §  -2V3  is  an  absolute  minimum  and 

/(a)  =  2a  -  3  is  an  absolute  maximum. 
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,  3x4  +  x-5  i  +  Zi~^  3  +  0  +  0  1 

7.  lim  — j — —= — -  =  lim  - == - =r-  = - —  - 

*->«>  6.x4  —  lx2  +  1  t->oo  2  1  6  —  0  +  0  2 

6“  “7  +  "I 


„  1  .  1  tan/  ..  sin /  1 

8.  It  /  =  — ,  then  lim  x  tan  -  =  lim  - =  lim - =  11  =  1. 

X  x-*oo  x  r-»o+  /  /-»o+  /  cos/ 


9. 


lim 

Jf— >oo 


It  -6 


lim 

jr-»oo 


v'l  -  9/x2 
2-6/x 


yr^o  _  ^ 

2-0  _  2 


10.  0  <  cos2  x  <  I  =>  0  <  ,  *  <  —z  and  lim  0  =  0,  lim  4r  =  0,  so  by  the  Squeeze  Theorem. 

X1  Xz  X— ♦  —00  X-*  -oo  X1 


..  cos2  x 
lim  — r—  =  0. 
x-*-00  X1 


11.  lim  (ifx  —  jx^  =  lim  l/x  ^1  —  |x2/3^  =  — oo,  since  l/x  —>  oo  and  1  —  jx2/2  — »  — oo. 


12.  lim  (V*2  +  x  +  1  —  Vx2  —  x)  =  lim  ( Vx 2  +  x  +  1  —  Vx2  -  x^ 

JC-+OC  \  /  x~*oo  V  / 

2.x  +  I 


Vx2  +  X  +  1  +  Vx2  -  X 
Vx2  +  X  +  1  +  Vx2  -  X 


(jc2  +  JX  +  I)  —  (jr2  —  a) 

-  lim  ■■  ■  -  hm 


V-X2  +  .X  +  1  +  -Jx2  -X  *-><*>  V.x2  +  *  +  1  +  Vx2-X 
2+ l/x  2  +  0 


=  lim 


y  1  +  (l/x)  +  (l/x2)  +  VI  -  l/x  VI  +0  +  0  + VI  -o 


=  I 


14.  ForO  <  x  <  I,  f  (.x)  =  2.x,  so  f  (x)  =  x2  +C.  Since  / (0)  =  0, 
/  (x)  =  x2  on  [0,  I  ].  For  I  <  x  <  3.  f  (x)  =  —  1,  so 
/ (x)  =  — x  +  £>.  !=/(!)  =  — 1  +  £>  =>  D  =  2, so 
/  (x)  =  2  —  x.  Forx  >  3,  f  (x)  =  1,  so  / (x)  =  x  +  E. 

—  1  =  /  (3)  =  3  +  £  =»  E  =  —4,  so  /  (x)  =  x  —  4.  Since  / 
is  even,  its  graph  is  symmetric  about  the  y-axis. 


15. 


y 
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16.  (a)  Using  Ihe  Test  for  Monotonic  Functions  we  know  that  /  is  increasing  on  (-2, 0)  and  (4,  oo)  because  f  >  0  on 
(—2, 0)  and  (4,  oo),  and  that  /  is  decreasing  on  (— oo,  -2)  and  (0, 4)  because  f  <  0  on  (— oo,  —2)  and 
(0,4). 

(b)  Using  the  First  Derivative  Test,  we  know  that  /  has  a  local  maximum  at  x  =  0  because  /'  changes  from 
positive  to  negative  at  x  =  0,  and  that  /  has  a  local  minimum  at  x  =  4  because  /'  changes  from  negative  to 
positive  at  x  =  4. 


17.  y  =  /  (x)  =  2  -  2x  -  x5  A.  D  =  R  B.  y-intercept:  /  (0)  =  2.  The  H. 
x-intcrcept  (approximately  0.77091 7)  can  be  found  using  Newton’s 
Method.  C.  No  symmetry  D.  No  asymptote 

E.  /'  (x)  =  -2  -  3x2  =  - 1  (3x2  +  2)  <  0,  so  /  is  decreasing  on  R. 

F.  No  local  extremum  G.  f"  (x)  =  — 6x  <  0  on  (0,  oo)  and  f"  (x)  >  0 
on  (-oo,  0).  so  /  is  CD  on  (0,  oo)  and  CU  on  (-oo,  0).  There  is  an  IP  at 
(0,2). 


18.  y  =  /  (x)  =  3x4  -  4x3  -  12x2  +  2  A.  D  =  R  B.  y-intcrcept  =  /  (0)  =  2  C.  No  symmetry 

D.  lim  (3x4  -  4x3  -  I2x2  +  2)  =  oo,  no  asymptote 
*-►±00  ' 

E.  f(x)  =  12xJ  -  I2x2  —  24x  =  12x(x  -2)(x+  I)  =  Owhcnx  =  -1.0,2 


Interval 

I2x 

x  -2 

x  +  1 

fix) 

/ 

x  <  —  1 

- 

- 

- 

- 

decreasing  on  (-oo,  —1) 

—  1  <  x  <  0 

- 

- 

+ 

+ 

increasing  on  (—  1 ,  0) 

0  <  x  <  2 

+ 

- 

+ 

- 

decreasing  on  (0,  2) 

x  >  2 

+ 

+ 

+ 

+ 

increasing  on  (2,  oo) 

F.  /(—!)  =  —3  is  a  local  minimum,  /( 0)  =  2  is  a  local  maximum. 

/  (2)  =  —30  is  a  local  minimum.  G.  /"  (x)  —  12  (3x2  -  2x  —  2)  =  0 
=>  x  =  f"  (x)  >  0  x  >  |T}s/7  orx  <  1  so  /  is  CU 

on  (-oo,  1  and  oc^and  CD  on  ( 1  -  1,1  at 

x  =  ^ 
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19.  y  =  /(*)  —  X4 -3x3  +  3x2  -  x  =  x  (x -l)3  A.  I)  =  R  B.  v-intercept:  /  (0)  =  0;  ^-intercepts:  f  (x)  =  0 
<=>  x  =  0  or  x  =  1  C.  No  symmetry  D.  /  is  a  polynomial  function  and  hence,  it  has  no  asymptote. 

E.  f  (x)  =  4.x1  —  9x~  +  6x  —  I.  Since  the  sum  of  the  coefficients  is  0.  1  is  a  root  of  /'.  so 
f  (*)  =  (*  —  1)  (4x2  —  5x  +  I)  =  (x  —  I)2  (4x  —  I).  /'(x)  <  0  =>  x  <  so  /  is  decreasing  on 
(-oo,  and  /  is  increasing  on  ooY  F.  /'  (x)  docs  not  change  H. 

signatx  =  I,  so  there  is  not  a  local  extremum  there,  /(j)  'sa 

local  minimum.  G.  f" (x )  =  12x2  —  I8x  +  6  =  6(2x  -  l)(x  -  I). 

/" (x)  =  0  «=>  x  =  j  or  I .  /" (x)  <  0  »  J  <  x  <  I  =»  /is 
CD  on  (j,  l)  and  CU  on  (— oo,  j'j  and  (1,  oo).  There  are  inflection 
points  at  (j,  -jz)  and  (1,0). 


20.  y  =  /(x)  =  !  _  ^  A.  D  =  {x  |  x  #  ±1)  B.  y-intercept:  / (0)  =  I;  no x -intercept 

C.  /  (— x)  =  /  (x),  so  /  is  even  and  the  graph  of  /  is  symmetric  about  the  y-axis.  D.  Vertical  asymptotes: 

X  =  ±1.  Horizontal  asymptote:  y  =  0  E.  y'  =  — — — j  =  0  «  x  =  0,  so  /  is  decreasing  on  (-oo, -I) 

(I  -x2) 


and  (—1,0),  and  increasing  on  (0, 1)  and  (I,  oo).  F.  Local  minimum 
/  (0)  =  I;  no  local  maximum 


G.  /"(x)  = 


(1  -x2)  -2-Zx  -2(1  -x2)  (-lv) 
(1  -x2)4 

2(1  -x2)  +8x2  _  6x2  +  2 

(1  - x2)3  ~~  0  -Jt2)3 


<  0  <=>  X1  >  I, 


so  /  is  CD  on  (-oo.  —  I )  and  ( I ,  oo),  and  CU  on  (- 1 ,  1 ).  No  IF 
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22.  y  =  /  (x)  =  -  H - — -  =  — ,  *  A.  D  =  (x  I  x  0,  —  I )  B.  No  y-interccpt,  x-intcrcept=  —  I  C.  No 

x  x  +  I  x  (x  +  1 )  i 

symmetry  D.  lim  /  (x )  =  0,  so  y  =  0  is  a  HA.  lim  *  =  oo,  lim  =  — oo, 

x-*±°eJ  x-tO+  x  (x  +  1 )  x->0-  x  (x  +  I) 

lim  ------  =  oo,  lim  — ,  *  =  — oo,  so  x  =  0,  x  =  —  I  are  VA. 

*-»-!+  x  (at  +  1)  *->-1-  x  (x  +  I) 


E.  /'(x)  = — -j  —  - — <  0,  so  /  is  decreasing  on  (—oo, —I ), 
(—1,0)  and  (0,  oo).  F.  No  extremum 

„  2  _2(2x+l)(*2+x  +  l)  „„_wn 


„  2  .  2  2(2x  +  I) (jr  +; 

1  W-JrJ  +  (*  +  l)*  “  x’(x+l)3 


.  /"  (x)  >  0 


<=>  x  >  0  or  —  1  <  x  <  —  j,  so  /  is  CU  on  (0,  oo)  and  (-1,  —  j)  and 
CD  on  (-oo.-l)  and  (-j,o).  1p(-^,o) 


23.  y  =  /  (x)  =  — -j— ^  =  x  —  8  +  — A.  D  =  {x  |  x  /  —8)  B.  Intercepts  are  0  C.  No  symmetry 


D.  lim  =  oo.  but  /  (x)  -  (x  -  8)  = 

*-»oo  x  +  8  x  +  8 


0  as  x  ->  oo,  so  y  =  x  —  8  is  a  slant 


x2  x2 

asymptote,  lim  - -  =  oo  and  lim  - -  =  -oo,  sox  =  —  8  is  aVA. 

*-,-8-- x  +  8  x-»-s-  x  +  8 


E.  f  (x)  =  I - j 

(x  +  8)2  (x  +  S)1 

<=>  x  >  0  or  x  <  — 16,  so  /  is  increasing  on  (— oo,  -16)  and  (0,  oo)  and 

decreasing  on  (-16,  -8)  and  (-8, 0) .  F.  /  (- 16)  =  -32  is  a  local 

maximum,  /  (0)  =  0  is  a  local 

minimum.  G.  /"  (x)  =  128/  (x  +  8)3  >  0  <=>  x  >  -8,  so  /  is  CU 
on  (-8,  oo)  and  CD  on  (— oo,  —8).  No  IP 


x(x+  16) 


24.  y  =  /  (x)  =  x  +  vi  —  x  A.  D  =  (x  |  x  <  1 )  =  (—oo.  1]  B.  y-intercept  =  1;  x-intercepts  occur  when 

x  +  v/ 1  —  x  =  0  =>  VI  —  x  =  — x  =>  I  —  x  =  x2  =>  x2+x—  1=0  =>  x  =  but  the  larger 

root  is  extraneous,  so  the  only  x -intercept  is  -l  3  ^ .  C.  No  symmetry  D.  No  asymptote 
E.  /'(x)  =  1  -  l/(27nTx)  =  0  a  2vT"— T  =  I  o  l-x  =  J  H. 

<=>  •*  =  |  and  f  (x)  >  0  x  <  |,  so  /  is  increasing  on  (-oo, 

decreasing  on  (|,  1^.  F.  /  |  isalocal  maximum. 

G.  f"  (x)  = - - — To  <  0  x  <  I,  so  /  is  CD  on  (— oo,  1). 

4(1  —  x)  ' 


No  IP 
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25.  y  =  /  (x)  =  x-y/2  +  x  A.  D  =  [-2,  oo)  B.  ^-intercept:  /  (0)  =  0;  x-intcrccpts:  -2  and  0  C.  No 

symmetry  D.  No  asymptote  E.  /'  ( x)  =  — *  _  +  -J2  +  x  -  — -!■ - [x  +  2(2  +  x)|  =  **  +  4  =  0 

2/2 +  x  2/2+x  2/2  +  .v 

when  x  =  -|,so  /  is  decreasing  on  (-2,  -5)  and  increasing  on  f-|,ooV  F.  Local  minimum 


/  (— j)  -  — 5\/?  =  58  _|  09,  no  local  maximum 

I 


G.  /"(*)  = 


2/2+x-3-(3x  +  4)- 

4(2+7) 

6(2  +  x)  -  (3x  +4) 


3x  +  8 


4(2  +  x)3/2  4(2  +  x)3/2 

f"  (x)  >  0  for  x  >  —2,  so  /  is  CU  everywhere.  No  IP 


26.  y  =  f  (x)  =  /x  —  l/x  A.  I)  =  [0, 00)  B.  y-intercept  0,  x-intcrccpts  0.  1 

C.  No  symmetry  D.  Ijrn^  (x 1/2  —  x1''3)  =  lim  [x1^3  (x1/6  —  I)]  =  00,  no  asymptote 


*JY  1/6  _  'y 

E.  f  (x)  =  ix-1'2  -  jx~2^3  =  -  --2/3—  >0  «=>  3xl/6  >  2 
((0  ,  00^  and  decreasing  on  ^0,  ^  .  F.  '«#>-* 

o _ Qr  1/6 

G.  f"  (x)  =  -lx'3/2  +  |x-V3  =  *  ,  >0  «  x'*  <  | 


o  x  >  ,  so  /  is  increasing  on 

is  a  local  minimum. 

<=>  H. 


(5)  ,  so  /  is  CU  on  ^0,  ^  and  CD  on  >  00^. 


IP 


27.  y  =  /(x)  =  sin2x  —  2cosx  A.  D  =  R  B.  y-intercept:  / (0)  =  -2  C.  / (— x)  =  / (x),  so  / 
is  symmetric  with  respect  to  the  y-axis.  /  has  period  In .  D.  No  asymptote 

E.  y' =  2sinxcosx  +  2sinx  =  2sinx  (cosx  +  1).  y' =  0  <=>  sinx  =  Oorcosx  =  —I  <=>  x  =  nn  or 
x  =  (2 n  +  I)  n .  y'  >  0  when  sinx  >  0,  since  cosx  +  1  >  0  for  all  x.  Therefore,  y'  >  0  (and  so  /  is  increasing)  on 
(2nn ,  (2 n  +  I)  n);  y'  <  0  (and  so  /  is  decreasing)  on  ((2n  —  I)  rr,  2 nn).  F.  Local  maxima  are 
/  ((2n  +  I)  n)  =  2;  local  minima  are  f  (Inn)  =  —2.  G.  y' =  sin2x +2sinx 

y"  =  2cos2x  +  2 cosx  =  2  ^2 cos2 x  —  1^  +  2 cosx  =  4cos2x  +  2 cosx  —  2 
=  2  ^2 cos2  x  +  cosx  —  1^=2  (2 cosx  —  1)  (cosx  +  1) 


y"  =  0  <=>  cosx  =  j  or  —  I  <=>  x  =  2nx  ±  J  orx  =  (2n  +  1)jt.  y"  >  0  (and  so  /  is  CU)  on 
(2  nn  —  j,2  nn  +  y );  y"  <  0  (and  so  /  is  CD)  on  ^2  nn  +  y ,  2nn  +  y-J.  There  are  inflection  points  at 

(2nx  ±  f  •  ~?) 
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28.  y  =  f(x)  =  4.i  -  tan*,  -f  <  *  <  f  A.  D  =  (-§,  §)  .  B.  ^-intercept  =  / (0)  =  0 
C.  /(-x)  = -/(x),  so  the  curve  is  symmetric  about  (0,0).  D.  lim  (4.x  -  tanx)  =  -oo. 

x-*x  /2~ 


lim  (4.x  -  tan.x)  =  oo,  so  x  =  $  and  x  =  -  f  arc  VA.  E.  f  (x) 
*-*-*/2+  2  2 

cosx  >|  <=>  —  y  <  x  <  y,  so  /  is  increasing  on  (— f ,  j)  and 

decreasing  on  and  (f,f).  F.  /(J)  =  ^-V5  isalocal 

maximum.  /  (-f )  =  V5  -  is  a  local 

minimum.  G.  /"  (x)  =  -2 sec2 x  tanx  >0  tanx  <  0  <=» 

-f  <  x  <  0,  so  /isCU  on  (-f  ,0)  and  CD  on  (0,  f ).  IP  (0,0) 


29.  /(*)  = 


x2  —  I 


=  x3  (2x)  —  (x2  —  1)  3x2  =  3-x 

x 6  r4 


/"(*)  = 


x*1  (— 2x)  —  (3  —  x2)  4*3  2x2  -  12 


I 


r 

.  J 

L 

r 

Vs — ] 

-0.2 

1.5 


-0.2 


-0.25 


Estimates:  From  the  graphs  of  /'  and  /",  it  appears  that  /  is  increasing  on  (- 1 .73, 0)  and  (0,  1 .73)  and  decreasing 
on  (-oo,  -1.73)  and  (1.73,  oo);  /  has  a  local  maximum  of  about  /  (1.73)  =  0.38  and  a  local  minimum  of  about 
/  (“  1  •?)  —  —0.38;  f  is  CU  on  (—2.45, 0)  and  (2.45,  oo),  and  CD  on  (— oo,  —2.45)  and  (0,  2.45);  and  /  has 
inflection  points  at  about  (-2.45,  -0.34)  and  (2.45, 0.34). 

3 _ ^2 

Exact:  Now  /'  (x)  =  is  positive  for  0  <  x2  <  3,  that  is,  /  is  increasing  on  (-V5,  o)  and  (o,  V3):  and 

/'  (x)  is  negative  (and  so  /  is  decreasing)  on  (-00,  -VJ)  and  (V3, 00).  /'  (x)  =  0  when  x  =  ±V5.  /'  goes 

from  positive  to  negative  at  x  =  \/3,  so  /  has  a  local  maximum  of  3)  =  ;  and  since  /  is  odd. 

(V%) 

we  know  that  maxima  on  the  interval  (0,  00)  correspond  to  minima  on  (-00, 0),  so  /  has  a  local  minimum  of 
/(-x/5)  =  — ¥•  Also-  f"  (■*)  =  *-  is  positive  (so  /  is  CU)  on  (--/&,  0)  and  (v/6, 00).  and  negative 

(so  /  is  CD)  on  (—00,  —  n/g)  and  (0,  V5)  There  are  IP  at  (x/6,  and  ^-v/6, 
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J/7 

30.  / (x)  =  —  =  xl/3  (I  —  x)_l  => 

I  —  X 


/'(x)  =x1/3(-l)(l  -x)-2  (-l)  +  (l  -at)’1  (j)jf2/3  =  =, 

'  '  3  (jr  —  l)* 


From  Ihc  graphs,  it  appears  that  /  is  increasing  on  (—0.50,  I )  and  ( I ,  oo),  with  a  vertical  asymptote  at  x  =  1 ,  and 
decreasing  on  (— oo,  —0.50);  /  has  no  local  maximum,  but  a  local  minimum  of  about  /  (—0.50)  —  —0.53;  /  is 
CU  on  (—1.17, 0)  and  (0.17,  1)  and  CD  on  (— oo,  —1.17),  (0,0.17)  and  (1,  oo);  and  /  has  inflection  points  at 
about  (—1.17,  —0.49),  (0, 0)  and  (0. 1 7, 0.67).  Note  also  that  lim  /  (x)  =  0,  so  y  —  0  is  a  horizontal 

x->±oo 

asymptote. 


31.  /  (x)  =  3x6  -  5xi  +  x4  -  5x3  -  2xJ  +  2,  f  (x)  =  18x5  -  25x4  +  4x3  -  I5x2  -  4x, 
f"  (x)  =  90x4  -  I00x3  +  Hr2  -  30x  -  4 

i  75 


_ _ _ 

( 

Ns\\ 

V 

7 

From  the  graphs  of  /'  and  /",  it 
appears  that  /  is  increasing  on 
(—0.23,  0)  and  (1.62,  oo)  and 
decreasing  on  (-oo,  — 0.23)  and 
(0,  1 .62);  /  has  a  local  maximum  of 
about  /( 0)  =  2  and  local  minima 
of  about  /  (—0.23)  =  1 .96  and  /  ( 1 .62)  =  —  1 9.2;  /  is  CU  on  (— oo,  —0. 1 2)  and  (1.24,  oo)  and  CD  on 
(-0.12,  1.24);  and  /  has  inflection  points  at  about  (-0.12,  1.98)  and  (1.2,  -12.1). 


V _ 

s _ 

'Ns/^ 
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32.  /(x)  =  sinxcos2x  =>  /' (at)  =  cos3*  —  2sin:x cosx  =»  /" (x)  =  -7 sin.v  cos2 x  +  2 sin3 x 

2.5  0.4 _ 


Prom  the  graphs  of  /'  and  /".  it  appears  that  /  is  increasing  on  (0, 0.62),  (1.57, 2.53),  (3.76,  4.71)  and  (5.67, 2a) 
and  decreasing  on  (0.62,  1 .57),  (2.53, 3.76)  and  (4.71,  5.67);  /  has  local  maxima  of  about 
/  (0.62)  =  /  (2.53)  =  0.38  and  /  (4.71)  =  0  and  local  minima  of  about  y  ( 1 .57)  =  0  and 
/ (3.76)  =  / (5.67)  =  -0.38;/ is  CU  on  (1.08, 2.06).  (3.14,4.22)  and  (5.20, 2a)  and  CD  on  (0,  1.08), 

(2.06, 3.14)  and  (4.22, 5.20);  and  /  has  inflection  points  at  about  (0. 0).  (1.08, 0.20),  (2.06, 0.20).  (3.14, 0), 

(4.22,  -0.20),  (5.20.  -0.20)  and  (2a,  0). 

33.  /  (x)  —  x101  +  x51  +  x  -  I  =  0.  Since  /  is  continuous  and  /  (0)  ==  —  I  and  /  (I)  =  2,  the  equation  has  at  least 
one  root  in  (0,  1),  by  the  Intermediate  Value  Theorem.  Suppose  the  equation  has  two  roots,  a  and  b.  with  a  <  b. 

Then  f  (a)  —  0  =  /  (6),  so  by  the  Mean  Value  Theorem,  /'  (x)  =  — — — -----  —  - - —  0,  so  f  (x)  has  a 

b  —  a  b  —  a 

root  in  (a,  b).  But  this  is  impossible  since  /'  (x)  =  lOIx100  +  51xS0  +  I  >  I  for  all  x. 

34.  By  the  Mean  Value  Theorem,  /'  (c)  =  -j — j j-—  <=>  4 /'  (c)  =  /  (4)  —  I  for  some  c  with  0  <  c  <  4.  Since 

2  <  /'(e)  <  5.  we  have 4(2)  <  4/'  (c)  <  4(5)  <=>  4 (2)  < /(4)  -  1  <  4(5)  <=>  8  <  / (4)  —  1  <20  <3 
9  <  /  (4)  <  21. 

35.  Since  /  is  continuous  on  [32, 33]  and  differentiable  on  (32, 33),  then  by  the  Mean  Value  Theorem  there  exists  a 

V55  -  i/32 

number  c  in  (32, 33)  such  that  f  (c)  =  5c-4/5  =  — — — — —  =  4^33  —  2.  but  >0  =>  ^33  —  2  >  0 

=>  i/33  >  2.  Also  /'  is  decreasing,  so  that  /'  (c)  <  f  (32)  =  |  (32)~4/s  =  0.0125  => 

0.0125  > /'(c)  = -^33- 2  =>  4/33  <  2.0125.  Therefore,  2  <  i/33  <  2.0125. 

36.  For  (1, 6)  to  be  on  the  curve  v  —  x'  I-  ax-  +  bx  4-  I,  we  have  that  6  =  a  +  b  +  2  =>  6  =  4  —  a.  Now 

/  =  3x2  +  2 ax  +  b  and  y"  =  6x  +  2a.  Also,  for  (1,6)  to  be  an  inflection  point  it  must  be  true  that 

y"  (1)  =  6  (1)  +  2a  =  0  =>  a  =  —3  =»  b  =  4  —  (— 3)  =  7. 

37.  (a)  g(x)  =  /  (x2)  =»  g'  (x)  =  2 x/'  (x2)  by  the  Chain  Rule.  Since  /'  (x)  >  0  for  all  x  /  0.  we  must  have 

f  (x2)  >  0  for  x  -/  0,  so  g'  (x)  =  0  »  x  =  0.  Now  g  (x)  changes  sign  (from  negative  to  positive)  at 
x  =  0.  since  one  of  its  factors,  /'  (x2),  is  positive  for  all  x,  and  its  other  factor.  2x,  changes  from  negative  to 
positive  at  this  point,  so  by  the  First  Derivative  Test.  /  has  a  local  and  absolute  minimum  at  x  =  0. 

(b)  g  (x)  =  2x /'  (x2)  =*  g"  (x)  =  2  \xf"  (x2)  (2.x)  +  /'  (x2)]  =  4x2/"  (x2)  +  2/'  (x2)  by  the  Product  Rule 

and  the  Chain  Rule.  But  x2  >  0  for  all  x  /  0,  f"  (x2)  >  0  (since  /  is  Cl)  for  x  >  0),  and  /'  (x2)  >  0  for  all 
x  ^  0,  so  since  all  of  its  factors  are  positive,  g"  (x)  >  Oforx  /  0.  Whether  g"  (0)  is  positive  or  0  doesn’t 
matter  (since  the  sign  of  g"  does  not  change  there);  g  is  concave  upward  on  R. 
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38.  Call  the  two  integers  x  and  y.  T  hen  x  +  Ay  =  1000,  so  x  =  1000  -  Ay.  Their  product  is  P  =  xy  =  (1000  -  4y)y. 
so  our  problem  is  to  maximize  the  function  P  O')  =  1 OOOy  -  4v2.  where  0  <  y  <  250  and  y  is  an  integer. 

P'  (y)  =  1000  -  8y,  so  P'  Cy)  =  0  »  y  =  125.  P"  (y)  =  -8  <  0,  so  P  (125)  =  62.500  is  an  absolute 
maximum.  Since  the  optimal  y  turned  out  to  be  an  integer,  we  have  found  the  desired  pair  of  numbers,  namely 
x  =  1000-4(125)  =  500  and  y  =  125. 


39.  If  B  —  0.  the  line  is  vertical  and  the  distance  from  x  = - to  (x| ,  vi)  is 

A 


!x  i  + 


I  -tx  I  +  By\  +  C| 
•Ja2  +  Bi 


SO 


assume  B  0.  The  square  of  the  distance  from  (xi.yi)  to  the  line  is  /  (x)  =  (x  -xi)2  +  (y  —  yt)2  where 

(A  C  \  2 
- x - y\  J  => 

r  (x)  =  2  (X  -  X, )  +  2  (~X  -  ^  W  = 


„  .  B2x,  -ABy,  -AC  . 

u  x  = - ^ - and  this  gives  a 


/f2  +  Z?2 


minimum  since 


since  f"  (x)  =  2  ^1  +  >  0-  Substituting  this  value  ofx  into  /(x)  and  simplifying  gives 

(<4xi  4*  Byi  +  C)2  .  |/tx|  +  Bv)  +C| 

J  (x)  =  — - — ~5 - -5 - ,  so  the  minimum  distance  is  -J J  (x )  = - 1— ■■  — 

A  +  V/(2  +  B2 

40.  If  d (x)  is  the  distance  from  the  point  (x,  8/x)  on  the  hyperbola  to  (3. 0),  then 

Id  (x)J2  =  (x  -  3)2  +  64  /x2  =  /  (x).  /  (x)  =  2  (x  -  3)  -  128  /x}  =  0  =>  x4  -  3x3  -  64  =  0  = 


(x  -  4)  (x3  +  x2  +  4x  +  16)  =  0 
is  (4, 2). 


x  =  4  since  the  solution  must  have  x  >  0.  Then  y  =  |  =  2.  so  the  point 


41. 


42 


By  similar  triangles. 


y 

x 


r 

—====,  so  the  area  of  the  triangle 
Vx2  —  2rx 


is  A(x)=  \  (2y)x  =  xy  =  .  => 

Vxz  -  2 rx 

2 rxVx2  —  2 rx  -  rx 2  (x  —  r)  /Vx2  —  2 rx 
A'  (x)  - - - 


x2  -  2 rx 


=  0  when  x  =  3  r. 


rx 2  ( x  —  3 r) 
(x2  -  7rxfn 


A'(x)  <0  when  2r  <  x  <  3r,  A'  (x)  >  0  when  x  >  3r.  So 
x  =  3 r  gives  a  minimum  and 

A  (3 r)  =  r  (9r2)  j  (v/3 r)  =  3 -Jlr2. 


The  volume  of  the  cone  is 

V  =  jxy2  (r  +x)  =  (r2  - x2)  (r  +  x),  -r  <  x  <  r. 

V'(x)  =  ^f(r2-x2)  (!)  +  (/• +x)(-2x)] 

=  f  l(r  +  x)  (r  -  x  -  2x)J  =  f  (r  +  x)  (r  -  3x) 

=  0  when  x  =  — r  or  x  =  r/ 3. 

Now  V  (r)  =  0  =  F  (—/■),  so  the  maximum  occurs  at  x  =  r/3  and 
the  volume  is  V  g)  =  |  (r2  -  0  (|)  = 
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Wc  minimize 

L  (x)  =  +  \PB\  +  |PC|  =  Ux2  +  16  +  (5  -  x). 

0  <  x  <  5.  V  (*)  =  2x  j  six1  +  16  -1=0  «=> 

2x  =  -Jx2  +  16  «=>  4jr  =  jt2  +  16  o  a:  = 
t  (0)  =  13,  L  2:1  1 1.9, 1.  (5)  »  12.8,  so  the  minimum 
occurs  when  x  =  =»  2.3. 


44. 


If  \CD\  =  2 ,  L  (x)  changes  from  (5  —  x)  to  (2  —  x)  with 
0  <  x  <  2.  But  we  still  get  V  (*)  =  0  <=>  x  =  which  isn’t 
in  the  interval  [0, 2],  Now  L  (0)  =  1 0  and 
L  (2)  =  2\/20  =  4\/5  =»  8.9.  The  minimum  occurs  when  P  =  C. 


dt) 

dL 


1  c 

0  C~  £2 


2 -J(L/C)  +  (C/L) 

I.  =  C.  This  gives  the  minimum  velocity  since  1/  <  0  for  0  <  L  <  C  and  o'  >  0  for  /,  >  C. 


L2  =  C2 


46. 


Wc  minimize  the  surface  area  S  =  nr2  -f-  2xrh  +  2 nr2  =  3tt r2  +  2 itrh.  Solving 

y 

V  —  nr2h  +  inr2  for  h,  we  get  h  —  — r-  —  ir,  so 
9  nrz  * 

S  ( r )  =  3 nr2  +  2 nr  ^ ^  J  =  | nr2  +  - — . 


,  2K  tHT’  —  LV  m  i 

S'{r)  = - -  +  J0*r  =  J - - - =0  e=>  tf3  =  2V 

r1  rL 


3 


nr*  -2V 


w 


<=>  r3  =  —  <=>  r  =  ./  — .  This  gives  an  absolute  minimum  since  S1  (r)  <  0  for  0  <  r  <  ./  —  and 


a/3F 


5  n 


5  n 


S'  ( r )  >  0  for  r  >  J  — .  Ilius,  r  =  J  —  =  h. 

5tt 


47.  Let  x  —  selling  price  of  ticket.  Then  12  —  x  is  the  amount  the  ticket  price  has  been  lowered,  so  the  number 
of  tickets  sold  is  1 1.0(H)  +  1000(12  -  x)  =  23,000  -  1000*.  The  revenue  is 

R  (*)  =  .v  (23,000  -  1000* )  =  23,000*  -  1000*2,  so  /?'(*)  =  23,000  -  2000*  =  0  when  *  =  1 1 .5.  Since 
R"  (*)  =  -2000  <  0,  the  maximum  revenue  occurs  when  the  ticket  prices  arc  $1 1.50. 
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48.  (a)  C  (x)  =  1800  +  25x  -  O.Zx2  +  O.OOlx3  and 
R  (x)  =  xp  (,x)  =  48. 2x  —  0.03.x2.  The  profit 
is  maximized  when  C  ( x )  =  R'  (*). 


12,000 


(b)  C'  (x)  =  25  -  0.4x  +  0.003.x2  and 

R'  (x)  =  48.2  -  0.06.x.  C  (x)  =  R'  (x)  => 
0.003.x2  -  0.34.x  -  23.2  =  0  =>  xi  as  161.3 
(x  >  0).  R"  (x)  =  -0.06  and 
C"  (x)  =  -0.4  +  0.006.x.  so 
R"  (xt )  =  -0.06  <C"(x,)as  0.57  =>  profit  is 
maximized  by  producing  161  units. 


From  the  figure,  we  estimate  that  the  tangents 
are  parallel  when  x  as  160. 

(c)  c  (x)  =  — —■  =  — — —  +  25  —  0.2x  +  O.OOlx2  is  the  average  cost. 

Since  the  average  cost  is  minimized  when  the  marginal  cost  equals 
the  average  cost,  we  graph  c  (x)  and  C  (x)  and  estimate  the  point  of 
intersection.  From  the  figure,  C  (x)  =  c  (x)  <=>  x  w  144. 


49.  /(x)=x4+x- 1  =i  /'(x)  =  4x3+I  =>  x„+i  =  x„  -  ' .  Ifxi  =  0.5  then  x->  «=  0.791667, 

4x»  +  I 

X)  0.729862,  X4  as  0.724528,  xs  as  0.724492  and  X6  as  0.724492,  so,  to  six  decimal  places,  the  root  is 
0.724492. 


50.  /(x)  =  x  —  6cosx  =>  /' (x)  =  1  +  6sinx  =s  x„, i  =x„  - 


1  +  6sinx„ 

From  the  graph  of/,  it  appears  that  there  are  roots  near  1,  —2  and  -4.  If 


xi  =  1,  then  X2  as  1.370620,  x3  as  1.344812.  x4  %  1.344751  as.x5.  If 
xi  =  -2,  thenx2  as  -1.888486.  x3  as  -1.891518.  x4  as  —  1 .891520  as  x5. 
If  xi  =  -4,  then  x2  as  -3.985898.  x3  as  -3.985826  as  x4.  So.  to  six 
decimal  places,  the  roots  arc  1.344751,  -1.891520  and  -3.985826. 


51.  /(x)  =:  x6  +  2x2  —  8x  +  3  =*  /' (x)  =  6xs  +  4.x  —  8.  We  want  to  find  the  minimum  of  /,  so  we  examine  the 

graph  of  /'  looking  for  values  at  which  /'  changes  from  negative  to  positive. 


From  the  graph,  we  see  that  this  occurs  at  x  as  I .  So  we  will  use  Newton’s 
method  with  g  (x)  =  /'  (x)  =  6x5  +  4.x  -  8,  g'  (x)  =  30x4  F  4,  and 
6x3  +  4x„  —  8 

xi  =  1.  x„+i  =  x„ - .  —  gives  us  x2  as  0.941 176, 

30x,1  +  4 

x3  a;  0.934068,  x4  as  0.933975  as  x5.  Thus.  /  (x5)  as  -2.063421  is  the 
absolute  minimum  value  of  /. 
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y  =  /(•*)  =  x2  +  sin*  A.  0  =  R  B.  y-intercept  =  / (0)  =  0,  x-intercepts  occur  when  x2  +  sin x  =  0.  x  =  0 
is  a  solution,  and  using  Newton’s  Method  try  x\  =  -1  to  get  x2  as  -0.8914,  x3  as  -0.8770,  x4  as  -0.8767, 
jr5  =  -0.8767.  So  the  x-intercepts  are  x  as -0.88,  and  x  =0.  C.  No  symmetry  D.  No  asymptote 
I--  /  (at)  =  2jt  +  cos  jt  and  to  find  intervals  of  increase  or  decrease  solve  2jr  +  cos.it  =  0. 

Use  Newton’s  Method  with  jt|  =  -0.5  to  get  x2  =  -0.4506, 
x3  -0.4502,  x4  as  -0.4502.  So  the  root  is  «  at  -0.45.  Forx  >  «, 
f  (x)  >  0.  and  lor  jr  <  a,  f  (x)  <0.  So  /  is  increasing  on  («,  oo),  and 
decreasing  on  (—00, «) .  F.  /(«)  as  —0.23  is  a  local  minimum. 

G-  f"  (jt)  =  2  -  sin  jt  >  0  for  all  jt,  so  /  is  CU  on  (-oo,  oo).  No  IP 


53-  /'(-*)  =  >/**-  4  / i/x  =jt 5/2  —  4jt  '/5  =>  /  (jt)  =  ^x7/2  -  4  (|x4/S)  +  C  =  tjX1'1  -  5.x4/5  +  C 

54-  f  (jt)  =  8jt  —  3  sec2  jt  =>  /(jt)  =  8  (|x2)  -  3  lanx  +  C  =  Ax2  -  3  tan*  +  C 

55.  /’(jt)  =  (I  +jt)A/J  =  *-|/2+jt,/2  =»  /(x)  =  2jt'/2  +  |jt3/2+c  =»  0  =  /(l)  =  2+ § +C  => 
C  =  -  f  =*  /(jt)  =  2x172  +  |x372  —  ® 


56-  /'(x)  =  I  +  2sinx  -  cosx  =>  /(jt)  =  jt  -  2cosjt  -  sinjt  +  C  =>  3  =  / (0)  =  -2  +  C  =>  C  =  5,so 
/(jt)  =  x  -  2cosjt  —  sinx  +  5. 


5 7./"(x)=x3+x  =>  /'  (x)  =  Jx4  +  }x2  +  C  =>  1  =  /'  (0)  =  C  =a  /'(x)  =  Jx4  +  \x2  +  1  => 

f  (x)  =  Jj*5  +  jx3  +  x  +  D  =»  —I  =  /  (0)  =  f)  =>  /(x)=^x5  +  £x3+x-l 


58. /"<x)  =  x4-4x2  +  3x-2  =»  /  (x)  =  ±x5  -  \x'  +  §x2  -  2x  +  C  =» 

/  (x)  —  35X6  —  5X4  +  jx3  —  x2  +  Cx  +  D.  0  =  /  (0)  =  D  =>  /(x)=  5^x6-^x4  +  ^x3-x2  +  Cx. 
I  = /(I)  =  -  5  +  5  -  1 +C  =*  C  =  |,so/(x)  =  ^x6  -  jx4  +  £x3 -x2  +  \x. 


59.  y 
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60.  f  (x)  =  x*  +  x3  +  c.x2  =>  /'  (x)  =  4,r3  +  3.v2  +  2cx.  This  is  0  when  x  (4x2  +  3.*  +  2c)  =  0  <=>  x  =  0  or 

4.v2  +  3x  +  2c  =  0.  Using  the  quadratic  formula,  we  find  that  the  roots  of  this  last  equation  are 

x  = - ^  —  ■■■■■  Now  if  9  —  32c  <0  <=>  c  >  then  x  =  0  is  the  only  critical  point,  a  minimum.  If 

c  =  S’  ,*lcn  ,*lcre  arc  t"f0  critical  points  (a  minimum  at  x  =  0,  and  a  horizontal  tangent  with  no  maximum  or 

minimum  at  x  =  —  | )  and  if  c  <  ^ .  then  there  arc  three  critical  points  except  when  c  =  0,  in  which  case  the  root 

with  the  +  sign  coincides  with  the  critical  point  at  x  =  0.  For  0  <c  <  S  .  there  is  a  minimum  at 

3  s/9 -32c  .  3  s/9  -  32c  J  .  . 

x  —  —  - - - - ,  a  maximum  at.x  =  —  -  + - - - ,  and  a  minimum  atx  =  0.  Fore  =  0,  there  is  a 

o  8  8  8 

minimum  at  x  =  —  |  and  a  horizontal  tangent  with  no  extremum  at  ,x  =  0,  and  for  c  <  0,  there  is  a  maximum  at 


x  =  0.  and  there  are  minima  at  x  =  -  j  ±  ■  ^ .  Now  we  calculate  f"  (x)  =  1 2x 2  +  6x  +  2c.  The  roots  of 

8  8 


.•  -6±  V36-4  -  12  -2c  „  , 

this  equation  are  x  = - - — - .  So  if  36  —  96c  <0  c  >  |,  then  there  is  no  inflection  point.  If 


—t - >  v _ _ I _ 

-3  -0.01 


61.  Choosing  the  positive  direction  to  be  upward,  wc  have  a  (/)  =  -9.8  =>  v  (l)  —  -9.8/  +  o0,  but  o  (0)  =  0  =  i>0 
=>  v(t)  =  -9.8/  =  s'(/)  =>  j  (/)  =  — 4.9/2  +  s0.  but  s  (0)  =  s0  =  500  =>  s  (/)  = -4.9/2  +  500.  When 
s  =  0, -4.9/2  +  500  =  0  =>  /|  =  yW  =*=  10.1  =>  »  (/,)  =  -9.8V/^  %  -98.995  m/s.  Therefore,  the 

canister  will  not  burst. 


62.  Let  sa  (/)  and  sg  (/)  be  the  position  functions  for  cars  A  and  B  and  let  /  (/)  =  s,4  (/)  -  sg  (/).  Since  A  passed  B 
twice,  there  must  be  three  values  of  /  such  that  /  (/)  =  0.  Then  by  three  applications  of  Rolle’s  Theorem  (see 
Exercise  4.2.22),  there  is  a  number  c  such  that  f"  (c)  =  0.  So  (c)  =  s"b  (c),  that  is,  A  and  B  had  equal 
accelerations  at  /  =  c. 
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The  cross-sectional  area  is  A  =  Zx  ■  2y  =  4x.y  =  4xvT00  —  x2, 
0  <  x  <  10,  so 

^  =  4x  (100  -  x2)_l/2  (—2.x)  +  (100  -  x2)'/2  •  4 


-4.x- 


(100  -x2) 


1/2 


+  4(l00-x2)l/2 


=  0  when  -x2  +  (100  -  x2)  =  0  => 

.x2  =  50  =»  x  —  \/50  as  7.07  =>  .v  =  y  100  -  (n/5o)"  =  s/50.  Since  A  (0)  =  A  (10)  =  0, 
rectangle  of  maximum  area  is  a  square. 


the 


(b) 


The  cross-sectional  area  of  each  rectangular  plank  (shaded  in  the  figure)  is 
A  =  2x(v-  s/5o)  =  2x  [ViOO-x2  -  s/5o],  0  <  x  <  s/50.  so 


dA 


=  2(100 -x2),/2-2V50- 


2x2 


(100  —  x2 


,  1/2 


Set^-  =0:  (|0°  —  x2)  —  s/50  (100  —  jr2),/2  —  x2  =  0  =>  100  -  2x2  =  s/50  (100  -  x2)l/2  => 

1 0.000  -  400.x 2  +  4.x4  =  50  (100- X2)  =>  2500-  I75x2  +  2.v4  =  0  =» 


X 


175  ±  >/T(Tl625 
4 


69.52  or  17.98 


x  as  8.34  or  4.24. 


But  8.34  >  s/50,  so  .xi  as  4.24  =>  y  —  ,/50  =  J 100  —  x2  —  s/50  as  1 .99.  liach  plank  should  have 
dimensions  about  8  5  inches  by  2  inches. 

(c)  From  the  figure  in  part  (a),  the  width  is  2x  and  the  depth  is  2 y,  so  the  strength  is 

S  =  k  (2.x)  (2y)2  =  8*xy2  =  8Jtx  (100  -  x2)  =  800*x  -  8*x3,  0  <  x  <  10.  dS/dx  =  800*  -  24 tv 2  =  0 

when  24*x2  =  800*  =>  x2  =  -^  =>  x  =  -^  =>  y  =  =  Vix  and 

S  (0)  =  S  ( 1 0)  =  0,  so  the  maximum  strength  occurs  when  x  =  ^ .  T  he  dimensions  should  be 
as  1 1.55  inches  by  22^1  s«  16.33  inches. 


2 1)2  cos//  2»"cos  0 

=  (sin//  cos  a  —  sin  a  cos  0) - = —  =  sin  (0  -a) - 5 — 

g  cos2  a  g  cos'2 « 
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(b)  R'  (0)  —  —  ,  [cos 0  ■  cos  (0  -  «)  +  sin(0  -«)(-sin0)|  =  ,  cos  [6  +  (0  -  «)] 

g  cos-  a  g  cos- « 

2v2 

—  — — = —  cos  (20  —  a)  =  0  when  cos  (20  -  a)  =  0  =>  20  —  a  =  %  =$ 

g  cos*  a  1 

n/2  +  a  n  a 

0  = - - - =  —  +  -  rhc  first  Derivative  rest  shows  that  this  gives  a  maximum  value  for  R  (0).  [This 

2  4  2 

could  he  done  without  calculus  by  applying  the  formula  for  sinx  cos^  to  R  (0).] 


(c)  > 


..  ,  ,  ,  „  2n2cos0sin(0 +  «) 

Replacing  a  by  —a  in  part  (a),  we  get  R  (0)  = - = - . 

g cos 2  a 

Proceeding  as  in  part  (b),  or  simply  by  replacing  a  by  —a  in  the  result  of 

part  (h),  we  sec  that  R  (0)  is  maximized  when  0  —  —  — 

4  2 


cc  ,  kcosO  k  (h/d)  ,  h  h  ,  h 

65  (a)  /  =  7T—  =  -n =*-? r=k - T=k - t-t  => 

d~  d ‘  d  (740^+7?)  (1600  +  h2)'  ~ 

dl  (1600  +  A2)3/2  -  h\  (1600  +  ft2) 1/2  ■  2A  _  k  (1600  +  A2)'/2  (1600  +  A2  -  3A2) 
dh  (1600  + A2)3  ~~  (1600  + A2)3 

_  k  (1600  —  2  A2) 

(1600  +  A2)S/2 

Seldl/dh  =  0:  1600  -  2 Ir  =0  =>  A2  =  800  =>  A  —  s/800  =  20s/2.  By  (he  f  irst  Derivative  Test,  / 
has  a  local  maximum  at  h  =  20V2  as  28  ft. 

<b>  « 


Acosfl  k\(h-4)/d\  k(h-  4)  A  (A  —  4) 


7-4,  =  *(A-4,  _  _  2  x2]-V2 

d>  [(A  —  4)2  +  x2J3/2  1  J 

,t._As2  .  .21-5 n. 


dl_\  _ 480A  (A  -  4) 

dl  l*  =  40  [(A  -  4)2  +  I600]V2 
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Problems  Plus 


1.  Let /(x)  =  sinx  —  cosx  on  |0, 2xJ  since /has  period  2x. /' (x)  =  cosx +sinx  =  0  <=>  cosx  =  —  sin.r  <=> 
Ian  x  =  — I  <=>  .<  =  j  or  j .  Evaluating  / at  its  critical  numbers  and  endpoints,  we  get  / (0)  —  —I, 

/  (  ^  )  =  x/2,  /  ( 1-f )  =  -  n/2,  and  /  (2tr )  =  —  1 .  So  /  has  absolute  maximum  value  -Jl  and  absolute  minimum 
value  — /2.  Thus,  —\fl  <  sin.r  —  cosr  <  \/2  =>  |sinr  —  cosx|  <  -Jl. 

2.  x2y2  (4  —  x2)  (4  —  y2)  =  r2  (4  —  r2)  y2  (4  —  y2)  =  f  (x)  /  (y),  where  /  (!)  =  I2  (4  —  l2).  We  will  show  that 
0  </(()<  4  for  |r|  <  2,  which  gives  0  <  /  (x)  /  (y )  <  16  for  |x|  <  2  and  |y|  <  2. 

f  (!)  =  4l2  -  <4  =»  /'(»)  =  8(  -  4r3  =4f  (2 -/2)  =  0  =>  /  =0or±V2. /(0)  =  0. 

/  =  2  (4  -  2)  =  4,  and  /  (2)  =  0.  So  0  is  the  absolute  minimum  value  of/  (0  on  [—2,  2]  and  4  is  the 

absolute  maximum  value  of  /(/)  on  [—2, 2).  We  conclude  that  0  </(/)<  4  for  |/|  <  2  and  hcncc, 

0  <  /(x)/(y)  <  42  or  0  <  r2  (4  —  r2)  y2  (4  —  y2)  <  16. 

3.  First  we  show  that  r  (1  -  r)  <  |  for  all  x.  Let  /(r)  =  r  (I  —  r)  =  r  —  r2.  Then  /'  (r)  =  I  —  2x.  This  is  0 
when  r  =  5  and  /'  (r)  >  0  forr  <  j,  /'(r)  <  0  for  x  >  | ,  so  the  absolute  maximum  of  /  is  /  ^ '  ^  =  Thus, 
r  (I  —  r)  <  j  for  all  r. 

Now  suppose  that  the  given  assertion  is  false,  that  is,  a  (I  —  b)  >  j  and  b  (1  —  a)  >  j .  Multiply  these 
inequalities:  <r  (1  —  b)  b  (1  -  a)  >  ^  =>  [a  (1  —  a)]  [6  (1  —  6)]  >  ^.  But  we  know  that  a  (I  —  a)  <  |  and 

6(1  —  b)  <  |  =>  [a  (I  —  a)][6(l  -6)]  <  Thus,  we  have  a  contradiction,  so  the  given  assertion  is  proved. 


4.  Let  P  (a,  1  —  a2)  be  the  point  of  contact.  The  equation  of  the  tangent  line  at  P  is  y  —  (1  —  a2)  =  (—2a)  (r  —  a) 
=>  y  —  I  +  a2  =  —lax  +  2 a2  =>  y  =  —lax  +  a2  +  I  To  find  the  r-interccpt.  put  y  =  0:  2ar  =  a2  +  I 

ti2  +  I  a 

=>  x  = — - — .  To  find  the  y-intercept.  put  x  =  0:  y  =  a  +  1 .  Therefore,  the  area  of  the  triangle  is 


\  (a2 +\\  . 

2  ;  <* 


,  .  (a2  +  I )  ( a-  +  I ) 

1  +  I)  =  - — - — — .  Therefore,  we  minimize  the  function  A  (a)  =  - - — ,  0  <  a  <  1. 

4a  4a 


(4a)  2  (a2  +  I)  (2a)- (a2  +  I)2  (4)  (a2  +  l)  [4«2  -  (a2  +  1)1  (a2  +  I)  (3a2  -  I)  „ 

_  16a2  _  4a2  “  4a2  W  ~ 

when  3 a2  —1=0  =>  a  =  A'  (a)  <  0  for  a  <  A'  (a)  >  0  for  a  >  So  by  the  First  Derivative 

Test,  there  is  an  absolute  minimum  when  a  =  .  The  required  point  is  ^ ^ . 


5.  Differentiating  v2  +  xy  +  y2  —  12  implicitly  with  respect  to  x  gives  2x  +  v  +  x~ ■  +  2v  —  =  0,  so 

ax  ‘  ax 

-7-  -  — .  At  a  highest  or  lowest  point,  —  =  0  «  y  =  —lx.  Substituting  this  into  the  original 
ax  x  +  2 y  dx 

equation  gives x2  +  x  (— 2x)  +  (— 2x)2  =  12.  so  3x2  =  12  and  x  =  ±2.  If x  =  2,  then  y  =  — 2x  =  —4.  and  if 
x  =  — 2  then  y  =  4.  Thus,  the  highest  and  lowest  points  are  (—2, 4)  and  (2,  —4). 
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6.  (a)  V  (t)  is  the  rate  of  change  of  the  volume  of  the  water  with  respect  to  time.  IV  (!)  is  the  rate  of  change  of  the 
height  of  the  water  with  respect  to  time.  Since  the  volume  and  the  height  arc  increasing,  V  (l)  and  H'  (l)  arc 
positive. 

(b)  V  (l)  is  constant  so  V"  (f)  is  zero  (the  slope  of  a  constant  function  is  0). 

(c)  At  first,  the  height  II  of  the  water  increases  quickly  because  the  tank  is  narrow.  But  as  the  sphere  widens,  the 
rate  of  increase  of  the  height  slows  down,  reaching  a  minimum  at  t  =  r2.  Thus,  the  height  is  increasing  at  a 
decreasing  rate  on  (0, 12),  so  its  graph  is  concave  downward  and  H"  (fi)  <  0.  As  the  sphere  narrows  for  1  >  12. 
the  rate  of  increase  of  the  height  begins  to  increase,  and  the  graph  of  H  is  concave  upward.  Thereore. 

//''«2)  =  OandW"('3)>0. 


7.  /(*)  = 


I 


1 


i+|x|  l  +  |x-2| 

I  ,  1 

1  -x  +  1  -  (x  -  2) 

I  I 

1  +  x  +  1  -  (x  -  2) 

I  I 


+ 


1+x  1  +  (x  —  2) 


ifx  <  0 
if  0  <  x  <2 
if*  >  2 


/'(*)  = 


1 


1 


a-*r  (3-*r 


-1 


1 


(i  +xy 


-1 


(3—  *)2 

1 


(l+x)2  (x-l)-1 


We  see  that  /'(*)>  0  for  *  <  0  and  /'  (*)  <  0  for  *  >  2.  For  0  <  *  <  2,  we  have 


/'(*)  = 


I 


1 


(x2  +  2*  +  1)  -  (x2  -  6*  +  9) 


8  (*  —  1 ) 


if*  <  0 
if  0  <  *  <  2 
if*  >  2 

j.  so  /'  (*)  <  0  for 


(3  — *)2  (*+l)2  (3— *)2(x  +  l)2  (3  —  *)2  (*  +  I)2' 

0  <  *  <  I,  f  (1)  =  0  and  f  (*)  >  0  for  I  <  *  <  2.  We  have  shown  that  /'(*)>  0  for  *  <  0;  /'  (*)  <  0  for 
0  <  *  <  1;  /'(*)>  0  for  1  <  *  <  2;  and  /'  (*)  <  0  for*  >  2.  Therefore,  by  the  First  Derivative  Test,  the  local 
maxima  of  /  are  at  *  =  0  and  *  =  2.  where  /  takes  the  value  | .  Therefore,  j  is  the  absolute  maximum  value 
of/. 


8.  If  /"  (*)  >  0  for  all  *,  then  f  is  increasing  on  (—00, 00),  so  /'  (0)  must  be  greater  than  /'  (- 1 ).  But 
/'  (0)  =  0  <  5  =  /'  (—1),  so  such  a  function  cannot  exist. 

9.  A  =  (*1 ,  x2)  and  B  =  (x2,  *2),  where  *1  and  x2  are  the  solutions  of  the  quadratic  equation  x2  =  mx  +  b.  Let 
P  —  (x,x2)  and  set  A 1  =  (xi,  0),  B\  -  (x2, 0),  and  P\  =  (*,  0).  Let  /  (x)  denote  the  area  of  triangle  PAB. 
Then  /(*)  can  be  expressed  in  terms  of  the  areas  of  three  trapezoids  as  follows: 

/(x)  =  area  (.d  1  ABB\)  —  area(A\APP[)  —  area  (B\  BP  Pi) 

=  i  (*?  +  *2)  (*2  -  *1)  -  j  (*f  +  x2)  (x  -  *1 )  -  5  (x2  +  x2)  (x2  -  *) 
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After  expanding  and  canceling  terms,  we  get 

/  (x)  =  X  (*2*f  -  X|X^  -  XxJ  +  XlX2  -  X2X2  +  Xx|)  =  J  [x2  (x2  ~  x)  +  -*2  <X  ~  X| )  +  X2  (X,  -  X2>] 

/'(x)  =  5  [~xf  +x|  +2x(xi  -x2)].  /"(x)  =  5  [2(X|  -X2)]  =  xi  -X2  <  0  since X2  >  X|. 

/'  (x)  =  0  =*  2x  (x  1  —  x2)  =x2  ~xf  =>  x/>  =  |  (xi +x2). 

/(x/>)  =  3  (xf  (X2  -X|)J  "4- Xj  [5  (x2  -X|)]  +  j  (xi  +  x2)2  (xi  -x2)) 

=  3  [5  (X2  -  Xi)  (x2  +x|)  -  |  (X2-X,)(X|  +X2)2] 

=  I  (X2  -  x, )  [2  (x2  +  X2)  -  (xf  +  2x,X2  +  X2)] 

=  i  (X2  -X|)  (x?  -2X1X2  +  xf)  =  |  (X2  —  x  I )  (X|  -x2)2  =  5  (x2  -X|)(x2  -Xl)2 
=  I  (X2  -  X|)3 

To  put  this  in  terms  of  m  and  h,  we  solve  the  system  y  =  x2  and  y  =  mx  1  +  6,  giving  us  x2  —  mxi  —  6  =  0  => 
xi  =  j  (m  -  Vm2  +  46^.  Similarly,  x2  =  5  (m  +  Vm 2  +  46^ .  The  area  is  then  j  (x2  —  xi)3  =  5  (jm2  +  46^  , 
and  is  attained  at  the  point  P  (xn,  xj,)  =  P  (\m,  |m2). 

Note:  Another  way  to  get  an  expression  for  /  (x)  is  to  use  the  formula  for  an  area  of  a  triangle  in  terms  of  the 
coordinates  of  the  vertices:  /  (x)  =  j  [(x2x2  —  xix2)  +  (xix2  —  xx2)  +  (xx2  —  x2x2)]. 

10.  lf/'(x)  <  0  for  all  x.  /"(x)  >  0for|x|  >  l,/"(x)  <  0for|x|  <  l,and 
lim  1/  (x)  +  x]  =  0.  then  /  is  decreasing  everywhere,  concave  up  on 

X  — >  iOO 

(—00,  - 1 )  and  ( 1 , 00),  concave  down  on  (- 1 ,  1 ),  and  approaches  the  line 
y  =  —  x  as  x  — »  ±00.  An  example  of  such  a  graph  is  sketched. 


11.  /  (x)  =  (n2  +  a  —  6)  cos2x  +  (a  —  2)x  +  cos  1  =»  f  (x)  =  —  (a2  +  a  -  6)  sin2x  (2)  +  (a  —  2). 

The  derivative  exists  for  all  x,  so  the  only  possible  critical  points  w  ill  occur  where  /'  (x)  =  0  <=> 

2  (a  -  2)  (a  +  3)  sin  2x  =  a  -  2  <=>  either  a  =  2  or  2  (a  +  3)  sin  2x  =  I .  with  the  latter  implying  that 


sin2v  =  — — - .  Since  the  ranee  of  sin2x  is  1—1,  11,  this  equation  has  no  solution  whenever  either 

2  (a  +  3) 

11  7  s 

— — — ^  >  1  or  — — —  >  1.  Solving  these  inequalities,  we  get  —  j  <  a  <  —5. 
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12.  To  sketch  the  region  { (x.  y)  |  2xy  <  |.v  —  y|  <  x2  +  y2  J,  we  consider  two  cases. 

Case  I:  x  >  y  This  is  the  case  in  which  (x,  y)  lies  on  or  below  the  line y  =  x.  The  double  inequality 
becomes  2  xy  <  x  —  y  <  v-  +  y2.  The  right-hand  inequality  holds  if  and  only  if*2  —  x  +  y-  +  y  >  0  <=> 

*  —  |)  +  +  j  j  >j  «  (x,  y)  lies  on  or  outside  the  circle  with  radius  centered  at  (s ,  —  s)  The 

left-hand  inequality  holds  if  and  only  if  2xy  —  *  +y  <  0  <=>  xy  —  5*  +  yy  <  0  <=> 

(*  +  j)  (y  -  s)  <  — j  <=>  (*,y)  lies  on  or  below  the  hyperbola  (r  +  ;)  (y  —  5)  =  -3.  which  passes  through 
the  origin  and  approaches  the  lines  y  =  j  and  x  =  — '  asymptotically. 

Case  2:  y  >  x  litis  is  the  case  in  which  (x,  y)  lies  on  or  above  the  line  y  =  x.  The  double  inequality 
becomes  2xy  <  y  —  x  <  x2  +  y2.  The  right-hand  inequality  holds  if  and  only  if*2  +  *  +  y2  —  y  >  0  » 

^*  +  +(y— v)  >5  <=>  (*,y)  lies  on  or  outside  the  circle  of  radius  -J.  centered  at  s,  Vj  The 

left-hand  inequality  holds  if  and  only  iflxy  +  *  —  y  <  0  «  *y  +  \x  —  ^y  <  0  <=> 

*  —  7  )  (v  T  '> )  5  —  j  «=>  (*,y)  lies  on  or  above  the  left-hand  branch  of  the  hyperbola 

*  —  5)  (y  +  5)  =  —  j,  which  passes  through  the  origin  and  approaches  the  lines  y  =  — ,  and  *  =  j 

asymptotically.  Therefore,  the  region  of  interest  consists  of  the  points  on  or  above  the  left  branch  of  the  hyperbola 
^x  —  y}  ^y  +  y^  =  —  3  that  arc  on  or  outside  the  circle  (*  +  y)  +  (v  —  s)  =  y,  together  with  the  points 
on  or  below  the  right  branch  of  the  hyperbola  ^x  +  y)  (  r  —  y^  =  —  3  that  arc 

on  or  outside  the  circle  (*  —  5)  +  (>'  +  s  )  =  y.  Note  that  the  inequalities 

are  unchanged  when  *  and  y  are  interchanged,  so  the  region  is  symmetric  about 
the  line  y  —  x.  So  we  need  only  have  analyzed  case  1  and  then  reflected  that 
region  about  the  line  y  =  *,  instead  of  considering  case  2. 


13.  (a)  Let  y  —  \AD\,  x  =  \AB\.  and  I/*  -  |/IC|,  so  that  \AB\-  MC|  =  I.  We 
compute  the  area  A  of  AA  BC  in  two  ways.  First, 

A  =  \  |/IB||z<C|sin^  =  \  -  \  ■  4  =  4-  Second. 

A  =  (area  of  A  ABD)  +  (area  of  A  ACD) 


=  y  Mill  MDIsinf  +  y \AD\  |zJC|sin  j  \ 

=  y xy4  +  y.v (I/*)  4  =  #y  (*  +  IA) 

Equating  the  two  expressions  for  the  area,  we  get  4y  I  *  +  -  1  =  4  v  = - - —  =  -4- — , 

4  '  \  x )  4  *  +  I A  x2  +  1 

Another  Method:  Use  the  Law  of  Sines  on  the  triangles  ABD  and  ABC.  In  AABD,  we  have 

lA  +  iB  +  /.D=m°  <=>  60°  +  «  +  2D  =  180°  <=>  LD  =  120°  - «.  Thus, 

*  sin(120°— «)  sin  120°  cos «—  cos  120°  sin  a  cos  «  +  y  sin  «  *  « 


*  sindzU  — «)  sin  laU  cos«  —  cos  120  sina  -y  cos n  +  ^  sin n  *  a  . 

-  =  — 2 - -  = - = -2 - = -  =>  -  =  42colrt  +  i,: 

y  sin«  sin«  sin«  y 

by  a  similar  argument  with  A.4 BC,  4  Cota  =  *2  +  5.  Eliminating  coin  gives  -  =  ^x2  +  y)  +  y  =» 
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(b)  We  differentiate  our  expression  for  y  with  respect  to  x  to  find  the  maximum: 
dy  (.v2  +  1)  —  x  (lx)  1  -  x2 

—  = - = - = - r  =  0  when  x  =  I.  This  indicates  a  maximum  by  the  First  Dcriva 

dx  (*2+l)2  (x2  +  l)2 

Test,  since  y' (x)  >  0  for  0  <  x  <  1  and  y'  (r)  <  0  for  x  >  1,  so  the  maximum  value  of  y  is  v  (1)  =  j. 


14.  (a)  C 


From  geometry,  two  tangents  to  a  circle  from  a  given  point  have  the  same 
length,  so  |CF|  =  \CD\, \AE\  =  \AF\,  and  \BD\  =  \BE\.  Thus, 

|CD|  =  A  (|CO|  +  |CF|)  =  £  [(| BC\  -  |BD|)  +  (\AC\  -  M/'l)| 

=  j  [MC|  +  |6C|  —  (\AE\  +  |BD|)J 

A  =  A  [MC|  +  |BC|  -  (\AE\  +  |B£|)1  =  k  (MCI  +  | SC|  -  Mfll) 


(b)  Using  the  result  from  part  (a)  and  the  fact  that  a  =  |SC|,  we  have  tan  0  =  ^  =» 

=|CD|  =  A  (MC|  +  |  SCI  -  MS|)  =  A  (a  cos  2S  +  a  —  a  sin  20)  <=> 

tan  It 

r  =  |atanW  ^2  cos2  0  —  2  sin  0  cos  (A)  =  jasinS  (2cosS  —  2sinS) 

=  jo  ^2sinScosS  —  2sin2S^  =  A  a  (sin2S  +  cos  20  —  I) 

(c)  We  differentiate  r  with  respect  to  0  and  set  dr/dO  =  0  to  find  the  maximum  values: 

dr/dO  =  jfl  (2cos20  —  2sin2S)  =  a(cos20  —  sin20).  SinceO  <  0  <  j,  dr/dO  =  0  cos  lit  =  sin  20 
o  l=tan2S  <=>  2  0  —  j  <=>  S  =  f.  This  gives  a  maximum  by  the  First  Derivative  Test,  since 
dr/dO  >  0  for  0  <  0  <  and  dr/dO  >  0  for  |  <  0  <  -J-.  The  maximum  value  is 

r  (|)  =  ja  (sin  ^  +  cos  (j  -  I)  =  A  (V2  -  l)  a  as  0.207a. 

15.  (a)  A  —  \bh  with  sinS  =  h/c,  so  A  =  A  6c  sin  0.  But  A  is  a  //T\ 

constant,  so  dilTerentiating  this  equation  with  respect  to  t.  we  L  'n, 

dA  I  r,  do  dc  db  1  yU  rJ 

get  —  =  0  =  -  6ccos0—  +  6—  sinS  +  — csmS 

dt  2  [_  dt  dt  dl  J  b 

.  dt)  .  n[dc  db~\  dO  „  T I  dc  1061 

dt  L  dt  dt  J  dt  \_c  dt  h  dt  _ 

(b)  We  use  the  Law  of  Cosines  to  get  the  length  of  side  a  in  terms  of  those  of  6  and  c,  and  then 

we  differentiate  implicitly  with  respect  to  l:  a2  =  b2  +  c2  —  26c  cost)  => 

da  . ,  db  dc  f  ,  dO  ,  dc  db 

2a—  =  26—  +  2c— —  2  6c  -  stn0) - 1-  6 —  cost)  H - ccos0  => 

dt  dt  dt  l  dt  dt  dt 

da  I  /  db  dc  ,  dO  dc  db  \ 

—  —  -  16—  +  c—  +  6c  sin  0— - 6—  cos  0  —  c—  cos  0  I .  Now  we  substitute  our  value  of  a  from  the 

dt  a  \  dt  dt  dl  dt  dt  ) 

Law  of  Cosines  and  the  value  of  dO/dl  from  part  (a),  and  simplify  (primes  signify  differentiation  by  t): 
da  _  66'  +  cc'  +  6c sin 0  [-  tan 0  (c'/c  +  6'/6)J  —  (6c'  +  c6')  (cost)) 
dt  -db2  +  c2  —  26c  cos  0 

66'  +  cc'  —  [sin2  0  (be'  +  c6')  +  cos2  0  (be'  +  c6')j/  cos  0  66'  +  cc'  —  (6c'  +  c6')  sec  0 


1  dc  \  db' 
c  dt  ^  b  dt 


/62  +  c2  —  26c  cos  0 


1  +  c 2  —  26c  cos  0 
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16.  Let  .v  =  \AE\,  y  =  \AF\  as  shown.  The  area  of  the  triangle  AEF  is  therefore  a 

A  —  y.ry.  We  need  a  relationship  between  x  and  y,  so  we  can  take  the  derivative 
dA/dx  and  find  the  maxima  and  minima  of  A.  Now  let  A'  be  the  point  on  which 
A  ends  up  after  the  fold  has  been  performed,  and  let  P  be  the  intersection  of  A  A' 
and  F.F.  Note  that  A  A'  is  perpendicular  to  EF  since  we  are  reflecting  A  through 
the  line  E F  to  get  to  A',  and  that  \A  P  |  =  |  P  A'  |  for  the  same  reason.  But  F 

\AA'\  =  1,  since  A  A'  is  a  radius  of  the  circle.  D 

So  since  \AP\  +  \PA'\  =  \AA'\,  we  have  A  P  =  j.  So  another  way  to  express  the  area  of  the  triangle  is 
A  =  j\EF\\AP\  =  j  s/x1  +  y2  (j)  =  3  Jx2  +  »'■’ .  Equating  the  two  expressions  for  A.  we  get 

j xy  =  3/x2  +  y-  =5  x~y~  =  j  (x2  +  y2)  =s  y2  (4x2  —  l)=x2  =>  y  -  x/jAx2  —  I.  (Note  that  we 

could  also  have  derived  this  result  from  the  similarity  of  A  A'  PE  and  A  A'FE,  that  is, 

*  y  dA  1  x2 

- — ,  *•,  =  — .)  Now  we  can  substitute  and  calculate  — :  A  = - .  => 

-  1  x  dx  2  V4.t2  _  [ 


dA 

dx 


/4,v2  -  1  (2x)  -  x2  (4x2  -  l)~l/2  (8x) 
4x2  -  1 


This  is  0  when  2xV4x2  —  1  —  4x3  (4.t2  —  1)  1/2  =  0 


«=>  (4x2  -  I)  -  2x2  =  0  <=>  2,v2  =  I  »  x  —  So  this  is  one  possible  value  for  an  extremum.  We 
must  also  test  the  endpoints  of  the  interval  over  which  x  ranges.  The  largest  value  that  x  can  attain  is  I ,  and  the 
smallest  value  of  jr  occurs  when  y  =  1  «  I  =  x  j  J 4x2  -  1  «  x2  —  4x2  —  1  <=>  3x2  =  1  <=> 

x  =  This  will  give  the  same  value  of  A  as  will  x  =  1,  since  the  geometric  situation  is  the  same  (reflected 

through  the  lincy  =  x).  We  calculate  A  (4?)  =  -  ■  ■  =  anc| 

v^'  2  y 4(  1  /%/2)2 — 1  4 

.4(1)  =  -  j  ,  —  =  So  the  maximum  area  is  A  (1)  =  A  (^3)  =  and  the  minimum  area  is 


Another  Method:  Use  the  angle  0  (see  diagram  above)  as  a  variable: 

A  =  \xy  =  4  ( 5  sec  (A  (l  csciA  =  — — ^ - -  =  -  A  is  minimized  when  sin 20  is  maximal,  that  is, 

2  2  V2  /V2  /  8  sin  0  cost)  4  sin  2  0 

when  sin  20  =  1  =>  20  =  J  =>  0  =  J.  Also  note  that  A'E  =  x  =  5  sect?  <  1  =>  sec (7  <  2  => 

cost)  >  5  =>  0  <  J.  and  similarly,  A' F  =  y  —  -  act)  <  1  =>  esc#  <  2  =>  sin0  <  5  =>  0  > 

As  above,  we  find  that  A  is  maximized  at  these  endpoints:  A  (f )  =  — =  A  (t):  and 

V6/  4 sin  j  2a/3  4 sin  ^  V3/ 

minimized  at(?  =  § :  A  (§ )  =  ■  -  .*  ,  =  -. 

4  4stny  4 


Integrals 


Areas  and  Distances 


1.  (a)  Since  /  is  increasing ,  we  can  obtain  a  lower  estimate  by  using 
left  endpoints. 

^5  =  X /<*.-!)  A.t  [Ax  =  ^=2| 

<=l 

=  /(*o)  ■  2  +  f(x  1)  ■  2  +  /(*2)  ■  2  +  /(.r3)  •  2  +  /(x4)  ■  2 
=  2|/(0)  +  /(2)  +  /( 4)  +  /(6)  +  /(8)J 
2  (1  +  3  +  4.3  +  5.4  +  6.3)  =  2  (20)  =  40 


Since  /  is  increasing,  we  can  obtain  an  upper  estimate  by  using 
right  endpoints. 

f 5  =  X  /(*;)  Ax 

<=l 

=  2  [/  (x,)  +  /(JT2)  +  /  (*3)  +  /  <X4)  +  /  (x5)] 

=  2  [/  (2)  +  /  (4)  +  /  (6)  +  /  (8)  4-  /  (10)] 

=»  2  (3  +  4.3  +  5.4  +  6.3  +  7)  =  2  (26)  =  52 


10 

(b)  £10  =  X  / Ax  [Ax  =  =  I) 

1=1 

=  I  [/(*o) +  /(*,)  + - l-/(x 9)] 

=  /  (0)  +  /  ( I )  H - +  /  (9) 

=  43.2 


/?io 


X/(x,)Ax  =  /(l)  +  /(2)+-+/(IO) 
/=! 


iio+  1  /(10)-  1  /(0) 

43.2  +  7  -  I  =  49.2 


add  rightmost  rectangle, 
subtract  leftmost 


\ 
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2.  (a)  (i)  U  =  X  Ax  [A*  =  =  2] 

i=! 

=  2  [/  (x0)  +  /  (*l)  +  /  (x2)  +  /  fo)  +  /  (x4 )  +  /  (x5)J 
=  2  [/  (0)  +  /  (2)  +  /  (4)  +  /  (6)  +  /  (8)  +  /  ( 1 0)] 

=s  2  (9  +  8.8  +  8.2  +  7.3  +  5.9  +  4. 1) 

=  2  (43.3)  =  86.6 

(ii)  Rt  =  L6  +  2  /(12)  -2  /(0) 

=«  86.6  +  2(1)  -2  (9)  =  70.6 


(iiO  m6  =  £/(*;)  Ax 
/=! 

=  2[/(l)  +  /(3)  +  /(5)  +  /(7)  +  /(9)  +  /(ll)l 
=»  2  (8.9  +  8.5  +  7.8  +  6.6  +  5.1+  2.8) 

=  2  (39.7)  =  79.4 


(b)  Since  /  is  decreasing,  we  obtain  an  overestimate  by  using  left  endpoints,  that  is,  Li. 


(c)  Ri  gives  us  an  underestimate. 


(d)  Mi  gives  the  best  estimate,  since  the  area  of  each  rectangle  appears  to  be  closer  to  the  true  area  than  the 
overestimates  and  underestimates  in  Li  and  Ri. 


3.  (a)  R4  =  22-1  /(•*,)  Ax  [Ax  =  ^f1=l] 

=  /(xi)  ■  1  +  /(x2)  •  I  +  /(x3)  •  1  +  /(x 4)  ■  I 
=  /  (2)  +  /  (3)  +  /  (4)  +  /  (5) 

=  ?  +  T  +  T  +  3  =  55  =  1  282 
Since  /  is  decreasing  on  [1,  5],  R4  is  an  underestimate. 

(b)  La  =  /(Xj_i)  Ax 

=  /(•)  +  /  (2)  +  /(3)  +  /(4) 

=  l  +  3  +  3  +  i  =  T§  =  2  085 

f-4  is  an  overestimate.  Alternatively,  we  could  just  add  the  leftmost 
rectangle  and  subtract  the  rightmost;  that  is. 

La  =  R4  +  /(!)•  1-/(5)  I. 
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4.  (a)  RS  =  ZL  /(*/)  Ax  [Ax  =  ^  =  1  j 

=  f(x\)\+  f(x2)\  +  f(Xi)\+  f(xA)\+  f(xs)\ 

=  /(D  +  /(2)  +  /(3)  +  /(4)  +  /(5) 

=  24  +  21  +  16  +  9  +  0  =  70 
Since  /  is  decreasing  on  [0,  5],  R$  is  an  underestimate. 


(b)  is  =  L,=t /(*-■>  A* 

=  /(0)  +  /(l)  +  /(2)  +  /(3)  +  /<4) 
=  25  +  24  +  21  +  16  +  9  =  95 
is  is  an  overestimate. 


5.  (a)  /  (jr)  =  jc3  +  2  and  Ax  —  - — ^ — —  =  I  => 

Ri  =  1  /(0)  +  I  •/(!)+  I  /(2)  =  1  2+  1  -  3  +  1  ■  10=  15. 


*6  =  0.5  [/  (-0.5)  +  /  (0)  +  /  (0.5)  +  /  ( 1 )  +  /  ( 1 .5)  +  /  (2)] 

=  0.5(1.875  +  2  +  2.125  +  3  +  5.375  +  10) 

=  0.5(24.375)=  12.1875 

(b)  i3  =  1  ■  /(- 1)  +  1  ■  /( 0)+  1  •  /(l)  =  11  +  12+1-3  =  6. 
Lb  =  0.5  (/(-l)  +  /(-0.5)  +  /  ( 0)  +  /(0.5)  +  /(!)  +  /(1.5)] 
=  0.5(1  +  1.875  +  2  +  2.125  +  3  +  5.375) 

=  0.5(15.375)  =  7.6875 


(c)  =  1  ■  /(— 0.5)  +  1  •  /(0.5)  +  I  •  /(1.5) 

=  1  •  1.875  +  1  -  2.125  +  1  -5.375  =  9.375. 

M6  =  0.5  [/  ( — 0.75)  +  /(- 0.25)  +  /( 0.25) 

+  /(0.75)  +  /(l.25)  +  /(1.75)J 
=  0.5(1.578125+  1.984375  +  2.015625 

+  2.421875  +  3.953125  +  7.359375) 
=  0.5  (19.3125)  =  9.65625 


(d)  Mb  appears  to  be  the  best  estimate. 
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6.  (a) 


(b)/(.v)  =  1/(1  +  x2)and  Ax  =  =  1  =* 

(i)  Ri  =  £/(*,)  A* 

1  =  1 

=  /(-!)  I  +  /(0)  l 
+/(')•  I+/(2)1 
=  1  +  1+  I  +  >  =  n  =  2  2 


(ii)  Mi  =  X  /(■*<)  l*i  =  J  (*>-l  +*<)] 

/=i 

=  /(— 1-5)  ■  1  +  /(— 0.5)  •  I 


+/ (0.5)  •  1  +/ (1.5)  •  1 

4,  4,  4,  4  _  144  -y  %  ca 

=  T3  +  5  +  ?  +  T3-'Sr~  2.2154 


(c)  n  —  8.  so  A.x  =  2  ■  =  j. 

«8=  J[/(-LS)  + /(-!)  + /(-0.5)  +  /(0)  +  /(0.5)  +  /(l)  +  /(1.5)  +  /(2)] 

=  j[n  +  5  +  5  +  '  +  ?  +  5  +  B  +  ?]  =  $*2-2077 

M»  =  j  [/  (—  1 .75)  +  /  (—  1 .25)  +  /  (—0.75)  +  /  (-0.25)  +  /  (0.25)  +  /  (0.75)  +  /  ( 1 .25)  +  /  (1 .75)] 

=  j[2  (g  +  tf  +  if  +  tf)]*  2  2'76 

7.  Here  is  one  possible  algorithm  (ordered  sequence  of  operations)  for  calculating  the  sums: 

1  Let  SUM  =  0,  X  MIN  =  0,  XMAX  =  n,  N  =  10  (or  30  or  50.  depending  on  which  sum  we  are  calculating), 
DELTA_X  =  (X  MAX  -  X_M1N)  /N.  and  RIGHTENDPOINT  =  X_MIN  +  DELTA_X. 

2  Repeal  steps  2a,  2b  in  sequence  until  RIGH  T  ENDPOINT  >  X  MAX. 

2a  Add  sin  (RIGH  T  ENDPOINT)  to  SUM. 

2b  Add  DELTA  X  to  R1GI TT  ENDPOINT. 


At  the  end  of  this  procedure,  (DELTA  X)  •  (SUM)  is  equal  to  the  answer  we  are  looking  for.  We  find  that 
K|0  =  ft  Z,=t  sin  (ft)  *  1-9835,  R}0  =  ft  (ft)  *  1  9982.  and  Rso  =  ft  Z,=,  sin  (ft)  *  1.9993. 

It  appears  that  the  exact  area  is  2. 
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8.  We  can  use  the  algorithm  from  Exercise  7  with  X  MIN  =  1,  X_MAX  =  2,  and  I  /(RIGHT  ENDPOINT')2 

I  10  I 

instead  of  sin  (RIGHT_ENDPOINT)  in  step  2a.  Wc  find  that  R\o  =  —  V - -  %  ()  4640 

10,tl  (I  +  //I0)2 

I  _  .  _  I  50  ! 


1  30 
*3°  =  m  £ 


30  /tl  0  +//30) 


2  «  0.4877,  and  Rx  =  If? 


^  Z.  +  (  0.4926.  It  appears  that  the  exact  area  is  j. 


9.  In  Maple,  we  have  to  perform  a  number  of  steps  before  getting  a  numerical  answer.  After 
loading  the  student  package  [command:  with  (student) ;  [  wc  use  the  command 
Isf  t_sum:=lef  tsum  (x"'  (1/2 ) ,  x=»l  ..4,10  [or  30,  or  50]) ;  which  gives  us  the  expression  in 
summation  notation.  To  get  a  numerical  approximation  to  the  sum.  we  use  evalf  ( lef  t  sum)  ; .  Malhematica 
docs  not  have  a  special  command  for  these  sums,  so  wc  must  type  them  in  manually.  For  example,  the  first  left 
sum  is  given  by  ( 3/ 1 0 )  *Sum  [  Sqr t  [  1+3  ( i- 1 )  / 1 0  ] ,  (  i ,  1 , 1 0 )  ] .  and  we  use  the  N  command  on  the 
resulting  output  to  get  a  numerical  approximation. 

In  Derive,  we  use  the  LE FT_R I EMANN  command  to  get  the  left  sums,  but  must  define  the  right  sums  ourselves. 
(Wccan  define  a  new  function  using  LEFT_RIEMANN  with  k  ranging  from  I  Ion  instead  of  from  0  to  n  -  I.) 

(a)  With  f  (x)  =  s/x,  I  <  x  <  4.  the  left  sums  arc  of  the  form  /„„  =  -  Y  ,/l  +  — ■ - - — .  Specifically 

n  “J  V  10 

/•to  ^  4.5148,  I.y>  4.6165,  and  Z.50  «*  4.6366.  The  right  sums  are  of  the  form  R„  =  -  V  \  +  — . 

n  V  n 

Specifically,  fl|0  =»  4.8148.  R}0  4.7165,  and  «so  =»  4.6966. 

(b)  In  Maple,  we  use  the  lef  tbox  and  rightbox  commands  (with  the  same  arguments  as  lef  tsum  and 
rightsum  above)  to  generate  the  graphs. 


(c)  We  know  that  since  v*  is  an  increasing  function  on  ( 1 . 4),  all  of  the  left  sums  are  smaller  than  the  actual  area, 
and  all  of  the  right  sums  are  larger  than  the  actual  area.  Since  the  left  sum  with  n  =  50  is  about  4.637  >4.6 
and  the  right  sum  with  n  =  50  is  about  4.697  <  4.7,  we  conclude  that  4.6  <  i50  <  actual  area  <  Rin  <  4.7.  so 
the  actual  area  is  between  4.6  and  4.7. 
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10.  See  the  solution  to  P.xercisc  9  for  the  CAS  commands  for  evaluating  the  sums. 

(a)  With  /  (x)  =  sin  (sin  Jt),  0  <  x  <  y,  the  left  sums  arc  of  the  form  L„  —  ■£-  £  sin  (sin  — — -  J.  In 

2n  i=i  V  2”  / 

particular,  iio  =»  0.8251,  Z.30  »»  0.8710,  and  /, 50  «  0.8799.  The  right  sums  are  of  the  form 

jr  n  /  It  i\ 

R„  =  —  V  sin  (  sin  —  I.  In  particular.  R\o  91  0.9573.  Rio  a*  0.9150,  and  Rso  0.9064. 

2  «,=)  \  2n/ 

(b)  In  Maple,  we  use  the  lef  tbox  and  rightbox  commands  (with  the  same  arguments  as  lef  tsum  and 
rightsum  above)  to  generate  the  graphs. 

1  1  1 


left  endpoints,  n  =  10  left  endpoints,  n  =  30  left  endpoints,  n  =  50 

1  1  1 


right  endpoints,  n  =  10  right  endpoints,  n  =  30  right  endpoints,  n  =  50 

(c)  We  know  that  since  sin  (sin.r)  is  an  increasing  function  on  (0,  y)  [this  is  true  because  its  derivative, 

—  cos  (sin  x)  (—  cos*),  is  positive  on  that  interval],  all  of  the  left  sums  are  smaller  than  the  actual  area,  and  all 
of  the  right  sums  are  larger  than  the  actual  area.  Since  the  left  sum  with  n  =  50  is  about  0.8799  >  0.87  and  the 
right  sum  with  n  =  50  is  about  0.9064  <  0.91,  we  conclude  that  0.87  <  /.50  <  actual  area  <  R$o  <  0.91,  so 
the  actual  area  is  between  0.87  and  0.91. 

11.  Since  0  is  an  increasing  function,  L(,  will  give  us  a  lower  estimate  and  Rf,  will  give  us  an  upper  estimate. 

U  =  (0  ft/s)  (0.5  s)  +  (6.2)  (0.5)  +  (10.8)  (0.5)  +  (14.9)  (0.5)  +  (18. 1)  (0.5)  +  (19.4)  (0.5) 

=  0.5  (69.4)  =  34.7  ft 

Rf,  =  0.5 (6.2  +  10.8+  14.9+  18.1  +  19.4  +  20.2)  =  0.5 (89.6)  =  44.8  ft 

12.  We  can  find  an  upper  estimate  by  using  the  final  velocity  for  each  time  interval.  Thus,  the 
distance  d  traveled  after  62  seconds  can  be  approximated  by 

d=  Z?=i''(<<)  A'/  =  (>85  ft/s)  (10  s)  +  319-  5  +  447-5  +  742  12+  1325-27+  1445  •  3  =  54,694  ft 

13.  For  a  decreasing  function,  using  left  endpoints  gives  us  an  overestimate  and  using  right  endpoints  results  in  an 
underestimate.  We  will  use  A4  to  get  an  estimate.  A /  =  I,  so 

W6  =  1  [»  (0.5)  +  v  (1.5)  +  0  (2.5)  +  0  (3.5)  +  «  (4.5)  + 1>  (5.5)] 

«  55  +  40  +  28+  18+  10  +  4=  155  ft 

For  a  very  rough  check  on  the  above  calculation,  we  can  draw  a  line  from  (0,  70)  to  (6, 0)  and  calculate  the  area  of 
the  triangle:  i  (70)  (6)  =  210.  This  is  clearly  an  overestimate,  so  our  midpoint  estimate  of  155  is  reasonable. 
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14.  For  an  increasing  function,  using  left  endpoints  gives  us  an  underestimate  and  using  right  endpoints  results  in  an 

overestimate.  We  will  use  A/6  to  get  an  estimate.  A /  =  =  5  s  =  (i  =  h. 

Ms  =  758  l»  (2.5)  +  o  (7.5)  + 1,  (12.5)  +  0  (17.5)  +  n  (22.5)  +  0  (27.5)) 

=  7^5  (31 .25  +  66  +  88  +  103.5  +  1 13.75  +  1 19.25)  =  ^  (521.75)  »  0.725 
For  a  very  rough  check  on  the  above  calculation,  we  can  draw  a  line  from  (0, 0)  to  (30,  120)  and  calculate  the  area 
of  the  triangle:  j  (30)  (120)  =  1800.  Divide  by  3600  to  get  0.5,  which  is  clearly  an  underestimate,  making  our 
midpoint  estimate  of  0.725  scent  reasonable.  Of  course,  answers  will  vary  due  to  different  readings  of  the  graph. 

15.  /  (x)  =  i/x,  0  <  x  <  8  =*  Ax  =  - — -  =  -,  x,  =  0  +  /  Ax  =  —  => 

n  n  n 

Rn  =  /(xt)  Ax  +  /  (X2)  Ax  H - F  /(x„)  Ax  =  'S'f(x,)  Ax  =  y  . )  —  •  -.  Thus, 

„  ..  8  v-  j/sr 

A  —  hm  Rn  =  lim  ->  ./  — . 
n — >00  n~*  00  n  *—*  V  n 

/=! 

16.  / (x)  =  5  +  i/x ,  1  <  x  <  8  =>  Ax  =  i  =  -,  x,  =  1  +  i  Ax  =  I  +  —  => 

n  n  n 

"  "  /  I  7 7\  7 

Rn  =  /  (xt)  Ax  +  /(x 2)  Ax  + - F  / (x„)  Ax  =  ^/(x/)  Ax  =  5  +  ^ I  +  — J  ■  -.  Thus, 

A  =  lim  =  lim  -  y  |  5  +  ,7 1  +  — 

»-*oo  «— »oo  n  1  V  nl 

44  /  /  \  .  •  —  .  2tT  “  7T  7T  7Z  l 

17.  /(.x)  =  .x  +  sinx,  it  <  x  <  2k  =*  A.x  = - =  — ,  *,  =  tt  +  i  Ax  =  tt  -f  —  => 

n  n  n 

Rn  =  f(x  1)  Ax  +  /(X2)  Ax  + - F  /(x„)  Ax  =  ^T/(x,)  Ax  =  ^  ^  +  sin  ^  j  ■  — .  Thus, 

/t  =  lim  R„  =  lim  —  y  [x  +  —  +  sin  fx  +  —  ^1. 

»-* 00  »-»oo  n  frf  L  n  \  n  /J 

”  3  /  37 

18.  The  two  most  obvious  ways  to  interpret  lim  ^-JlH - arc:  as  the  area  of  the  region  under  the  graph  of  /x 

/=o  n  n 

on  the  interval  1 1 , 4]  [see  Exercise  9(a)],  or  as  the  area  of  the  region  lying  under  the  graph  of  s/x  +  1  on  the  interval 

[0,  3],  since  for  y  =  y/x  +  1  on  [0,  3)  with  partition  points  x,  =  Ax  =  —  and  x*  =  x, ,  the  expression  for  the 

3/t  3n 

area  is  A  —  lim  y  /  (x*)  Ax  =  lim  y  ,/l  +  —  ^-Y 
»->»"  '  '  »-»o ox—i\  n\n) 


'  71  Til  . 

1“-  ^  tan  ^  can  be  interpreted  as  the  area  of  the  region  lying  under  the  graph  of  y  =  tan  x  on  the  interval 

[0,  |],  since  fory  =  tanx  on  [0,  f  ]  with  partition  pointsx,  =  ( j)  Ax  =  ~  and  x*  -  x,,  the  expression  for 

w  n  /  7C I  \ 

the  area  is  A  =  lim  y./(x/)  Ax  =  lim  y  tan  (  —  |  — .  Note  that  this  answer  is  not  unique,  since  the 

\4n/4  n 


expression  for  the  area  is  the  same  for  the  function  y  =  tan  {kn  +x)on  the  interval  [kit,kn  +  f  ]  where  k  is  any 
integer. 
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1  0  |  j  ” 

20.  (a)  Ax  = - =  -  andx,  =  0  +  i Ax  =  A  =  lim  R„  =  lim  y  /(xf)  Ax  -  Hm 

mm  n  n—*  oo  21-200  n-*(X 


n  n 

■A  i3  i  i  ^  i 

(b)  lim  >  -r  •  -  =  lim  — r  >  r  -  lim  —j 

21—*  OO  M-’  >!  11— *oo  M"4  •  n->  OO  /f* 


1=1 


«(/f  +  1) 


2-0 


=  -  and  x,  =0  +  i  Ax  =  — . 
n  n 


21.  (a)  Ax  = 

”  "  /2/\5  2  64  11 

.4  =  lim  /?„  =  lim  T  / (x,)  Ax  =  lim  V  (  —  )  •  -  =  lim  -r  X  <5 

»-»oo  n-»oo(—  ””*00/=’i  \  n  /  n  «->oo  i=I 

n2(n+  l)2(2«2  +  2n-  1) 


(b)X'5  = 
1=1 


12 


64  n2  (n  4-  l)2  (2n2  +  In  —  l)  64  (n2  4-  2n  +  l)  (2/i2  +  In  —  l) 

(c)  lim  —r  - — - =  —  um  - y — 5 - 

»->oo  w6  12  12  2i-»oo  n2  ■  n2 

=  ^Um  (1  +  ?  +  4)(2+l-l)^.,.2  =  ¥ 

3  n-too\  n  n2  J  \  n  n2 )  2  J 

22.  (a)  y  =  /  (x)  =  x4  +  Sx2  +  x,  2  <  x  <7  =»  Ax  =  x,  =  2  + 1  Ax  =  2  +  —  =» 


5  ” 

/f  =  lim  R„  =  lim  -  y 

21 — >  OO  21— >00  H 


n 

;\2 


K)  ♦’(’♦?)♦(’♦?) 


(b)  = 


5  4723n4  +  784 5n3  +  3475n2  -  125 
n  '  6 «3 


2^  615 

(c)  =  lim  fl/(  =  =  3935.83. 

21 — 200  6 

6  —  06  6/ 

23.  Ax  = - =  -  and  x,  =  0  4-  i  Ax  =  — . 

n  n  n 


n  n  /  bi\  b 

A  =  lim  /?„  =  lim  y  /  (x,  )  Ax  =  lim  y  cos  (  —  I  •  -  =  lim 

21 — *  OO  2?->  OO^i  21-*00^— '  \nj  n  W->00 

2=1  1  =  1  X  ' 


bsin  | 

K 

£*■)) 

2  n  sin 

(i) 

1 

_A_ 

2n 


=  sin  6 


If  b  =  then  /f  =  sin  y  =  1. 
24.  (a)  O 


The  diagram  shows  one  of  the  n  congruent  triangles,  AAOB,  with  central 
angle  2 x/n.  O  is  the  center  of  the  circle  and  AB  is  one  of  the  sides  of  the 
polygon.  Radius  OC  is  drawn  so  as  to  bisect  LAOB.  It  follows  that  OC 
intersects  AB  at  right  angles  and  bisects  AB.  Thus,  AAOB  is  divided 
into  two  right  triangles  with  legs  of  length  r  sin  (x /n)  and  r  cos  (x /n). 


AAOB  has  area  2  -  j  [r  sin  (x/n)]  [r  cos  (x/n)]  =  r2  sin  (x/n)  cos  (x/n)  =  jr2  sin  (2x/n),  so 
A„  =  n  ■  area(A AOB)  =  \nr2  sin  (2 x/n). 

(b)  lim  A„  =  lim  -Inc2  sin  (2x/n)  =  lim  S'nj----^xr2.  Let  0  =  — .  Then  as  n  — >  oc,  0  — >  0.  so 

*!-*□ C  21—*  OO  *•  21— *OC 


2l-»00  21 — *  OO 

sin(2x/n) 
lim 


n-»oo  2x/n 


sind 


2  ..  SUIW  2  /.X  2  2 

_  x/-  =  lim  — ~ —  xr*  =  (1)  xr^  =  xi-1. 

»-*oo  2x/n  fl-*9  t) 
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The  Definite  Integral 


4 

1.  /?4  =  X  /  (.v, )  Ax  [or*  =  Xi  is  a  right  endpoint  and  Ax  =  0.5] 

/=l 

=  0.5 (/ (0.5)  +  /( 1)  +  y (1.5)  +  /( 2)]  [/(x)  =  2  -x2] 

=  0.5  [1.75  +  I  +  (-0.25)  + (-2)] 

=  0.5  (0.5)  =  0.25 

The  Ricmann  sum  represents  the  area  of  the  two  rectangles  above  the 
x-axis  minus  the  area  of  the  two  rectangles  below  the  x-axis. 


6 

2.  Le  =  2  /  Ax  [x*  =  Xj_i  is  a  left  endpoint  and  Ax  =  0.5] 

i=i 

=  0.5  [/  (0)  +  /  (0.5)  +  y  (1 ) 

+  /(l-5)  +  /(2)  +  /(2.5)]  [/(x)  =  3x  — 7] 

=  0.5[-7+  (-5.5)  +  (-4)  +  (-2.5)  +  (-!)  +  0.5] 

=  0.5  (-19.5)  =  -9.75 

The  Riemann  sum  represents  the  area  of  the  rectangle  above  the  x-axis 
minus  the  area  of  the  five  rectangles  below  the  x-axis. 


3.  Ms  =  £ /(x,)  Ax  [x*  =  x,  =  j  (x,_|  +  x,)  is  a  midpoint  and  Ax  =  1  ] 
1  =  1 

=  l[/(l.5)  +  /(2.5)  +  /(3.5) 

+  /  (45)  +  /  (5.5)]  [/(x)  =  -v/x  —  2] 

«=  -0.856759 

The  Riemann  sum  represents  the  area  of  the  two  rectangles  above  the 
x-axis  minus  the  area  of  the  three  rectangles  below  the  x-axis. 


6 

4.  (a)  Rf,  =  £  /(x,)  Ax  [x*  =  x,  is  a  right  endpoint  and  Ax  =  0.5] 
i=i 

=  0.5[/(0.5)  +  /(l)  +  /(1.5)  +  /(2) 

+  /(2.5)  +  /(3)]  |/(x)  =  x  —  2sin2x] 

=s  5.353254 

The  Riemann  sum  represents  the  area  of  the  four  rectangles  above  the 
x-axis  minus  the  area  of  the  two  rectangles  below  the  x-axis. 
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6 

(b)  Ms  =  X  /  Uj)  Ax  [x*  =  x,  is  a  midpoint  and  Ax  =  0.5) 

i=1 

=  0.5  (/  (0.25)  +  /  (0.75)  +  /  ( 1 .25)  +  /  ( 1 .75) 

+  /( 2.25)  +  /  ( 2.75) J  [/(x)  =  x  -  2sin2x] 

as  4.458461 

The  Riemann  sum  represents  the  area  of  the  four  rectangles  above  the 
x-axis  minus  the  area  of  the  two  rectangles  below  the  x-axis. 

5.  (a)  Using  the  right  endpoints  to  approximate  /08  / (x)rfx,  we  have 

2  /(x,)  Ax  =  2[/(2)  +  /(4)  +  /(6)  +  /(8)]  as2(l  +  2-2  +  1)  =  4. 

i=l 

(b)  Using  the  left  endpoints  to  approximate  /*  /  (x)  dx,  we  have 

X  /  (x/-i)  Ax  =  2[/(0)  +  /(2)  +  /(4)  +  /(6)]  a#  2(2  +  1  +  2  —  2)  =  6. 

i=i 

(c)  Using  the  midpoint  of  each  subinterval  to  approximate  f0*  /  (x)  dx,  we  have 

X  /(x,)  Ax  =  2[/(l)  +  / (3)  +  /(5)  +  /( 7)]  *2(3  +  2+  I  —  1)  =  10. 

1=1 

6.  (a)  Using  the  right  endpoints  to  approximate  jl 3  g  (x)  dx,  we  have 

Xg(x,)  Ax  =  I  [g(-2)  +  g(-I)  +  g(0)  +  g(l)  +  g(2)  +  g(3)] 

i=l 

as  I  —  0.5  —  1.5-  1.5 -0.5 +  2.5  =  -0.5 

(b)  Using  the  left  endpoints  to  approximate  f3}g(x)dx,  we  have 

X  g  (x— i)  Ax  =  1  lg  (-3)  +  g  (-2)  +  g  (-1)  +  g  (0)  +  g  (1 )  +  g  (2)] 

/=! 

as  2  +  1-0.5-  1.5-  1.5  —  0.5  =  —  I 

(c)  Using  the  midpoint  of  each  subinterval  to  approximate  g  (x)  dx.  we  have 

X  g  (x, )  Ax  =  I  [g  (-2.5)  +  g  (- 1.5)  +  g  (-0.5)  +  g  (0.5)  +  g  (1 .5)  +  g  (2.5)1 

i=l 

as  1.5  +  0-  I  -  1.75-  I  +0.5  =  -1.75 

7.  Since  /  is  increasing,  is  <  /u25  / (x)dx  <  R5. 

Lower  estimate  =  i5  =  X  /(x/_,)  Ax  =  5[/(0)  +  /(5)  +  /(10)  +  /(15)  +  /(20)] 
1=1 

=  5  (-42  -  37  -  25  -  6  +  15)  =  5  (-95)  =  -475 


Upper  estimate  =  «s  =  X  / fo)  Ax  =  5  [/ (5)  +  /(10)  +  /  (1 5)  +  /  (20)  +  /  (25)] 


=  5  (-37  -  25  -  6  +  15  +  36)  =  5  (-17)  =  -85 
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8.  (a)  Using  the  right  endpoints  to  approximate  /06  /  (x)dx,  we  have 
3 

Z  /  to )  Ax  =  2  [/  (2)  +  /  (4)  +  /  (6)]  =  2  (8.3  +  2.3  -  1 0.5)  =  0.2 

/=l 

(b)  Using  the  left  endpoints  to  approximate  f  (x)dx,  we  have 

3 

Z  /  to- 1 )  Ax  =  2  If  (0)  +  /  (2)  +  /  (4)]  =  2  (9.3  +  8.3  +  2.3)  =  39.8 

/=l 

(c)  Using  the  midpoint  of  each  interval  to  approximate  /„  f  (x)dx,  we  have 

3 

Z  / (x,)  Ax  =  2  [/ (1)  +  /  (3)  +  / (5)1  =  2  (9  +  6.5  -  7.6)  =  15.8. 

i=l 


The  estimate  using  the  right  endpoints  must  be  less  than  /  (x)  dx,  since  if  we  take  x*  to  be  the  right  endpoint  x, 
of  each  interval,  then  /  (x,)  <  /(x)  for  all  x  on  [x,_i,x(],  which  implies  that  /  (x,)  Ax  <  f*‘  ;  /  (x)dx.  and  so 

the  sum  Z  [/to)  Ax)  <  X  [//'  .  / (x)dxl  =  /(x)  dx.  Similarly,  if  we  take  x*  to  be  the  left  endpoint  x,_i 

of  each  interval,  then/(x,_|)  >  /(x)  for  all  x  on  [x,_t>x,].  and  so  Z  (/(x,-i)  Ax]  >  f£f(x)dx.  We  cannot 

1=  I 

say  anything  about  the  midpoint  estimate. 

9.  Ax  =  (10  -  0)/5  =  2,  so  the  endpoints  arc  0,  2,  4,  6,  8.  and  10,  and 
the  midpoints  arc  I,  3,  5,  7,  and  9.  The  Midpoint  Rule  gives 

f0Wsin-Sxdx  =«  Z  /to)  Ax  =  2  (sin -A  +  sin  A  +  sin  A  +  sin  A+  sin  A)  **  6.4643. 

10.  Ax  =  (jr  -  0)  /6  =  |,  so  the  endpoints  are  0.  §,  y,  y=.  y,  and  y=,  and  the 
midpoints  are  yy,  yy,  yy,  yy,  and  -yy .  The  Midpoint  Rule  gives 

/;  sec  (x/3)  rfx  Z  /to)  Ax  =  |  (sec  ^  +  sec  4-  sec  y£  +  sec  yf  +  sec  ~  +  sec  yy  j  3.9379. 

11.  Ax  =  (2  —  1 ) /10  =  0.1,  so  the  endpoints  arc  1.0,  1.1, ...  ,2.0  and  the 
midpoints  are  1.05,  1.15, ... ,  1.95.  The  Midpoint  Rule  gives 

f,2  vi+x2dx «  z  /  (T/)  ax = o.  i  [/r+rr.05? + yi+ow + . . . + ato-W]  *»  i  sioo. 

12.  Ax  =  (4  —  2)  /4  =  0.5,  so  the  endpoints  are  2,  2.5,  3,  3.5.  and  4,  and  the  midpoints  arc  2.25.  2.75,  3.25.  and  3.75. 
The  Midpoint  Rule  gives 

/  dx=sZ/C?,)Ax  l/(x)  =x/(x2  +  1)  | 

J 2  *  I  /=  1 

=  0.5  [/  (2.25)  +  /  (2.75)  +  /  (3.25)  +  /  (3.75))  =«  0.6 1 1 2 


336  □  CHAPTERS  INTEGRALS 


13.  In  Maple,  we  use  the  command  with  (student) ;  to  load  the  sum  and  box  commands,  then 

m:=middlesum(sqrt  (l+x,'2)  ,x=l.  .  2, 10) ;  which  gives  us  the  sum  in  summation  notation,  then 
M:=evalf  (m)  ;  which  gives  A/io  «*  1. 8I0014I4,  confinning  the  result  of  Exercise  II.  The  command 
middlebox  (sqrt  (l+x',2)  ,  x-1.  .2,10);  generates  the  graph.  Repeating  for  n  =  20  and  n  =  30  gives 
M2o  «  1-81 007263  and  Af30  «  1.81008347. 


14.  Sec  the  solution  to  Exercise  5.1.7  for  a  possible  algorithm  to  calculate  the  sums.  With  Ax  =  0.01  and  subinterval 

endpoints  1 , 1 .01 ,  1 .02 . 1 .99, 2,  we  calculate  that  the  left  Ricmann  sum  is 

100  . - - - —  100  , - 

f-ioo  =  ^  V  1  +  (*<-l)2Ax  1.80598,  and  the  right  Riemann  sum  is  /?ioo  =  \j  *  +  (x,  )2Ax  as  1.81420,  so 

i=l  <=l 

since  V 1  +  x2  is  an  increasing  function,  we  must  have  /- too  <  J\  Vi  +  x2  dx  <  /?ioo,  so 

1.805  <  L  ioo  <  5\  Vl  +x2  dx  <  Rioo  <  1815. 

Therefore,  the  approximate  value  1.8100  in  Exercise  1 1  must  be  accurate  to  two  decimal  places. 

n 

15.  On  10,  xl.  lim  Y  x,  sinx,  Ax  =  fn*  (x  sinx)</x. 

n-*oo  “j  " 


16.  On  1 1,5],  lim  — Ax  =  f  —7 — dx. 

1  1  #-*00  “1  1  +x,  J 1  1  +  x 

17.  On  [0,  I],  lim  51  [2  (*,*)2  —  5x.’ 1  Ax  =  (2x2  —  5x)dx. 

n— > oo;_|  L  J 

18.  On  11,4],  lim  Jx'  Ax  =  f.4  Jxdx. 

n-*  00  v  ' 

5  —  1 )  6  61 

19.  Note  that  Ax  = - =  -  andx,  =  — 1  +  1  Ax  =  — I  H - . 

n  n  n 


/_,  (1  +  3x> dx  =  A™  Z  f  M  A-v  =  jt  ['  +  3  (-'  +  7)]  l 

=  lim  -V[-2+— 1  =  lim  -fZ(-2)  +  Z— 1 

=  ,im  ^  \-2n  +  -  V  ,1  =  Mm  -  \-2n  +  -  •  ^-^1 
n — >00  n  n  J  «-*oo  n  |_  n  2  J 

T  108  n(n  +  l)l  T  n  +  1  "1 

—  lim  -12+ — x- • - - - -  =  lim  -12  +  54 - 

n-+  00  j_  nl  2  J  00  |_  rt 


=  lim  1—12  +  54(1  +  -!  =  - 12  +  54  •  1  =  42 
\  n) 
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[  64  "  16^,  16^,,] 

n-*oo  n3  •*-<  nr 

L  »=l  i=l  /=!  J 

_  |jm  f  64  n  (n  +  I )  (2/t  +  I )  l6/i(n+l)  16  1 

"-*<*>  L  n3  6  n2  2  +  n  "J 

“J&Hf  («  +  i)  (2+i)+8-'  (>n)  +  I6]=_t +8+l6=5 

21.  [  h.-x2}dx=  lim  y^/U/)  Ax  [A*  =  2/n  and  x,  =  2i/n]  =  lim  T’  ^2  -  17 

7o  v  >  "'>0C^V  n2)\n) 

=  |in,  -f2n-4Z/2>)=  lim  [4-4  :’("+l)(2n't'l)1 

n->oo  n  \  fl3  X—*  I  n-»oo  [_  w3  6 

=  lim  (4  -  4  +  1 )  =  lim  4  -  ^  (l  +  -)  (2  +  -)]  =  4  -  i  ■  2  =  f 

00  \  3  n  n  /  #i-+oo  [  3  \  /?  /  \  n)\  3  3 

22.  J  ( I  +  2x})  </x  —  lim  Ax  [Ax  =  5/n  and  jc,  =  5//n] 

r  1250  /i2(n  +  l)21 

=  lim  5  +  — j - ’  =  lim  : 

"~*oo  I  n*  4  I  /i-*oo 

07’]- 


=  lim 

n— »oo 


5  +  312.51 


^5  +  312.5 
=  5  +  312.5  =  317.5 


(«  +  I)2' 
«2 


23.  Note  that  x;  =  I  +  iAx  =  1  +  i  (I /«)  =  1  +  i/n. 


[2x>Jx=  lim  ±fM  Ax  =  lim  £(,  +  1)71)=  ,im  ifflilV 

71  "~t00^{  n">0of^i'V  «/  W  «->oon+- fV  n  / 


=  ^  Z  ("3  +  3”2'  +  3ni2  + /3)  = ~4  »  •  »3  +  3«J  jS  +  3#.  £  /  2  + 

>=i  L  i=i  i=i  -=i 


=  lim 

n—¥Oo 


|  i  A  n  (n  +  *)  ,  n  (w  +  1)  (2n  +  1)  1  n2  (n  +  I )2 

n2  2  n3  6  +  nA  4 


=  lim  [l  +  Z^Lli  +  i.^Li.^  +  i.^l 
n-*oo  ^  2  n  2  n  n  4  n2 

-*Ho77'7(7ho7; 


=  l  +  |  +  |2+i  =3.75 
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24.  (a)  At  =  (4  -  0)  /8  =  0.5  ami  t(*  =  x,  =  0.5/  . 

Jo  (-»  2  ~  3.v)  </.*«£/  (t,')  At 

1  =  1 

=  0.5{[0.52  -  3(0.5)]  +  [l.O2  -  3  (1.0)]  +  ■•• 

+  [3.52  —  3  (3.5)]  +  [4.02  —  3  (4.0)]} 
=  ^(-|-2-|-2-|+0+|+4)=-i.5 


(b) 


(*■-)*-*§[(?)' -(?)]© 

-  lim  [  —  ”^'l  +  1H-n+  0  M  n(n+I)"| 

«->oo  [  n3  6  n-  2 


Tf  -2-24  =  -? 


(d)  (t2  -  3.t)  dx  —  A\  —  A2t  where 

A\  is  the  area  marked  +  and  /ij  is 
the  area  marked  -. 


25.  [  x  dx  —  lim  - — —  £  a  +  ~ — =  lii 
Ja  n  i=i  L  «  J  "H 


lim 

n-*oo 


a(b  —  a)  £  !  +  (A  - 


-  a)2  » 

-T-S'J 


—  lim 

II— >OC 


a(b  —  a)  (b-a)2  n(n+l) 
- n  + - ; - - - 


,t  ,  .  ,■  (b-a)2 

=  a(b  —  a)  +  lim  - - - 

n- 400  2 


(,  +  «) 

=  a  (A  -  a)  +  5  (b  —  a)2  =  (b  —  a)  (a  +  \b  —  j a^  —  (A  —  a)  j  (6  +  a)  =  j  (A2  —  a2) 

.  [h  2  ,  b-a^  f  A -a  I2  A-a^U 

i.  /  t  dx  —  hm  - y  a  H - 1  =  lim  -  7 

Ja  II-IOO  n  I  n  n-*oo  n  ~ 

1=1  L  J  /=| 


b-a  .  _  (A  —  a)2  2 


a 1  +  2a - /  + 

n  n 


=  lim 

n  ->oo 


=  lim 

n — >  oo 


=  lim 

/?— t  oc 


(6  —  a)3  ^  2  2a  (/>  —  a)~  a2  (/>  —  a) 

Z ' 2  +  ^2— Z '  +  Z 1 


(A  -  a)3  n  (n  +  1)  (2n  +  1)  2a  (A  —  a)2  n  (n  +  I)  _  a2  (A  —  a) 
"4"  _  —  *4* 


(b-a)3 


(A  -  a)3 
3 

A3  a3 


6  n2  2 

*  0  +  n)  (“*  +  n)  +  a  (*  -  a)2  •  1  •  ^  +  a2  (A  —  a) 

A3  -  3a A2  +  3a2A  -  a3 


+  a  (A  —  a)2  +  a2  (A  -  a) 


+  aA2  —  2a2A  ■+•  a3  +  a2A  —  a3 


- - - —  aA  +  a2A  +  aA2  —  a2b  =  ^  “ 
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27.  Aj:  =  (jr  -  0 )/«  =  n/n  and  x'  =  x,  —  xi/n. 

[  sin  5.*  dx  =  lim  (sin  5jc,  )  ( — )  =  x  lim  iy'sinf— | 
Jo  '  n )  »-* oo  n  |>  \  n  / 

28.  Ajc  =  (10  -  2)  /n  —  8 /n  and  x *  =  jq  =  2  +  8i/n. 


=  x  lim  -  cot 

71 — >  OO 


2 

5 


faxidx=  lim  tf2  +  HVf»)-8  lim  -£(2+-) 

/>  '-oo^V  n/  V«/  n) 

„  , .  1  64  (58,593n6  +  1 64,052n5  +  131 ,208n4  -  27,776 n2  +  2048) 

n—*oo  n  21 M5 

=  8(i^M)  =  ?5^*«=«1 ,428,553.1 


29.  (a)  Think  of  /02  /  (jc)  dx  as  the  area  of  a  trapezoid  with  bases  I  and  3  and  height  2. 
fif(x)dx  =  \(  1 +3)2  =  4. 


(b)  Jo  f(x)dx  =  /02  f(x)dx  +  /j3  f(x)dx  +  fj  f{x)dx 

trapezoid  rectangle  triangle 

=  ^  (1  +  3)2  +  31  +  j  •  2  •  3  =10 

(c)  /57  f  (x)dx  is  the  negative  of  the  area  of  the  triangle  with  base  2  and  height  3.  /57  /  (jr)  dx  =  —  j  •  2  •  3  =  —  3. 

(d)  As  in  parts  (a)  and  (c),  /’  f  (x)dx  =  -5  (3  +  2)  2  =  -5.  Now 

/09  /  (x)  dx  =  /05  /  (v)  rfr  +  //  f(x)dx  +  J?/(jc)  dx  =  10  -  3  -  5  =  2. 


30.  (a)  /o’  g  (jc)  dx  =  j  ■  4  ■  2  =  4  (area  of  a  triangle) 

(b)  jJ  g  (x)dx  =  —  jjr  (2)2  =  —  2x  (negative  of  the  area  of  a  semicircle) 

(c)  Jl  g(jr)rfx  =  j  •  1  •  1  =  5  (area  of  a  triangle) 

Jo  8(x)dx  =  Jo  g(x)dx  +  jf  g(x)dx  +  fj  g(x)dx  =  4-2x  +  ^  =  4.5  -  2x 

31.  J  3  (1  +  2x)  dx  can  be  interpreted  as  the  area  under  the  graph  of  /  (x)  =  1  +  2x 
between  x  =  I  and  x  =  3.  This  is  equal  to  the  area  of  the  rectangle  plus  the 
area  of  the  triangle,  so  J3  (1  +  2jc)  dx  =  /(  =  2  •  3  +  ^  ■  2  •  4  =  10. 

Or:  Use  the  formula  for  the  area  of  a  trapezoid:  a  =  5  (2)  (3  +  7)  =  10. 

32.  jj2  -v/4  —  x2dx  can  be  interpreted  as  the  area  under  the  graph  of 
/  (*)  =  V4  -  jc-  between  jc  =  — 2  and  jc  =  2.  This  is  equal  to  half  the  area  of 
the  circle  with  radius  2.  so  jl2  V4  -  x2  dx  =  ^x  -21  =  2x. 
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33.  /* 3  (l  +  v'9  —  x2)  c/x  can  be  interpreted  as  the  area  under  the  graph  of 

/  (x)  =  I  +  y/9  —  x2  between  x  =  — 3  and  x  =  0.  This  is  equal  to  one-quarter 
the  area  of  the  circle  with  radius  3.  plus  the  area  of  the  rectangle,  so 

J?;  3  (l  +  s/9^7)  </x  =  •  32  +  1  •  3  =  3  +  fir. 

34.  j2,  (2  —  x)  dx  can  be  interpreted  as  A\  —  Ai.  where  A  \  and  Ai  are  the  areas  of 
the  triangles  shown.  Thus,  /3,  (2  —  x)  dx  =  j  •  3  -  3  —  |  •  1  •  1  =  4. 


35.  /f,  (I  -  |x|)  dx  can  be  interpreted  as  the  area  of  the  middle  triangle  minus  the 
areas  of  the  outside  ones,  so  fl2  (1  —  |x|)dx  =  j  ■  2  •  I  —  2  •  j  -  1  ■  1  =  0. 


36.  /03  |3x  —  5|  dx  can  be  interpreted  as  the  area  under  the  graph  of  the  function 
/  (x)  =  |3x  —  5|  between  x  =  0  and  x  =  3.  This  is  equal  to  the  sum  of  the 
areas  of  the  two  triangles,  so  /03  |3x  -  5|  dx  =  j  •  §  •  5  +  5  ^3  -  §)  4  =  y . 

37.  Jg  y/idl  =  -  J49  y/i  dt  (because  we  reversed  the  limits  of  integration)  =  — y 

38-  x2  cosx  dx  =  0  since  the  limits  of  integration  arc  equal. 

39.  /J  (5  -  6 x2)dx  =  5dx  -  6f0'  x2  dx  =  5  (1  -  0)  -  6  ($)  =  5  -  2  =  3 


40.  f2S  (I  +  3x4)  dx  =  f2  1  dx  +  f2  3x4 dx  =  I  (5  -  2)  +  3  /25  x4  dx  =  I  (3)  +  3  (618.6)  =  1858.8 

41.  (4  (2x2  -  3x  +  1)  dx  =2  /i*  x2  dx  -  3  /,4  x  dx  +  J*  1  dx 

=  2  •  j  (43  —  l3)  —  3  •  j  (42  —  l2)  +  1  (4  —  1)  =  y  =  22.5 

42.  Jf  2  (2  cos x  —  5x )  dx  —  ff  ‘ 2  2  cos x  dx  —  jf ,2  5x  dx  =2  ff cos xdx  —  5  Jf/2  xdx 


43.  /3  /(x)t/x  +  jf  / (x ) dx  +  ff1  f  (x)dx  =  jf  f(x)dx  +  fj2  f(x)dx  =  /,12  f(x)dx 

44.  f2°  f  (x)dx  —  fl  f  (x) dx  =  J,7  / (x ) dx  +  J7'°  / (x) dx  -  f2  f  (x) dx  =  J7’°  f(x)dx 

45.  f  (x)  dx  +  f*  f  (x)  dx  =  f\  f  (x)dx  =>  f2  f  (x)dx  +2.5  =  1.7  =>  f  (x)dx  =  -0.8 

46.  f(t)dt  +  f(t)dt  +  f(t)dl  =  f(t)dl  =»  2  +  /3  f(l)dt  +  1  =  -6  => 

fl  f(l)dt  =  -6  -  2  -  I  =  -9 

47.  0  <  sinx  <  1  on  [0,  ^],  so  sin3x  <  sin2x  on  [0,  j].  Hence.  ff/A  sin3x  dx  <  ff/'1  sin2x  dx  (Property  7). 
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48.  5  -x  >  3  >  x  +  I  on  [1,2],  so  V5  -  x  >  Vx  +  I  and  J2  V5  - .»  dx  >  f2  VtTTrfx. 

49.  If  —  1  <  x  <  1,  then  0  <  x2  <  1  and  1  <  I  +  x2  <  2,  so  1  <  Vl  +  x5  <  V2  and 

1  [1  —  (— 1)]  <  Vl  +  x2dx  <  V2[l  —  (-1)]  (Property  8];  that  is,  2  <  Vl  +  x2  dx  <  2V2. 

50.  ^  <  sinx  <  I  for  |  <  x  <  f.so  \  (f  -  f)  <  J’^sinxdx  <  I  (f  -  f )  (Property  8):  that  is. 

f  ^  f’/i  sinjt*  5  f 

51.  If  1  <  x  <  2,  then  ;  <  *  <  I.  so  f  (2  -  1)  <  /2  1  dx  <  1  (2  -  I)  or  f  <  f2  £  dx  <  I. 

52.  If  0  <  x  <  2,  then  0  <  x3  <  8,  so  1  <  x3  +  1  <  9  and  I  <  Vx3  +  1  <  3.  Thus, 

1  (2  -  0)  <  fg  Vx3  +  I  dx  <2(2-  0);  that  is,  2  <  /02  Vx '  +  1  dx  <  6. 

53.  If  y  (jt)  =  x2  +  2x,  -3  <  x  <  0,  then  f  (x)  =  2x  +  2  =  0  when  x  =  -1,  and /(—l)  =  -1  At  the  endpoints. 

/(— 3)  =  3,  /  (0)  =  0.  Thus,  the  absolute  minimum  is  m  =  —  I  and  the  absolute  maximum  is  M  —  3.  Thus, 

- 1  [0  -  (-3)]  <  /“3  (x2  +  2Lx)  dx  <  3  [0  -  (-3)]  or-3  <  fH}  (x2  +  lx)  dx  <  9. 

54.  If  f  <  x  <  f ,  then  $  <  cosx  <  so  \  (f  -  f )  <  ft/]  cosx  dx  <  ^  (f  -  f )  or 

cosxdx<Q. 

55.  For -I  <  x  <  1,0  <  x4  <  1  and  1  <  Vl  +  x4  <  V2.  so  I  [I  -  (-I)J  <  /i,  Vl  +x4r/x  <  V2(l  -  (-1)]  or 

2  <  /!,  Vl  +x*dx  <  2V2. 

56.  If  3  x  <  x  <  |n,  then  ^  <  sinx  <  I  and  j  <  sin2x  <  1,  so  f  (§*  -  Jx)  <  ff'4  sin 2  x  dx  <  I  (|jr  - 

that  is,  |x  <  sin2  x  dx  <  fx. 

57.  Vx^TT  >  =  x2,  so  /,3  -M+ldx  >  fix2dx  =  \  (33  -  l3)  =  f . 

58.  0  <  sinx  <  1  forO  <  x  <  f,  so  xsinx  <  x  =>  JJ^xsin xdx  <  /0*/2x</x  =  4  [(f)2  -0-’j  = 

59.  Using  a  regular  partition  and  right  endpoints  as  in  the  proof  of  Property  2.  we  calculate 

b  n  n  n 

f„cf(x)dx=  lim  £>/(x,)  Ax,  =  lim  c  £  f  (x,)  Ax,  =  c  lim  £  /(x,)  Ax,  =  ct,  /  (x)dx. 
n~*oo  l==  |  n— >00  /=  j  /»— *oof_.|  ‘‘ 


60.  As  in  the  proof  of  Property  2,  we  write  f*  /  (x)dx  =  lim  X  /  (x,)  Ax.  Now  /  (x, )  >  0  and  Ax  >  0.  so 

n—*  oo;_  j 
n 

f  (xi)  Ax  >0  and  therefore  2)  /  (Xi )  Ax  >  0.  But  the  limit  of  nonnegative  quantities  is  nonnegative  by 
1=1 

Theorem  2.3.2,  so  f*f  (x)dx  >  0. 

61.  Since  -  |/(x)|  <  /(x)  <  |/(x)|,  it  follows  from  Property  7  that 

-  Sa  \f(*)\dx<fif  (x) dx  <  /*  |/ (x)| dx  =>  \£ /(x)rfx|  <  /* \f(x)\dx 

Note  that  the  definite  integral  is  a  real  number,  and  so  the  following  property  applies:  -a  <  b  <  a  -■>  |/>|  <  a 

for  all  real  numbers  b  and  nonnegative  numbers  a. 


62-  | Jo*  / (v ) sin 2.t dx |  <  f2’  1/ (x) sin 2r| dx  (by  Exercise 61)  =  f2’  |/,(x)|  |sin2x|rfx  <  f2’ \f(x)\dx  by 
Property  7,  since  |sin2x|  <!=>(/ (x)|  |sin2x|  <  |/(x)|. 


n  .4 

63.  lim  y'  =  lim  - 

»-> o°  ^  /|3  n-*oo  n 


1  =  1 


•Jo*** 


4 
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64.  ,jm  i£ - f 

«  frf  1  +  (f/riy  Jo 


dx 

I  +  x2 


L  Choose xi  =  l  +  -  and  x*  =  ^/at,  —  i jc,  =  ^1  +  - ^  ^1  +  Then 

/V2rfx  =  lim  -Tj - \ - =  lim  «£- - IT, - \ 

J I  »-*°o  «  “f  M  +  i-=l )(1  +  i)  "->0°  +  *)(«  +  ') 

= j««  * X (^t - ^tt)  <by ,hc hin,) 

lim  (l  -  *)  = 

\"n  +  /  “  n  + 1  /  »-*oo  \n  2n  /  »-»oo  V  ■*/ 


=  lim 

M-TOO 


Discovery  Project  □  Area  Functions 


Area  of  trapezoid  =  j  (6|  +  >n)  h 
=  j(3  +  7)2 
-  1 0  square  units 
Or: 

Area  of  rectangle  +  area  of  triangle 

=  Mr  +  [b,h,  =  (2)  (3)  +  $  (2)  (4) 
=  10  square  units 


(b) 


As  in  part  (a), 

■4  (x)  =  j  [3  +  (2x  +  1)J  (x  —  I) 
=  2  (2x  +  4)  (x  —  1 ) 

=  (x  +  2)  (x  —  1 ) 

=  x2  +  x  —  2  square  units. 


(c)  A'  (x)  =  2x  +  I .  This  is  the  >< -coordinate  of  the  point  (x,  2x  +  I )  on  the  given  line. 
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A  (x  +  h)  —  A  (x)  is  the  area  under 
the  curve  y  =  I  + t2  from  t  =  x  to 
I  =  x  +  h 


(b)  A  (x)  =  /*,  (1  + t2)  dt  =  /*,  1  dl  +  t 2  dt  (Property  2) 


=  1  (*-(-■)]  + 


X3  —  (—I)3  /Property  I 


\Excrcise 


:rty  I  and\ 
ise  5.2.26/ 


=  x  +  I  +  j.r3  +  ] 

=  \x'+x  +  \ 

(c)  A'  (x)  =  x2  +  I .  This  is  the  y-coordinate  of  the  point 
(x,  1  +  x2)  on  the  given  curve. 


An  approximating  rectangle  is  shown  in  the  figure.  It  has 

height  1  +x2,  width  h,  and  area  h  (1  +x2),  so 

/I  (x  +  h)  -  A  (x)  =»  h  ( I  +  x2)  =» 

A  (x  +  h)  -  A  (x)  _  ,  ,  , 

- - - =»  I  +  x"\ 


(f)  Part  (e)  says  that  the  average  rate  of  change  of  A  is  approximately  1  +  x2.  As  h  approaches  0,  the  quotient 
approaches  the  instantaneous  rate  of  change  —  namely.  A'  (x).  So  the  result  of  part  (c).  A'  (x)  =  x2  +  1,  is 
geometrically  plausible. 


3-  (a)  /  (x)  =  cos  (x2) 


-1.25 


O’)  g  (x)  starts  to  decrease  at  that  value  of  x  where  cos  (r2)  changes  from  positive  to  negative,  that  is,  at  about 
x  =  1.25. 
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(c)  g  (x)  =  cos  (l2)dl.  Using  an  integration  command,  we  (d)  We  sketch  the  graph  of  g'  using  the 
find  that  g  (0)  =  0,  g  (0.2)  as  0.200.  g  (0.4)  ss  0.399.  method  of  Example  1  in  Section  3.2.  The 

g  (0.6)  =s  0.592,  g  (0.8)  as  0.768.  g(  1.0)  as  0.905,  graphs  ofg'  (x)  and  / (x)  look  alike,  so 

g(l.2)  as  0.974. g  (1.4)  as  0.950,  g(l. 6)  as  0.826.  we  guess  that  g' (x)  =  /(x). 

g(l.8)  as  0.635,  and  g (2.0)  as  0.461. 


4.  In  Problems  1  and  2,  we  showed  that  ifg  (x)  =  f*  /  (r)  dt,  then  g'  (x)  —  / (x),  for  the  functions  /  (t)  =  2/  +  I 
and  f  (!)  =  I  +  l2.  In  Problem  3  we  guessed  that  the  same  is  true  for  /  (l)  =  cos  (r2),  based  on  visual  evidence. 
So  we  conjecture  that  g7  (x)  =  /  (x)  for  any  continuous  function  /.  This  turns  out  to  be  true  and  is  proved  in 
Section  5.3  (the  Fundamental  Theorem  of  Calculus). 

The  Fundamental  Theorem  of  Calculus 

1.  (a)  g  (0)  =  /0°  / (/) dl  =  0.  g  (I)  =  / (/) dl  =  I  •  2  =  2. 

S(2)  =  /o  f(l)dt  =  ft  f(t)dt  +  ft  f(t)dt  =g{})  +  fi  f«)dt  =  2  +  \  -  2+  {  ■  l  -2  =  5, 

S(3)  =  /«  /(/)<*  =g  (2) +  /23 /«)<ft  =  5+i-l-4  =  7.  (d) 

g(6)  =  g(3)  + =7  + [-($-2- 2+  1  -2)]  =  7-4  =  3 

(b)  g  is  increasing  on  (0,  3)  because  as  x  increases  from  0  to  3,  we  keep 
adding  more  area. 

(c)  g  has  a  maximum  value  when  we  start  subtracting  area  that  is,  at  x  =  3. 

2.  (a)  g(— 3)  =  f~3'  f  (t)dt  =  0,  g  (3)  =  /i3  /  (/)  e/r  =  J^f(t)dl  +  /0'  f(l)dl  =  Oby  symmetry,  since  the  area 

above  the  x-axis  is  the  same  as  the  area  below  the  axis. 

(b)  From  the  graph,  it  appears  that  to  the  nearest  j,  (e) 

g (-2)  =  j;32  / (/)  dt  *  1,  g  (- 1 )  =  /- /  (/) dt  »  3j,  and 
*(0 )*=&/(»)  A  »S}. 

(c)  g  is  increasing  on  (—3, 0)  because  as  x  increases  from  —3  to  0,  we  keep 
adding  more  area. 

(d)  g  has  a  maximum  value  when  we  start  subtracting  area,  that  is,  at  x  =  0. 

(I)  The  graph  ofg'  (x)  is  ihe  same  as  that  of  /(x),  as  indicated  by  FTC1. 
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3. 


4. 


g(x)  lor  a  >  ir 


(a)  By  FTC1  with  f  (!)  =  / 2  and  a  =  l,g(x)  =  t2  dt  =» 
g’(x)  =  f(x)=x2. 

(b)  Using  FTC2,  g (x)  =  ft  t 2  dt  =  [}/3]*  =  |x3  -  ±  =* 

g'i.^-x2. 


(*)  g (x)  =  ft  (2  +  cos t) dt  =>  g'(x)  =  2  +  cosx 
(b)  g(x)  -  ft  (2  + cos  t)dt  =  [2l  +  sin /ft 

=  (2x  +  sinx)  —  (2jt  +  0)  =  2x  +  sinx  —  2a- 
so  g>(x)  =  2  +  cosx. 


5.  /(0  =  >/rT27andg(x)  =  ft  VT+lidt,  so  by  FTCl.g'  (x)  =  /(x)  =  vT+2?. 

6.  /  (/)  =  (2  + 1*)5  and  g  (x)  =  ft  (2  +  z4)5  dt,  so  g'  (x)  =  /  (x)  =  (2  +  x4)5. 


7.  /(<)  =  I2  sin  /  and  g  (y)  =  ft  t2sintdt,  so  by  FTCl,g'(>>)  =  /  (y)  =  y7  siny. 


8-  SW=  TTTJ  andg(«)=  f  — ^  dx,  so  g'  (u)  =  f  (u)  =  — 
Jf  +  Jf  73  j:  +  jr*  m  -f 

9.  T(x)  =  ft  cos  (<2)dt  =  -  ft  cos  (/2)  <*  =>  A-'  (x)  =  -  cos  (x2) 

10.  /'  (x )  =  /J "  tan  //  d/Z  =  —  tan 0 dt)  =>  F' (x)  =  —  tanx 


ii  i  •  1  du  1  .  dh  dh  du 

11.  Let  u  =  -.  Then  —  =  — r.  Also,  —  = - ,  so 

x  dx  x1  dx  du  dx 


.  d  r\/x  .  4 ,  ,,  d  ru  .  .  rfiz  .  a  du  — sin4(l/x) 
A  (x)  =  —  A '  sin4  tdt  =  —  sin4  /  dz  •  —  =  sin4  u  —  = - r-1— 

(/X  nu  xV v  xV v  v2 


7// 


dx 


dx 


,,  ,  ,  2  du  dh  dhdu 

12.  Let  u  =  x  .  Then  —  —  2x.  Also,  —  = - ,  so 

dx  dx  du  dx 


j  A-*  /  (l  d  r 

V(x)  =  -y  v/ 1  +  r3dr  =  —  J  y/\  +  r3  dr  •  =  >/ 1  +  u3  (2x)  =  2xft\  +  (x2)3  =  2x^1  +  x6. 


13.  Let  u  =  V?.  Then  —  -  -  — .  Also,  — 
dx  2y/x  dx 


dy  du 

IftJi'*0 


d  [J*  cost  _ <ft  f“  cost  du  cosu  1 

dx  J j  /  du  J)  t  dx  u  2  y/x 


du  dy 

14.  Lcti/  —  cosx.  Then  —  =  —  sinx.  Also,  —  = 
dx  dx 


dy  du 

d^d?S° 


cos  y/x  1  COS-^/x 

,/x  2^/x  2x 


d  ,cmx 

y  =  —  J  (t  +  sin  z)dz  = 


d  fu 

—  (I  +  sin  /)  dt  ■ 
du  Ji 


du 

dx 


—  (u  +  sin  u)  ■  (—  sinx)  =  —  sinx  [cosx  +  sin  (cosx)] 
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dw  _  dv 

15.  Let  to  =  I  —  3x.  Then  —  =  —3.  Also,  —  — 
dx  dx 


dy  dw 


d  ['  u3  ,  d  f'  «3  .  d  to 

dx  J{-ix  1  +  it2  dw  J„,  l+tt2  dx 

_  d_  r  it3  du  dw  _  to3  _  3(1  —  3jt)3 

dw  Ji  l+u2  dx  I  +  to2  l+(l— 3x)2 


1  du  2  dy 

16.  Let  u  =  -r.  Then  —  =  — r.  Also,  — 


dx 


dx 


dy  du 
d^d^'S° 


,  d  r°  .  ,  .  d  r°  .  3  , 

y  =  —  /  sin  t  dt  =  —  /  sin  t  dt 

dx  J\/x2  du  Ju 


du 

dx  ~ 
6  729  -  1 


d  [u  .  )  .  du  .  3  / 

—  /  sin  t  dt  -  —  =  -  sin3  u  I  — 
du  dx  V 

364 

3 


18.  J?*-2  A  =  [- =  l-l/Jtl?  =  -i  +  1  =  1 

19.  f*(4x  +  3)dx  =  [$x2  +  3x]*  =  [(2  •  82  +  3  ■  8)  -  (2  ■  22  +  3  ■  2)]  =  152-  14=  138 

20.  /04  (1  +  3 y-y1)  dy  =  [y  +  ^2  -  (y3]^  =  [(*  +  §  •  16  -  \  64)  -  (0)]  =  ? 


/■'  3  3 

24.  I  dt  does  not  exist  since  /(/)  =  —  has  an  infinite  discontinuity  at  0. 


25-  //  Vx5  +  2  dx  =  0  since  the  lower  and  upper  limits  are  equal. 

26.  J2*  cos 0  dt)  =  [sinfl)2lr  =  sin  2tr  -  sin  jr  =  0  -  0  =  0 

r2  2  2 

27.  /  —rdx  does  not  exist  since  /  (x)  =  —r  has  an  infinite  discontinuity  at  0. 

7-4  xb  xb 

28.  ^  dx  =  j\~',2dx  =  [2xl/2]*  =  2\/4  -  2%/T  =  4  —  2  =  2 

29.  /'/43  sin t  dt  =  [-cos/]'(3  =  -  cos  §  +  cos  \  =  -J  +  -J-  = 

30.  (3+xVT)dx  =  (3  +  x3'2)  dx  =  [3*  +  =  [(3  +  |)  -  0]  =  H 

3’-  In’) 2  secx  tan.x  dx  does  not  exist  since  secx  tanx  has  an  infinite  discontinuity  at  j. 

32.  j;/4  sec2  0  dO  does  not  exist  since  sec2  0  has  an  infinite  discontinuity  at  f . 

33.  J,2  /<x)dx  =  x*dx  +  tfx5dx  =  |)x^  +  [ix6]'  =  (i  -  0)  +  (f  -  J)  =  10.7 
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34  /-„  f(x)dx  --  /“,  Jt  dx  +  f*  sin.x dx  =  -  [cosjr]J  =  (<>-  -  (cos ,t  -  cos 0) 

=  -V  -  (-1  -  1)  =  2  —  ^ 


35.  From  the  graph,  il  appears  that  the  area  is  about  60.  The  actual  area  is 
j”x,/3dx  =  [|t4/3]”  =  |8l-0=2ii  =  60.75.  This  is  f  of  the 
area  of  the  viewing  rectangle. 


36.  From  the  graph,  it  appears  that  the  area  is  about  The  actual  area  is 

tx"dx  =  -  Hi  =  -rk  +  5  =  iS  *  0  3318 


37.  It  appears  that  the  area  under  the  graph  is  about  |  of  the  area  of  the 
viewing  rectangle,  or  about  %  2. 1 .  The  actual  area  is 
Jo  sin*  dx  =  [ -  cos  x )J  =  -  cos  ,t  +  cos 0  =  -  (- 1 )  +  1  =  2. 


38.  Splitting  up  the  region  as  shown,  we  estimate  that  the  area  under  the  graph 
is  f  +  |  (3  •  y )  »  1 .8.  The  actual  area  is 
j;/3  sec2  xdx  =  flan.vJo  73  =  v'S  -  0  =  V5  as  1.73. 
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fix  u2  —  |  r°  u2  —  1  f**  u2  -  1  f2*  «2  ~  1  ,  f)x  u2  -  1 

«  7+\*- Ltt** h  ?TT •“—l  7+T*U 


(it)2  +  1  t/.t 


(3x)2  +  I 


4x2  +  I 


9x2  +  I 


/•V  I  /■'  dl  [x1  dt  fm,x  dt  ,  f* 

42‘ 2  <J°  =  L  7TT?  d‘ =  L  im  +  h  7yT?-~L  V2T?  +  Jt 


dt 


72  + 14 


«'(*)  = 


•  (tanjt)  + 


72 +  x8  dx 


2)  =  — 


(*2) 


2x 


72  +  tan4  -v  v/2  +  r* 


72  +  tan4  x  dx 

ti.  y  =  f*ljismtdt  =  Jji'/isintdt  +  ff  */ismtdt  =-j/*  ,/isintdl  + Ji  sin  tdt  = 
/  =  —  77  (sin  77)  ■  £  (VS)  +  x2/2  sin  (x2)  ■  £  (x2)  =  +  *3/2 *»  (*3)  (3*2) 


2^/x 


=  3x2/2sin(x2)-?g£ 


44.  y  =  f*x  cos  (1/2)  du  =  /05'  cos  (h2)  du  -  cos  («2)  du 

y'  =  cos  (25x2)  ■  —  (5.x)  -  cos  (cos2  x)  •  ~  (cosx)  =  cos  (25x2)  •  5  -  cos  (cos2  x)  ■  (-  sinx) 
'  '  dx  '  ax 


=  5  cos  (25x2)  +  sin  x  cos  (cos2  x) 


45.  F  (x)  : 


J> 


(t)dt 


F'(x)  =  f(x)- 


j; 


Vi  +  u4 


du 


F"  (x)  =  /'  (x)  = 


7'+(-2)4 


.  i.  (7)  =  So  f„(2) = = 7257. 

dx'  ’  x 


f*  1 

46.  For  the  curve  to  be  concave  upward,  we  must  have  y"  >  0.  y  =  /  ,  dt  =>  v'  =  — 

70  *  +  *  +  *  1  • 

/'  = - —  x  ^  _ _  j.or  this  expression  to  be  positive,  we  must  have  (1  +  2x)  <  0,  since  (1  +  x  H 

(1+x+x2)2 

all  x.  (l+2x)<0  «=s  x  <  —  i  Thus,  the  curve  is  concave  upward  on  (-00, 


x  +x4 


47.  (a)  The  Fresnel  Function  S(x)  =  fj  sin(f  t2)dt  has  local  maximum  values  where  0  =  5'  (x)  =  sin(fx2)  and  S' 
changes  from  positive  to  negative.  Forx  >  0,  this  happens  when  jx2  =  (2 n  —  1)  x  (odd  multiples  of  n  ]  <=> 
x  =  72(2 n  -  1),  n  any  positive  integer.  For  x  <  0,  S'  changes  from  positive  to  negative  where  §x2  =  2nx 
(even  multiples  of  x(  <=s  x  =  -27",  since  if  x  <  0,  then  as  x  increases,  x2  decreases.  S' does  not  change 
sign  at  x  =  0. 

(b)  5  is  concave  upward  on  those  intervals  where  S“  (x)  >  0.  Differentiating  our  expression  for  S'  (x),  we  get 
S"  (x)  =  cos(fx2)  (2f  x)  =  xx  cos(f  x2).  Forx  >  0,  S"  (x)  >  0  where  cos(fx2)  >0  «=»  0  <  f  x2  <  f 
or  ^2n  —  x  <  ^x2  <  (2n  +  x ,  n  any  integer  <=>  0  <  x  <  1  or  V4n  —  I  <  x  <  7 4/i  +  1,  n  any 

positive  integer.  For  x  <  0,  as  x  increases,  x2  decreases,  so  the  intervals  of  upward  concavity  for  x  <  0  are 
(_  74n  -  1,  -74/1  -  3),  n  any  positive  integer.  To  summarize:  5  is  concave  upward  on  the  intervals  (0,  1), 

(-75,-1).  (75, 75),  (-77,  -75),  (75,3) . 
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(c)  In  Maple,  we  use  plot  ( ( int  (sin(Pi*tA2/2),  t=0.  . x)  ,  0.2  } ,  x=0.  .  2)  Note  that  Maple 
recognizes  the  Fresnel  function,  calling  it  Fresnel S  (x) .  In  Mathematica,  we  use 
Plot  t  ( Integrate  (Sin  [Pi*  tA2/2]  ,  (t,0,x)),0.2),(x,0,2)].  In  Derive,  we  load  the  utility 
file  FRESNEL  and  plot  FRESNEL_S IN  (x) .  From  the  graphs,  we  see  that  f0'  sin(j/-)dl  =  0.2  at  x  0.74. 
0.75  025 


on 


48.  (a)  In  Maple,  we  should  start  by  setting 

si  :=int  (sin  (t)  /  t,  t=0 .  -x) ;.  In  Mathematica,  the  command  is 
si=Integrate  (Sin  [t) /t,  (t,0,x}].  Note  that  both  systems 
recognize  this  function;  Maple  calls  it  Si  (x)  and  Mathematica  calls  it 
Sinlntegral  [x] .  In  Maple,  the  command  to  generate  the  graph  is 
plot (si, x=-4*Pi.  .  4* Pi) In  Mathematica,  it  is 
Plot  [si,  (x, -4*  Pi, 4*  Pi)].  In  Derive,  we  load  the  utility  file  EXP_INT  and  plot  SI  (x) . 

(b)  Si  (x)  has  local  maximum  values  where  Si'  (x)  changes  from  positive  to  negative,  passing  through  0.  From  the 

Fundamental  T  heorem  we  know  that  Si'  (x)  =  —  [  dl  =  Sln-- ,  so  we  must  have  sinx  =  0  for  a 

dx  Jo  I  x 

maximum,  and  forx  >  0  we  must  haver  =  (2n  —  I)  jr,  n  any  positive  integer,  for  Si'  to  be  changing  from 
positive  to  negative  at  x.  Forx  <  0,  we  must  have  x  =  2mc.  n  any  positive  integer,  for  a  maximum,  since  the 
denominator  of  Si'  (x)  is  negative  for  x  <  0.  Thus,  the  local  maxima  occur  at 
x  =  k,  — 2jt,  3jt,  — 4>r,  5®,  —  6x, .... 

(c)  To  find  the  first  inflection  point,  we  solve  Si"  (x)  -  =  0.  We  can  see  from  the  graph  that  the  first 

x  x2 

inflection  point  lies  somewhere  between  x  =  3  and  x  =  5.  Using  a  root  finder  gives  the  value  x  «:  4.4934.  To 
find  the  y-coordinate  of  the  inflection  point,  we  evaluate  Si  (4.4934)  =s  1 .6556.  So  the  coordinates  of  the  first 
inflection  point  to  the  right  of  the  origin  are  about  (4.4934,  1 .6556).  Alternatively,  we  could  graph  S"  (x)  and 
estimate  the  first  positive  x-value  at  which  it  changes  sign. 

(d)  It  seems  from  the  graph  that  the  function  has  horizontal  asymptotes  at  y  =»  1.5,  with  lim  Si  (x)  =s  ±1.5 

J-»±00 

respectively.  Using  the  limit  command,  we  get  lim  Si(x)  =  §.  Since  Si  (x)  is  an  odd  function, 

x—>oo  * 

lim  Si(x)  =  —  §.  So  Si  (x)  has  the  horizontal  asymptotesy  =  ±f. 

(c)  We  use  the  f  solve  command  in  Maple  (or  FindRoot  in  Mathematica)  to  find  that  the  solution  isx  =»  1.1. 
Or,  as  in  Exercise  47(c),  we  graph  y  =  Si  (x)  and  y  =  I  on  the  same  screen  to  sec  where  they  intersect. 
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49.  (a)  By  FTC1,  g'  (x)  =  f(x).  So  g'  (x)  =  /  (x)  =  0  at  x  =  1 , 3, 5, 7,  and  9.  g  has  local  maxima  at  x  =  1  and  5 

(since  /  =  g1  changes  from  positive  to  negative  there)  and  local  minima  at  x  —  3  and  7.  There  is  no  local 
maximum  or  minimum  at  x  =  9,  since  /  is  not  defined  for  x  >  9. 

(b)  We  can  see  from  the  graph  that  |/0'  /  </f|  <  |/,3  /  </f|  <  |/35  /</r|  <  |/j7  fdt  |  <  |/7  fdi  |.  So 

g  (1)  =  | /„'  fdt[  g  (5)  =  Jo5  fdt  =  g  0)  -  |/,3  fdl\  +  |/35  fdt\  and 

g  (9)  =  /09  fdt  =  g(5)-|/s7  fdt\  +  |/7V<*|-  Thus,  g  ( 1 )  <  g(5)  <  g  (9),  and  so  the  absolute  maximum  of 
g  (x)  occurs  at  x  =  9. 

(c)  g  is  concave  downward  on  those  intervals  where  g"  <  0.  But  (d) 

g’  (x)  =  /  (x),  so  g"  (x)  =  f  (x),  which  is  negative  on 

(approximately)  (j»  2),  (4, 6)  and  (8, 9).  So  g  is  concave  downward 
on  these  intervals. 

50.  (a)  By  FTC1,  g'  (x)  =  /  (x).  So  g'  (x)  =  /  (x)  =  0  at  x  =  2, 4, 6,  8,  and  10.  g  has  local  maxima  at  x  =  2  and  6 

(since  /  =  g'  changes  from  positive  to  negative  there)  and  local  minima  at  x  =  4  and  8.  There  is  no  local 
maximum  or  minimum  at  x  =  10,  since  /  is  not  defined  for  x  >  10. 

(b)  We  can  see  from  the  graph  that  |  JJ,2  /rfr|  >  |j^  /rff|  >  |  /</r|  >  |/<f /<*|  >  |/g  /<*]•  So 

8  (2)  =  |/02  fdt\ g  (6)  =  £  fdt  =  g  (2)  -  |£  f  dt\  +  f  dt\ and 

8  (10)  =  Jo°  fdt  =  g  (6)  -  |/68  fdt\  +  |/810  fdt\.  Thus,  g  (2)  >  g  (6)  >  g  (10),  and  so  the  absolute 
maximum  of  g  (x)  occurs  at  x  =  2. 

(c)  g  is  concave  downward  on  those  intervals  where  g"  <  0.  But  (d) 

g'  (x)  =  /  (x),  so  g"  (x)  =  f  (x),  which  is  negative  on  (1, 3),  (5, 7) 
and  (9, 10).  So  g  is  concave  downward  on  these  intervals. 
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d  /■*<*>  d  \  r  /•«*> 

~7Z  /  f  (')dt  =  —  /  f(t)dt  +  /  f(t)dt  (where  a  is  in  the  domain  of  /) 

•'*(»)  "x  l_V*(x)  Ja 

d  ["  /•«(*>  "I  j  T  w>(x) 

/<'>*  l  f^dt  =  ~f^(x))g'(x)  +  f(h(x))h'(x) 

=  f(h  (x))  h'  (x)  -  /(g  (x))g'  (x) 

55.  (a)  Let /(x)  =  V*  =>  f'(x)  =  l/(2,/x)  >  Oforx  >  0  =>  /  is  increasing  on  (0,  oo).  Ifx  >  0,  then 
at3  >  0,  so  I  +  x3  >  1  and  since  /  is  increasing,  this  means  that /(l  +  x3)  > /(l)  =>  Vl  +  x3  >  I  for 
jc>0.  Next  let  g(t)  =  t1-t  =>  g'(r)  =  2r-l  =»  g'  (r)  >  0  when  i  >  1.  Thus,  g  is  increasing  on 
(l,oo).  And  since  g(l)  =  0,  g(r)  >  0  when  r  >  1.  Now  let  l  =  Vl  +  x3,  where ,v  >  0.  Vl  +x3  >  I  (from 
above)  =>  I  >  1  =»  g(l)  >  0  =>  (1  +  x3)  -  Vl  +  x3  >  0  forx  >  0.  Therefore, 

1  <  Vl  +  x3  <  1  +x3  forx  >  0. 

(b)  From  part  (a)  and  Property  7:  /„’  I  dx  <  /„'  Vl  +x3dx  <  (I  +  x3)  dx  «• 

!xJo  ^  So  s/I  +x*dx  <  [x  +  <=>  I  <  /„'  Vl  +x3dx  <  1  +  |  =  1.25. 


56.  (a)  If  at  <  0,  thcng(x)  =  /*  /  (l)dt  =  /*  0  dl  =  0. 

IfO  <  At  <  I,  then  g  (.t)  =  /0r  f(t)dt  =  f*  I  dl  =  [j/2j*  =  ±x2. 
If  I  <  x  <  2,  then 


*(*)  =  /o  f(')dt  =  fo  f(t)dl  +  dl  =  g(l)  +  (2  -  l)dl  =  $(l)2  +  ^2/  -  $r2]* 

=  3  +  (**  “  lx2)  -  (2  -  5)  =  2at  -  ^x2  -  I. 

Ifx  >  2.  then  g(x)  =  /*  f(t)dt  =  g(2)  +  ftOdt  =  I  +  0  =  1.  So 


0  if  x  <  0 

5X2  if  0  <  x  <  1 

2x  —  |x2  —  1  if  1  <  x  <  2 

I  ifx  >  2 


(c)  /  is  not  differentiable  at  its  corners  at  x  =  0,  Land  2.  /  is  differentiable  on  (-00, 0),  (0, 1),  (1,2)  and  (2,  00). 
g  is  differentiable  on  (-00, 00). 


57.  Using  FTC  I,  we  differentiate  both  sides  of  6  +  f  ^p-  dl  —  2Vx  to  get  tSp  —  2— i_  =>  /  (x)  =  x3/2. 

Ja  P  x  2Vx 

,  to  f u\ 

To  hnd  a,  we  substitute  x  =  a  in  the  original  equation  to  obtain  6  +  /  ~~  dl  =  2ja  =>  6  +  0  =  2,/J  : 

V<J  t 


58.  By  the  Fundamental  Theorem  of  Calculus,  Jf  (h')'  (u)  du  =  h'  (2)  -  h'  (1 )  =  5  -  2  =  3.  T  he  other  information  is 


unnecessaiy. 
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59.  (a)  Lei  F(l)  -  /„'  f(s)ds.  Then,  by  FTC1,  F'  (t)  =  /(/)  =  rale  of  depreciation,  so  F  (I)  represents  the  loss  in 
value  over  the  interval  (0,  /  J. 

A  +  F{t) 


(b)  C  (/)  = 


represents  the  average  expenditure  per  unit  of  t  during  the  interval  [0,  /l,  assuming  that 


there  has  been  only  one  overhaul  during  that  time  period.  The  company  wants  to  minimize  average 
expenditure. 

(c)C(/)  =  j  A  +  J  /(s)r/ij.  Using  FTCI,  we  have  C  (/)  =  -4j  ^A  +  /(s)rfsj  +  C’  (/)  =  0 

=>  tf(t)  =  A+J  f  (s) ds  =»  /(')  =  7  \A+f0  =C( 


•(»)■ 


60.  (a )C(l)  =  (I/O  fg  [f(s)+g(s)]ds.  Using  FTCI,  we  have 

C  (0  =  \[f(t)+g «)]  -  ^  So  1/  (*)  +  *«]*•  Scl  C  (0  =  0: 

|[/(0+s(01- +  =  °  =>  1/(0 +  *(01 -yJ5 !/(*)  +  *(*)]*  =  0  => 

[/  (t)  +  *  (01  -  C  (r)  =  0  or  C.  (t)  =  f  (!)  +  g  (/). 

(b)  For  0  <  I  <  30,  we  have  D (0  =  (£  -  555*)  *  =  [ft*  ~  =  Is '  "  9^'2'  S°  ° (,)  = 

=>  60r  —  l2  =  900  =>  r2-60r  + 900  =  0  =>  (/  —  30)2  =  0  =»  7’ =  30. 


(V 

V 

V  Ad.-1 

'  V 

__L,2  + 

12  ,JT 

\Ts 

~  450*  + 

12,900  /  t 

.15* 

900 

38,700'  J, 

1  (  V  V  ,  V  ,\  V  V 

1  V 15  900  38,700  )  15  900 


rt 


V  V  I 

c'  (0  =  -—  +  =  0  when 


I 


900  19,350 

V  V 


19,350  900 


38,700 
=>  l  =  21.5. 


C  (21.5)  =  ^  -  —  (21.5)  +  (21.5)2  »  0.05472  F,  C(0)  =  ^  w  0.06667K,  and 


C  (30)  =  — - —  (30)  4 - - —  (30)2  =«  0.05659  V,  so  the  absolute  minimum  isC  (21.5)  0.054721', 

v  15  900  38,700 


V  V  V  , 

(d)  As  in  part  (c),  we  have  C  (I)  =  —  -  — /  +  jppfi'  .  so 

V  V  V  ,  V  V 

C(/)  =  /(f)  +  S(0  «  +  =  1  + 


15  900  38.700 


.  .  il 

15  450  12,900  is 


(l2,900  38, 70o)  '(450  90o) 


I /900  43 

I  =  — - - =  —  =21.5.  This  is  the  value  of  I  that  we  obtained  as  the 

2/38,700  2 

critical  number  of  C  in  part  (c),  so  we  have  verified  the  result  of  (a)  in  this  case. 


?-/<»>+«<») 


y  =  C(r) 


21.5  jo  1 


61-  // (•/*)</*  =  [InxlJ  =  ln8  — !n4  =  In  |  =ln2 

62.  JjJ’j6  8c1  dx  =  r»ex llSf  =  8  (elnA  -  eln3)  =  8  (6  - 

63.  f  2‘  dl  =  [ ~2'  =  -i-  (29  -  28)  =  r 

Jt,  |_ In 2  J8  ln2  V  /  ln2 
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64.  /_Jj  (3/JC) rfjc  =  [3  In  WJ-  =  3  In  e  —  3  In  (e2)  =  3  •  I  —  3  •  2  =  — 3 

65.  [  —  dx  =  6  [tan-1  jrl  =  6 tan '*  s/l  -  6  tan-1  1  =  6  •  —  -  6  •  —  =  — 

J  i  i+x1  L  Ji  3  4  2 

„  foi  dx  r  .  ,  -|0.5  I  „ 

66.  /  -7==  =  sin  'at  =sin  l--sin_lO=  — 

Jo  Vl  -x2  L  Jo  2  6 


p»  m 
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17-  Jo  (I  —  2x  —  3x2)dx  =  [jr  —  2  ■  jx2  —  3  ■  =  [x  —  x2  —  x3]l  =  (1  —  1  —  1)  —  0  =  — I 

18.  f2  (5x2  -  4x  +  3)  dx  =  [5  •  \x3  -  4  ■  lx2  +  3x]*  =  5§-42  +  6-(§-2  +  3)  =  f 

19.  f°_.  (5/  -  6r  +  14)  dy  =  [5  (fv5)  -  6  (|y3)  +  I4r]°  ^  =  [y*  -  2 y3  +  14.v]°_,  =  0  -  (-243  +  54  -  42) 


231 


20.  JJ*  (y*  -  2/  +  3 y)  dy  =  [^.v10  -  2  (|/)  +  3  ([  v2)]fl  =  -  1  +  j)  -  0  =  H 

=  0-0  =  1? 

ihs^-g-k 

a  -  /’  ('M +--w)  *  -  [£  ♦ 

=  (^2  +  2V2)  -  (I + 2)  =  ^4=^  =  I  (3^  -  2) 

24.  /02  (x3  -  l)2  dx  =  Jo2  (x6  -  2x3  +  1)  dx  =  [|x7  -  2  (lx4)  +  *]’  =  -  2  ■  4  +  2)  -  0  =  f 

25.  „  (7i7  +  W  A  =  f0'  («3/2  +  «4/3)  du  =  [~  +  =  [|«V2  +  ?«7/3^  =  5  +  7  =  33 


26 


L^(x  +  I)2^=^(x2  +  2  +  x-2)rfx  =  [^  +  2x  +  ^].  =  [^+2x-l 

=  (f+4-0-(i  +  2-')  =  ? 

27.  /,4  JSfxdx  =  V5  x ~ 1 1/2  rfx  =  V5  [2v^]t  =  V5 (2  •  2  -  2  •  I)  =  2x/5 

28.  J-i  |jc  —  .x2  ]  c/jc  =  /!,  (x2  -  jr)  rfx  +  /o  (x-x2)dx  +  f,2(x2-x)dx 

=  o-(-1-1)  +  (1-1)-o+(!-2)-(I-0  =  ^ 
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29.  Jt2  \x2-\\dx  =  J_2  (x2  —  I) dx  +  (I  - x2)dx  +  (x2  -  1) dx 


30. 


'  (—1  +  j)  +  (9  —  3)  —  ( 

l  *  \  28 

.3  —  /  T 

r,-»3  -*2  ,  V 

3  X2  1 

+  y  +  2* 

i)=2 

=  (-'  +  5+2)-(l  +  5-2)=2 

"•  /  K  v)' *■ - 1'  (,m - ‘  [9 ' 29l  *  [!'“  -  -I 

=  (§-8  — 42)  — (I— 4)  =  § 

*  /  (^+ 9)  *  -  /’ -  [9 + 9!  -  + K 

=  (3.16+3.4)_(j  +  |)  =  « 

33.  /“,  (x  +  I)3  dx  =  /°,  (x2  +  3x2  +  1x  +  I)  dx  =  ^  +  3y  +  3y  +  jtj  =0-[i-l  +  §-l] 


=2-4=4 


/jf  /6  esc?  0  dO  =  |-cot*]r'6  =  —  cot  y  +  cot  ^  =  — 1\/3  +  \/3  =  |\/3 

36.  /*/2  (cos 0  +  2sin 0)d0  -  [sinfl  -  2cosfl]J/2  =  (1  -  2  •  0)  -  (0  -  2  •  I)  =  3 

37. / 

Jo 


*2A  I  +  cos2  0 
cos2  0 


m = r  + ^ = r  Hw+ o  * = [,ans + "]»/4 


=  0  +  f) -(0+0)=  1  +  f 

38.  /*£  csc.v  cot.r  dx  =  [-  cscx]*^3  =  -  esc  f  +  esc  y  =  - 1  +  |  V3 

[9/4  9/5  n  I  . 

^  +  |7?]o  =  [^9/4+^9/5]0  =  UI— °  =  ' 

— )— i 

=  (3.16-3.2)  —  (I  —  3)  =  a 

41-  fli  (x-2\x\)dx  =  /°,  3xdx  +  Jg  ( -x)dx  =  -  [j*2]*  =  (3  •  0  -  3  •  |)  -  (2  -  O)  =  = 

42  fo2(*2-lx  -U)dx  =/„'  (*2+x  -  l)  dx  +  f2  (x2  —  x  +  I)  dx  =  [y  +  7  -  *j  +  [y~  y  +  x 

=  (^+l_,)_0+(|_2  +  2)_(l  _I+,)  =  5 


-3.5 
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43.  The  graph  shows  that  y  =  x  +  x2  -  x4  has  x-intercepts  at  x  =  0  and  at 

x  ss  1.32.  So  the  area  of  the  region  below  the  curve  and  above  the  x-axis 
is  about 

Jo U  (x  +  x2  ~  x*)  dx  =  [jx2  +  |x3  -  Jx5]^' 

=  [j(l.32)2  +  l  (1.32)3  -  A  (I.32)5]  -  0 
as  0.84 

44.  The  graph  shows  that  y  =  2x  +  3x4  -  2x6  has  x-intercepts  at  x  =  0  and  at 
x  as  |  ,37.  So  the  area  of  the  region  below  the  curve  and  above  the  x-axis 
is  about 

f0'  37  (2.x  +  3x4  -  2.x6)  dx  =  [x2  +  §x5  -  7X7]‘  ” 

=  [(1.37)2  +  5  (1.37)5  —  ^  (1.37)7]  —  0 
as  2.18 


45.  A  =  f2  (2  y  -  y2)dy  =  [>’2  -  jT3]0  =  (4  -  f)  -  °  =  j 

46-  y  =  y/x  =>  X  =  /,  so  A  =  fjy4dy  = 

47.  If  u/  (/)  is  the  rate  of  change  of  weight  in  pounds  per  year,  then  w  (/)  represents  the  weight  in  pounds  of  the  child  at 
age  l.  We  know  from  the  Total  Change  Theorem  that  f3'°  w’  (t)dt  =  w  (10)  -  to  (5).  so  the  integral  represents  the 
increase  in  the  child’s  weight  between  the  ages  of  5  and  10. 

48.  if  /  (/)  dl  =  ff  Q‘  (r)  dt  =  Q  (b)  -  Q  (a)  by  the  Total  Change  Theorem,  so  it  represents  the  change  in  the  charge 
Q  front  time  /  =  a  to  /  =  b. 

49.  Since  r  (/)  is  the  rate  at  which  oil  leaks,  we  can  write  r  (t)  =  —  V  (/),  where  V  (/)  is  the  volume  of  oil  at  time  t . 
[Note  that  the  minus  sign  is  needed  because  V  is  decreasing,  so  V  ( l )  is  negative,  but  r  (t)  is  positive.]  Thus,  by 
the  Total  Change  Theorem,  ff'°r(l)dl  =  -  f0'~°  V  (t)dt  —  —  [T  (120)  -  V  (0)J  =  V  (0)  -  V  (120),  which  is 
the  number  of  gallons  of  oil  that  leaked  from  the  tank  in  the  first  two  hours. 

50.  By  the  Total  Change  Theorem,  f0IS  n'  ( l)dl  =  n(l5)  -  n  (0)  =  n  (15)  -  100  represents  the  increase  in  the  bee 
population  in  15  weeks.  So  100  +  f0'5  n’(l)dl  =  n  (15)  represents  the  total  bee  population  after  I5weeks. 

51.  By  the  Total  Change  Theorem,  ffi^  R’  (x)dx  =  R  (5000)  -  R  (1000),  so  it  represents  the  increase  in  revenue 
when  production  is  increased  from  1000  units  to  5000  units. 

52.  The  slope  of  the  trail  is  the  rate  of  change  of  the  elevation  E.  so  /  ( x )  =  E’  (.x).  By  the  Total  Change  Theorem, 

if  f  (x)  dx  =  ff  E‘  (x)  dx  =  E  (5)  -  E  (3)  is  the  change  in  the  elevation  E  between  x  =  3  miles  and  x  =  5  miles 
from  the  start  of  the  trail. 

53.  (a)  displacement  =  J03  (3f  —  5 )rfr  =  [^jt2  —  5/j^  =  y  —  15  =  —  j  m 
(b)  distance  traveled  =  /03  |3f  -  5| dt  =  /05'  3  (5  —  3 t)dl  +  J53  3  (3/  -  5)  dt 

=  [5/  “  ?'2ir  +  [^/2  -  =  ¥-§¥  +  ¥-|5-(i-¥-¥)  =  ^'" 
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54.  (a)  displacemcnl  =  /,6  (r2  -  2f  -  8)  dt  =  [}f3  -  r2  -  8r]*  =  (72  —  36  —  48)  -|]-l-8j=-jm 

(b)  distance  traveled  =  jf  |t2  -  2/  -  8|rfr  =  f,6 1  (t  -  4)  (/  +  2)  |<* 

=  Ji  (— T2  +  2t  +  8)  rft  +  J"46  (/2  —  2/  —  8)  dt  =  [— jf3  +  /2  +  8t  j*  +  [ j/3  —  r2  —  8f 

=  (-f  +  16  +  32)  -  (-1  +  I  +  8)  +  (72  -  36  -  48)  -  -  16  -  32)  =  f  m 

55.  (a)  «'(/)  =  a  (/)  =  /  +  4  =>  »  (/)  =  £r2  +  4/  +  C  =>  o  (0)  =  C  =  5  =>  n  (/)  =  it2  +  4/  +  5  m/s 
(b)  distance  traveled  =  f0'°  |o  (0  \dt  =  f0'°  |^/2  +4i  +  5|r7t  =  fj°  ^r2  +  4;  +  5)  dl 

=  [g/3  +  It2  +  5(]^°  =  5«5  +  200  +  50  =  416§  m 

56.  (a)  o'  (/)  =  2t  +  3  =>  u(f)  =  r2  +  3/  +  C  =>  »(0)  =  C  =  -4  =>  u(/)  =  /2  +  3f-4 

(b)  distance  traveled  =  /0’  |t2  +  3/  -  4|  dt  =  /„3  |(r  +  4)  (r  -  l)|  dl 

=  /o'  (-'2  "  3'  +  4)  dl  +  Ji  (t2  +  3/  -  4)  dt 

=[-J'M'2h:+i>3+*'2-4']; 

=  (-._3+4)  +  (9+f-,2)-(i  +  f-4)  =  fm 

57.  Since  m‘  (x)  =  p  (x),  m  =  £  ,>  (x)  dx  =  /04  (9  +  2y/x)  dx  =  [‘).r  +  fx3/2J^  =  36  +  f  -  0  =  ^  =  46§  kg. 

58.  n  ( 10)  -  n  (4)  =  /410  (200  +  50r)  dt  =  [200/  +  25/2]‘°  =  2000  +  2500  -  (800  +  400)  =  3300 

59.  Let  s  be  the  position  of  the  car.  We  know  from  Equation  2  that  .v  (100)  -  s  (0)  =  f0'°°  t>  ( 1 )  dt.  We  use  the 
Midpoint  Rule  tor  0  <  t  <  100  with  n  =  5.  Note  that  the  length  of  each  of  the  five  time  intervals  is 

20  seconds  =  hour.  So  the  distance  traveled  is 

/Ol00t>  (l)dl  =»  [u  (10)  +  n  (30)  4-  o  (50)  +  n  (70)  +  » (90)]  =  ^  (38  +  58  +  51  +  53  +  47) 

=  f®  25  *-4  miles 

60.  The  total  percentage  increase  in  the  CPI  is  r  (')  dt.  Using  the  Midpoint  Rule  with  n  -  8  and  At  =  2  gives  us 

f!mr  (0*  =  2[r  (1982)  +  r  (1984)  +  ■  ■  •  +r  (1996)] 

=  2  (6.2  +  4.3  +  1 .9  +  4. 1  +  5.4  +  3.0  +  2.6  +  2.9)  =  60.8 

61.  Siam  c  (*)  dx  =  (3  -  O.OIjc  +  0.000006x2)  dx  =  [3x  -  0.005x2  +  O.OOOOOZv3]4^ 

=  60.000  -  2,000  =  $58,000 

62.  Let  u>  be  the  amount  of  water  in  the  tank.  Wc  are  given  that  the  rate  of  water  leaving  the  tank  is  r  (/)  =  —dw/dt. 

So  by  the  Total  Change  Theorem,  the  total  loss  of  water  from  the  tank  after  four  hours  is 

w  (0)  —  it>  (4)  =  —  [to  (4)  —  w  (0)]  =  —  /j  to'  ( t)di  =  fg  r  (t)dt.  We  use  the  Midpoint  Rule  with  n  =  4  and 
,  4 

A/  =  I:  J0  r  (/) uft  at  £  r  (7,)(l)=r  (0.5)  +r  (1.5)  +r  (2.5)  +  r  (3.5)  «  5.9  +  5.4  +  4.7  +  3.6=  19.6  L. 

1=  I 
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63.  (a)  Wc  can  find  the  area  between  the  Lorenz  curve  and  the  line  y  =  x  by  subtracting  the  area  under  y  =  L(x)  from 
the  area  under  y  =  x.  Thus, 

area  between  Lorenz  curve  and  straight  line  _  /p  [x  ~  L  (x)|dx 

Jo  *  dx 


coefficient  of  inequality  =  ■ 


area  under  straight  line 
=  &  I*."  _  fo  ~  L  =  2  f'jx-L  (x)|dx 

[*2/2]J  '/2  Jo 

(b)  L  (x)  =  Jjx~  +  £x  =>  L  Q)  =  +  n  =  =  0-395*3.  so  the  bottom  50%  of  the  households  receive 

about  40%  of  the  income. 

coefficient  of  inequality  =  2  fj  [x  -  L  (x)]  dx  =  2  (x  —  -j^x2  -  ^x)  dx  =  2  fg‘  £  (x  -  x2)  dx 

-*bX  ^  Jo  -  55 

64.  (a)  From  Exercise  4. 1  68(a),  »  (f)  =  0.00 1 46f  3  —  0. 1 I553(2  +  24.98169/  —  21.26872. 

(b)  h  (125)  -  h  (0)  =  /0' 25 1.  (t)dt  =  [0.000365/4  -  0.0385 1/3  +  12.490845/2  -  21.26872/ j^,25  206,407  ft 

65.  f‘X- l±i 


dx  = 

a—;: 

|  dx  =  [lx2  +  x  +  Inx 

=  ( 

|e2  +  e  +  Ine) 

-  (3  +  1  + 1"  l)  =  3e2 

Kf!{^+7^dx=l\x+2+x)dx=[r2+^+'nx]  4 

=  y  +  184- In  9  —  (8  +  8  + In  4)  =  f  +  In  | 

t,7('J+l  +  rib)‘"- t 


+  x  +  tan  jc  4-  C 


68.  «  =  34  =*  tiexdx  =  )fie*dx  =>  [e*]$  =  3  [e*]/}  =>  e1’  -  1  =  3  (e“  -  1)  =*  eh  =  3e“  -  2  => 
6  =  In  (3e°  —  2) 

E5;®  The  Substitution  Rule 

^ ■ —  ■!  I  111 

1.  Let  u  =  3x.  Then  da  =  3dx,  so  / cos3x  dx  =  /  cost/  duj  =  j  sina  +  C  =  5  sin3x  +  C’. 

2.  Let  a  =  4  +  x2.  Then  du  =  2xdx,  so  /x  (4  +x2)'°  dx  =  /u10  (5  </«)  =  5  '  17“"  +  ^  =  H  (4  +  *2)  +('' 

3.  Let  a  =  x3  +  1.  Then  du  =  3x2  dx,  so 

/x2V^5TTdx  =  />(^«)  =  ^+C  =  H«3/2  +  C  =  |(x3  +  l)3/2  +  C 

4.  Let  a  =  y/x .Then  du  =  dx,  so  J  jC  dx  =  J  sinu  (2du)  =  2  (—  cosu)  +  C  =  —  2cosVx  +  C. 

5.  Let  a  =  1  +  2x.  Then  da  =  2 dx,  so 

f - - — 3  dx  =4  f  «-3(id")  =2^+C  =  —4 +C  =  ---— ! !— 5  +C 

J  (l+2x)3  J  V2  2  -2  a2  (l+2x)2 


SECTION  5.5  THE  SUBSTITUTION  RULE  □  359 


6.  Let  u  =  stnt).  Then  du  =  cos 0 dO,  so  J sin3  0 cos 0 df)  =  f  u3  du  =  \u4  +  C  =  ^  sin4  0  +  C. 

7.  Let  u  =  x2  +  3.  Then  du  =  2x  dx,  so  /  2x  (at2  +  3)4  dx  =  f  u4  du  =  $us  +  C  =  $  (x2  +  3)S  +  C. 

8.  Let  u  =  I  —  or4.  Then  du  =  — 4x3  rfx,  so 

fx3  (1  -or4)5  rfx  =  fus  (-{  du )  =  -J  (£u6)  +C  =  (I  -x4)6  +  C 

9.  Let  u  =  x  -  1.  T  hen  du  =  dx,  so  f  <Jx  -  I  dx  -  f  u'/2du  =  \u3/1  +  C  =  |  (a  -  1  ),/2  +  C. 

10.  Let  u  =  2  -  at.  Then  rfu  =  -rfx,  so  J  (2  -  at)6  rfx  =  /  u6  (-du)  =  -  }u7  +  C  =  -  j  (2  -  x)1  +  C. 

11.  Let  u  =  1  +  at  +  2ar2.  Then  du  =  (I  +  4.x)  rfat,  so 

/  =  /  ^  = ^ +c  =  2yrT7^+c 

12.  Let  u  =  x2  +  1.  Then  rfu  =  2x  rfx,  so 


/x  (x2  +  l)3/2  rfx  =  fu3'2  (5  du)  =  T  TTT  +  C  =  5«V2  +  c  =  J  (x2  +  l)5/2  +  C 


2  5/2 


13.  Let  u  =  t  +  1.  Then  rfu  =  rft,  so  f  — ^—rdi  =2  [  u~6du  =  -|u~s  +  C  = - - — ,  +  C 

J  (l  +  l)6  J  5  5(/  +  l)5 


(/  +  l)6 

14.  Let  *i=I—3/.  Then  du  =  —3  dt,  so 


15.  Let  u  =  1  —  2y.  Then  rfu  =  —2  rfy,  so 


9(1  —  3/)3 


+  C 


/(I  -2y)x3dy  =  fu,-3(-$du')  =  ~  (|j)+C  =  -(‘  ^  +  C 

16.  Let  u  =  3  —  5 y.  Then  rfu  =  —5  rfy,  so 

/  4/3-5 yrfy  =  /u'/s  (-3  rfu)  =  -J  ■  |u6/5  +  C  =  -|  (3  -  5y)6/5  +  C 


17.  Let  u  =  20.  Then  rfu  =  2  dO,  so  J  cos  2 OdO  =  fcosu  (j  rfu)  =  j  sinu  +  C  =  j  sin  20  +  C. 

18.  Let  u  =  30.  Then  rfu  =  3  rf0,  so  /  sec2  30rf0  =  /  sec2  u  (i  rfu)  =  j  tan  u  +  C  =  ^  tan  30  +  C. 

19.  Let  u  =  t2.  Then  rfu  =  2t  rft,  so  / /  sin  (t2)  rft  =  / sinu  (j  du)  =  -j  cosu  +  C  =  -|  cos  (/2)  +  C. 

rfx  /-(l+V^)9 


20 


Let  u  =  I  +  Jx.  Then  rfu  =  ~=,  so  J  1*.+^/*)  ^  _  J  u 


■9  ■  2  rfu  =  2—  +  C  = 


(1  +  ,/*)' 


+  C. 


5 
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21.  L,ct  a  =  1  +  sec *.  Then  du  —  sec*  tan*  dx,  so 

J sec.v  tan  *  V I  +  sec .v  dx  =  f  u^2du  =  ya3/2  +  C  =  |  (1  +  see*)322  +  C 

22.  Let  a  =  I  —  /3.  Then  du  =  —it2  dt,  so 

/ r  cos  (I  —  /3)  dt  =  f  cos u  ^-5  </a)  =  —  y  sina  +  C  =  —  y  sin  (I  -  /3)  +  C 

23.  L,et  u  =  cos*.  Then  du  =  —  sin*  dx,  so  fcos4xsinxdx  =  /  u*  (— du)  =  —  ya5  +  C.  =  —  5  cos5.*  -f  C. 

24.  Let  u  =  ax2  +  2 bx  +  c.  Then  du  —  2  (ax  +  b)  dx,  so 

f  (ax+b)dx^  _  r  %du  _  iju-iiidu  =  U''2+C  =  y/axl  +  26*  +c  +  C 
J  Vax2  +  2 bx  +  c  J  s/d  23 

„3/2 

25.  Let  u  =  cot  x .  Then  du  =  —  csc2j tdx,  so  f  Jcoix  esc2  *  dx  =  J  -Jit  (—du)  =  —  — —  +C  =  —  |  (cot*)3''2  +  C. 


26.  Let  u  =  — .  Then  du  =  — dx,  so  [  cos  jx  —  [  cosu  ( _  J.  ju  j  =  -  —  sina  +  C  =  -  —sin  —  +  C. 

x  x2  J  x2  J  \  it  J  it  it  x 

27.  Let  u  =  sec*.  Then  du  =  sec*  tan*  dx,  so 

f  sec3*  tan*  dx  =  / sec2*  (sec*  tan*) dx  =  f  u2 du  =  ya3  +  C  =  y  sec3*  +  C 

28.  L.et  a  =  *3  +  1 .  Then  *3  =  u  —  I  and  du  —  3*2  dx,  so 

j  .KPTT*5  dx  =  /  H123  (a  -  1)  l  du  =  i  /  (a4'3  -  a123)  du  =  $  (f  a7'3  -  fa473)  +  C 

=  i(*3  +  .)7/3-i(*3  +  1f  +  c 

29.  Let  u  =  b  +  c*"+1.  T  hen  du  =  (a  +  1)  c*“  <7*.  so 

j  x“-Jb  +  cxa+'  dx  =  f  =  ^7  (i«V2)  +  C  =  57^  (b  +  «“+,)V2  +  C 

30.  Let  u  =  sin*.  Then  du  =  cos*  dx,  so  / cos*  cos  (sin*)  dx  =  J  cos udu  =  sin  a  +  C  =  sin  (sin*)  +  C. 

31.  Let  a  =*  +  2.  Then  du  =  c/*,  so 

/  -vmd"lu-wdu-l 

=  f  (*  +  2)7/4  -  f  (*  +  2),/4  +  C 

32.  Let  a  =  1  —  *  Then  *  =  1  —  a  and  dx  =  -du,  so 

/vfeWir  ^  2“,s + "" 

=  -  (2a,/2  -  2  ■  §a3/2  +  |a5/2)  +  C  =  -271^7  +  y  (I  -*)3/2  -  §  (I  -  *)5/2  +  C 
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In  Exercises  33-36.  let  /  ( x )  denote  the  integrand  and  F  (x)  its  antiderivative  (with  C  —  0). 
3*  -  1 


33.  /(x)  = 


(3,r2  -  2x  +  1)’ 


r.  a  =  3x2  -  2x  +  1 


du  =  2  (3x  —  l)dx. 


J 


3.*  -  I 


(3x2-2x  +  l)‘ 


dx=!h  {^du)  =  \ju^du 


-|«-3  +  c  =  — 


TT+C 


6  (3x2  —  2x  +  I) 

Notice  that  at  x  =  | ,  /  changes  from  negative  to  positive,  and  F  has  a 


local  minimum. 
34.  /(*)  = 


it  =  x2  +  I 


du  =  2x  dx,  so 


-0.7S 


lv?hndx=Jj=u{idu)=Uu~'/2du 

=  al/2  +  C  =  \/x2  +  1  +C 

Note  that  at  x  =  0,  /  changes  from  negative  to  positive  and  F  has  a  local 
minimum. 

35.  f  (x)  =  sin3xcosx.  u  =  sinx  =>  du  =  cosx  dx,  so 

J  sin3  x  cosx  dx  =  /  a3  du  =  |«4  +  C  =  |  sin4  x  +  C 

Note  that  at  x  —  /  changes  from  positive  to  negative  and  /•'  has  a  local 

maximum.  Also,  both  /  and  F  arc  periodic  with  period  it,  so  at  x  =0  and 
at  x  =  n ,  /  changes  from  negative  to  positive  and  F  has  local  minima. 

36.  /  (0)  =  tan2  0  sec2  0.  u  =  tan  0  =>  du  =  sec2  0  dO ,  so 

/  tan2  0  sec2  0  dt)  =  f  a2  du  =  ja3  +  C  =  j  tan3  0  +  C 
Note  that  /  is  positive  and  F  is  increasing. 


1 

1.5 


jj 

r 

37.  Let  u  =  x  —  1,  soda  =  dx.  When  x  =  0.  n  =  —  I;  when  x  =  2,  u  =  1.  Therefore, 

Jq  (x  —  I)25  dx  =  /_!|  h25  du  =  0  by  Theorem  6(b).  since  / (a)  =  a25  is  an  odd  function. 

38.  Let  u  =  4  +  3x,  so  du  =  3  dx.  When  x  =  0,  a  =  4;  when  x  =  7,  a  =  25.  Therefore, 

I  v/4  +  3*  dx  =  J*  4^  (}  du)  =  I  ^  J  =  |  (25322  -  43/2)  =  |  (125  -  8)  =  ^  =  26 

39.  Let  a  =  1  +  2.x1,  so  du  =  6.v2  dx.  When  x  =  0,  u  =  I;  when  x  —  I,  a  =  3.  Therefore, 

Jo'  x2  (I  +  2.x3)5  dx  =  /3  a3  (i  du)  =  j  [!„<-];  =  *  (3‘  -  I6)  =  4  (729  -  I)  =  $  =  ¥ 
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40.  Let  a  =  .x2,  so  du  =  2x  dx .  When  x  =  0,  a  =  0;  when  x  =  yfx,  «  =  x .  Therefore, 

ff/*  x  cos  (x2)  dx  =  cos a  duj  =  |  [sin  aJJ  =  j  (sins  -  sinO)  =  j  (0  —  0)  =  0 

41.  Let  a  =  irf,  so  du  =  it  dl.  When  (  =  0,  u  —  0;  when  I  =  I,  u  =  jr .  Therefore, 

fg  cos  xl  dt  =  Jg  cos  a  (j-  du)  =  j  [sin  a]J  =  i  (0  -  0)  =  0 

42.  Let  a  =  4r,  so  du  =  40/.  When  /  =  0,  a  =  0;  when  I  =  j,  u  =  x .  Therefore, 


J0*/4sin 4/ dt  =  Jg  sina  (±0a)  =  -|[cosa]J  =  -J  (-1  -  I)  =  2 
dx 

43.  Let  u  =  1  H — ,  so  du  —  — ^  When  x  =  1,  u  =  2;  when  x  =  4,  w  =  4.  Therefore, 

j;  hf+ldx = /25/4"i/2  = Jv4  «,/2  * 


f2  dx  . 

44  /  - -  does  not  exist  since 


4.  r _ 

Jo  (2.x -3)2 


1  —  has  an  infinite  discontinuity  at  x  =  |. 


(2.x  -  3) 

45.  Let  a  =  cos 0,  so  du  =  -  sin000.  When  0  =  0,  a  =  I;  when  0  =  §,  a  =  j.  Therefore, 
f*/3  sin0 

an  =  /  — —  = 

fi/2 


r  ^do=  r  ^=f  u-2du = f--i'  =  + 2 = . 

Jo  cos2  0  J\  a2  ii/2  L  «  J  i/2 


/ir/2  j.2, 
■jt/2 


x  smx  . 


^  0x  =  0  by  Theorem  6(b),  since  /  (x)  =  "  is  an  odd  function. 

47.  Let  a  =  1  +  2x,  so  du  =2dx.  When  x  —  0,  a  =  I;  when  x  =  13,  a  =  27.  Therefore, 

48.  3  sin5  000  =  0  since  /  (0)  =  sin5  0  is  an  odd  function. 

49.  Let  a  =  x  —  1,  so  0a  =  0.x.  Whcnx  =  1,  a  =  0;  when  x  =  2,  a  =  I.  Therefore, 

J|2-Xn/x  -  1  dx  -  fg  (a  +  l)y/udu  =  (a3/2  +  u,/2) 0a  =  [|«5/2  +  J"V2]0  =  5  +  J  =  B 

50.  Let  a  =  1  +  2.x.  sox  =  j  (a  -  1)  and  0a  =  2dx.  Whenx  =0,  a  =  1;  whenx  =4,  a  =  9.  Therefore, 

1‘  3m  ■ -  Jf  ■ ■ -  5  /’  (•'"  ■ -  - » [i“M  -  2-wi: 

=  [a3/2  -  3a1'2]‘|  =  £  [(27  -  9)  -  (I  -  3)]  =  f  =  f 

does  not  exist  since  - — r  has  an  infinite  discontinuity  at  x  =  2. 


51.  [  — ^ 
Jo  (x  -  2 


2)3 


(x  -  2  y 


52.  Let  u  =  a2  -  x2,  so  0a  =  -2x  dx.  When  x  =  0,  a  =  a2;  when  x  =  a,  a  =  0.  Therefore, 

%xjttdx  =  £  a'/2  (_*0„)  =  >  £2  a’^2 0a  =  {  ■  [fa3/2^  =  *a3 
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53.  Let  u  =  x2  +  a2,  so  du  =  2x  dx.  When  x  =  0,  »  =  a2;  when  x  =  a,  u  =  2a2.  Therefore, 

JSxJT+atdx  =  ffu>*  (} du)  =  1  [p/2g2  _  [> „V2]^  =  ■  (2V2  -  .)  a2 

xs/x2  +  a2dx  =  0  by  Theorem  6(b),  since  /  (x)  =  xVx2  +  a2  is  an  odd  function. 

55.  From  the  graph,  it  appears  that  the  area  under  the  curve  is  about 
1  +  (a  little  more  than  j  •  1  •  0.7^,  or  about  1.4.  The  exact  area  is  given 

by  A  =  /„'  -Jlx  +  1  dx.  Let  u  =  2x  +  1,  so  du  =  2  dx,  the  limits  change 
to  2  •  0  +  1  =  1  and  2  •  1  +  I  =  3,  and 

A  =  /,3  du)  =  [j«3/2]’  =  \  (iV3  -  l)  =  V3  -  $  «  1.399. 

-0.5 

56.  From  the  graph,  it  appears  that  the  area  under  the  curve  is  almost  2.7 

j  ■  x  •  2.6,  or  about  4.  The  exact  area  is  given  by 

A  =  /’  (2  sin  x  —  sin  2x)  dx 
=  —2  [cos  x]J  —  /*  sin  2x  dx 

=  — 2(— 1  —  1)  —  0  (by  symmetry  of  the  graph  of  y  =  sin  2x) 

=  4 

57.  We  splitthe  integral:  /22  (x  +  3)  V4  —  x2  dx  =  /22xV4  +  /22  3V4  —  x^dx.  The  first  integral  is  0  by 

Theorem  6(b),  since  / (x)  =  xV4-r  is  an  odd  function  and  we  are  integrating  from  x  =  -2  to x  =  2.  The 
second  integral  we  interpret  as  three  times  the  area  of  a  semicircle  with  radius  2,  so  the  original  integral  is  equal  to 
0  +  3  •  j  (x  •  22)  =  6x. 

58.  Let  u  =  x2.  Then  du  =  2xdx  and  the  limits  are  unchanged  (02  =  0  and  l2  =  1),  so 

I  =  [q  xVl  —x4dx  =  J  /J  s/1  —  u2  du.  But  this  integral  can  be  interpreted  as  the  area  of  a  quarter-circle  with 
radius  1.  So  /  =  j  •  \  (x  •  l2)  =  jx. 

59.  The  volume  of  inhaled  air  in  the  lungs  at  time  l  is 

f1  f1  1  /2  \  /•2x,/5  j  .  . 

V  (/)  =  J  f(u)du  =  j  -  sin  ^-xnj  du  =  J  -  sin  v  du)  [substitute  o  =  -^-k,  do  —  du) 

=  £l-COSD]o',/5  =  £  [-cos(j*')  +  l]  =  [l  —  COS  (?xr)]  liters 

60.  Number  of  calculators  =  x  (4)  -x  (2)  =  /2  5000  [I  -  100  (r  +  10) _2]  dt 

=  5000  [r  +  100  (/  +  10)-’]2  =  5000  [(4  +  Jpr)  -  (2  +  =«  4048 

61.  Let  u  =  2x.  Then  du  =  2  dx,  so  /02  f  (2x)dx  —  f  («)  =  5  Jo  /  (u)du  =  j  (10)  =  5. 

62.  Let  u  =x2.  Then  du  =  2x  dx,  so  Jq  xf  ( x2)dx  =  fgf  (u)  du)  =  j  Jo  f  (u)du  =  j  (4)  =  2. 


0 
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63.  (a)  Let  a  =  -At.  Then  du  =  -dx.  When  x  =  a,  a  =  -a;  when  x  =  b, 
u  =  —b.  So 

£  /  (-*)  dx  =  /:*  /  oo  (-</«)  =  n  /  («)  da  =  jr;  /  w  </* 

From  the  diagram,  we  see  that  the  equality  follows  from  the  fact  that 
we  are  reflecting  the  graph  of  /,  and  the  limits  of  integration,  about 
the  y-axis. 

(b)  Let  a  =  x  +  c.  Then  du  =dx.  When  x  =  a,u  =  a  +  c;  when 
x  =  b,u  =  b  +  c.  So 

J?  f(x+c)dx=  /(a)da  =  f(x)dx 

From  the  diagram,  we  see  that  the  equality  follows  from  the  fact  that 
we  are  translating  the  graph  of  /,  and  the  limits  of  integration,  by  a 
distance  c. 


64.  The  area  under  the  graph  of  y  =  sin  ^/x  from  0  to  4  is  A\  =  JJJ1  sin  Jx  dx.  The  area  under  the  graph  of 

y  =  2xsinx  from  0  to2  is  A2  =  2x  sinxdx  [u  =  x2,  du  =  2xdx,  ^/u  =  x  for  0  <  x  <  2]  =f£sin*/udu. 
Since  the  integration  variable  is  immaterial,  A\  =  A^. 

65.  Let  a  =  1  —  x.  Then  du  =  —dx,  so 

X*  (1  -  x)‘  dx  =  -  /°  (1  -  U)°  ub  du  =  /o'  u“  (1  -  u)°  du  =  Jo1  xb  (1  -  x)°  dx. 

66.  Let  u  =  it  -x.  Then  du  —  -dx.  When*  =  it,  u  =  Oand  when  x  =0,  u  =  n.  So 


x f  (sin  a)  dx  --  /°  (*  -  u)  /  (sin  (a  -u))du  =  /„*  (ir  -a)/(sina)da 

-  x  /„*  { (sin  a)  du  -  /„’  uf  (sin  a)  da  =  *  /  (sin  x)  dx  -  /0‘  at/  (sin  At)  dx 

=>  2 x/(sinx)dx  =  x  ft  /(sinx)dx  =»  Jo'  x/(sinx)dx  =  f  ./0'  /(sinx)dx. 


67.  Let  a  =  5  —  3x.  Then  du  =  —3  dx,  so  J  ■  =  — y  J  ^  du  =  —  y  In  |u|  +C  =  —  j  In  |5  —  3x|  +  C. 

68.  Let  u  =  x1  +  1.  Then  du  =  2x  dx,  so  J  dx  =  J  =  j  In  |a|  +  C  =  -  In  (x2  +  l)  +  C  or 
InVx2  + 1  +C. 


69.  Let  u  =  In  at.  Then  du  =  —  ,so  J  dx  —  f  u2du  =  ja3  +  C  =  j  (Inx)3  +  C. 

.  dx  f  tan-1  At  j  f  a2  (tan-1  x)J 

70.  Let  u  =  tan-1  at.  Then  da  =  ^2,  so  J  ^  dx  =  I  udu  =  —  +  C  = - - - 


+  C. 


71.  Let  u  =  1  +e*.  Then  du  =e*  dx,  so  f  e'VT+e*  dx  =  J"  Judu  =  |a3/f2  +  C  =  j  (1  +  e1)3^2  +  C. 
Or.  Let  u  =  -/T+e*.  Then  a2  =  1  +  e*  and  2 udu  =e*  dx,  so 

JexViT7*dx  =  fu-2udu  =  $u3  +  C  =  l(l+e*)},2  +  C. 

72.  Let  u  =  e*.  Then  da  =  e*  dx,  so  f  e*  sia(ex)dx  =  f  sin  udu  —  —  cos  a  +  C  =  —  cos(e*)  +  C. 

73.  Let  a  =  InAt.  Then  da  =  — ,so  f  ——  =  /  —  =  ln|a|  +  C  =  ln|lnx|  +  C. 

x  J  x  InAt  J  u 
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74.  Let  u  =  r*  +  1.  Then  du  =  ex  dx,  so  J  -  dx  =  J  —  =  In  |u|  +  C  =  In  (e1  +  I)  +  C. 

75.  Let  u  =  x2  +  2x.  Then  du  =  2  (x  +  \)dx,  so  [  *  *  dx  =  [  =  -  In  )u|  +  C  =  -  In  lx2  +  2*1  +  C. 

J  x*  +  2x  J  u  2  21  I 

sinx  /"  -du  _  _■  ,  .  _ 

- - T—dx=  /  - - r  =  — tan  u  +  C  =  — tan  1  (cosx)  +  C. 

l+COS2X  i  1+li2 


76.  Let  u  =  cosx.  Then  du  —  —  sinx  rfx 


■SO  /■ 


lx  dx 


=  tan  1  x  + 


j  In  ^1  +  x2^ 


”7  rHdx=J  TT?dx  + 1  TfT2dx=tan~lx  +  U  T+? 

(In  the  last  step,  we  evaluate  f  du/u  where  u  =  1  +  x2.) 

78.  Let  u  =  x2.  Then  du  =  2xdx, so  J  j-~ -y  dx  =  J  =  J ,an_l  “  +  C  =  j  tan-1  (x2)  +  C. 

79.  Let  a  =  2x  +  3,  so  =  2rfx.  When  x  =  0,  u  =  3;  when  x  =  3,  u  =  9.  Therefore, 

Jo  2^3  =l  7^  =  [l  to“]J  =  j(ln9-|n3)  =  ilnf  =  i|n3  (or  ln->/3) 

80.  Let  u  =  -x2,  so  du  =  -Ixdx.  Whenx  =  0,  u  =  0;  whenx  =  1,  u  =  —I.  Therefore, 

Jo  Xe~xl  dx  =  Jo'  e“  (~2  du )  =  “J  [g“lo  '  =  -  J  (e_1  “  «°)  =  I  0  “  Ve) 

dx 

81.  Let  u  =  Inx,  so  du  =  — .  When  x  =  e,  u  —  1;  when  x  =  e4;  u  =  4.  Therefore, 


+  C 


82.  Let  u  =  sin  x,  so  du  = 


<fx 


fU2  cin“l 


When  x  =  0,  u  —  0;  when  x  =  j ,  u  =  f .  Therefore, 


T1'2  sin-'x  J  /*/•  J  r„2r/6  ,r2 

/  .  dx=  udu  =  —  =  — 

70  Vl  —  x2  Jo  L  2  Jo  72 


xsmx  sinx  / 

83.  — - ^ —  =  x  •  — - —5—  =  xf  (sinx),  where  / (/)  =  - — ^ .  By  Exercise  66, 


1  +  cos2  x 


2  —  sin2  x 


[*  xsinx  ,  f* 

Jo  TTcos2!  dx  =  Jo 


2 -I2’ 

xf  (sinx)  dx  =  ^  J  f  (sin  x)dx  =  ^  J 


1  +  COS2  * 

Let  w=  cos*.  Then  =  —  sin* dx.  When*  =  n,  u  =  —  1  and  when*  =  0,  u  =  1.  So 


dx 


it  f*  sin*  jt  f  1  du  it  du  it  r  .  -|l 

2  Jo  ur^dx  =  -ljl  7+m2  =  2  /-I  T  +  u2  =  2  Ltan  "L 


366  a  CHAPTER  5  INTEGRALS 


Review 


CONCEPT  CHECK 


1-  (a)  Xr=i  /  (*r)  's  311  expression  for  a  Riemann  sum  of  a  function  /.  x”  is  a  point  in  the  ith  subinterval 
[x,-u  Xi]  and  Ax  is  the  length  of  the  subintervals. 

(b)  See  Figure  1  in  Section  5.2. 

(c)  In  Section  5.2,  see  Figure  3  and  the  paragraph  to  the  right  of  it 

2.  (a)  See  Definition  5.2.2. 

(b)  See  Figure  2  in  Section  5.2. 

(c)  In  Section  5.2,  see  Figure  4  and  the  paragraph  to  the  right  of  it. 

3.  See  page  343. 

4.  (a)  Sec  the  Total  Change  Theorem  on  page  350. 

(b)  /,'2  r(t)dt  represents  the  change  in  the  amount  of  water  in  the  reservoir  between  time  /i  and  time  12- 

5.  (a)  /^20  o(t)dt  represents  the  change  in  position  of  the  particle  from  t  —  60  to  t  =  120  seconds. 

(b)  C  |o  (01  dt  represents  the  total  distance  traveled  by  the  particle  from  f  =  60  to  120  seconds. 

(e)  /to20  a  (O  dt  represents  the  change  in  the  velocity  of  the  particle  from  t  -  60  to  /  =  120  seconds. 

8-  (a)  /  /(x)rfx  is  the  family  of  functions  [F  \  F'  =  f).  Any  two  such  functions  differ  by  a  constant. 

(b)  The  connection  is  given  by  the  Evaluation  Theorem:  /*  /  (x)  dx  =  [/  /  (x)  afx]*  if  /  is  continuous.. 

7.  The  precise  version  of  this  statement  is  given  by  the  Fundamental  Theorem  of  Calculus.  See  the  statement  of  this 
theorem  and  the  paragraph  that  follows  it  on  page  343. 

8.  See  the  Substitution  Rule  (5.5.4).  This  says  that  it  is  permissible  to  operate  with  the  dx  after  an  integral  sign  as  if  it 
were  a  differential. 


.  TRUE-FALSE  QUIZ  . 

1.  True  by  Property  2  of  the  Integral  in  Section  5.2. 

2.  False.  Tiy  a  =  0,  b  =  2,  /  (x)  =  g  (x)  =  1  as  a  counterexample. 

3.  True  by  Property  3  of  the  Integral  in  Section  5.2. 

4.  False.  You  can’t  take  a  variable  outside  the  integral  sign.  For  example,  using  /(x)  =  1  on  [0, 1), 

Jo  X  /  (x)dx  =  J0'  xdx  =  [ix2]o  =  J  (a  constant)  while  xf0'ldx=x  [x]J  =  x  •  1  =  x  (a  variable). 

5.  False.  For  example,  let  /  (x)  =  x2.  Then  Vx^dx  =  J^xdx  =  but  JfJ  x2dx  = 
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6.  True  by  the  Total  Change  Theorem. 

7.  True  by  Comparison  Property  7  of  the  Integral  in  Section  5.2. 

8.  False.  For  example,  let  a  =  0,  b  =  1,  /  (x)  =  3,  g  (x)  =  x.  f  (x)  >  g  (x)  for  each  x  in  (0, 1),  but 

/'(x)  =  0  <  1  =  g1  (x)  forx  e  (0, 1). 

9.  True.  The  integrand  is  an  odd  function  that  is  continuous  on  [- 1 , 1],  so  the  result  follows  from  Equation  5.5.6(b). 

10.  True.  ( ax 2  +  bx  +  e)  dx  =  f*s  (ax2  +  c)dx  +  f*s  bx  dx 

=  2  fg5  (ax2  +  c)  dx  [by  5.5.6(a)]  +0  [by  5.5.6(b)] 

11.  False.  The  function  /  (x)  =  1/x4  is  not  bounded  on  the  interval  [—2, 1  ].  It  has  an  infinite  discontinuity  at  x  =  0, 

so  it  is  not  integrate  on  the  interval.  (If  the  integral  were  to  exist,  a  positive  value  would  be  expected,  by 
Comparison  Property  6  of  Integrals.) 

12.  False.  See  the  remarks  and  Figure  4  before  Example  1  in  Section  5.2,  and  notice  that  y  =  x  —  x5  <  0  for 

1  <  x  <  2. 

13.  False.  For  example,  the  function  y  =  |x|  is  continuous  on  R,  but  has  no  derivative  at  x  =  0. 

14.  True  by  FTC1. 


EXERCISES 


1.  (a) 


(b) 


is  =  £  /(*t-l)  Ax  [Ax  =  ^  =  l] 

>=l 

=  /(xo) -1 +/(*!).  I +/(*!)•  1 

+/(X3)  ‘  1  +  /(X4)  ■  1  +  /(xs)  •  1 
*2  +  3.5  +  4  +  2  +  (-l)  +  (-2.5)  =  8 
The  Riemann  sum  represents  the  sum  of  the  areas  of  the  first  four 
rectangles  and  the  negatives  of  the  areas  of  the  last  two  rectangles. 


=  £/(?,)  Ax  [Ax  =  ^  =  l] 

(=1 

=  /(x,)  l+/(x2)  l+/(X3)  l 

+/(x4)l+/(x5)l+/(xs)l 
=  /  (0.5)  +  /  (1 .5)  +  /  (2.5)  +  /  (3.5)  +  /  (4.5)  +  /  (5.5) 
=  3  +  3.9  +  3.3  +  0.2  +  (-2)  +  (-2.8)  =  5.6 
The  Riemann  sum  represents  the  sum  of  the  areas  of  the  first  four 
rectangles  and  the  negatives  of  the  areas  of  the  last  two  rectangles. 


388  □  CHAPTER  5  INTEGRALS 


2.  (a) 


/(x)=x2-x  and  Ax  =  =  0.5  => 

Ra  =  0.5  /  (0.5)  +  0.5/  (1)  +  0.5/  (1 .5)  +  0.5/  (2) 

=  0.5  (-0.25  +  0  +  0.75  +  2)  =  1 .25 

The  Riemann  sum  represents  the  sum  of  the  areas  of  the  third  and 
fourth  rectangles  and  the  negative  of  the  area  of  the  first  rectangle. 
(The  second  rectangle  vanishes.) 


(b)  f02  (x2  -x)dx  =  lim  £  /  (*/)  A*  [A*  =  2 fn  and  x ,  =  2 i/n] 

'  7  n-»oo(=| 

=  --)(-)=  lim 

V  n2  n  /  \n /  n~*°°  n  n  n  f^\ 

iim  r a  ”(w+o(2w+i)  4  n  (* + oi 

w-^oo  [m3  6  n2  2  J 

=  .im  r}.2±I.*±i-a.-±il 

2»->oo|_3  n  n  n  J 

-jfc[SK)K)-»K)H 


-1-2  —  21  = 


(c)  /<?  (*2  -x)dx=  [}x3  -  £x2]2  =  (f-2)  =  | 


(d) 


y 

4 

>  = 

*\Xk 

i 

M 

A, 

0 

i  '  : 

i  x 

J2  (x2  -  x)  dx  =  A\  -  A2  where  A\  and  A2  are  the  areas  shown  in 
the  diagram. 


3.  Jo  (•*  +  '/l  -  x2)  dx  =  f0'  x  dx  +  Jq  y/\  -x2dx  =  !\  +  h- 


1\  can  be  interpreted  as  the  area  of  the  triangle  shown  in  the  figure  and  h  can  be  interpreted  as  the  area  of  the 
quarter-circle.  Area  =  £  (1)  (1)  +  j  (ar)  (l)2  =  j  +  f . 

n 

4.  On  [0,  *•],  lim  £  sinx,  =  Jo  sinxrfx  =  [-cosxJJ  =  -  (-1)  -  (-1)  =  2. 

n—too  j 
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5.  /04/(x)dx  =  £/(x)dx  +  J?/(x)dx  =*  10  =  7  +  Stf(x)dx  =*  fif(x)dx  =  10-7  =  3 


6.  (a)  //  (x  +  2 xs) dx  =  lim  V/(xf)  A*  [ax  =  - — -  =  ^.x,  =  1  +  —  1 

L  n  n  n  J 


=  lim  ^ 

n— *oo  ' 


KM"?)’ 


1305n4  +  3126n3  +  2080n2  —  256  4 
=  Urn  - ; - =  5220 

n->oo  n*  n 

(b)  /,5  (x  +  2x5)  dx  =  [)x2  +  |x6]’  =  (f  +  -  (5  +  3)  =  12  +  5208  =  5220 

7.  First  note  that  either  a  or  b  must  be  the  graph  of  /0*  /  (r)d(,  since  /0°  /  (f)  d(  =  0,  and  e  (0)  yt  0.  Now  notice  that 
b  >  0  when  c  is  increasing,  and  that  c  >  0  when  a  is  increasing.  It  follows  that  c  is  the  graph  of  /  (x),  b  is  the 
graph  of  f  (x),  and  a  is  the  graph  of  /  (/)  dt. 

„  . ,  _  .  r11  d  /  .  x  x\  T  .  x  xi'd  1  V3  .  ,  \/6 

8.  (a)  By  FTC2,  we  have  /  —  ( sin  —  cos  - )  dx  =  sin  -  cos  -  =  — =  - 0  1  =  — . 

Jo  dx  V  2  3/  L  2  3 Jo  V2  2  4 

d  t*11  x  x 

(b)  —  I  sin  -  cos  -  dx  =  0,  since  the  definite  integral  is  a  constant. 
dx  Jo  2  3 

, ,  d  r*'2  .  t  I  d  (  [*  .  I  I  \  d  f*  .  t  t  .  .  x  x 

dxjx  2  3  dx\  J,n  2  3  )  dx  J,/2  2  2  2  3’  7 

FTCI. 


9.  J-2  (8x3  +  3x2)  dx  =  [§x4  +  |x3]*  =  (2  •  24  +  23)  -  (2  +  1)  =  37 

10,  /*  (x3  +  4x  -  I)  dx  =  [$x4  +  2x2  -  x]*  =  \b*  +  2 b2  -  b 

11.  /„'  (1  -x9)dx  =  [x  -  Tfcxl°];  =  1  —  to  =  to 


12.  Let  u  =  1  —  x .  Then  du  =  -dx.sofj  (1  -x)9  dx  =  u9  (-du)  =  /„'  u9du  =  -fa  [u‘°]J  =  -fo 

13.  /*  (x  -  1) dx  =  J?  (x4/3  -  x'/3)  dx  =  [fx7/3  -  |x"/3]*  =  (f  •  128  -  |  - 16)  -  (|  -  |)  = 

14.  J*x2~j-+ldx  =  /,4  (x3/2  -x'/2  +x-'/2)rfx  =  [jx5/2  -  fx3'2  +  2x'/2]* 

=  (i-32-§.8-4-4)-(|-§+2)  =  ^ 

15.  Let  u  =  1  +  2x3.  Then  du  =  6x2dx,  so 

£x2  (l+2x3)3  dx  =  Ji'V  ($d«)  =  [^u4]”  =  £  (174  -  1)  =  3480. 

16.  Let  u  =  16  —  3jc.  Then  x  =  j  (16  —  u),  dx  =  —  so 

L  xVT^dx=ll  “l/2 (^T1)  H du) =  5  jf  (16“l/2  ■  “3/2)  rf“ 

=  5  [l6  •  ja3^2  —  j“5^2]^  =  5  [t  '  64  -  j  ■  1024  —  y  ■  8  +  |  •  32]  =  3^ 

/*11  r  25  /  \  r  t25 

17.  Let  u  =  2x  +  3.  Then  du  =  2dx,  so  jf  ^  +  ^  =  J  a"'/2  du)  =  [u1/2^  =5-3  =  2. 
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x  dx 

18.  /  - z-  docs  not  exist  since  the  integrand  has  an  infinite  discontinuity  at  x  =  1 . 

jo  (x2-l)2 

19.  [  — — — 7  does  not  exist  since  the  integrand  has  an  infinite  discontinuity  at  x  =  —  § . 

J-2  (2x  +  3)4 

- r - 7  dx  =  /  x  dx  =  0  by  Theorem  5.5.6(b),  since  the  integrand  is  odd. 

.,  l+x2  +  x4  J. i 

21.  Let  u  =  2  +  xs.  Then  du  =  5x4  dx,  so 

22.  Let  u  =  2x  —  x2.  Then  du  =  2(1  —  x)dx,  so 

/(I  -x)  V2x  -x5dx  =  /u‘/2  (}du)  =  {  ■  \ui<2  +  C  =  }  (2x  -x2)3/2  +  C. 

f  ,  fsinudu  -cos  u  _  cosxx 

23.  Let  u  =  ax.  Then  du  =  tz  dx,  so  /  sin  xx  dx  =  /  - = - 1-  C  - - 1-  C. . 

J  J  k  it  x 

24.  Let  u  =  it.  Then  du  =  idt,  so  /  esc2  it  dt  =  J  esc2  u  du)  =  —  j  cotu  +  C  =  —  j  cot3<  +  C. 

25.  Let  u  =  y.  Then  du  =  —  ^  dr,  so  J  cos^^  dt  =  J  cos  u  (-du)  =  —  sinu  +  C  =  -  sin  +C. 

26.  Let  u  =  cosx.  Then  du  =  —  sinxdx,  so 

/  sinx  cos  (cosx)  dx  —  —  J  cos  u  du  =  —  sin  a  +C  =  —  sin  (cosx)  +  C. 

27.  Let  u  =  2/7.  Then  du  =  2  dd,  so 

Ju*  8  sec  2#  tan  20d0  =  /0*',4  sec  u  tan  u  (j  du)  =  j  (sec  u]J^4  =  5  (sec  J  —  sec  0) 

=  i(V2-l)  =  ^-^ 

28.  Let  u  =  1  +  tan  t.  Then  du  =  sec2  r  dr,  so  Jj,'/4  (1  +  tanr)3  sec2  r  dr  =  /,2  u3 du  =  J  [u4]2  =  3  (24  -  l4)  =  t- 

29.  /02*  |sinx|dx  =  /(,*  sinxdx  -  J2*  sinxdx  =  2 /0*  sinxdx  =  -2[cosx]J  =  -2((-l)  -  1]  =  4 

30.  f*  |x2  -  6x  +  8|  dx  =  J*  | (x  -  2)  (x  -  4)|  dx 

=  /02  (x2  -  6x  +  8)  dx  -  J4  (x2  -  6x  +  8)  dx  +  fj  (x2  -  6x  +  8)  dx 
=  [$x3  -  3x2  +  8x]*  -  [}x3  -  3x2  +  8x]*  +  [$x3  -  3x2  +  8x]* 

=  (§  -  12  +  16)  -  0  -  (f  -  48  +  32)  +  (f  -  12  +  16)  +  (^  -  192  +  64)  -  -  48  +  32)  =  ^ 

In  Exercises  31  and  32,  let  /  (x)  denote  the  integrand  and  F  (x)  its  antiderivative  (with  C  =  0). 
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-i(j.3'2-2«,'J)+C 
=  }(^  +  ,)3/2-(^  +  1)l/2  +  c 
=  jv42  +  1  (,2  _  2)  +  C 


-4 


33.  From  the  graph,  it  appears  that  the  area  under  the  curve  y  =  x-Jx 
between  x  =  0  and  x  =  4  is  somewhat  less  than  half  the  area  of  an 
8x4  rectangle,  so  perhaps  about  13  or  14.  To  find  the  exact  value,  we 
evaluate 

fix^dx  =  ffx^dx  =  [>V2]*  =  2  (4)5/2  =  M  =  12.8. 


34.  From  the  graph,  it  seems  as  though  fg *  cos2  x  sin3  xdx  =  0.  To 
evaluate  the  integral,  we  write  the  integral  as 
/  =  Jg *  cos2 x  (l  -  cos2 x)  sinx  dx  and  let  u  =  cosx  =* 
du  =  —  sinx  dx.  Thus,  /  =  u 2  (1  —  u2)  (-du)  =  0. 


-0.2 


35.  By  FTC1,  F (x)  =  ft  Vl  +/4 dt  =>  F’  (x)  =  vT+F. 

36.  F  (x)  =  tan  (r2)  dx  =»  F'  (x)  —  tan  (x2) 


37. 


g(x) 


tdt 


=  l  7==f  Lety«*(«)anda=x3 

3x2  = 


,  rfv  dy  du 

Theng'(x)=-  =  --  =  7r__? 


3x2  = 


3x5 

Vl  +x5' 


38-  g(x)  —  J^°SX  x/I  —  t2  dt.  Lety  =  g(x)  and  u  =  cosx.  Then 


g'  (x)=  =  v^l  —  u2  (-sinx)  =  \/ 1  —  cos2  x  (— sinx) 

dx  du  dx 


=  —  sin  *  \/sin2  x  =  —  (sinx)5/3 


39.  y=  f  ^d*  =  r^dO+  /'  ^d*  =  T^d^- 

AA  5  di  ®  A/?  it  e  J\  0 


de 


COSX  COsVx  1  _  2  COSX  -  COS-y/x 

x  yfx  2y/x  2x 
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40.  y  =  /£+1  sin  ((4)  dt  =  /03x+1  sin  (r4)  dt  -  sin  (/4)  dl  =»  /  =  3  sin  [(3*  +  l)4]  -  2  sin  [(2x)4] 

41.  If  1  <  x  <  3,  then  2  <  Vx2  +  3  <  2^3,  so  2(3-  1)  <  ff  Vx2  +  3<7x  <  2>/3  (3  —  1);  that  is, 

4  <  /,3  VT*T3</x  <  4V3. 


42.  If  3  <  x  <  5,  then  4<x  +  l<6andi<  — so  £  (5  -  3)  <  /  — J-r  dx  <  \  ( 5  -  3);  that  is, 

6  *  +  1  4  J3  ^  T  I 

.  < /*  •  A<» 

1  Ji  x  +  1  2 

43.  0  <  x  <  1  =*  0  <  cosx  <  1  =»  x2cosx<x2  =»  x2cosxdx<  So  x2dx  =  \  [x3]J  =  i  [Property 

n 


44.  On  the  interval  ^  J,  x  is  increasing  and  sinx  is  decreasing,  so  is  decreasing.  Therefore,  the  largest  value 


„  sinx 

of - on  | 

x 


[—  —1  is  s‘n  _  'Si/2  _  2>/2  By  property  8  with  M  =  we  get 
L  4  2  J  >r/4  t/4  *  2  2  * 


2V2 


/■*/2  sinx  ^  2V2  /tt  _  w\  _  a/2 

J, r/4  *  *  "  *  ' 2  4/  2 


2V2 


V2 


45.  Let  /  (x)  =  Vl  +  x3  on  [0, 1],  The  Midpoint  Rule  with  n  =  5  gives 


/o'  VTT^rfx  =“|[/(0.1)  +  /  (0.3)  +  /  (0.5)  +  /  (0.7)  +  /  (0.9)] 

=  5  [\Z'  +  (0I)3  +  >/l  +  (0.3)3  +  •  •  •  +  y/l  +  (0.9)3]  a*  1.110 

46.  (a)  displacement  =  /05  (r2  —t)dt  =  j^jf3  —  jf2j0  =  -  T  =  ^  =  29.16 

(b)  distance  traveled  =  jjf  |f2  -  r|  dt  —  J~05  |r  (t  —  1)|  dl  =  /0'  (r  —  l2)  dl  +  /*  (l2  -  t)dl 

-H-- i-mi--!-’]: 


47.  Total  percentage  increase  =  r  ( I )  dt  &  M3  =  1W  ^  1991  [r  (1992)  +  r  (1994)  +  r  (1996)] 

=  2  (7.4 +  4.8 +  3.0)  =  30.4 

48.  Distance  covered  =  /q5  0  »  (/) dl  a*  Ms  =  S  Oj~°  [0  (0.5)  +  v  (1 .5)  +  0  (2.5)  + 1>  (3.5)  +  0  (4.5)] 

=  1  (4.67  +  8.86  +  10.22  +  10.67  +  10.81)  =  45.23  m 

49.  We  use  the  Midpoint  Rule  with  n  =  6  and  At  =  24^~°  =  4. 

Increase  in  bee  population  =  f™r  (t)dt  «  Me  =  4[/(2)  +  /(6)  +  /(10)  +  /(14)  +  /(18)  +  f  (22)] 
w  4  [60. 15 +  976.81  +7023.11  +  8550.88+  1374.96+  152.74] 

=  4  (18,138.65)  =  72,554.6 

For  the  answer  in  the  back  of  the  text,  we  used  the  estimates  50,  1000,  7000,  8550,  1350,  and  150  to  get  72,400. 
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50.  ,T|  —  jfeA  —  j  (2)  (2)  —  2,  A2  =  5 bh  =  j  (I)  (1)  =  and  since 
y  =  —  Vl  —  x2  for  0  <  x  <  1  represents  a  quarter-circle  with  radius  1, 
^3  =  jir r2  =  2jt  (l)2  =  So 

fl3f(x)dx  =  Ai  -A2-Ai  =  2-  J-f  =  i  (6  —  ff). 


51.  By  the  Fundamental  Theorem  of  Calculus,  wc  know  that  F  (x)  =  J*  t2  sin  (/2)  dt  is  an  antiderivative  of 

/ (x)  =  x2  sin  (x2).  This  integral  cannot  be  expressed  in  any  simpler  form.  Since  f  dt  =  0  for  any  a,  we  can 
take  a  =  I,  and  then  F(\)  =0,  as  required.  So  F  (x)  =  f,*  t2  sin  (r2)  dt  is  the  desired  function. 


52.  (a)  C  is  increasing  on  those  intervals  where  C'  is  positive.  By  the  Fundamental  Theorem  of  Calculus, 

^  W  =  ^  [Jo  cos  (I'2)  dt]  =  cos  (f  x2).  This  is  positive  when  fx2  is  in  the  interval 

((2n  “  l)  x ,  (2 n  +  5)  ir),  n  any  integer.  This  implies  that  (2n  -  5)  x  <  §  x2  <  {in  +  ^  x  o 

0  <  |x  |  <  1  or  V4/i  -  I  <  |x  |  <  V4m  +  1,  n  any  positive  integer.  So  C  is  increasing  on  the  intervals  [-1,1], 

[75,  v/5],  [-VS,  -c/3],  [V7, 3],  [-3, -Vi], .... 


(b)  C  is  concave  upward  on  those  intervals  where  C"  >  0.  We  differentiate  C'  to  find  C":  C'  (x)  =  cos  (f  x2)  => 
(*)  =  ~  sm  (fx2)  (§  •  2x)  =  -ffx  sin  (fx2).  Forx  >  0,  this  is  positive  where  (2 n  -  1)  x  <  |x2  <  2 nit, 
n  any  positive  integer  o  J2  (2n  -  I)  <  x  <  2-y/n,  n  any  positive  integer.  Since  there  is  a  factor  of  -x  in 
C  ,  the  intervals  of  upward  concavity'  forx  <0  are  (— >/2  (2  n  -F  1),  — 2^/n),  n  any  nonnegative  integer.  That 
is,  C  is  concave  upward  on  (- V2,  o),  (V,  2),  (-V6,  - 2 ),  [y/6, 2V2), .... 


From  the  graphs,  we  can  determine  that  cos  (ft2)  dt  =  0.7  at  x  as  0.76  and  x  ss  1.22. 


(d) 


The  graphs  of  S  (x)  and  C  (x)  have  similar  shapes,  except  that  S’s 
flattens  out  near  the  origin,  while  C’s  does  not.  Note  that  for 
x  >  0,  C  is  increasing  where  5  is  concave  up,  and  C  is  decreasing 
where  5  is  concave  down.  Similarly,  S  is  increasing  where  C  is 
concave  down,  and  S  is  decreasing  where  C  is  concave  up.  For 
x  <  0,  these  relationships  are  reversed;  that  is,  C  is  increasing 
where  S  is  concave  down,  and  5  is  increasing  where  C  is  concave 
up.  See  Example  5.3.2  and  Exercise  5.3.47  for  a  discussion  of 
S(x). 
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dt  =>  f  (x)  =  x  cosx  +  sin*  +  - - j  (by  differentiation) 


x  cosx  +  sinx  =»  /  ( x ) 


(i£)- 


x  cosx  +  sinx 


1  + 

/  (at)  =  — j —  (x  cosx  +  sinx) 


54.  From  the  given  equation,  f*  f(l)dl  =  sinx  -  j.  Differentiating  both  sides  using  FTC1  gives  /  (x)  =  cosx.  We 
put  x  =  a  into  the  first  equation  to  get  0  =  sina  —  A,  so  a  =  |  satisfies  the  given  equation. 

55.  L.et  u  =  /(x)  and  du  =  f(x)dx.  So  2/*  f  (x)  f  (x)dx  =  2  udu  =  [u2]yJ*J  =  [/  (*)]2  -  [/(a)]2- 

56.  Let  F  (x)  =  [  V 1  +  r3  <*.  Then  F'  (2)  =  lim  +  *2 — =  lim  f  %/l  +  r3  dt,  and 

Jl  A-*0  h  *-»0  h  Ji 

i  [2+h  _ 

F'(x)  =  Vl  +  x3,  so  lim  -  /  Vl  +  f3  <//  =  F'  (2)  =  Vl  +  23  =  V9  =  3. 

A-*0  /l  72 

57.  Let  u  =  1  —  x.  Then  r/u  =  -dx,  so  /0'  /  ( I  -  x)dx  =  jf  f(u)(-du)  =  JjJ  f  (u)du  =  fj  f  (x)dx. 


The  limit  is  based  on  Riemann  sums  using  right  endpoints  and  subintervals  of  equal  length. 


Problems  Plus 


1.  Differentiating  both  sides  of  the  equation  x  sin  rex  =  jf  f(t)dt  (using  FTC1  and  the  Chain  Rule  for  the  right 
side)  gives  sin  *x  +  *x  cos  rex  =  Txf  (x2).  Letting  x  =  2  so  that  /  (x2)  =  /  (4),  we  obtain 

sin2jr  +  2*  cos  2*  =  4/  (4),  so  / (4)  =  J  (0  +  2*  •  1)  = 

2.  (a)  Let  /  (x)  =  ax2  +  bx  +c.  f  (0)  =  /(*)  =  0,  so  we  know  that  /  (0)  =  0  =*  c  =  0,  and  /(*)  =  0  <=> 

arc2  +  btc  =  0  <=>  b  —  —arc.  So  /(x)  =  ax 2  —  arcx.  Now  we  want  the  maximum  value  of  /  (x)  on  [0,  re] 
to  be  the  same  as  that  of  sin  x,  that  is,  1.  So  we  find  the  value  ofx  at  which  /  has  a  maximum  by  differentiating 
and  setting /' (x)  =  0  «•  2ax-atc=0  <=>  x  =  § .  Now  /  (f )  =  a  (f  )2  -  arc  (§ )  =  -j*2a.  We  set 
this  equal  to  1,  in  order  to  find  a:  -\rc2a  =  1  <=>  a  =  =>  b  =  -an  =  Thus,  the  desired 

function  is  / (x)  =  -^x2  +  |x. 

Alternate  Solution  (without  calculus):  Use  /  (x)  =  ax  (x  —  *). 

(b)  Once  again,  g  (0)  =  g(x)  =  0  =>  g  (x)  =  ax2  -  arcx.  We  wantg'(O)  =  (sinx)]0  =  cosO  =  1.  We 
calculated g7  (x)  in  part  (a),  so  we  set  g7  (0)  =  I  <=>  2a  (0)  -art  =  \  e»  a  =  We  also  want 

!>  (*)  =  [37  (sin xr)]^  =  cos*  =  —1,  so  we  check  that  g'f*)  =  -1  with  a  = 

g7  (a)  =  2  j  it  _  *  =  —  1.  Thus,  the  desired  function  isg(x)  =  —  £x2  +x. 

(c)  Again,  h  (x)  =  ax2  -  arcx.  Now  we  want  the  area  under  the  curves  of  h  (x)  and  sinx  to  be  the  same;  that  is, 

Jo  A  (x)dx  =  fg  sinxrfx  =  [—  cosxJJ  =  (1)  —  (— 1)  =  2.  We  integrate  h  between  0  and  n  and  set  the  result 
equal  to  2:  (ax2- arcx)  dx  =  [jox3  -  latex2]*  =  ja*’  -  £a*3  =  -£o*3  =  2  «  a  =  -12/* 3. 

12  12 

Thus,  the  desired  function  is  h  (. x )  = - -x2  +  —rx. 

xi  x2 


4.  By  FTC2,  /0‘  /'  (x)  <fx  =  /  (1 )  -  /  (0)  =  1  -  0  =  1 . 


375 
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5.  Such  a  function  cannot  exist,  f  (x)  >  3  for  all  x  means  that  /  is  differentiable  (and  hence  continuous)  for  all  x. 
So  by  FTC2,  J?  /'  (x)  dx  =  /  (4)  -  /  (1)  =  7  -  (- 1)  =  8.  However,  if  /'  (x)  >  3  for  all  x,  then 

Ji  f  (x)dx  >  3  -  (4  —  1)  =  9  by  Comparison  Property  8  in  Section  5.2. 

Another  Solution:  By  the  Mean  Value  Theorem,  there  exists  a  number  c  e  (1,4)  such  that 

/ (4)  -  /  U)  _7-(~l)  8 

3  3 


/'  (c)  = 


4-1 

function  cannot  exist. 


8  =  3  f  (c).  But  f  (x)  >  3 


3  /'  (c)  >  9,  so  such  a 


6.  (a) 


„ ,  ,  2cx  —  x2  . 

From  the  graph  of  /  (x)  =  — ^ - ,  it  appears 

that  the  areas  are  equal;  that  is,  the  area  enclosed 
is  independent  of  c. 


(b)  We  first  find  the  x-intcrcepts  of  the  curve,  to  determine  the  limits  of  integration:  y  =  0  <=>  2cx  -  x2  =  0 
<=>  x  =  0  or  x  =  2c.  Now  we  integrate  the  function  between  these  limits  to  find  the  enclosed  area: 


A  =  jf  ^  -*g3  ^  dx  =  1  [ex2  -  }x3f  =  i  [c  (2c)2  -  \  (2c)3]  =  ^  [4c3  -  §  c3]  =  $,  a  constant. 


(c) 


The  vertices  of  the  family  of  parabolas  seem  to 
determine  a  branch  of  a  hyperbola. 


(d)  For  a  particular  c,  the  vertex  is  the  point  where  the  maximum  occurs.  We  have  seen  that  the  x-intercepts  arc  0 

.  2c  (c)  —  c2  1 

and  2c,  so  by  symmetry,  the  maximum  occurs  at  x  =  c,  and  its  value  is - , 


=  So  wc  arc  interested 
c 


in  the  curve  consisting  of  all  points  of  the  form  c  >  0.  This  is  the  part  of  the  hyperbola  y  —  \/x  lying 


in  the  first  quadrant. 

7  f(x)~  (tiX)  1  dt,  where  g(x)  =  (l  +  sin  (r2)]  dt.  Using  FTC  1  and  the  Chain  Rule  (twice)  we 
Jo  Vl  +r3 

have  f  (x)  =  ,  *  -g'  (x)  =  ,  *  - . [1  +  sin  (cos2  x)]  (-  sinx).  Now 

y/l  +  \g(x)]3  <J\  +  [g(x)]3 

g  (!)  =  J?  [>  +  ^  (l2)]  d,  =  °,  so  /'  (f )  =  ^  (1  +  sinO)  (-1)  =  1  •  1  •  (-1)  =  -1. 

8.  If  /  (x)  =  /o  x2  sin  (r2)  dt  =  x2  /o  sin  (r2)  dt,  then  /'  (x)  =  2x  sin  (r2)  dt  +  x2  sin  (x2),  by  the  Product  Rule 
and  FTC1. 

9.  /(x)  =  2  +  x  -  x2  =  (-x  +  2)  (x  +  1)  =  0  <=>  x  =  2  orx  =  -1.  /(x)  >  0  forx  €  [-1,2]  and  /(x)  <  0 
everywhere  else.  The  integral  /*  (2  +  x  -  x2)  dx  has  a  maximum  on  the  interval  where  the  integrand  is  positive, 
which  is  [-1,2],  So  a  =  -1,6  =  2.  (Any  larger  interval  gives  a  smaller  integral  since  /(x)  <  0  outside  [-1,2]. 
Any  smaller  interval  also  gives  a  smaller  integral  since  /(x)  >  0  in  [-1, 2].) 
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10.  This  sum  can  be  interpreted  as  a  Riemann  sum,  with  the  right  endpoints  of  the  subintervais  as 
sample  points  and  with  a  =  0,  6  =  10,000,  and  /  (x)  =  yfx.  So  we  approximate 

‘if  Vi  =»  £  y  =  j-w.ooo  =  ^3/2jJ'°°°  2  (i  000,0O0)  «  666,667. 

Alternate  Method:  We  can  use  graphical  methods  as  follows: 

From  the  figure  wc  see  that  //_,  yfxdx  <  yfi  <  f‘+l  yfxdx,  so 
10  000 

fo10'000  yfxdx  <  £  yfi  <  J',10,001  yfx  dx.  Since  /  yfx  dx  =  jx3/2  +  C, 

wc  get  fg  0,000  yfxdx  -  666,666.6  and 

Z,’0-001  yfxdx  =  f  [(10,001)3/2  -  1]  «  666,766. 

10,000 

Hence,  666,666.6  <  £  s/i  <  666,766.  We  can  estimate  the  sum  by  averaging  these  bounds: 

i=l 

10,000 

£  =»  6“,666  6f  <*6,766  ^  666>716  The  actua|  value  is  about  666  716  4$ 

/=l 


11.  (a)  We  can  split  the  integral  [xl  dx  into  the  sum  £  [x]  dx  j.  But  on  each  of  the  intervals  [i  -  1,  i)  of 

integration,  [x  J  is  a  constant  function,  namely  i  —  1.  So  the  ith  integral  in  the  sum  is  equal  to 

n  n- 1  (n  _  J)  n 

(/  —  1)  [i  —  (/  —  1)]  =  (»  —  1).  So  the  original  integral  is  equal  to  £  (i  —  1)  =  £  i  = - ^ - • 

/=!  /  ss  1  2 


(b)  We  can  write  /*  [xl  dx  =  |x]|  dx  -  f°  [x  J  rfx. 

Now  fg  [x  J  dx  =  J™  [x  J  <fx  +  J|*  j  [xj  rfx.  The  first  of  these  integrals  is  equal  to  j  ([6J  —  1)  [61,  by 
part  (a),  and  since  |[x  J  =  [6]]  on  [[6] ,  4],  the  second  integral  is  just  [AJ  (b  -  [6]).  So 
fg  lx  l  dx  =  j  (161  -  1)1*1  +  1*1  (6  -  |6J)  =  j  [61  (26  -  [6]  -  I)  and  similarly 
fg  Dxjrfx  =  \  [o]  (2a  -  [a]  -  1).  Therefore  |xj  dx  =  $  [61  (26  -  [6]  -  1)  -  $  [o[  (2a  -  [a]  -  1). 


12.  By  FTC1,  —  fg  ^ f'm  1  y/l  +  u*duj  dt  =  f'mx  Vl  +  uA  du.  Again  using  FTC1, 


-~2  Jo  ( f]'"1  V 1  +  «*  duj  dt  =  ~  ffnx  VTTifdu  =  \f  1  +  sin4  x  cosx. 


13.  Differentiating  the  equation  fg  f(t)dt  =  [/ (x)]2  using  FTC  1  gives  /  (x)  =  2/(x)/'  (x)  =» 

/ (x)  [2/'  (x)  —  I]  =  0,  so  /  (x)  =  0  or  /'  (x)  =  j.  f  (x)  =  j  =>  f  (x)  =  jx  +  C.  To  find  C  we  substitute 
into  the  original  equation  to  get  fg  +  c)  rff  =  (jx  +  c)2  o  jx2  +  Cx  =  lx2  +  Cx  +  C2.  It  follows 
that  C  =  0,  so  /  (x)  =  jx.  Therefore,  /  (x)  =  0  or  /  (x)  =  jx. 
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Let  x  be  the  distance  between  the  center  of  the  disk  and  the  surface  of  the  liquid. 
The  wetted  circular  region  has  area  7t  r2  —  n x2  while  the  unexposed  wetted  region 
(shaded  in  the  diagram)  has  area  2  f'  -Jr2  -  t2  dt,  so  the  exposed  wetted  region 
has  area  A  (x)  =  nr2  —  tex2  —  2  f'  Vr2  —  t2dt,  0  <  x  <  r.  By  FTC1,  we  have 
A'  (x)  =  — 2xx  +  2 -Jr2  -  x2,  so  A'  (x)  =  0  when  jtx  =  Vr2  -x2  =» 
ir2x2  =  r2  —  x2  and  hence  (1  +  x2)x2  =  r2,  sox  =  ,  ,  ■ 

Vl+ir2 


Now  A  (0)  =  jjrr2  and  A  (r)  =  0,  while 

A  (  r  ^  =  i nr2  +  r2  sin-1  *  (after  some  simplification)  >  i*r2,  so  there  is  an  absolute 

Vx/ThF2/  Vl  +  rr2 

r 

maximum  when  x  =  -7===. 


15.  Note  that  £  (/o  [/0“  /  (/)  dt]  du)  =  ft  /  (/)  dt  by  FTC1,  while 

fx  [/o  /  (")  (*-«)*]“  fx  V  So  f  <“>  < M  -  &  [J?  /  («)  “  d“]  =  JJ  f(u)du  +  xf  (x)  -  /(x)x 
=  Jo  /(«)<*« 

Hence,  /*  /  (u)  (x  -  u)  </«  =  JJ  [/0"  /  (0  <*]  +  C.  Setting  x  =  0  gives  C  =  0. 


y 

1 

\. 

Nv  R 

K\  .. 

-1  0 

V2A  '  * 

16.  We  restrict  our  attention  to  the  triangle  shown.  A  point  in  this 

triangle  is  closer  to  the  side  shown  than  to  any  other  side,  so  if 
we  find  the  area  of  the  region  R  consisting  of  all  points  in  the 
triangle  that  are  closer  to  the  center  than  to  that  side,  we  can 
multiply  this  area  by  4  to  find  the  total  area  We  find  the 
equation  of  the  set  of  points  which  arc  equidistant  from  the 
center  and  the  side:  the  distance  of  the  point  (x,  y)  from  the 
side  is  1  -  y,  and  its  distance  from  the  center  is  %/x1  +  y2. 

So  the  distances  are  equal  if  -Jx2  +  y2  =  1  -  y  <=>  x2  +  y2  =  1  -  2y  +  y2  <=>  y  =  j  (1  -  x2).  Note  that 
the  area  wc  are  interested  in  is  equal  to  the  area  of  a  triangle  plus  a  crescent-shaped  area.  To  find  these  areas,  we 
have  to  find  the  y-coordinate  A  of  the  horizontal  line  separating  them.  From  the  diagram,  1  -h  =  -J2h  «=> 
h  —  — L.  --  y/2  —  1 .  We  calculate  the  areas  in  terms  of  A,  and  substitute  afterward. 

The  area  of  the  triangle  is  5  (2 h)  (A)  =  A2,  and  the  area  of  the  crescent-shaped  section  is 
f*h  (j  (1  _  *2)  -  a]  dx  =  2  -  h)  x  -  £x3]*  =  A  -  2A2  -  jA3.  So  the  area  of  the  whole  region  is 

4  [(a  —  2A2  —  jA3)  +  A2]  =  4A  (l  —  A  —  jA2)  =  4  (\/2  —  l)  [l  —  (V2  —  l)  —  j  (x/2  —  l)'] 

=  4  (x/2- l)  (l  —  $x/2)  =  |  (4V2-  5)  . 
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(  1  +  1  ,  ,  1  'l 

=  lim  - 

n->  oo  n 

( 

nr- 

n 

»  \ 

Vs/nVn+1  -Jns/n  +  2  Jn^/n  +  n  t 

n+  1  +v 

n+2+ -+V 

«  +  «J 

-  i  (tTO  +  7TO  + '  ■ ' +  7m)  -  JSt  i  §  /  (;)  (whcre  f  w  =  7=) 

=  I  Tf^</Ar  =  [2'/r*:7]o=2('/5-1) 

18.  Note  that  the  graphs  of  (x  -  c)2  and  [(x  -  c)  -  2]2  intersect  when  |x-c|  =  |x-c-2|  c-x  =x-c-2 
o  x  =  c  +  1  The  integration  will  proceed  differently  depending  on  the  value  of  c. 

Case  1:  -2  <  c  <  -1  In  this  case,  fc  (*)  =  (x  -  c  -  2)2  for  x  e  [0, 1],  so 

g (c)  =  fo'(x-c-  2)2 <fx  =  i  [(x  -  c  -  2)3]*  =  \  [(-e  -  l)3-(-c-  2)3] 

=  j(3c2+9c  +  7)=c2  +  3c+^  =  (c+|)2  +  ^ 


y  =  (x-  c)\ 


y~(x-c- 2)J 


T5 

This  is  a  parabola;  its  maximum  for 
— 2  <  c  <  —  1  is  g  (—2)  =  j,  and  its  minimum  is 

s(-l)  =  T^- 


Cose  2:  —  1  <  c  <  0  In  this  case,  yi  (x)  — 


(x  —  c)2  if  0  <  x  <  c  +  I 
(x  -  c  —  2)2  if  c  +  1  <  x  <  1 

g  (c)  =  Jo  fc  (*)  dx  =  Jo+'  ~  c)2  dx  +  /c'+,  (x  -  c  -  2)2  rfx 


Therefore, 


)  =  Jo  /r  (*) dx  =  (x  -  c)2  rfx  +  /c'+,  (x  -  c  -  2)2  rfx 
=  3  [(*  -  c)3]„+1  +  J  [(*  -  c  -  2)3]'+1  =  \  [l  +  c3  +  (-c  -  l)3  -  (-1)] 
=  -c2  -  c  +  $  =  -  (c  +  $)  +  ^ 


2  * 


Again,  this  is  a  parabola,  whose  maximum  for 
—1  <  c  <0isg(-j)  =  fa,  and  whose 
minimum  on  this  c-interval  is  g  (—  1)  =  j. 


se  3:  0 


:  0  <c  <2  In  this  case,  fc  (x)  =  (x  -  c)2  forx  e  [0,  I],  so 
*(<0  =  fo  ( x-cfdx  =  |  [(x  -c)3]„  =  $  [(I  -c)3  -  (— c)3]  =  c2  -  c  +  j  =  (c-  i)*  +  ^ 


This  parabola  has  a  maximum  of  g  (2)  —  j  and  : 
minimum  ofg  (j)  =  • 


.  l 

-  T1- 


2  x 

include  that  g  (c)  has  an  absolute  i 
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19.  The  shaded  region  has  area  /J  f  (x)  dx  =  | .  The  integral  f0  f  1  (j1)  dy 
gives  the  area  of  the  unshaded  region,  which  we  know  to  be  1  -  }  =  §  .  So 

Jo1/'1  (y)dy  =  i 


20.  (a)  To  find  B\  (x),  we  use  the  fact  that  B\  (x)  =  B0  (x)  =>  B,  (x)  =  f  Bo  (x)dx  -  f  1  dx  -  x  +  C.  Now  we 
impose  the  condition  that  Jq  B\  (x)  dx  =  0  =>  0  =  f0  (x  +  C)  dx  =  ^jx  +  K-’Oo  —  j  +  C  => 

C  =  -{■  So  B\  (x)  =  x  -  j.  Similarly  B2  ( x )  =  /  B\  (x)dx  =  /  (*  “  i)  dx  =  Jx2  -\x  +  D.  But 
/0' B2(x)dx=0  =»  0  =  /o'(ix2-^  +  D)</x  =  ^-i  +  D  =>  O  =  pj.  so 

B2  (x)  =}x2-}x  +  h- B}  (x)  =  f  B2  (x)dx  =  J  (*x2  -  +  ii)  dx  =  £x3  -  }x2  +  &x  +  E.  But 

/0'  B3  (x)dx  =  0  =>  0  =  /„'  (£x3  -  jx2  +  -rx  +  f)  dx  =  +  jj  +  £  =>  £  =  0.  So 

B}  (x)  =  £x3  -  \x2  +  ^x.B,  (x)  =  /fl5  (x)  dx  =  /  ($x3  -  }xJ  +  ^x)  dx  =  £x<  -  ^x3  +  £x2  +  F. 
But  fg  B*  (x)  dx  =  0  =*  0  =  /0’(^x4-^x3  +  ^x2  +  F)dx  =  1^i-^  +  ^  +  £  =»  F  =  -TX- 
So  S4  (x)  =  jj*4  -  tjX3  +  jjx2  -  T55- 

(b)  By  FTC2,  B„  (1)  -  B„  (0)  =  jJ  B'„  (x)  dx  =  J|j  B„-i  (x)  dx  =  0  for  1.  -  1  >  1,  by  definition.  Thus, 

Bn  (0)  =  Bn  (1)  for  n  >  2. 

(c)  We  know  that  Bn  (x)  =  i  X  ("  W’"*-  ^ *e  set  x  =  1  in  this  expression,  and  use  the  fact  that 

"■  t=o 

Bn  (1)  =  Bn  (o)  =  *2  for  n  >  2,  we  get  6„  =  £("W  Now  if  we  expand  the  right-hand  side,  we  get 
n!  *=o  W 

bn  =  Qfco  +  (>1  +  •  •  •  +  C,:2)*»-2  +  C.Jfca-l  +  O-  We  cancel  the  b„  terms,  move  the  6„-,  term  to 
fire  LHS  and  divide  by  -(/_,)  =  -n:  6*-,  =  -J  [©*>  +  (J)*l  +  •  ■  •  +  *  2’  35 1«‘uired‘ 


(d)  We  use  mathematical  induction.  For  n  =  0:  Bo  (1  -  x)  =  1  and  (-1)°  Bo  (x)  —  1,  so  the 
equation  holds  for  n  =  0  since  60  =  1.  Now  if  B*  (1  —  x)  =  (—1)  £*  (x),  then 
since  £b*+,  (1  -  x)  =  B'M  (1  -  x)  £  (1  -  x)  =  -B„  (1  -  x),  we  have 
j-xBM  (1  -  x)  =  (-1)  (-1)*  B*  (x)  =  (-l)*+l  B*  (x).  Integrating,  we  get 

Bk+l  (i  -  x)  =  (— 1)*+1  Bt+i  (x)  +  C.  But  the  constant  of  integration  must  be  0,  since  if  we  substitute  x  =  0 
in  the  equation,  we  get  B*+i  (1)  =  (-1)*+1  B*+ 1  (0)  +  C,  and  if  we  substitute  x  =  1  we  get 
B*+l  (0)  =  (-l)*+l  B*+i  (1)  +  C,  and  these  two  equations  together  imply  that 
B*+,  (0)  =  (-  l)*+l  [(-  l)*+l  Bk+ ,  (0)  +  C]  +  C  =  B*+,  (0)  +  2C  «  C  =  0. 

So  the  equation  holds  for  all  n,  by  induction.  Now  if  the  power  of  - 1  is  odd,  then  we  have 
B^+i  (1  -  x)  =  -B2„+i  (x).  In  particular,  B^+i  (1)  =  -Bj»+ 1  (0)-  But  from  part  (b),  we  know  that 
B*  (1)  =  Bk  (0)  for  *  >  1.  The  only  possibility  is  that  B^+t  (0)  =  B^+i  (1)  =  0  for  all  n  >  0,  and  this 
implies  that  6211+1  =  (2n  +1)1  £2/1+1  (0)  =  0  for  n  >  0. 
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(e)  From  part  (a),  we  know  that  ho  =  0!  B0  (0)  =  1,  and  similarly  hi  =  -i,  h2  =  7,  h3  =  Oand  h4  = 

2  6  30 

We  use  the  formula  to  find 

The  63  and  65  terms  are  0,  so  this  is  equal  to 


If.,,/  1\  7-6/l\  7-6-5/  1  \1  1  /  7  7  7\  1 
H1  +  7\  V  +  2-  1  (,6/  +  3-2-  1  (  30/J  —  7  V  2  +  2  6,)~42 


Similarly, 


*0  +  I  ,  1^1  +  ( „  1*2  +  (  ,  1*4  + 


1  r  ,  „/  1\  9-8 /1\  9  8-7-6/  1  \ 

9  L  9  V  2/  +  2  ■  1  \6/  +  4  •  3  •  2  •  1  \  30/ 
1  /,  9  .  21  \  1 
=  _9(  2+6_T+2)="30 


9-8-7  /  1 


3-2-  1  \42 


Now  we  can  calculate 
i  5  /c\ 


_  I  ( y.5  _  5  v4  ,  5  ,.3  1  v\ 

-  m  \X  ix  +  3*  ”  lx ) 

=  755  (*‘  "  3x>  +  ~  i*2  +  n) 

»  _  1  fv7  _  7V6  ,  7  v5  7v3,  lj\ 

~  3(54(5  lx  +  3*  ~  Zx  +ZX) 

_  t  /  J  4-7  §  14  6  7  4  I  2  „2  l\ 

-  4tOT  V*  “  4*  +  T*  ”3*  +  lx  “35j 


>-|x8  +  6x7-^5  +  2x3-^) 
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-2.75X10-’ 


There  are  four  basic  shapes  for  the  graphs  of  Bn  (excluding  fli),  and  as  n  increases,  they  repeat  in  a  cycle  of 
four.  For  n  =  4m,  the  shape  resembles  that  of  the  graph  of-cos2jrx;  For  n  =  4m  +  1,  that  of  — sin2irx;  for 
n  =  4m  +  2,  that  of  cos2jrx;  and  for  n  =  4m  +  3,  that  of  sin  2tzx. 

x° 

(g)  For  k  =  0:  Bi  (x  +  1)  —  B|  (x)  =  x  +  1  —  }  —  (x  —  })  =  1,  and  —  =  1,  so  the  equation  holds  for  *  =  0. 

xn-\ 

We  now  assume  that  B„  (x  +  1)  -  B„  (x)  =  - — .  We  integrate  this  equation  with  respect  to  x: 

V*  —  *)1 

[B„  (x  +  1)  -  B„  (x)]dx  =  /  - 1  dx.  But  we  can  evaluate  the  LHS  using  the  definition 

B„+i  (x)  =  /  B„  (x)  dx,  and  the  RHS  is  a  simple  integral.  The  equation  becomes 

B„+i  (x  +  1)  -  B„+ 1  (x)  =  .  —  ( -x")  =  —x",  since  by  part  (b)  B„+ 1  (1)  -  B„+\  (0)  =  0,  and  so  the 

(w  —  1)!  \n  J  ni 

constant  of  integration  must  vanish.  So  the  equation  holds  for  all  ky  by  induction. 


(h)  The  result  from  part  (g)  implies  that  pk  =  *1  [B*+i  (p  +  1)  -  ®*+i  (P)\  we  sum  1,01,1  sides  of  this 
equation  from  p  =  0  to  p  =  n  (note  that  k  is  fixed  in  this  process),  we  get 

£  pk  _  4!  xr  (j}+  1)  -  Bk+ 1  (p)].  But  the  RHS  is  just  a  telescoping  sum,  so  the  equation  becomes 

p= 0  p= o 

1*  4-  2k  +  3*  +  •  •  •  +  nk  =  k\  [£*+1  (n  +  1)  -  Bk+\  (0)].  But  from  the  definition  of  Bernoulli  polynomials 
(and  using  the  Fundamental  Theorem  of  Calculus),  the  RHS  is  equal  to  k\  f0  Bk  00  dx. 
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(i)  If  we  let  k  =  3  and  then  substitute  from  part  (a),  the  formula  in  part  (h)  becomes 
l3  +  23  +  •  •  •  +  n3  =  3!  [Z?4  («  +  1)  —  Bi  (0)] 

=  6  +  O4  -  r  («  +  l)3  +  a  (n  +  1)J  -  Taj  “  (h  “  H  +  3  “  ras)] 

=  (n  +  l)2[l  +  (n+l)2-2(n  +  l)]  _  (n  +  l)2  [1  -  (n  +  l)]2  _  [»(«  +  I) 


-p=±2] 


/•B+l 

(j)l‘  +  2‘  +  3i  +  -  +  n1=i!  /  Bk(x)dx  [bypart(h)] 

•‘’r'^cv'-rtcv- 


as  (x  +  A)*,  as  explained  in  the  problem.  Then 


Now  view  ^  3  as  (x  +  A)*,  as  explained  in  the  problem.  Then 

1*  +  2*  +  3*  +  ■  •  ■  +  ---  r  (x  +  A)*  dx  =  \ ^tir  = 

J0  L  *  +  I  Jo 


(n  +  1  +  A)*+l  —  A*+1 
*+l 


(k)  We  expand  the  RHS  of  the  formula  in  (j),  turning  the  b‘  into  b,,  and  remembering  that  Z>2»+i  =  0  for  i  >  0: 
l5  +  2s  +  •  •  •  +  n5  =  l  [(n  +  I  +  A)6  -  A6] 

—  S  "h  I)6  +  6(n  +  l)5  A|  +  y-|  (n  +  I)4  A2  +  y-p  (n  +  l)2  A4 J 
=  5  [("  +  I)6  -  3  (n  +  I)5  +  f  (n  +  l)4  -  $  (n  +  l)2] 

=  tc  («  +  I)2  [2 (n  +  l)4  -  6(n  +  I)3  +  5(n  +  l)2  -  l] 

=  n  (n  +  I)2  [(n  +  1)  -  l]2  [2  (n  +  I)2  -  2  (n  +  1)  -  l] 

=  ^n2  (n  +  l)2  (2«2  +  2n  -  l) 
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Applications  of  Integration 


Areas  between  Curves 


4  ~  f- 1  [(**  +  3)  ~  *] dx  =  2  fo  (-*2  +  2)  dx  | by  Theorem  5.5.6(a)]  =  2  £|jr3  +  3*J ' 

2-  4  -  Jo  [2t  -  b2  -  4*)J dx  =  /*  (6.v  -  dx  =  Jrr2  -  =  108  -  72  =  36 

3'  4  =  J-l  [0  ~T4)  -  (y3 -y)]dy  =  2  J0'  (I -y4)dx  [by  Theorem  5.5.6(a)] 

=  2[-^+y];  =  2(4  +  l)  =  f 

4-  4  =  f-<  [y2-(y-  5)J dy  =  [fy3  -  iy2  +  Sy]^  =  (f  -  2  +  lo)  -  -  i  -  5)  = 

5-  4  =S-i  [(9  —  *2)  —  (.v  +  \)]dx 

=  /- 1  (8-jt  -x2)dx 

=  (,6  —  2  —  j)  -  (—8  —  j  +  j) 

=  22  -  3  +  \  =  ^ 


6-  4  =  Jx / 2  (*  ~  sinx)dx 

-(t-'HH 


in2 


-  I 


7-  4  =  So  (x-x2)dx 


_  1 
~~  6 


=  2(j  +  3)  =  f 


16.5 


jr1}  -  (or  +  I) 


—  sin  jr 
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8  A=SU  (x2- 

=  2 /o'  (*2 

=  2  [jx3  - 

-x4)</x 
-  X4-)  dx 

-ki: 

V 

(1. 

y  =  x'/l  y  =  x4 

J§fx2-x4 

“2(J-J 

0-4 

-1  0 

1  * 

—  Ax 

9.  First  find  the  points  of  intersection:  V*  +  3  =  =>  (V*  +  3)"  =  ^  ^  ^  =>  x  +  3  =  ^  (x  +  3)2 

=>  4(x  +  3)-(x+3)2  =  0  =>  (x+3)[4-(x  +  3)l  =  0  =>  (x  +  3)(l-x)  =  0  =>  x  =  -3orl. 

So 


§<*+ 3>3/2 


=»  9x  —  x2  =  0  =>  x  (9  -  x)  =  0 


=  Jo{J*~  H  dx  =  [i^3/2  -  ?*2]0  =  18  "  T  =  5 


x  =0 
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12.  x  =  l/Z  =>  x3=x  =>  jt3-jr  =  0  =>  x  (.x2  —  I)  =  0  =>  *  (x  +  I)  (x  -  1)  =  0  =>  x  =  -1.0 
or  1.  so 

A  =  f-l\y*  -x\dx  =  -  v/5)  dx  +  fg  (tyx  -x)dx  =  2  fg  (jr1/3  —  x)  dx  [by  symmelry  I 


13.  A  =  Xl,  [(jt2  +  3)  —  4.v2]  dx 
=  2  fo  (3  ~  3*2)  dx 
—  2  [3*  —  Jt3]g  =  2  (3  —  1)  =  4 


14..t3-jr  =  3*  =»  x}  -  4x  =  0  =*  jt  (x2  -  4)  =  0  =>  x  (x  +  2)  (x  -  2)  =  0  =>  *  =  0, -2.  or  2.  By 
symmetry. 


A  =  ji2\3x-(x3-x)\dx=2  f02  [3*  -  (x3  -  *)]  dx  =  2  f2  (4x  -  ,3)  dx  =  2  [2x2  -  J,«]* 
=  2  (8  —  4)  =  8 


387 


(-2.-6) 
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15.  x  +  I  =  (.x  -  l)2  =>  x  +  l=x2-Zx  +  l  =>  0  =  x2  —  3x  =»  0  =  x  (x  —  3)  =>  x=Oor3. 

A  =/f,  |(x  +  I)  -  (x  -  l)2|</x  =  /°,  [(x  -  I)2  -  (x  +  I )] dx  +  f02  [(x  +  1)  -  (x  -  l)2]</x 
=  J?i  (x2  ~  lx)  dx  +  fo  (3t  “  x2)  dx  =  [jx'  -  t  +  [jx2  -  }x3]o 

=  0-(-i-|)  +  (6-f)-0  =  3f 


16.  A  =  [(x2  +  I)  -  (3  -x2)]<7x  +  /!,  [(3  -X2)  -  (x2  +  l)]rfx 

+  /,2[(^  +  ')-(3-*2)]* 

=  j:‘  (2x2  -  2)  dx  +  fl ,  (2  -  2x2)  dx  +  Jf  (2x2  -  2)  dx 
=  2  /„'  (2  -  2x2)  dx  +  2 (Zx2  -  2)  dx  (by  symmetry] 


17.  A  =  /?,  [(2y  +  3)-r]rfy 
=  [y2  +  3y  -  , 

=  (9  +  9-9)  -(l  -3  +  1) 

_  32 
-  T 


(2>‘  +  3)  -  y1 


=  Si,  (~y2+y  +  2)dy 

=  [-V  +  ^2+2y]J_, 


=  /-i 2  0  ~y2)dy 
=  4fd  (i -y2)dy 
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20.  A  =  (sec2.r  —  cost)  dx 

—  2  So**  (sec- x  —  cos.r)  dx 

—  2  [tan  x  —  sin.r]^4 

=  2(,_j!)  =  2_V5 

=  2(1-^)  =  2-'^S!059 

21.  Notice  that  cos.r  =  sin2r  =  2sinr  cost  <=>  2sin.r  =  I  or  cos  t  =  0  <=> 

x  ~  f  or  f 


A  =  So  /6  (C°SA  -  sin  2x)  dx  +  j’jl  (sin  2r  -  cos.r)  dx 


r .  i  ti/6  r  i 

-ijt/2 

=  |stn.r  +  j  cos2.rJ^  +|^-jcos2x  — 

sin.v 

Jjt/6 

=  I  +  5-  2_(°+J  l)  +  (2_1)_ 

(-H- 

22.  sinr  =  sin2x  =  2sinx  cost  when  sin.r  =  0  and  when  cos*  =  that  is, 
when  r  =  0  or  y . 

A  =  Jo  /3  (sinlr  -  sinr)  dx  +  f*n  (sinr  -  sin2r)rfr 


=  [-5  cos 2,r  +  cost cosZr  -  cosarj 

+  (-3-°)-[i(-i)-i]  =  i 


*/2 

*/3 


v=sin  2x 


23.  From  the  graph,  we  see  that  the  curves  intersect  at  x  =  0,  x  =  and  x  =  x.  By  symmetry, 

^  =  1  H  -  -  t) |  ^  =2C  h"  -  ('  -  t)\ dx  =  2C  (C0SJC  -  1  +  7 )  ■ rfjt 

=  2[si„T-T  +  XT2]*/2  =  2[(l-|  +  I.^)-o]  =  2(l-f  +  f)  =  2-f 


-('-¥) 
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24.  For*  >  0,  x  =  x2  -2  =>  0  =  x2  -  x  -  2  =>  0  =  (x  -  2)  (x  +  I )  =>  x  =  2.  By  symmetry. 

flj  [1*1  -  (*2  -  2)]  dx  =  2  /02  [x  -  (x2  -  2)]  dx  =  2 /02  (x  -  x2  +  2)  dx  =  2  [jx2  -  $x3  +  2x]' 
=  2(2-f+4)  =  f 


25.  Graph  the  three  functions  y  =  x,  y  =  -  vx,  and  >  =  -2x  +  3;  then  determine  the  points  of  intersection:  (0, 0). 
(1,1).  and  (2,-1). 


'<  =  Jo  [*  “  (“  J*)]  dx  +  I\  [<3  “  2x)  -  (~5*)]  dx  =  lx  dx  +  /2  (3  -  |x)  dx 
=  [  +  [3*  "  l*2]]  =  (I  -  0)  +  (6  -  3)  -  (3  -  |)  =  | 


SECTION  6.1  AREAS  BETWEEN  CURVES  □  391 


27.  An  equation  of  the  line  through  (0, 0)  and  (2,  1 )  is  =  A*;  through  (0,0) 
and  (-1, 6)  isy  =  — 6x :  through  (2,  1)  and  (— 1,6)  is  y  =  -  j*  +  y. 

A  ~  £ i  [(“I*  +  t)  -  dx  +  fo  [(“  J*  +  t)  ~  ;*]  dx 

(¥*  +  ¥)*+tf  (-#*  +  ¥)* 

=  T  i^l  t*  +  0*  +  y  Jo  (— i*  +  l)  dx 

^[w+xlt+^+x]l 

=  f[»-(S-')]  +  flH+!)-0]  =  f-!  +  f.i  =  f 

28-  4  =  fo  [(-?*  +  5)  -  (~\x  +  5)]  dx  +  fi  [(-I*  +  5 )  -  (AT  -  4)j  dx 
=  fo  T5r dx  +  J2  (“I-1  +9jdx  =  +  [-ITS*2  +  9j[]2 

=  (¥ -0)  +  H +«)-(-¥  + 18)  =  ¥ 
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31.  Let /(x)  =  >/l+x3-(l -x).  Ax  =  ^  =  5. 


A= Jo  +jr3_(l  -*i]dx  *  5  [/(!)+/ (!)+/(!) +/(?)] 

=U(^-*M^-0+(^+0+(^+0] 

=  ^  (V65  +  +  3s/2l  +  V407)  =»  3.22 


32.  Let  /(x)  =  x  —  x  tan x.  and  Ax  = 


=  Then 


A  =  fo/4  (x-xtanx)dx  =»  fk  [/(n)  +  /(ft)  +  /  (ft)  +/(ft)] 

*  ft  [n  0  -,anft)  +  ft  (' -**>ft)  +  ft  ('  -*“ft)  +  ft  0  -  ,anft)] 

=  ^i  (l6-tan^  -3tan^  -5tan^  -7tan3j)  ^0.1267 


33. 


2 


Prom  the  graph,  we  see  that  the  curves  intersect  at  x  =»  ±  1 .02,  with 
2cosx  >  x 2  on  (-1.02, 1.02).  So  the  area  of  the  region  bounded  by  the 
curves  is 


A  flf(P  (2cosx  -  x2)  dx  =  2  fj  02  (2cosx  -  x2)  dx 
=  2[2sinx- jx3Jo  «2.70 


34. 


1.3 


From  the  graph,  we  see  that  the  curves  intersect  at  x  =  0  and  at  x  =»  1.17, 
with  3x  -  x3  >  x4  on  (0,  1.17).  So  the  area  between  the  curves  is 

A  *  /o  17  [(3-x  -  x3)  -  x4]  <fx  =  [h2  -  }x4  -  }x5]o 
*s  1.15 


35. 


1.7 


From  the  graph,  we  see  that  the  curves  intersect  at  jc  =»  -0.72  and  at 
X  fts  1 .22.  with  y/x  +  1  >  X2  on  (-0.72.  1.22).  So  the  area  between  the 
curves  is 

fc/f+T-*2)*  -[§(*  +  »3*  - 

«  1.38 
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36. 


From  the  graph,  we  see  that  the  curves  intersect  at  x  =s  —0.83  and 
x  1.22,  with  x  sin  (x2)  >  x4  -  1  on  (-0.83,  1.22).  So  the  area  of  the 
region  bounded  by  the  curves  is 

A  *  /-aw  [*  sin  (*2)  “  (x4  ~  ')] dx 


=  [-1  «  I-78 


37. 


2.25 


From  the  graph,  we  sec  that  the  curves  intersect  at  x  =  0  and  at  x  =s  1.19, 
with  1  +  3x  —  2x2  >  V 1  +  x 1  on  (0,  1.19).  So,  using  the  Midpoint  Rule 
with  /(x)  =  1  +  3x  -  2x2  —  Vl  +x4  on  [0,  1.19]  with  n  =  4,  we 
calculate  the  approximate  area  between  the  curves: 


A  a*  f0'  19  ^1  +  3x  —  2x2  —  -J\  +  X4)  dx 

-¥[/(¥)+/  i^2)  +  f  +  /  (IV-9)] 


0.83 


-0.25 


From  the  graph,  we  see  that  the  curves  intersect  at  x  =  0  and  at  x  as  1.5, 
with  sin  (x2)  >  x2  —  x  on  (0,  1.51).  So,  using  the  Midpoint  Rule  with 
/  (x)  =  sin  (x2)  —  x2  +  x  on  (0, 1 .5 1 )  with  n  =  4,  we  calculate  that  the 
area  between  the  curves  is 

A  *  Jo  51  [sin  (*2)  ~  (Jt2  “  *)]  dx 

*  ¥[/(¥)  +  /  (H^1)  +  /  {^)  +  f  (H11)]  *  0.81 


39.  I  second  =  hour,  so  10  s  =  jjj  h.  With  the  given  data,  we  can  take  n  =  5  to  use  the  Midpoint  Rule. 

» .  1/360-0  i  .. 

At  =  -i-5 -  =  -Jjgg.so 

distanceicdiy  -  distancechris  =  /o' /M »K  dl  —  J0l/36°  uc  dt  =  f0l/360  (»k  -  oc)dt 

**  ms  K°*  ~  »c)  0)  +  ("A  -  «c)  (3)  +  (»*  -  »c)  (5) 

+  (»AT  -  «c)  (7)  +  («*:  -  nr)  (9)) 

=  T®5  K22  ~  20>  +  <52  -  46)  +  (71  -  62)  +  (86  -  75)  +  (98  -  86)] 

=  TSio  (2  +  6  +  9+11  +  12)=  (40)  =  ^  mile,  or  117}  feet 


40.  If*  =  distance  from  left  end  of  pool  and  to  =  w  (x)  =  width  at  x,  then  the  Midpoint  Rule  with  «  =  4  and 
b-a  8-2-0  „l6 

Ax  = - = - - —  =  4  gives  Area  =  f0'  u>  dx  as  4  (6.2  +  6.8  +  5.0  +  4.8)  =  4  (22.8)  =  91 .2  m2 


4 
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41.  We  know  that  the  area  under  curve  A  between  /  —  0  and  l  =  x  is  fg  i>a  (t)  dl  =  sa  CO.  where  oa  (I)  is  the  velocity 
of  car  A  and  sa  is  its  displacement.  Similarly,  the  area  under  curve  B  between  1  =  0  and  r  =  x  is 
fo  «u  0)  dt  =  sh  (*) 

(a)  After  one  minute,  the  area  under  curve  A  is  greater  than  the  area  under  curve  B.  So  A  is  ahead  after  one 
minute. 

(b)  Its  numerical  value  iss,i  (I)  —  sn  (1),  which  is  the  distance  by  which  A  is  ahead  of  B  after  1  minute. 

(c)  After  two  minutes,  car  B  is  traveling  faster  than  car  A  and  has  gained  some  ground,  but  the  area  under  curve  A 
from  I  =  0  to  /  =  2  is  still  greater  than  the  corresponding  area  for  curve  II,  so  car  A  is  still  ahead. 

(d)  From  the  graph,  it  appears  that  the  area  between  curves  A  and  B  for  0  <  /  <  1  (when  car  A  is  going  faster), 
which  corresponds  to  the  distance  by  which  car  A  is  ahead,  seems  to  be  about  3  squares.  Therefore,  the  cars 
will  be  side  by  side  at  the  time  x  where  the  area  between  the  curves  for  1  <  t  <  x  (when  car  B  is  going  faster) 
is  the  same  as  the  area  for  0  <  /  <  1 .  From  the  graph,  it  appears  that  this  time  is  x  2.2.  So  the  cars  are  side 
by  side  when  /  ~  2.2  minutes. 


42.  The  area  under  R'  (x)  from  x  =  50  to  x  =  100  represents  the  change  in  revenue,  and  the  area  under  C'  (x)  from 
v  =  50  to  x  —  100  represents  the  change  in  cost.  The  shaded  region  represents  the  difference  between  these  two 
values,  that  is,  the  increase  in  profit  as  the  production  level  increases  from  50  units  to  100  units.  We  use  the 
Midpoint  Rule  with  «  =  5  and  A.x  =  10: 

Ms  =  A.v  [/?'  (55)  -  C'  (55)  +  R'  (65)  -  C  (65)  +  R'  (75)  -  C'  (75) 

+  R'  (85)  -  C  (85)  +  R'  (95)  -  C'  (95)] 

«=  10(2.40  -  0.85  +  2.20  -  0.90  +  2.00-  1.00+  1.80—  1.10+  1.70-  1.20) 

=  10  (5.05)  =  50.5  thousand  dollars 

Using  M]  would  give  us  50  (2  —  I)  =  50  thousand  dollars. 


43. 


y--xy[T+  3  J5 


To  graph  this  function,  we  must  first  express  it  as  a  combination  of  explicit 
functions  of  y:  namely,  y  =  ±x-Jx  +  3.  We  can  see  from  the  graph  that 
the  loop  extends  from  x  =  —  3  to  x  =  0,  and  that  by  symmetry,  the  area  we 
seek  is  just  twice  the  area  under  the  top  half  of  the  curve  on  this  interval, 
the  equation  of  the  top  half  being  y  =  —xy/x  +  3.  So  the  area  is 
A  =  2  f° j  (— xy/x  +  3)  dx.  We  substitute  u  =  x  +  3,  so  du  =  dx  and  the 
limits  change  to  0  and  3,  and  we  get 

A  =  -2Jo  [(“  -3)y/u]du  =  -2  Jo  [u3/2  -3ul/2)du 


=  —2  [fuV2  _  2uV2]’  =  _2  [2  (32Ji)  -  2  (375)]  =  ^75 


SECTION  6.1  AREAS  BETWEEN  CURVES  □  395 


44. 


We  start  by  finding  the  equation  of  the  tangent  line  to  y  =  x2  at  the 
point  (1,1):  /  =  so  the  slope  of  the  tangent  is  2  ( I )  =  2.  and  its 
equation  is  therefore  y  —  I  =  2  (jr  —  I)  <=>  y  —  2x  —  I  We 
would  need  two  integrals  to  integrate  with  respect  to  x,  but  only  one 
to  integrate  with  respect  to  y. 

A  =  fo  [i  O'  +  0  -  Vy] dy  =  [^2  +  -  fy3/2]‘ 

=  T  +  T-J  =  T2 


45.  By  the  symmetry  of  the  problem,  we  consider  only  the  first  quadrant  where  y  =  x2  =>  x  =  Jy.  We  are 

looking  for  a  number  6  such  that  x  dy  =  2  f£  x  dy  =>  Jy  dy  =  2  /*  Jy  dy  =>  §  [y3/2]o  =  j  [^Jo 

=>  j  (8  -  0)  =  tj  (A3/2  -  0)  =>  63' 2  =  4  =>  b  =  42^j  2.52. 

46.  (a)  We  want  to  choose  a  so  that  f  -X-  dx  =  [  4-  dx  =>  [—1  =["—1  =>  i  _  i  _  1  _  1 

J l  -*2  Ja  *2  L  *  Jl  L  *  J„  a  a  4 

2  5  8 

a  ~  4  ^  °  “  5' 

(b)  The  area  under  the  curve  y=l/x2  from  x  =  I  to  x  =  4  is  |  [take  a  =  4  in  the  first  integral  in  part  (a)J.  so 

that  b  must  be  greater  than  since  the  area  under  the  line  y  =  ^  from  x  =  1  to  x  =  4  is  only  jj,  which  is 

less  than  half  of  We  want  to  choose  b  so  that  the  upper  area  in  the  diagram  is  half  of  the  total  area  under  the 
curve  y  =  -y  from*  =  1  to*  =  4.  This  implies  that  /4'  (1  /  Jy  -  i)dy  =  |  •  J  =>  [2  Jy-y]'h  =  | 

=»  I  —  2 Jb  +  6=|  =>  6  —  2V6  +  |=0.  Letting  c  =  Vb,  we  get 
c2  -  2e  +  |  =  0  =>  8c2  -  16c  +  5  =  0,  Thus, 
c=  I6±V256-|60  =  |±^  Bulc  =  v^<  1  c=1_^  =* 

b  —  c2  =  l  +  |  —  ^  =  g^||  —  4\/6^  ^  0.1503. 

47.  We  first  assume  that  c  >  0,  since  c  can  be  replaced  by  — c  in  both  equations  without  changing  the  graphs,  and  if 
c  =  0  the  curves  do  not  enclose  a  region.  We  see  from  the  graph  that  the  enclosed  area  lies  between  x  =  —  c  and 
x  =c,  and  by  symmetry,  it  is  equal  to  twice  the  area  under  the  top  half  of  the  graph  (whose  equation  is 

y  =  c2  —  x2).  The  enclosed  area  is 

2 IX  (c2  -  x2)  dx  =  4fi  (c2  -  x2)  dx  =  4  [c2x  -  ^ 

=  4(c3-|c3)  =  fc3 


which  is  equal  to  576  when  c  =  VUZ  =  6.  Note  that  c  =  -6  is  another 
solution,  since  the  graphs  are  the  same. 
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yt  ■  y  =  cos(.t  -  c)  We  see  something  close  to  the  desired  situation  in  the  diagram.  The  point  of 

N,  intersection  of  y  =  cosx  and  y  =  cos  ( x  —  c)  occurs  where  x  =  c/2  [since 

•  N.  cos  (c/2)  =  cos  (c/2  —  c)  by  the  evenness  of  the  cosine  function]  and  the  point 

I)  i  \  if  + /\  where  cos  (x  —  c)  crosses  the  x-axis  is x  =  y  +  c,  since  cos  ((§  +  c)  —  c)  =0. 

y  =  cosxV  \  So  we  require  that  /0‘/2  [cosx  -  cos  (x  —  c)[  dx  =  —  J”/2+t  cos  (x  —  c)  rfx  (the 
negative  sign  on  the  RHS  is  needed  since  the  second  area  is  beneath  the  a -axis) 

«=>  [sinx  -  sin  (x  -  c)]q/2  =  -  [sin  (x  -  c)]*  /2+l.  => 

[sin  (c/2)  -  sin  (-c/2)]  -  [-  sin  (— c)]  =  sin  ((§  +  c)  -  c)  -  sin  (x  -  c)  »  2  sin  (c/2)  -  sin  c  =  1  -  sin  c. 
[Here  we  have  used  the  oddness  of  the  sine  function,  and  the  fact  that  sin  (jr  -  c)  =  sin  c].  So  2  sin  (c/2)  =  I  « 
c/2  =  §  «•  <?=*■ 


=  (ln2  +  —  (Ini  +  I) 

=  In  2  —  5  =0.19 


50.  ,1  =  fi  (i/y)dy  =  [Iny]2 
=  In  2  —  In  I 
=  In  2  =  0.69 
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53.  A  typical  graphing  calculator  solution  is  as  follows.  Assign  X~2  to 

Y1  (,V|  =  x2)  and  Exp  !-X,'2)  to  Y2  (y2  =  e'*2).  Graph  the 
tunctions  and  find  (and  store)  the  x-coordinatcs  of  the  points  of 
intersection.  In  this  case,  we  have  some  symmetry,  so  we  need  to  find 
only  one  point  of  intersection.  Store  x  0.75308916  in  memory 

location  B.  Now  use  the  appropriate  integration  command  to 
approximate  the  area. 

A  =  2fo*(y2 -yi)dx  =  2*Int (Y2-Y1, X, 0, B)  ^0.979263. 

54.  I  he  curve  and  the  line  will  determine  a  region  when  they  intersect  at 
two  or  more  points.  So  we  solve  the  equation  x/  (.v2  +  i)  =  mx  =s 


x  =  0  or  mx2  -f  m  -  1  =  0 


X  =  0  or  x 


2  _ 


I 


.r  =  0  or x  =  -  |.  Note  that  ifm  =  I.  this  has  only 

the  solution  x  =  0,  and  no  region  is  determined.  But  if  1/m  -  I  >  0  <=*  1/m  >  1  <=>  0  <  m  <  1,  then  there 
are  two  solutions.  (Another  way  of  seeing  this  is  to  observe  that  the  slope  of  the  tangent  to  y  =  x/  (x2  +  I )  at  the 
origin  isy  =  1  and  therefore  we  must  have  0  <  m  <  1]  Note  that  we  cannot  just  integrate  between  the  positive 
and  negative  roots,  since  the  curve  and  the  line  cross  at  the  origin.  Since  mx  and  x  /(x2  +  I)  are  both  odd 

functions,  the  total  area  is  twice  the  area  between  the  curves  on  the  interval  [0, , /I/m  -  1],  So  the  total  area 
enclosed  is 


Jr  *f\  /  m  —  1  ^  -| 

a  L^r+T_mTJt=2^ln(J[2+')- 


|  ;WI/»-l 

Jo 


=  (In  (1/m  -  I  +  I)  —  m  (1/m  —  I)]-  (In  1-0) 
—  In  (1/m)  +  m  —  I  =  m  —  Inm  —  1 


1-2  Volumes 


1.  A  cross-section  is  circular  with  radius  x2,  so  its  area  is  A  (x)  =  n  (x2)2. 

V  =  fo  (x)dx  =  x  (x2)~ dx  =  ir  fg'  x‘dx  =  x  [jx5^  =  | 

(l.l) 

6i|x=  I 


y  =  0 
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2.  x  +  2y  —  2  <=>  y  =  1  -  jx,  so  a  cross-section  is  circular  with  radius  1  -  jx,  and  its  area  is 
A  (x)  =  *  (l  -  $*)2. 

V  =  /02  fry2  dx  =  IT  /02  (l  -  Jx)2  dx  =  *  (l  -  X  +  JX2)  dx=x\x-  JX2  +  ^X3]^ 

=  *  (2-2  +  =  §JT 


3.  A  cross-section  is  circular  with  radius  \/x,  so  its  area  is  A  (x)  =  it  (l/*)2. 


V  =  j\(x)dx=j\{^)  dx  =  *l  l</x  =  S[-i]  =)r[-|-(-l)]  =  f 


•vt 


0 


4. 


A  cross-section  is  circular  with  radius  s/x  —  I,  so  its  area  is  A  (x)  =  tr  (Vx  -  1) 
V  =  £  *(x)dx  =  Jj  x  (x  -  l)</x  =  n  [i^2-t]2  =  *  (t-5- 


=  *(*-  I). 

U2)  =  ^ 


5.  A  cross-section  is  circular  with  radius  Jy,  so  its  area  is  A  (y)  =  it  (y/y)2. 
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V  ~  Jo  A  O') dy  =  *  ( y/y )2  dy-ic  /04 ydy  =  tr  =  8jt 


6.  A  cross-section  is  circular  with  radius  y  -  y2,  so  its  area  is  A  (y)  =  n  (y  -  y2)2. 

V  =  foA  O’)  dy  =  Jo  *  (y-  y2)2  dy  =  it  /0'  (>>4  -  2y3  +  y2)  dy  =  71  -  ^y*  + 

=  )r(j-2  +  5)  =  SS 


7.  A  cross-section  is  an  annulus  with  inner  radius  x1  and  outer  radius  -/x,  so  its  area  is 
A  (x)  =  n  (-s/J)2  -  it  ( x2)'  =  it  (x  -  jr4). 

y  =  f0'A  (X )dx  =  it  f‘  (x-x')dx  =  ,  [{x2  -  ^  =  *  (*  -  J)  =  ft 
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8.  A  cross-section  is  an  annulus  with  inner  radius  1  and  outer  radius  sec  x.  so  its  area  is 
A  (x)  =  x  (secx)2  -  it  (l)2  =  J r  (see2*  -  I). 

V  ~  A  (x) dx  =  fl,  x  (sec2*  -l)dx  =  2x  f0‘  (sec2x-  l)dx  =  2x  [tanx  -  xjJ  =  2ir  (tan  I  -  1) 
as  3.5023 


9.  A  cross-section  is  an  annulus  with  inner  radius  y 2  and  outer  radius  2 \yy  so  its  area  is 
A  (y)  =  x  (2y)2  -  *  (y2)2  =  x  (4 y2  -  /). 

V  =  fiA  ( y)dy  =  x  J2  (*y*-yA)dy  =  x  [fy3  -  ^y5]o  =  n  (t  ~  t)  =  TT 


10.  v  =  x W*  <=*  x  =  y*f2y  so  a  cross-section  is  an  annulus  with  inner  radius  y^J~  and  outer  radius  1.  and  its  area  is 
A  (y)  =  x  (l)2  -  x  (y3/2f  =  x  (I  -y3). 

f'  —  Jo  A  (y)dy  =  x  (1  -  y3)  dy  =  x[y-  {y4]Q  = 
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11.  A  cross-section  is  an  annulus  with  inner  radius  I  —  and  outer  radius  1  -  so  its  area  is 

A(x)  =  x  (1  -x)2  -  n  (1  -  v£)2  =  n  [(1  —  2x  +  jr2)  —  (I  -  2^7  + j)]  =  (-3*  +x2  +  2^). 

v  =  /o'  -4  (*)dx  =  tr  (—3*  +  *2  +  2^7)  dx  =  *  [-§*2  +  }.x3  +  },3/2]J  =  ,  (_3  +  =  * 


12.  A  cross-section  is  circular  with  radius  4  -  x2.  so  its  area  is  A  (*)  =  x  (4  —  .x2)2  =  it  (16  -  g.v2  +jtJ). 


V  =  fl2  A  Mdx=  2  A  (*)  dx  =  2rr  /Q2  (16  -  8.x2  +  x4)  dx  =  2*  [l  6*  -  f .x3  +  }x5]2 
=  2,  (32  —  x  +  y)  =64*  (l  —  j  +  j)  =  Mn  ■  i  =  2^1 


13.  A  cross-section  is  an  annulus  with  inner  radius  2  -  I  and  outer  radius  2  -  ,x4,  so  its  area  is 
A  (AT)  =  a-  (2  —  .X4)2  -  ;r  (2-  l)2  =  jr  (3  -  4*4  +  x8). 


*'  =  /-,  A  (AT)  dx  =  2  fg  A  (x)dx  =  2jt  (3  -  4.x4  +  xs)  dx  =  2*  [3.V  -  fx5  + 
=  2>r  (3  -  5  +  5)  =  ^)r 


y 

n 

y  ~  2 

_ 

Q 

0 

L 

X 

16.  V  =  -T  [(2  -  y2)2  -  (2  -  y)2]  dy  =  n  (4  -  4y2  +  y*  -  4  +  4y  -  y2)  dy 

=  *  Id  (/  -  5y2 + 4v)  <v  =  *  [t>"!  -  b2  +  2>"2]0  =  *  (i  - ! +2) =  b* 
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17-  v  =/o  *  {[v^7  —  (— Dj2  —  [.v2  —  (— l)]2} ?r  [(^4-  I)2  —  (j^2  +  l)2] rfy 
=  */o  (y  +  2Jy+  I  -/-2y2-  \)dy  =  n  /0'  (y  +  2Jy  -  y4  -  2y2)  dy 


18.  For  0  <  y  <  2.  a  cross-section  is  an  annulus  with  inner  radius  2  -  I  and  outer  radius  4  -  I ,  the  area  of  which  is 
A  l  O’)  =  ”  (4  —  I  )2  —  a  (2  -  I  )2 .  For  2  <  y  <  4,  a  cross-section  is  an  annulus  with  inner  radius  y  —  I  and  outer 
radius  4  -  I,  the  area  of  which  is  Ai  (y)  =  a  (4  -  l)2  -  a  (y  -  l)2. 


y  =  fl  A(y)dy  =  x  Jo  [(4-  l)2  —  (2  -  l)2]</y  +  a/24[(4-  I  )2  -  (y  -  l)2]rfy 
=  *  [8y]o  +  ir  (8  +  2y  —  y2)  dy  =  16a  +  jr  [8y  +  y2  —  |y2 j 
=  16a  +  a  [(32  +  16  -  f )  -  (l6  +  4  -  f)]  =  fa 


20.  V  =  a  f2  [82  -  (4y)2]  dy  =  a  [(Ay  -  fy2]'  =  (I28  _  =  256T 

21-  V  =  a  ft  (8  -  4y)2  dy  =  a  [64y  -  32y2  +  f  y2j*  =  a  (l28  -  128  +  i^p)  =  l§?jr 

21  V  =  *  fo  [*  -  (2  -  **)’]  rfa  =  a  j*  (a  -  ±x2)  dx  =  a  [*a2  -  ^a2]*  =  a  (32  -  f  )  =  fa 

23.  V  =  n  fl  [(^)2  -  (ia)2]  =  a  J*  (a2/2  -  la2)  .a  =  a  [^2  -  J  =  a  (?  _  f )  =  ft, 

24.  T'  =  a  /02  [(4y)2  -  (y3)2]  rfy  =  a  /2  (I6y2  -  y»)  </y  =  a  [f  y2  -  iy7]2  =  *■  (i|»  -  i»)  =  f2* 

25.  I'  =  a  /08  [(2  -  ia)'  -  (2  -  ^a)2]  dx  =  a  j08  (-a  +  ^a2  +  4a'/3  -  a2/2)  </a 

=  *  [~5*2  +  A*’  +  3.a4/3  -  |x5/3]*  =  a  (-32  +  f  +  48  -  f )  =  if  a 
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26.  V  =  it  f02  [(8  -  V5)2  -  (8  -  4y)2]  dy  =  it  /02  (-16/  +  y6  +  64y  -  I6y2)  dy 

=  it  [—4 y4  +  |y7  +  32y2  -  t>’3]0  =  *  (-64  +  +  128  “  T5)  =  TT* 

27.  V  =  it  /*  (22  -  *2/3)  dx  =  it  [4*  -  5*S/3]0  =  *  (32  -  t)  =  T* 

28.  I'  =  it  [■  (y3)2  dy  =  it  [fv7]Q  =  '-fit 

29.  V  =  7r  /08  (2  -  </7)2  dx  =  it  /<?  (4  -  4.v 173  +  ,x2/3)  <7*  =  a  [a.v  -  3*473  +  |^S/3]“  =  *  (32  -  48  +  f )  =  fit 

30.  V  =  it  /02  [V  -  (8  -  y3)2 j  dy  =  it  /02  (16y3  -  yb)dy  =  it  [4y4  -  }y7]o  =  ^  (64  -  Jr )  =  -f  * 

31.  V  =  it  /0'/4  (l2  -  tan2  x) 

32.  V  =  tr  f2  [52  -  (y2  +  I)2]  </y  =  *  /02  (24  -  y4  -  2y2)  dy 

33.  V  =  *  /;  [(1  -  O)2  -  (I  —  sin  jr )2 ]  rf.x  =  *  [l2  -  (I  -  sinx)2]rfjr 


35.  V  =  x  [3  -  (-2)12  -  [v/?  +  1  "  (-2)]"  dy  =  *  itfj j  [5*  "  (v/,+->'2  +  2)  ]  ^ 


36.  The  points  of  intersection  of  the  two  curves  arc  (3, 0)  and  (- 1 ,  j)  •  Therefore 


=*  C  [[4-(y-1,2+5f -(3— jy+5)^ \dy=*L  [9-<>’-,)2]  -  (8 -  ly)  ] dy 


37.  We  see  from  the  graph  in  Exercise  6.1 .35  that  the  x -coordinates  of  the  points  of  intersection  are  x  «  -0.72  and 
x  »f  1.22.  with  y/x~+l  >  x1  on  (-0.72, 1.22).  so  the  volume  of  revolution  is  about 


dx  : 


/1. 22  v  r,  ,  .  ,-il.Z 

4Wl(*+|-jr4)‘,*-*[i*+Jt  "**]-. 


!  5.80. 
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38.  We  see  from  the  graph  in  Exercise  6. 1 .34  that  the  x -coordinates  of  the  points  of  intersection  are  t  =  0  and 
x  »  1 . 1 7,  with  3x  -  x3  >  x4  on  (0,  1 . 1 7),  so  the  volume  of  revolution  is  about 

*L  [(ix-xif~(x*?]dx=*l  (a*1-*4 +**-*•)* 

=  *[3x3-§x5  +  ix7-Jx9]"7«6.74 

39.  rr  f* /2  cos2  x  dx  describes  the  volume  of  the  solid  obtained  by  rotating  the  region 

2ft  =  {(x,y)  |  0  <  x  <  0  <  y  <  cosjc}  of  the  xy-plane  about  the  x-axis. 

40.  .t  Hi  y  dy  =  n  /25  (./y)2  dy  describes  the  volume  of  the  solid  obtained  by  rotating  the  region 
2ft  =  ((x,  y)  l  2  <  y  <  5, 0  <  x  <  ^/y)  of  the  xy-plane  about  the  y-axis. 

41.  n  fj  (y4  -  y8)  dy  =  x  f0'  j^(y2)2  -  (y4)2  j  dy  describes  the  volume  of  the  solid  obtained  by  rotating  the  region 
91  =  {(x,  y)  |  0  <  y  <  1,  y4  <  x  <  y2  J  of  the  xy-plane  about  the  y-axis. 

42- * /„’ 72  [0  +  cosx)2  —  I2]  dx  describes  the  volume  of  the  solid  obtained  by  rotating  the  region 
9ft  =  {(x,y)  |  0  <  x  <  1  <  y  <  1  +  cosx}  of  the  xy-plane  about  the  x-axis. 

Or:  The  solid  could  be  obtained  by  rotating  the  region  2ft'  =  {(x,y)  |  0  <  x  <  0  <  y  <  cosx}  about  the  line 

y  =  -i. 

43.  V  =  /015  A  (x ) dx  «  A/s  =  3  [/t  (1.5)  +  A  (4.5)  +  A  (7.5)  +  A  (10.5)  +  A  (13.5)] 

=  3(18  +  79+106-1-  128  +  39)  =  3 -370  =  1110cm3 

44.  We  use  the  Midpoint  Rule  with  A*  =  2  and  n  =  5. 


V  =  Jo10  +  (x)  dx  =*  A/s  =  Ax  [A  (1)  +  A  (3)  +  A  (5)  +  A  (7)  +  A  (9)] 
=  2  (0.65  +  0.61  +  0.59  +  0.55  +  0.50)  =  5.80  m3 
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''=*1  dy 


fh[n2  2R(R-r)  ./fl-'V/L 

=*L  [*  — —y+{-ir)y\dy 

=  n  [«2A-  R(R-r)h  +  ^  (/?-r)2/i] 

=  jtA  [3/?/-  +  (R2  —  2 Rr  +  r2)]  =  |  nh  (R2  +  Rr  +  r2) 


R(R-r) 

R  y - r — y 


Another  Solution:  =  — — —  by  similar  triangles.  Therefore,  Hr  =.  HR-  liR 

R  r 

h  R 

=»  hR=H(R  —  r )  =>  H  =  — - Now 

R  —  r 

V  =  \kR2H  -  \nr2  (//  —  h)  (by  Exercise  45) 

i  t  hR  i  •>  rh  71  h  Ri  —  r  i  .  /„?  „  i\ 

3  R-r  3  /e-r  3/e-r  3V  / 

=  5  *  /?2  +  *rr2  +  j  /i  =  ^  ^ |  -f  A2  +  J A\ h 

where  /4j  and  Ai  arc  the  areas  of  the  bases  of  the  frustum.  (See  Exercise  48  for  a  related  result.) 

.,2,22  '>22 
47.  -f  y  =  r  =>  x-  =r^  —  y  => 

=  t]„, 

=  it  (fr3  -\(r  -  h)  [3r2  -  (r  -  A)2]) 

=  \x  (>3  -  (r  -  h )  [3r2  -  (r2  -  2rh  +  A2)]) 

=  5 11  h2  (3 r  —  h) ,  or,  equivalently,  irh2  (r  — 

—  P  =  Jo  [2  (Sr'  +  I)]  [2  (Sr'  + 1)] * 
■» 


h  R  -I 


(a  -  A)2  2  ,  2A  (a  -  ft)  t2 
~i^y  +—h~  y  +  b\dy 


[(a  —  b )2  ,  b(a  —  b)  2  ? 

LmT-^  +  — + 

=  j  (a  —  A)2 A  +  A  (a  —  A)  A  +  b2h  —  \(o2  —  2 ab  +  A2  +  3aA)  A 
=  j  (a2  +  aA  +  A2)  A 

[Note  that  this  can  be  written  as  4  (/!]  +  /I2  +  y.l  ]  /li)  A,  as  in  Exercise  46.] 
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49.  For  a  cross-section  at  height  v,  we  see  from  similar  triangles  that  —  =  ~ — so  a  =  b  (l  -  Similarly  for 

b/2  h  \  i, ) 

cross-sections  having  2b  as  their  base  ami  ft  replacing  a,  ft  =  2b  ( 1  -  So 

"  -  f.  " -  £  [‘  0  - i)]  [“  (,  - ;)]  *  -  £  “■  ('  - D’  * 

=  jfc~/r  (  =  js/i  where  7?  is  the  area  of  the  base,  as  with  any  pyramid.) 

50.  Consider  the  triangle  consisting  of  two  vertices  of  the  base  and  the  center  of  the  base.  This  triangle  is  similar  to  the 
corresponding  triangle  at  a  height  y,  so  a/b  =  a/p  =>  «  =  a/i/b.  Also  by  similar  triangles,  b/h  -  p/  (h  -  y) 
=>  P  =  b(h  —  y)/h.  These  two  equations  imply  that  a  =  a  (I  —  y/h). 
and  since  the  cross-section  is  an  equilateral  triangle,  it  has  area 

,400  =  |.^  =  "2(|y/*>2vi,so 

-r—^rc-D2- 


51.  A  cross-section  at  height  c  is  a  triangle  similar  to  the  base,  so  its  area  is 


V  =  f*  A  (z)dz  =  6  St  (1  -  e/5)2  dz  =  6  j^(-5)  \  (l  - 
=  — 10(— I)  =  10cm3 
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53.  If  /  is  a  leg  of  the  isosceles  right  triangle  and  2 y  is  the  hypotenuse,  then 

r- +  r- =  ay)2  =>  i  =  V2y. 

V  =  \l2  A  (x)  dx  =  2  f2  A  (x)  dx  =2  f2  ^  (s/lyf  dx  =  2  f2  y2  dx 

=  5  Jo  (36  “  9r2)  dx  =  !  Jo  (4  ~  *2) dx  =  2  [4x  “  5-r’]0 
=  3  (»  -  f )  =  24 


typical  cross- 
seciion  of  length 
2y  =  ^36  -  9x! 


54.  The  cross-section  of  the  base  corresponding  to  the  coordinate  y  has  length 
2x  =  2  Jy.  The  corresponding  equilateral  triangle  with  side  s  has  area 

A  (y)  =  s 2  (^)  =  (2x)2  =  (2yy)2  (^)  =yJ 3.  Therefore, 

i'  =  Jo  a  (y)dy  =  Jo  yx/3dy  =  '/5[yy2]o  = 

55.  The  square  has  area  A  (y)  =  (2v/y)'  =  4y,  so  I'  =  fj  A  (y)  dy  =  /„'  4y  i/y  = 


mj 


=  2. 


56.  A  typical  cross-section  perpendicular  to  the  y-axis  in  the  base  has  length 
(  (y)  =  3  —  ^y.  This  length  is  the  diameter  of  a  cross-sectional  semicircle  in 
.V,  so 


dy 


=  t  /o2  ('  -  b)2  dy  =  x  /<?  ('  -  y + J.v2)  dy 

=  ^[>-iT2  +  ^3K  =  ¥(2-2+i)  =  ¥ 


57.  A  typical  cross-section  perpendicular  to  the  y-axis  in  the  base  has  length 


t  (y)  =  3  —  4  v.  This  length  is  the  leg  of  an  isosceles  right  triangle,  so 

A  (y)  =  5  [f(y)|2  (\bh  with  base  =  height) 

y 

(ft  21 

(fty) 

V3  2  1 

(-1  b.y) 

=  i  [3  (■  -  ^)]2  =  ?  (1  -  ^)2  =  |  (1  i^2) 

<a  a) 

(3, 0)  x 

Thus. 

V  =  Jo  A  (y)dy  =  ?  /0:  (l  -  y  +  Jy2)  dy  =  \  [y  -  W  +  nT3]0  =  1  [ 

(2  -  2  +  § 

)  -  °]  =  5  ■  3  =  3 

58.  (a)  V  =  Jrr  A  (x)dx  =2  A  (x)dx  =  2}'  \h  (2 -Jr2  -  x-}  dx  =  2 h  Vr2  -  x2dx 

(b)  Observe  that  the  integral  represents  one  quarter  of  the  area  of  a  circle  of  radius  r.  so  V  =  2h  ■  \xr2  =  \nhr2. 


59.  (a)  The  torus  is  obtained  by  rotating  the  circle  (.r  -  R)2  +  y2  =  r2  about  the 
y-axis.  Solving  for  y,  we  see  that  the  right  half  of  the  circle  is  given  by 
x  =  R  +  Jr2  —y2  =  f  (y)  and  the  left  half  by 
x  =  R-  sjr 2  -y2  =  g  (y).  So 

v  =  *  /-,  ([/  O012  ~  [g  O’))2)  dy  =  2n  f'  4 R-Jr2  -y2dy 
=  8ir  R  Jo  \/r2  —  y2  dy 
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(b)  Observe  that  the  integral  represents  a  quarter  of  the  area  of  a  circle  with  radius  r,  so 
8a  R  Jq  -Jr 2  —  y-  dy  =  8a  R  •  j  (ar2)  =  2tc2r2R. 


60.  The  cross-sections  perpendicular  to  the  y-axis  in  Figure  17  are  rectangles.  The  rectangle  corresponding  to  the 
coordinate  y  has  a  base  of  length  2^16  — y2  in  the  ay-plane  and  a  height  of  -Uy,  since  IB  AC  =  30"  and 
\BC\  =  -L  |/l  B|.  Thus,  A  (y)  =  j-y-Jl6  —  y2  and 

v  =  In  A(y)dy  =  jf  A  (y)  dy  =  J„4  V/|6  -  v'-vdy 

~  iw",/2  (—  5  (Put  “  =  16  —  y2,  so  du  =  —  2yrfy) 

=  J5/0%'/2rfl(=^2[I/3/2]i6  =  J25(64)  =  J« 

61.  (a)  Volumc(S|  )  =  fg  A  (a)  dz  =  Volume(.S-2)  since  the  cross-sectional  area  A  (a)  at  height  a  is  the  same  for  both 

solids. 

(b)  By  Cavalieri’s  Principle,  the  volume  of  the  cylinder  in  the  figure  is  the  same  as  that  of  a  right  circular  cylinder 
with  radius  r  and  height  h,  that  is.  xr2h. 


62.  Each  cross-section  of  the  solid  S  in  a  plane  perpendicular 
to  the  x-axis  is  a  square  (since  the  edges  of  the  cut  lie  on 
the  cylinders,  which  arc  perpendicular).  One-quarter  of 
this  square  and  one-eighth  of  S  arc  shown.  The  area  of 
this  quarter-square  is  \PQ\2  =r2  —  x2.  Therefore, 

A  (x )  =  4  (r2  —  x2)  and  the  volume  of  S  is 

=  S'-,  A  (x)  dx  =  4  f'r  (r2  —  x2)  dx 

=  ®  Jo  (,’2  —x2)dx  =  8[r2x  —  jx3]^  =  -yf3 


X 
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63.  The  volume  is  obtained  by  rotating  the  area  common  to  two  circles  of 
radius  as  shown.  The  volume  of  the  right  half  is 

bright  =  *  jffV  dx  =  a  J'r~  [r2  -  +  x)-]  dx 

=  11  \r2x  -  J  (j/-  +  x)  l  =  a  [(V  -  |r3)  -  (o  -  £r5)]  =  Jr*/"3 

So  by  symmetry,  the  total  volume  is  twice  this,  or  ^ir!. 

Another  Solution:  We  observe  that  the  volume  is  the  twice  the  volume  of  a  cap  of  a  sphere,  so  we  can  use  the 

formula  from  Exercise  47  with  h  =  jr:  V  =  2  •  \nr h2  (3 r  —  h)  =  jir  {^r  ~  Jr)  =  TT  ^  '  ■ 


64.  We  consider  two  cases:  one  in  which  the  ball  is  not  completely  submerged  and  the  other  in  which  it  is. 

Case  I:  0  <  h  <  10  The  ball  will  not  be  completely  submerged,  and  so  a  cross-section  of  the  water  parallel  to 
the  surface  will  be  the  shaded  area  shown  in  the  first  diagram.  We  can  find  the  area  of  the  cross-section  at  height  a 
above  the  bottom  of  the  bowl  by  using  the  Pythagorean  Theorem:  R2  =  I52  —  (15  —  a)2  and  r-  =  52  —  (a  —  5)~, 
so  A  (a )  =  -t  (R2  -  r2)  =  20a  a.  The  volume  of  water  when  it  has  depth  It  is  then 

V(h)~  /*  A  (a )  dx  =  J$2Qxxdx  =  [lOaa2]*  =  I0a/r,0  <  h  <  10. 

Case  2:  10  <  It  <  1 5  In  this  case  we  can  find  the  volume  by  simply  subtracting  the  volume  displaced  by  the 
ball  from  the  total  volume  inside  the  bowl  underneath  the  surface  of  the  water.  The  total  volume  underneath  the 
surface  is  just  the  volume  of  a  cap  of  the  bowl,  so  we  use  the  formula  from  Exercise  47: 

I  'cap  (f>)  =  \xir  (45  -  h).  The  volume  of 
the  small  sphere  is  4  bail  =  j  *  (5)3  = 
so  the  total  volume  is 

I'cap  -  4 ball  =  i*  (45/»2  -  h2  -  500)  cm3. 


65.  Take  the  a-axis  to  be  the  axis  of  the  cylindrical  hole  of  radius  r. 
A  quarter  of  the  cross-section  through  y,  perpendicular  to  the 
y-axis.  is  the  rectangle  shown.  Using  Pythagoras  twice,  we  see 


that  the  dimensions  of  this  rectangle  arc  a  =  J  R2  -  y2  and 
i  A(y)=xz  =  Jr2  -y2jR 2 -y2.  and 


V  =  jr_r  A  (y)  dv  =  fr_r  4  Jr2  -  y2J~R2  —  y2  dy 
=  8  -Jr2  —  y2  J R2  -  v2  dy 
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66.  The  line  y  =  r  intersects  the  semicircle  y  =  V/?2  —  x2  when  r  =  -/  R2  —  x2  =s  r2  =  R2  —  x2  => 
x2  =  R2  —  r2  =»  x  =  ±V R2  —  r- .  Rotating  the  shaded  region  about  the  x-axis  gives  us 


I  —  I  , - 7 r 


(V R2  —  x2)  —  r2j  dx  =  In  j/Hl  '  (R2  —x2  -r2)dx  [by  symmetry] 

=  2*  ft/"2-'2  [(fl2  -  r2)  ~  *2]  dx  =  2rr  [(R2  -  r2)  x  -  ^ 

=  2,  [(«3  -  r2)1'2  -  1  (R2-  rf2]  =2*-l(R2-  r2f  =  *  (r2  -  rf* 


Our  answer  makes  sense  in 
limiting  cases.  Asr  -»  0, 

V  — »  i  n  R2,  which  is  the 
volume  of  the  full  sphere.  As 
r  — »  /?,  V  — »  0,  which  makes 
sense  because  the  hole’s  radius  is 
approaching  that  of  the  sphere. 


r) 


67.  (a)  The  radius  of  the  barrel  is  the  same  at  each  end  by  symmetry,  since 
the  function  y  =  R  —  cx2  is  even.  Since  the  barrel  is  obtained  by 
rotating  the  function  y  about  the  x-axis,  this  radius  is  equal  to  the 

value  ofy  at  x  =  5 h,  which  is  R  —  c  (j*)  =  R  —  d  =  r. 


(b)  The  barrel  is  symmetric  about  they-axis,  so  its  volume  is  twice  the  volume  of  that  part  of  the  barrel  forx  >  0. 
Also,  the  barrel  is  a  volume  of  rotation,  so 

V  =  2  Jq/2  x  (y2)  dx  =  2tt  f^2  (R  —  cx2)2  dx  =  2ir  ^/?2x  —  j Rex2  +  jc2x5j^ 

=  2x  (jR2/i  -  Tyflc/r3  +  ^gc2/!5) 

Trying  to  make  this  look  more  like  the  expression  we  want,  we  rewrite 
it  as  V  =  \xh  [2R2  +  ( R 2  —  5  Rch2  +  j|jc2/r4)].  But 

R2  -  \Rch2  +  gjc2/:4  =  jch2)  -  ®c2/r4  =  (R  -  d)2  -  5  (jc/r2)  =r2-\d2. 

Substituting  this  back  into  V ,  we  see  that  V  —  h  {lR2  +  r2  —  |of2V  as  required. 
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68.  II  suffices  to  consider  the  case  where  91  is  bounded  by  the  curves;'  =  /(x)  and  >■  =  g  (x)  for  a  <  x  <  b.  where 
g  (  v )  <  /  (x)  for  all  x  in  |a,  6],  since  other  regions  can  be  decomposed  into  subregions  of  this  type.  We  are 
concerned  with  the  volume  obtained  when  31  is  rotated  about  the  line  y  =  —k,  which  is  equal  to 

V2  =  x  /„*  ([/  (x)  +  *]2  -  [*  (jc)  +  *12)  dx  =  x  ([/ (x)]2  -  U  (*)]2)  dx  +  Ink  [/  (x)  -  g  (x)]dx 
=  P’i  +  Ink  A 


69.  We  are  given  that  the  rate  of  change  of  the  volume  of  water  is  —  =  -kA  (x),  where  k  is  some  positive  constant 

and  A  (x)  is  the  area  of  the  surface  when  the  water  has  depth  x.  Now  we  are  concerned  with  the  rate  of  change  of 

dx  dV  dV  dx  .  . 

the  depth  of  the  water  with  respect  to  time,  that  is,  — .  But  by  the  Chain  Rule,  —  =  so  the  In  st  equation 

can  be  written  —  —  =  -kA  (x)  (★).  Also,  we  know  that  the  total  volume  of  water  up  to  a  depth  x  is 
dx  dl 

y  (x)  =  ft  A  (s)  ds,  where  A  (s)  is  the  area  of  a  cross-section  of  the  water  at  a  depth  s.  Differentiating  this 

d  V  dx 

equation  with  respect  to  x,  we  get  —  =  A  (x).  Substituting  this  into  equation  ★,  we  get  A  (x)  —  =  -kA  (x) 

dx 

=>  —  =  —k,  a  constant. 

dt 


^>.3  Volumes  by  Cylindrical  Shells 


Using  shells,  we  find  that  a  typical  approximating 
that  is,  x  (x  —  I  )2.  So  the  total  volume  is 


If  we  were  to  use  the  “washer”  method,  we  would  first  have 
to  locate  the  local  maximum  point  (a,  b)  ofy  =  x  (x  -  1)‘ 
using  the  methods  of  Chapter  4.  Then  we  would  have  to 
solve  the  equation  y  =  x  (x  —  I  )2  for  x  in  terms  of  y  to 
obtain  the  functions  x  =  gi  (>•)  and  x  =  gy  (y)  shown  in  the 
first  figure.  This  step  would  be  difficult  because  it  involves 
the  cubic  formula.  Finally  we  would  find  the  volume  using 

F  =  n  /„  {Igi  0')12  -  l«2  tP)l2}  dy. 
shell  has  radius  .x,  so  its  circumference  is  2itx.  Its  height  is  y. 


V  =  /q  2nx  [*  (.x  —  1)^]  dx  =  2 n  fj  (x4  —  2x3  +  .x‘)  dx  —  2n 


n 

Ts 
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A  typical  cylindrical  shell  has  circumference  2nx  and  height 
sin  (x2).  I'  =  Jq*  lux  sin  (x2)  dx.  Let  u  —  x2.  Then 
du  =  2x  dx,  so 

V  =  k  /0*  sin  u  du  =  k  [ —  cos  w|J 
=  *  [I  -  (-1)]  =  2rr 

For  slicing,  we  would  first  have  to  locate  the  local  maximum 
point  (a,  b)  of  y  =  sin  (x2)  using  the  methods  of  Chapter  4. 
Then  we  would  have  to  solve  the  equation  y  —  sin  (x2)  for  -V 
in  terms  of  y  to  obtain  the  functions  x  =  gi  (y)  and 
x  =g2  (>’)  shown  in  the  second  figure.  This  step  would  be  difficult  because  it  involves  the  cubic  formula.  Finally 
we  would  find  the  volume  using  V  —  x  /<[’  {[gi  (y)]2  —  [gj  (y)]2}  dy. 


3.  F  =  J  2k x  ■  —  dx  =  2k  j  1  dx 

=  2k[x]\=2k  (2  —  I)  =  2jt 


4.  V  =  fg  2 kx  ■  x2  dx  =  2k  fg  x3  dx 

=  2*  =  2*  ■  i  =  i 


5-  v  -  Jo  2nx  (4  “  *2) dx  =  2 *  So 

=  2k  [2*2  -  Jx4]  =  2k  (8  - 
=  8ir 


Note:  If  we  integrated  from  —2  to  2,  we 
would  be  generating  the  volume  twice. 
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6.  V  =  f,  2it.x  [(—.v2  +  6.v  —  6)  —  (jc2  —  6x  +  10)]  dx  =  2n  x  ( — 2jc2  +  I2x  —  16)  dx 
=  4jt  (-.x3  +  6t2  -  8x)  dx  =  Ax  [- J.*4  +  2x3  -  4.r2]* 

=  4*  [(-64  +  128 -64) -(-4+  16-  16)]=  \6x 


7.  V  =  2xx  ^,/x  —  dx 

=  2xtfx3'2dx-x  fjx2dx 

_  4  /l')\  64  _  64 

—  P-)  — Jn  — 


9-  V  ~  S\  2*y  [l  +  y2) dy  =  2x  f2  (y  +  y3)  dy  =  2a 
=  2 it  [(2  +  4)  -  f  ) ]  =  2>r 


tw  . . c&zr-  . 

| 

10-  =  So  Ixy’s/ydy  =  2k  /„'  y3/2  dy 


_  4* 

“  T 


n-  v  =  So  2ny  •  2-Jydy 

=  AKj09y^dy 
=  fa-  (243  -  0) 


12.  The  two  curves  intersect  at  (0, 0)  and 
(0. 6),  so 

v  =  So  2*y  (~y2  +  6y)  dy 


=  2*  (—324  +  432)  =  216* 


o 
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13.  V 


14.  V 


15.  V 


16.  V 


17.  V 


18.  V 


=  fo  2*y  f<2  -  y)  -  y2\  Jy 

.2,  [/-v- i/i; 

=  2)1  (l  —  5  —  j)  =  |jt 


=  fo  2*y  [<»  -  O’  -  i)2  -  (3  -  y)] dy  \ 

=  2ir  Jg  v  (-y2  +  3.v)  dy 

=  2t  /03  (-y3  +  3y2)  dy  =  In  [-fv4  4-y3^ 

=  2„(-iL+27)=2,(f)  =  ^ 

=  /2  In  (x  -  1  )x2rfx  =  2n  [jx4  -  jX3]( 

=  2!r[(4-!)-(j-j)]  =  T!r 


=  f~ 2  2n  (- x )  ■  x2  dx  =  2x  [-j.x4J  , 
=  2«r[(-i)-(-4)]  =  ^!r 


=  Jf2n  (4  —  x)x2 dx  =2n  [jx3  -  ix4]^ 


=  $2n(2  +  x)  [(8x  -  2x2)  -  (4x  -  x2)]  dx 
=  fo  2n  (2  +  x)  (4.x  —  x2)dx 
=  2n  tf  (8x  +  2x2  -  x3)  dx 


418  O  CHAPTER  6  APPLICATIONS  OF  INTEGRATION 


25.  V  =  2k  (4  -  y)  -Jsmydy  26.  I'  =  f3} 2ir  (5  -  v)  ^4  -  fy2  +  7^  dy 


27.  Ax  = 


*/4  —  0 


16 


V  =  ft*,A  2k x  (an  x  dx  2n  •  ^  tan  ^  +  ^j§  tan  +  §§  (an  ^  +  xjf  tan 


1.142 


12-2 

28.  Ax  = — - — =  2,  n  =  Sandx*  =  2+  (2/  +  I),  where/  =  0, 1, 2, 3, 4.  Thevaluesot  /(*)  arc  taken  directly 
from  the  diagram. 

V  =  /2P-  2k xf  (*)  dx  *  2k  [if  (3)  +  5/(5)  +  7/  (7)  +  9/  (9)  +  1 1/  (1 1)]  •  2 
=*  2k  (3  (2)  +  5  (4)  +  7  (4)  +  9(2)  +  1 1  (1)1 2  =  332* 

29.  The  solid  is  obtained  by  rotating  the  region  bounded  by  the  curve  y  =  cos*  and  the  line  y  —  0.  from  *  ==  0  to 
x  =  §,  about  the  y-axis. 

30.  The  solid  is  obtained  by  rotating  the  region  bounded  by  the  curve  x  =  Jy  and  the  lines  y  =  9  and  *  =  0  about  the 
x-axis. 


31.  The  solid  is  obtained  by  rotating  the  region  in  the  first  quadrant  bounded  by  the  curves  v  =  x2  and  y  =  x6  about 
the  ,v-axis. 

32.  The  solid  is  obtained  by  rotating  the  region  under  the  curve  y  —  sin4  x.  above  y  —  0.  from  x  =  0  to  x  =  x ,  about 
the  line*  =  4. 


33. 


1.5 


From  the  graph,  it  appears  that  the  curves  intersect  at  *  =  0  and  at 
*  =s  1 .32.  with  *  +  x2  —  *4  >  0  on  (0, 1 .32).  So  the  volume  of  the  solid 
obtained  by  rotating  the  region  about  the  v-axis  is 

V  «  2*  fo  32  *  {*  +  *2  -  x4)  dx  =  2k  [±*3  +  Jx4  -  i*6]^2  *  4.05. 


-0.2 
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From  the  graph,  it  appears  that  the  curves  intersect  at  .x  =  0  and  at 
.x  =»  1.17,  with  3.x  —  jc3  >  jc4  on  (0, 1.17).  So  the  volume  of  the  solid 
obtained  by  rotation  about  the  y-axis  is 

V  *  2k  f0U7x  [(3*  -x3)  -x4]dx  =  2k  [*»  -  lx*  -  *4.62. 

-0.35 


35.  Use  disks: 

y  =  x  (x1  +  Jt  -  2)2  dx  =  k  (x4  +  2x3  -  3jt2  -  4jt  +  4)  dx 
=  *  [jX5  +  jj!4  -jt3-2*2  +  4x]^  =  [(j  +  j  -  1  -2  +  4)  -  (-f  +  8  +  8-  8  —  s) J 

_ „  fn  .  3\  _  si  _ 

~n  (T  +  2)  ~  VS* 

36.  Use  shells: 

V  =  /(  2k x  (-x2  +  3.r  -  2)  dx  =  2k  /2  (-.r3  +  3.v2  -  2jr)  dx 
=  2k  [-}jt4  +  Jt3  -  .t2]*  =  2k  [(-4  +  8  —  4)  —  (—1  +  I  —  l)]  =  § 

37.  Use  shells: 

y  —  J]2k  [jt  -  (-1)]  [5  -  (jt2  -  5.t  +  9)]<7jt 
=  2k  ff  (x  +  1)  (-jt2  +  5x  -  4)  dx 

=  2k  j*  (-.it3  +  4.t2  +  jt  -  4)  dx  =  2jt  [-  5X4  +  jjt3  +  5 Jt2  -  4.x  j  ^ 

=  2JT  [(-64  +  2|S  +  8  -  16)  -  (—  J  +  i  +  i-4)] 

=  (%)=<%- 

38.  Use  washers: 

*/  =  /'i’f  {[2-0|2-[2-(l-/)]2}d>. 

=  2k  fg  [4  -  (!  +  /)2j  dy  [by  symmetry) 

=  2k  /□'  [4  -  (1  +  2y4  +  y8)]  dy  =  2k  /„'  (3  -  2y4  -  y8)  dy 

= 2*  py  ~  b5  ~  =  2*  (3  - 1  -  4) = 2,  (w)  = 

39.  Use  disks:  V  =  x  J  ^\/l  —  (y  -  l)2  dy  =  k  J  (2y  -  y2)  dy  =  x  [y2  -  jy3  =  <r  ^4  -  =  j 
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40.  Using  shells,  we  have 

V  —  2x  f„y  ■  2yJV-(y-  I  )2  dy  =  4rr  ( u  +  I)  Vl  -  u2du  [Put  u  =  y-  I) 

=  4rr  f1 ,  ■J I  -  u2 tlu  —  4rr  uVl  -  u2du 

The  first  definite  integral  is  the  area  of  a  semicircle  of  radius  1.  that  is.  f .  The  second  equals  zero  because  its 
integrand  is  an  odd  function.  Thus,  V  =  4rr  J  —  4;r  ■  0  =  2ir*. 

41.  V  =  2  /'  2rtxVr^~—x2  dx  =  -2*  /'  (r2  -  *2)’/2  (-2 x)dx  =  [-2*  J  (r2  -  x2)3/2]'  =  -*x  (0  -  r3)  = 


42.  U  =  2tr.t  •  2,/r2  —  (.r  —  R)~dx  y 

_ _ ,  (x-R)1  +  y1  =  r2 

=  4ic  (u  +  R)  •Jr2- u2  du  [Putu=.t  —  R] 

=  4 tt  R  fr_r  Jr2  —  u2du  +  4>r  fr_r  ii  > Jr 2  —  u2du  _ „ 

The  first  integral  is  the  area  of  a  semicircle  of  radius  r,  that  is,  j/rr2,  and 
the  second  is  zero  since  the  integrand  is  an  odd  function.  Thus, 

V  =  4ir  R  ^rrr2^  +  4a-  •  0  =  2x  Rr2. 

f  (  h  \  [r  (  x2  \  f  x3  x21r  .  ,r2  itr2h 

43.  V  =  2«J  x  (- -x  +  h)  dx  =2xh  +  , )  dx  =  2nb  +  - J#  =  2„h-  =  — 

44.  By  symmetry,  the  volume  of  a  napkin  ring  obtained  by  drilling  a  hole  y, 

of  radius  r  through  a  sphere  with  radius  R  is  twice  the  volume  - - y  =  Jk2-  x2 

obtained  by  rotating  the  area  above  the  x-axis  and  below  the  curve  /  ;  :  \ 

y  =  -JR2  -  x2  (the  equation  of  the  top  half  of  the  cross-section  of  the  I  J . [  \ 

sphere),  between  x  =  r  and  x  -  R,  about  the  y-axis.  ^ :  . - //  a: 

This  volume  is  equal  to 

router  radius  rR  - -  f  .  /  ■>  ,  /  ■>  tX2/2 

2  I  2ttrhdx  =  2-2*  /  x\/ R2  -  x2 dx  =  4rr  (r2  -  x2)  =  | tt  («2  - e2 J 

dinner  radius  Jr  L  Jr 

But  by  the  l*ylhagorcan  Theorem,  R2  -  r2  =  (j*)2.  so  the  volume  of  the  napkin  ring  is  frr  (jh)  =  gtr/t3. 
which  is  independent  of  both  R  and  r;  that  is,  the  amount  of  wood  in  a  napkin  ring  of  height  h  is  the  same 
regardless  of  the  size  of  the  sphere  used.  Note  that  most  of  this  calculation  has  been  done  already,  but  with  more 
difficulty,  in  Exercise  6.2.66. 

Another  Solution:  The  height  of  the  missing  cap  is  the  radius  of  the  sphere  minus  half  the  height  of  the  cut-out 
cylinder,  that  is,  R  -  \h.  Using  Exercise  6.2.47, 

f napkin  ring  =  f sphere  —  I  cylinder  —  21  cap  =  j)r  S3  —  rrr  h  —  2  ■  j  ^R  —  jh)  [^3/f  —  ^R  —  2^)]  —  ’l 


24  Work 
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1.  By  Equation  2,  IF  =  Fd  =  (900)  (8)  =  7200  J. 

2.  F  =  mg  =  (60)  (9.8)  =  588  N;  W  =  Fd  =  588  •  2  =  1 176  J 

3.  By  Equation  4, 


fb  [9  1Q  ,10  | 

IF  =  /  /(x)rfx  =  /  - ^  dx  =  10  /  —  du  (u  =  I  +  x,  </u  =  tfx) 

do  (I  +  x)2  Jl  u- 

[I  "I10 

= 8 9  I0 *(-TO  +  *)  =9ft-lb 


4.  W  =  /2  cos  </x  =  ;  [sin  (jirx)^  =  j  =  o  N-m  =  0  J. 

Interpretation:  From  x  =  I  to  x  =  the  force  does  work  equal  to  J,32  cos  (  jxx^  dx  =  |  (l  —  J  in 

accelerating  the  particle  and  increasing  its  kinetic  energy.  From  x  =  |  to  x  =  2,  the  force  opposes  the  motion  of 
the  particle,  decreasing  its  kinetic  energy.  This  is  negative  work,  equal  in  magnitude  but  opposite  in  sign  to  the 
work  done  from  x  =  I  to  x  =  | . 


5.  10  =  f(x)—kx  =  jk  (4  inches  =  j  foot),  so  k  =  30  lb/ft  and  /  (x)  =  30x.  Now  6  inches  =  j  foot,  so 
W  =  /0I/2  3 Ox  dx  =  [15x2]q/2  =  &  ft-lb. 

6.  25  =  fix)  =  kx  =  k  (0.1)  (10  cm  =  0.1  m),  so  k  =  250  N/m  and  /  (x)  =  250x.  Now  5  cm  =  0.05  m,  so 

W  =  05  250x  dx  =  [125x2]°  OS  =  125(0.0025)  =  0.3125  »  0.31  J. 


7.  If  $  nkxdx  =  2  J.  then  2=  [jkx2]°  12  =  jk  (0.0144)  =  0.0072k  and  k  =  ^  ss  277.78.  Thus. 


the  work  needed  to  stretch  the  spring  from  35  cm  to  40  cm  is 

rO.IO  2500 
Jo.05  ~^l~x  1 


f  1250  y2 

tI/10 

1250  /  1  1  \ 

l~T-x 

J 1/20  ~~ 

$  \ToS  35<5 ) 

8.  If  12  =  fg  kxdx  —  [^kx2J^  =  then  k  =  24  and  the  work  required  is 
fo/4  24x  dx  =  [12x2]3/4  =  12  •  ft  =  ^  =  6.75  ft-lb. 

9.  / (x)  =  kx.  so  30  =  2S9jt  and  x  =  ^  nt  =  10.8  cm 

10.  Let  L  be  the  natural  length  of  the  spring  in  meters. 

Then  6  =  kx  dx  =  [;**2]0  |0  =  jk  [(012  —  A)2  —  (0.10  —  A)2]  and 

10  =  ft  ":',  kxdx  —  [jkx2]^  =5*  [(0.14  —  L )2  —  (0.12  —  A)2].  In  other  words, 

12  =  k  (0.0044  —  0.04/.)  and  20  —  k  (0.0052  —  0.04/,).  Subtracting  the  first  equation  from  the  second  gives 
8  =  0.0008k,  so  k  =  10,000.  Now  the  second  equation  becomes  20  =  52  -  400 L,  so  L  =  ^  m  =  8  cm. 
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In  Exercises  1 1-16,  n  is  the  number  of  subintervals  of  length  Ax,  and  x*  is  a  sample  point  in  the  ith  subinterval  [x,_i ,  jr,]. 

11.  First  notice  that  the  exact  height  of  the  building  docs  not  matter  (as  long  as  it  is  more  than  50  ft).  The  portion  of  the 
rope  from  x  ft  to  (x  +  Ax)  ft  below  the  top  of  the  building  weighs  j  Ax  lb  and  must  be  lifted  x*  ft.  so  its 
contribution  to  the  total  work  is  jx*  Ax  ft-lb.  The  total  work  is 

w  =  „!!■",  ij  =  /o°  1* dx=  [*4"  =  =  625  ft-lb 

12.  Each  part  of  the  top  10  ft  of  cable  is  lifted  a  distance  x*  equal  to  its  distance  from  the  top.  The  cable  weighs 

=  1.5  lb/ft.  so  the  work  done  on  the  rth  subinterval  is  |x*Ax.  The  remaining  30  ft  of  cable  is  lifted  10  ft.  Thus, 

w  “  J“So  S  (?•*<*  +  l '  l0Ajt)  =  fo°  \x dx  +  C  I '  lodx  =  [?*2]0 

=  |  (100)  +  15  (30)  =  75  +  450  =  525  ft-lb 

13.  The  work  needed  to  lift  the  cable  is  lim  £"_|  2x"  Ax  =  J^00  2x  dx  —  [x2]^00  =  250,000  ft-lb.  TTie  work  needed 
to  lift  the  coal  is  800  lb  -  500  ft  =  400,000  ft-lb.  Thus,  the  total  work  required  is 

250.000  +  400,000  =  650,000  ft-lb. 

14.  The  work  needed  to  lift  the  bucket  itself  is  4  lb  ■  80  ft  =  320  ft-lb.  At  time  /  (in  seconds)  the  bucket  is  x*  =  2r  ft 
above  its  original  80  ft  depth,  but  it  now  holds  only  (40  —  0.2r)  lb  of  water.  In  terms  of  distance,  the  bucket  holds 
|^40  —  0.2  (5*’)]  16  °f  water  when  it  is  x*  ft  above  its  original  80  ft  depth.  Moving  this  amount  of  water  a 

distance  Ax  requires  ^40  —  ^jx")  Ax  ft-lb  of  work.  Thus,  the  work  needed  to  lift  the  water  is 

IV  =  hnt^  £  (40  -  -^x,-)  Ax  =  /“  (40  -  ^x)  dx  =  [40x  -  ^x2]™  =  (3200  -  320)  ft-lb 

Adding  the  work  of  lifting  the  bucket  gives  a  total  of  3200  ft-lb  of  work. 

15.  A  “slice”  of  water  Ax  m  thick  and  lying  at  a  depth  of  x*  m  (where  0  <  x*  <  5)  has  volume  2  Ax  m3,  a  mass  of 
2000 Ax  kg,  weighs  about  (9.8)  (2000 Ax)  =  19,600 Ax  N.  and  thus  requires  about  19.600x*  Ax  J  of  work  for  its 
removal.  So 

IV  =  Jur^  X,  I9,600x*  Ax  =  /0I/2  I9.600x  dx  =  [9800x2]„/2  =  2450  J 

16.  A  horizontal  cylindrical  slice  of  water  Ax  ft  thick  has  a  volume  of  xr-li  =  rr  ■  122  ■  Ax  ft3  and  weighs  about 
(62.5  lb/ft3)  ( 1 44x  Ax  ft3)  =  9000rr  Ax  lb.  If  the  slice  lies  x*  ft  below  the  edge  of  the  pool  (where  1  <  x*  <  5), 
then  the  work  needed  to  pump  it  out  is  about  9000xx"  Ax.  Thus, 

W  =  lim  V  9000* x' Ax  =  f.5  9000*x  dx  =  [4500*x2^  =  4500*  (25  -  1)  =  108,000*  ft-lb 

17.  A  rectangular  "slice”  of  water  Ax  m  thick  and  lying  x  ft  above  the  bottom  has  width  x  ft  and  volume  8x  Ax  m3.  It 
weighs  about  (9.8  x  103)  (8x  Ax)  N.  and  must  be  lifted  (5  -  x)  m  by  the  pump,  so  the  work  needed  is  about 
(9.8  x  I03)  (5  —  x)  (8x  Ax)J.  The  total  work  required  is 

IV  %  /03  (9.8  x  103)  (5  -  x)  8x  dx  =  (9.8  x  I03)  /03  (40x  -  8x2)  dx  =  (9.8  x  I03)  [20x2  -  fx3]^ 

=  (9.8  x  103^  (180  —  72)  =  (9.8  x  I03)  (108)  =  1058.4  x  103  %  1.06  x  I06  J 
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18.  For  convenience,  measure  depth  x  from  the  middle  of  the  tank,  so  that  - 1 .5  <  x  <  1.5  m.  Lifting  a  slice  of  water 
of  thickness  Ax  at  depth  x  requires  a  work  contribution  of  A  IF  =s  (9.8  x  103)  ^2>/(  1  -5)2  -  x2^  (6  Ax)  (2.5  +  x), 
so 

IF  as  fl,S,(9-8x  103)  12^2.25 -x2  (2.5  +  x)dx 

=  (9.8  x  I03)  [bOj^Vf-x**  +  12/^xyj-x^xj 

The  second  integral  is  0  because  its  integrand  is  an  odd  function,  and  the  first  integral  represents  the  area  of  a 
quarter-circle  of  radius  |.  Therefore, 

W  as  (9.8  x  I03)  60J"03/2  yft-x'dx  =  (9.8  x  103)  (60)  (§)  (f )  =  330,750*  as  1.04  x  IO6  J 

19.  Measure  depth  x  downward  from  the  flat  top  of  the  tank,  so  that  0  <  x  <  2  ft.  Then 
A  IF  =  (62.5)  (2n/4^77)  (8  Ax)  (x  +  1)  ft-lb,  so 

IV  =s  (62.5) ( 1 6) /„2  (x  +  I )  dx  =  1000  (/02 x VT^dx  +  /„2  s/4^7 dx) 

=  1000  [jjJ1  «l/2  (j  du ^  +  3*  (22)J  (Put  u  =  4  —  x2,  so  du  =  —lx  dx) 

=  1000  0$  •  jk3/2]^  +  *)  =  1000  (f  +  *)  as  5.8  x  103  ft-lb 

Note:  The  second  integral  represents  the  area  of  a  quarter-circle  of  radius  2. 

20.  Lctx  be  depth  in  feet,  so  that  0  <  x  <  5.  Then  A  IF  =  (62.5)  *  (\/55  -  x2  ^  Ax  •  x  ft-lb  and 

IF  as  62.5*  /05  X  (25  -  X2)  dx  =  62.5*  [^x2  -  Jx4]’  =  62.5*  («2  -  =  62.5*  (^) 

=*3.07  x  104  ft-lb 

21.  If  only  4.7  x  10s  J  of  work  is  done,  then  only  the  water  above  a  certain  level  (call  it  h)  will  be  pumped  out.  So  we 
use  the  same  formula  as  in  Exercise  17,  except  that  the  work  is  fixed,  and  we  are  trying  to  find  the  lower  limit  of 

integration:  4.7  x  10s  as  /A3  (9.8  x  I03)  (5  -x)8xrfx  =  (9.8  x  I03)  [20x2  -  fx3]*  <=> 

x  I02  as  48  =  (20  •  32  —  •  33)  -  (2O/12  -  f/t3)  »  50  _ 

2 A3  —  1 5 It2  +  45  =  0.  To  find  the  solution  of  this  equation,  we  plot 

2li3  —  l5/i2  +  45  between  h  =  0  and  li  =  3.  We  sec  that  the  equation  is  0 _  n, _ 

satisfied  for  It  as  2.0.  So  the  depth  of  water  remaining  in  the  tank  is  about  n. 

2.0  m.  'S 

-40 

22.  IF  as  (9.8  x  920)  /03/2  12/f^2  (f  +  x)  dx  =  9016  j^30  /„3/2  y/j-x^dx  +  12  J^xjf^ dx  1 . 

Ilerc  Jo  2  J'{  -  x2dx  =  I*  (|)  =  and 

/„3/2  x\Jz  ~  x2  dx  =  /09/4  i*1/2  du  (where  u  =  |  -  x2,  so  du  =  -2*  dx)  =  [tu3/2]|)/  =  j  (t)  =  J-  so 
IF  as  9016  [30  •  ^*  +  12  •  |]  =  9016  (^ *  +  y)  «  6.00  x  10s  J. 
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23.  V  —  nr2x,  so  V  is  a  function  of  x  and  P  can  also  be  regarded  as  a  function  of  x.  If  Vi  =  nr2xi  and  Vt_  =  irr2x 2, 
then 


W  =  f*2  F(x)dx  =  nr2P  (K (x))dx  =  f*2  P  (V  (x))dV  (x)  [Put  K(x)=)rr2x,  sodV  (x)  =  itr2dx\ 
=  Jy 2  P  (V)dV  by  the  Substitution  Rule. 

24.  160  lb/in2  =  160  •  144  lb/ft2,  100  in3  =  -^  ft3,  and  800  in3  =  ft3. 

k  =  PV'  4  =  (160  •  144)  (j^)'  ^  =  23.040  (^)'  4  =»  426.5.  Therefore.  P  «  426.5K-*  4  and 

*  =  C/1'7™ 426.51 '~"dV  =  426.5  =  (426.5)  (2.5)  [($ )°  '  -  (g)° '] 


1.88  x  103  ft-lb 


fh  .  ,. 

/  G — T—ar  =  Gm\m2  - 

Jo  r2  L  ' 

r  J„  \a  */ 

26.  By  Exercise  25,  W  =  GMm  (- - ' where  M  =  mass  of  earth  in  kg.  R  —  radius  of  earth  in  m, 

\R  R  +  1 ,000,000  / 

and  m  =  mass  of  satellite  in  kg.  (Note  that  1000  km  =  1,000,000  m.)  Thus, 


W 


=  (6.67  x  I0-")  (5.98  x  ,0*)  (1000)  x  -  53^)  -  8.50  x  >0’  J. 


~k5  Average  Value  of  a  Function 

’•  =  b^~a  l  f(x)dx=  1  _  (-1  )Llx2dX  =  *'2L 

2-  7ave  =  T~7J  Jo  (*  -  *2)  dx  =  £  [  Jx2  -  Jx3]o  =  5  (2  -  f)  =  ~J 

3.  gave  =  Jjhi  So'2  “sxrfx  =  i  [sinx]'/2  =  j  (1  -  0)  =  | 

4.  gave  =  Ji ;  S*dx  =  i  []x>'2l  =  |  rf  =  1  (8  -  1)  =  V 

5.  /ave  =  Jo  Ts/I  + 12  dl  =  j  /2  [u  =  1  +  <2.  du  —  2t  dl] 

=  TO  ji26«,/2</«  =  TT5  *  §  [«3/2]f  =  13  (265/2  -  I) 

6.  /ave  =  57^  So""  sec 0  tan  <7  dO  =  ±  [scctf]J/4  =  ±  (V5-  l) 

7.  /lave  =  j-Lj  cos4  x  sinx  rfx  =  j  /,-1  u4  (—du)  [«  =  cosx,  du  —  —  sinx  dx \  =  /  S-i  u*  du 

=  i.2/0'H4c/«  =  |[i«5]^  =  ^ 

8  ***  =  ^TT  /  dr  =  J  S2  3"“2  ^  [»=l+r,<(«  =  </r]  =  ~J  [“"'ll  =  “5  (t  ~  5) 

—  5  \2  1)  ~  5  '  fi  ~  ft 
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9-  (a)  /ave  =  TZT5  So  (4  - x2)  dx  (c) 

-K'-SH 

(b) /ave  = /(c)  <=>  j  =  4  —  c2  <=>  C2  =  5  «  c  =  ^-ssl.l5 

10.  (a)  /ave  =  J-T5  Jo  (4x  -  x2)  dx  (c ) 

=*[*2-ki: 

=  }(18-9)  =  3 

(b)  /ave  =  /(c)  o  3  =  4c  -  c2  <=>  c2  —  4c  +  3  =  0  <=>  c  =  I 
or  3 

11.  (a)  /ave  =  rrs  Jo  (x3  —  x  +  I)  dx  (c) 

_  i  f  l  v4  U2  ,  vl2 

-Hi*  J*  +  Jo 

=  j(4  —  2  +  2)  =  2 

(b)  From  the  graph,  /  (x)  =  2  at  x  *  1 .32. 

12.  (a)  /,ve  =  yjLj  [x  sin  (x2)]  dx  (c) 

=  7?[-5cos(j'2)]0V? 

=  —  (cos  x  —  cos  0)  =  -^.  =  0.56 
(b)  From  the  graph,  /(x)  =  -^  atx  =s  0.85  and  atx  1.67. 
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15.  Tavc  =  -fa  f012  [^50  +  14  sin  jjtrf]  dt  =  ^  [^50/  -  14  ■  y  cos 

=  h  [50  •  12  +  14  •  +  14  •  £]  =  (50  +  0  F  a*  59°  F 

16.  7»vc  =  \  4x  dx  =  l  [2x2]l  =  10°  C 

17'  =  1 1 8  dx  =  *L  {x  +  'r'/2  dx  =  [3VlTT]o  =  9  - 3  =  6  ke/m 

18.  s  (/)  =  jg/2  =>  i>(/)=  $'  (/)  =  gt  =>  or  =  v  (T)  =  gT ,  and  5  (T)  =  jgT2.  Also, 

(r)  =  g/  =  gy/^s/g  =  V2gs  =  n  (5).  The  average  of  the  velocities  with  respect  to  time  during  the  interval 

|0,  T]  is  Dave  =  y  J  V  (0  dt  =  y[s  ( T )  -  s  (0)]  (by  FTC)  =  ^  •  j.gT2  =  ^7"  =  \uT.  But  with  respect  to  s. 


1  fHT)  ,  MT)  2  —  eatr) 

Dave  =  -7=T  /  « (*)<*  =  -T=r  /  V2g*  *  =  — W2 g  /  *  '  ds 

s(T)j0  s(T)j 0  gr2  y0 


19.  F.VC  =  5  /o  P  (0*  =  ?  Jo  £  [*  ~  “s  (§*')]  dt  =  ji  Jo  [l  -  cos  (§*<)]  dt 
-  i  [»  -  i  *i»  (Hi  =  47  K5  —  0)  -  0)  =  £  -  0.4  L 

*  »  -  T=i£'»*  -  jf  &  t*  “'V  -  iJS  [^-n*  -  J5«  0) *’  - 

Since  v  (r)  is  decreasing  on  (0,  /?],  »max  =  v  (0)  =  — — .  Thus,  »ave  =  I  omax . 

4r/t  J 

21.  Let  F  (jt)  =  f*  f  (t)dt  for  x  in  [a,  6],  Then  F  is  continuous  on  (a,  6]  and  differentiable  on  (a,  b).  so  by  the  Mean 
Value  Theorem  there  is  a  number  c  in  (a,  b)  such  that  F  (b)  —  F  (a)  =  F'  (c)  (b  —  a).  But  F'  (.r)  =  f  (x)  by  the 
Fundamental  Theorem  of  Calculus.  Therefore,  jJ  f  (t)dt  -  0  =  f  (c)(b  —  a). 

22-  /ave [fl. *1  =  7—  /  f  (*)dx  =  f  f(x)dx  +  -l—[  f(x)dx 

b-  a  Ja  b-a  Ja  b-  a  Jc 

=  T — -[ — ■ —  /  /(*)<&] +  jr — ~\tT~  f  fMdx  =  I — -/avcl“>c)+ £ — -fmc\c,b] 

b  —  a  \_c  —  a  ]a  J  b-a  \_b-cjc  J  b-a  b-a 
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Review 

CONCEPT  CHECK  -■ 

1.  (a)  See  Section  6. 1 ,  Figure  2  and  Equations  6.1.1  and  6.1.2. 

(b)  Instead  of  using  “top  minus  bottom”  and  integrating  from  left  to  right,  we  use  “right  minus  left"  and  integrate 
from  bottom  to  top.  Sec  Figures  1 1  and  12  in  Section  6.1. 

2.  The  numerical  value  of  the  area  represents  the  number  of  meters  by  which  Sue  is  ahead  of  Kathy  after  I  minute. 

3.  (a)  See  the  discussion  in  Section  6.2,  near  Figures  2  and  3,  ending  in  the  Definition  of  Volume. 

(b)  See  the  discussion  between  Examples  5  and  6  in  Section  6.2.  If  the  cross-section  is  a  disk,  find  the  radius  in 
terms  of  x  or  y  and  use  A  =  it  (radius)2.  If  the  cross-section  is  a  washer,  find  the  inner  radius  r,n  and  outer 
radius /-ou,  and  use  A  =  it  (e2ul)  -  it  (r2). 
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4.  (a)  V  =  2n rh  A r  =  (circumference)  (height)  (thickness) 

(b)  For  a  typical  shell,  find  the  circumference  and  height  in  terms  of*  or>-  and  calculate 
f  =  Ja  (circumference)  (height)  (dx  or  dy),  where  a  and  b  are  the  limits  on  *  or  y. 

(c)  Sometimes  slicing  produces  washers  or  disks  whose  radii  arc  difficult  (or  impossible)  to  find  explicitly.  On 
other  occasions,  the  cylindrical  shell  method  leads  to  an  easier  integral  than  slicing  does. 

5-  Jo  /  (x)dx  represents  the  amount  of  work  done.  Its  units  arc  newton-meters,  or  joules. 

6.  (a)  See  the  boxed  equation  preceding  Example  1  in  Section  6.5. 

(b)  The  Mean  Value  Theorem  for  Integrals  says  that  there  is  a  number  c  at  which  the  value  of  /  is  exactly  equal  to 
the  average  value  of  the  function,  that  is.  /  (c)  =  /avc.  For  a  geometric  interpretation  of  the  Mean  Value 
Theorem  for  Integrals  ,  see  Figure  2  in  Section  6.5  and  the  discussion  which  accompanies  it. 


~  EXERCISES 

1.  0  =  x2  —  x  —  6  =  (x  —  3)  (x  +  2)  <=>  x  =  3  or  —2.  So 

A  ~  1-2  [0  -  (x2  -  x  -  6)]  dx  =  fa  (-x2  +  x  +  6)  dx 
=  [-yX3+  jx2  +  6xj  ^ 

=  (-9+ | +18) -(f +2-12) 


2.  20  -  x2  =  x2  -  12  <=>  32  =  2x2  <=>  x2  =  16  co  x  =  ±4. 

So 

A  =  /- 4  K20  -  *2)  -  (*2  -  12)]  dx  =  fa  (32  -  2x2)  dx 
=  2  Jo  (22  —  2x2)  dx  [even  function] 

=  2  [32*  "Ho 

=  2(l28- =  512 

3.  I  —  X2  =  1  —  y/x  »  —X2  =  —  y/x  C=>  X2  =  yfx  =>  X4  =  X 

=»  ^4--»=0  =»  *  (x2  —  I)  =  0  =»  x(x- l)(x2  +  x+ |)  =0 
=>  x  =  0  or  1 .  So 

A  =  /o  [('  -  *')  -  ('  -  JZ)\ dx  =  /o'  (-/?  ■ -  J2) dx 

-  r?*3/2  -  i»3i'  _  2  i  _  i 

-  bX  Jo  -  3  -  5  =  3 
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4.  A  =  /’  [(2v  -  7)  -  (y2  -  6y)]  dy 

=  ft  (~y2  +  - 7) 

=  [-  j>3  +  4y:  -  7y]( 

=  +  196  -  49  -  (-}  +  4  -  7)  =  36 


5.  A  =  /;  |sinx  -  (—  cos jc)| rfjc  =  fo*/4  (sinx  +  cosx)dx  -  /3* /4  (sin x  +  cos x)dx 

-  [sin x  —  cosxjg”'4  —  [-  cosx  +  sinx]*^ 

=  ( V5  +  _  (0  "  “ (l  +  0)  +  (di  +  =  ^  +  1  “  1  +  ^  = 

6.  The  curves  intersect  at  (1,  I),  so  the  area  is 

A  =  $  |*3  -  (.t2  -4x  +  4)|rfx  =  (-x3  +  x2  -4x  +4)</x  +  /2  (x3  -x2  +  4x  -4)rfx 

=  [-?*4  +  jx3  ~  2x2  +4jr]0  +  [i^4  ~  J*3  +  ^x2  -  4jt], 

=  — j  +  j  —  2  +  4  +  4— *+8  —  8— j  +  j— 2  +  4  =  5.5 

7.  V  =  k  (Vx  -  1  )2  dx  =  n  /3  (x  -  1  )dx  =  n  [jx2  -xj|  =  *  [(l  ~3)  “  (5  ~  ■)]  =  2n 

«■  V  =  fo  *  [(•’f2)2  “  (*3)2]  dx  =  n  fo  (*4  ”  *‘)  d*  =  *  [K  “  T3t7]0  =  ”  (5  "  I)  =  ft 

9.  V  =  /,3  2xy  (-y2  +  4y  -  3)  dy  =  2*  (-y3  +  4y2  -  3y)  dy  =  2*  [  -  \y*  +  jT3  -  jT2]  ( 

=  2x[(-H+36-f)-(-i  +  |-|)]  =  ^ 

10.  V  =  J(f  x  (>1-'3)2  dy  =  n  y2/i  dy  =  x  [fy5/3]o  = 

11.  V  =  f“+h  2k x  ■  2s/ x2  -  a2  dx  =  2k  fd"'"1’1'2  ui/2  du  (Put  u  =  x2  -  a2,  so  du  =  2x  dx) 

=  2x  [j“3/2]^°*+*2  =  T’r  fah  +  A2)3^2 

12.  V  —  fd*jd  2>rx  cosxt/x  (by  the  method  of  cylindrical  shells) 

13.  P  =  /0'*[(l-x3)2-(l-x2)2]rfx 

14.  V  —  Jd  2k  (8  -  x3)  (2  -  x)  dx 

15.  (a)  V  =  fd  k  [(x)2  -  (x2)2]  dx  =  fd  k  (x2  -  x4)  dx  =  n  [}x3  -  |x5]o  =  n  [$  -  i]  =  ^ 

(b)  v  =  fd  k  [(^/v)2 -y2]^  =  fd  *  (y-y2)dy  =  *  [jt2  -  3T3]0  =  *  [j  -  j]  =  f 

(c)  V  =  fd  k  [(2  -  x2)2  -  (2  -  x)2]  dx  =  fd  k  (x4  -  5x2  +  4x)  dx  =  x  [|xs  -  f  x3  +  2x2]^ 
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16.  (a)  A  =  /0‘  (2x  -  x2  -  x3)  dx  =  [ x 2  -  }x3  -  Jx4]^  =  1  -  j  -  J  =  £ 

(b)  A  cross-section  is  an  annulus  with  inner  radius*3  and  outer  radius  2x  —  *2,  so  its  area  is 

*(2* -*»)*- *(*>)*. 

y  =  fo  A  00  dx  =  /(,'  n  [(2x  -  x2)'  -  (x3)2]  dx  =  /0'  a  (4x2  -  4x3  +  x4  -  x6)  dx 

—  w  I"4  v3  _  v4  a.  1  rS  _  I  v7V  —  »  (*  111  l\_4l» 

-X[]X  -x  +  ?x  -7*  J0  =  )r\iT-I  +  J-7j  =  TO 


(c)  V  =  /„'  2ax  (2x  -  x2  -  x1)  dx  =  2a  (2x2  -  x3  -  x 4)  dx  =  2a  [§x3  -  Jx4  —  ^x5]^ 

=  2a  —  j  —  5)  =  tit  (by  the  method  of  cylindrical  shells) 

17.  (a)  Using  the  Midpoint  Rule  on  (0,  1  ]  with  /  (jr)  =  tan  (x2)  and  n  =  4,  we  estimate 

A  =  /<,'  tan  (x2)dx  »  \  [tan  ((s)')  +  I™  ((s)2)  +  ,an  ((*)')  +  lan  ((s)2)]  88  7  C-53)  88  0  38 
(b)  Using  the  Midpoint  Rule  on  [0,  I]  with  /(x)  =  a  tan2  (x2)  (for  disks)  and  n  =  4.  we  estimate 
y  =  fo  f(*)dx  =*  \it  tan2  ^  +  tan2  ((s)  )  +tan2  ((l)2)  +  ,an2  ((s)2)]  88  7  <'114)  88  °-87 


18.  (a) 


(b)  We  estimate 


From  the  graph,  it  appears  that  the  curves  intersect  at  x  =  0 
and  at  x  «  0.75,  with  1  -  x2  >  x6  -  x  +  1  on  (0, 0.75). 


88  fo075  (0  -*2)  -  (*6  -*  +  1)]*  =  [~^3  -  ”  88  0.12 


(c)  Using  disks,  we  estimate 


Fas  a  Jo  75  [O  _  t2)2  -  (*6  -*  +  l)2]rfx  =  jr  /0075  (~x12 +2x7  -2x6  +  x4 -3x2  +  2x)dx 

_  _r  1_I3,I,.8  2  „7  ,  15  .3  .  v2l°'75  ~  ft  O 

~*[  V*  +rx  “f*  ”x  +  Jr  J„  ~054 

(d)  Using  shells,  we  estimate 

V  *  2a  ft  75 x  [(1  -  a2)  -  (x6  -  x  +  l)]  </x  =  2a  /0°75  (-x3  -  x7  +  x2)  dx 

19.  The  solid  is  obtained  by  rotating  the  region  &  =  ((x,y)  |  0  <  x  <  (,0<y<  cosx}  about  they-axis. 

20.  The  solid  is  obtained  by  rotating  the  region  9t  =  |  (x .  y)  I  0  <  x  <  f ,  0  <  y  <  -Jl.  cosx  j  about  the  x-axis. 

21.  The  solid  is  obtained  by  rotating  the  region  under  the  curve  y  =  sin  x,  above  y  =  0,  from  x  =  0  tox  =  a,  about 
the  x-axis. 
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22.  The  solid  is  obtained  by  rotating  the  region  under  the  curve  y  —  sin  x ,  above  y  =  0,  from  x  =  0  to  x  =  * ,  about 
the  y-axis 

23.  Take  the  base  to  be  the  disk  x2  +  y~  <9.  Then  V  =  J2,  A(x)dx,  where  A  (xo)  is  the  area  of  the  isosceles  right 
triangle  whose  hypotenuse  lies  along  the  line  x  —  xo  in  the  xy-plane.  A  (x)  =  j  (v/2V9  —  x2^  —  9  —  x2,  so 
V  =  2  fg  A  (X)  dx  =  2  fg  (9  -  x2)  dx  =  2  [9x  -  $x2]*  =2(27-9)  =  36. 

u  v  =/-i  A(/c)dx  =2  fg  A(x)dx  =2fg  [(2  -x2)  - x2f  dx  =  2/0'  [2(1  -x2)]2rfx 
=  8/o  0  -2x2  +  x*)dx  =  s[*  —  |x}  +  ^  =  8(l  -  2  +  i)  =  ff 


25.  Equilateral  triangles  with  sides  measuring  jx  meters  have  height  |x  sin  60°  =  ^x.  Therefore, 

W  =  [.|r.f  =  £x2.  V  =  /2°  ^  (x)dx  =  g  /20x2  dx  =  £  [ix2]^  =  ^  =  Ups  m2 


26.  (a)  By  the  symmetry  of  the  problem,  we  consider  only  the  solid  to  the  right  of  the  origin.  The  semicircular 

cross-sections  perpendicular  to  the  x-axis  have  radius  1  —  x,  so  A  (x)  =  |jt  (I  —  x)2.  Now  we  can  calculate 
V  =  2fo  A  (•*)<**  =  2f0‘  \x  (I  -x)2  dx  =  fg  x  (I  -x)2  dx  -  -$  [(I  -x)2]g  =  f 

(b)  Cut  the  solid  with  a  plane  perpendicular  to  the  x-axis  and  passing  through  the  y-axis.  Fold  the  half  of  the  solid 
in  the  region  x  <  0  under  the  xy-plane  so  that  the  point  (—1,0)  comes  around  and  touches  the  point  (1,0). 

The  resulting  solid  is  a  right  circular  cone  of  radius  1  with  vertex  at  (1 , 0, 0)  and  with  its  base  in  the  yz-planc, 
centered  at  the  origin.  The  volume  of  this  cone  is  r2h  =  js  -  I2  •  I  =  y. 


27.  /(x)  =  Ax  =s  30N  =  Ar ( 1 5  —  12)  cm  =>  k  -  10  N/cm  =  1000  N/m.  20cm  -  12  cm  =  0.08  m  => 
W  =  /0O  OS  kx  dx  =  1 000  /0°  08  x  dx  =  500  [x2]°°8  =  500  (0.08)2  =  3.2  N-m  =  3.2  J. 


28.  The  work  needed  to  raise  the  elevator  alone  is  1600  lb  x  30  ft  =  48,000  ft-lb.  The  work  needed  to  raise  the  bottom 
1 70  ft  of  cable  is  1 70  ft  x  1 0  Ib/ft  x  30  ft  =  5 1 ,000  ft-lb.  The  work  needed  to  raise  the  top  30  ft  of  cable  is 
fg°  lOx  dx  —  [5x2]^°  =  5  -  900  =  4500  ft-lb.  Adding  these,  we  see  that  the  total  work  needed  is 
48,000  +  5 1 .000  +  4.500  =  1 03.500  ft-lb. 


29.  (a)  The  parabola  has  equation  y  =  ax2  with  vertex  at  the  origin  and  passing 
through  (4, 4).  4  =  <j  •  42  =s  a  =  |  =>  y  =  |x2  =>  x2  =  4 y 

=>  x  =  2  Jy.  Each  circular  disk  has  radius  2  Jy  and  is  moved  4  —  y  ft. 

W  =  /04  jt  (2,/y)2  62.5  (4  -  y)  dy  =  250*  /04y  (4  -  y)dy 

=  250*  [2y2  -  |y2j;  =  250 *  (32  -  y)  =  8377.6  ft-lb 
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(b)  In  part  (a)  we  knew  the  final  water  level  (0)  but  not  the  amount  of  work 
done.  1  lere  we  use  the  same  equation,  except  with  the  work  fixed,  and  the 
lower  limit  of  integration  (that  is,  the  final  water  level  —  call  it  h) 

unknown:  II'  =  4000  <=>  250a  ^2y2  —  ^y3j^  —  4000  <=> 

=  [(32  —  —  (2/>2  —  j*3)]  «■  63  -  662  +  32  -  f  =0. 
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Wc  plot  the  graph  of  the  function  /  ( h )  =  /r3  —  662  +  32  -  ^  on  the  interval  (0, 4]  to  sec  where  it  is  0.  From 
the  graph,  /  (6)  =  0  for  h  »s  2.06.  So  the  depth  of  water  remaining  is  about  2.06  ft. 


30.  /avc  =  /p  x2  Vl  +  x3rfx  =  5  •  3  J|9  v/«  du  [«  =  1  +  x3,  du  =  3x2  dx\ 

=  i[i«3/2]’=iP3/2-l3'2)  =  i(  27-.)=  | 

31.  lim  /avc  =  lim  j  f  '~h  f  ( t)dt  —  lim  1  **  +  ^ — —^x\  where  F(x)  =  J*  f(t)dt.  But  we  recognize  this 

h-t 0  0  h  h-fO  h 

limit  as  being  F1  (x)  by  the  definition  of  a  derivative.  Therefore,  lim  /aVc  =  F'  (x)  =  /  (x )  by  F  fC  1 


32.  (a)  9l|  is  the  region  below  the  graph  of  y  =  x2  and  above  the  x-axis  between  x  =  0  and  x  =  b,  and  3ft’  is  the 

region  to  the  left  of  the  graph  of  x  =  Jy  and  to  the  right  of  the  y-axis  between  y  =  0  and  y  =  b1.  So  the  area 

of9t|  is  A\  =  Jg  x2  dx  =  [t*3]^  =  j63,  and  the  area  of3t2  is  A2  =  /0*  Jydy  =  [f>'3/i]0  =  j*3-  So 
there  is  no  solution  to  <4|  =  /1 2  for  6/0. 

(b)  Using  disks,  we  calculate  the  volume  of  rotation  of  3ft  1  about  the  x-axis  to  be  Fy*  =  it  Jg  (x2)~  dx  =  j  )r65. 
Using  cylindrical  shells,  we  calculate  the  volume  of  rotation  of  9l|  about  the  y-axis  to  be 

Vl  y  =  2*  x  (x2)  dx  =  2tc  [i*4]  —  |jt64.  So  V\  x  =  l'\,y  <=>  jtrfc5  =  jab*  <=>  26  =  5  <=> 
b  =  So  the  volumes  of  rotation  about  the  x-  and  y-axes  are  the  same  for  b  =  §. 

(c)  We  use  cylindrical  shells  to  calculate  the  volume  of  rotation  of  Sft2  about  the  x-axis: 

3ft2.x  =  2a  Jg2  y  (/y)  dy  =  2a  [fy5/2j  =\nhi.  We  already  know  the  volume  of  rotation  ofSfti  about  the 
x-axis  from  part  (b),  and  Sfti,*  =  !%2.i  <=>  jx65  =  |rr6s,  which  has  no  solution  for  6/0. 

(d)  We  use  disks  to  calculate  the  volume  of  rotation  of  $2  about  the  y-axis: 

Sft2  ,y  —  it  /o’2  (v/?)2  dy  =  n  [5.P2]  =  sa64.  Wc  know  the  volume  of  rotation  of  ®-i  about  the  y-axis  from 

part  (b),  and  9l|.v  =  ®2tv  <=»  ja64  =  ^a64.  But  this  equation  is  true  for  all  6,  so  the  volumes  of  rotation 
about  (he  y-axis  are  equal  for  all  values  of  6. 
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Problems  Plus 

1.  The  area  under  the  graph  of  /  from  0  to  ( is  equal  to  /J  /  (x )  dx,  so  the  requirement  is  that  JjJ  /  (x)  dx  =  r3  for 
all  t.  We  differentiate  this  equation  with  respect  to  I  (with  the  help  of  FTC1)  to  get  /  (/ )  =  3/ 2 .  This  function  is 
positive  and  continuous,  as  required. 

2.  The  total  area  of  the  region  bounded  by  the  parabola  and  the  x-axis  is 

fo  (*  ~  *2) dx  =  [U2  "  =  5- 

Let  the  slope  of  the  line  we  are  looking  for  be  m.  Then  the  area  above  this 
line  but  below  the  parabola  is  fg  [ (.x  —  .x2)  —  mx]  dx,  where  a  is  the 
jr -coordinate  of  the  point  of  intersection  of  the  line  and  the  parabola.  We 
find  the  point  of  intersection  by  solving  the  equation  x  —  x2  =  mx  « 

1  —  x  =  m  «=»  x  =  I  —  m.  So  the  value  of  a  is  1  -  m,  and 

/o'""  l(x-x2)-mx]dx  =  f0'-"’  [(I  -m)x  -  x2)dx  =  [j  (I  -  m)x2  -  jx3]fl 
=  |  (I  -  m)  (1  -  m)2  -  \  (I  -  m)3  =  j  (I  —  m)3 

We  want  this  to  be  half  of  g,  so  g  (I  -  m)3  =  ^  =>  m  =  I  —  -J^.  So  the  slope  of  the  required  line  is 

l-^«0.206. 

3.  The  volume  generated  from  x  =  0  to  x  =  b  is  J0A  x  ( / (x)]2  dx.  Hence,  we  are  given  that  b2  =  fg  n  \f  (x)]2  dx 
for  all  b  >  0.  Differentiating  both  sides  of  this  equation  using  the  Fundamental  Theorem  of  Calculus  gives 

2  b  —  x[f  (A)]2  =*  /  (b)  =  y/2b/n,  since  /  is  positive.  Therefore,  /  (x)  =  ■Jlx/n. 

4.  (a)  Take  slices  perpendicular  to  the  line  through  the  center  C  of  the  bottom  of  the  glass  and  the  point  P  where  the 

top  surface  of  the  water  meets  the  bottom  of  the  glass. 


P 


A  typical  rectangular  cross-section  y  units  above  the  axis  of  the  graph  has  width  2\QR\  —  2  Jr2  —  y2  and 

1.  h  \PQ\  r-y - 

length  h  =  |gS|  =  —  (r  —y).  [Triangles  PQS  and  P  A  B  are  similar,  so  —  =  —  =  — — .]  Thus, 

2 r  L  \r  A]  It 


-(r-y)dy=L 


the  first  integral  is  the 
and  the  secon 


area  of  a  semicircle  of  radius  r. 


second  has  an  odd  integrand 


rr  r2L 
2 
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(b)  Slice  parallel  to  the  plane  through  the  axis  of  the  glass  and  the  point  of  contact  P.  (This  is  the  plane  determined 
by  P,  B,  and  C  in  the  figure.)  STUV  is  a  typical  trapezoidal  slice.  With  respect  to  an  x-axis  with  origin  at  C  as 
shown,  ifSand  V  have  coordinate  x,  then  |SK|  =  2s/ r2  -  x2.  Projecting  the  trapezoid  STUV  onto  the 
plane  of  the  triangle  PAB,  we  see  that  \AP\  =  2 r,  |Sf'|  =  2  ■Jr2  —  x2,  and 
|SP|  =  \VA\  =  ^  (\AP\  -  |SF|)  =  r  -  Vr2  -x2. 


By  similar  triangles,  so  |ST|  =  (r  -  Jr2  -x2)  ■  In  the  same  way.  we  find  that 

1*3/  |  I  ^  '  ** 


m  =  wv 50 1 'VU{  =  {yP'  ^  =  QAn ‘ 'VM) ’  F  =  (r  +  '  >■ 

The  area  A  (x)  of  the  trapezoid  STU  F  is  j  |SF|  •  (ISTI  +  I V l/|);  that  is, 

=  \  ■  2Vr2  -x2  •  |^r  -  Vr2  -x2)  ■  +  (r  +  Vr2  -  x2)  ^  j  =  Ljr--x2.  Thus, 


zl(x) 


V  =  f'rA  ( x)dx  =  L  JI,  Vr2  -x2rfx  =  L  ~  -  — — . 


(c)  See  the  computation  of  F  in  part  (a)  or  part  (b). 

(d)  The  volume  of  the  water  is  exactly  half  the  volume  of  the  cylindrical  glass,  so  V  =  \nr2L. 

(e) 

D 

_  T 

E 


Choose  x-,  >>-,  and  z-axes  as  shown  in  the  figure.  Then  slices  perpendicular  to  the  x-axis  are  triangular,  slices 
perpendicular  to  the  >>-axis  are  rectangular,  and  slices  perpendicular  to  the  z-axis  are  segments  of  circles.  Using 
triangular  slices,  we  find  that  the  area  A  ( x )  of  a  typical  slice  DEF,  where  D  has  coordinate  x,  is  given  by 

A  (x)  =  $  |D£|  •  |££|  =  {  \DE\  ■  |0£|)  =  ^  |D£|2  =  ^  (r2  -  x2).  Thus, 

'  -  £  A  <*“"  7  £  (-’  -  ■')  ■"  ■  7  [*  -  t]. 
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5.  (a)  V  =  ah2  (r  —  /t/3)  =  jrr/i2  (3 r  -  h).  See  the  solution  to  Exercise  6.2.47. 

(b)  The  smaller  segment  has  height  h  =  I  —  x  and  so  by  part  (a)  its  volume  is 

V  =  jjt  (I  —  x)2  [3  (I)  —  (I  —  t  )  |  =  jjr  (x  —  I)2  (x  +  2).  This  volume  must  be  j  of  the  total  volume  of  the 
sphere,  which  is  |x  (I)3.  So  jx  (x  —  I)2  (x  +  2)  =  j  (j*)  =>  (x2  -  2x  +  1)  (x  +  2)  =  |  =* 

x3  —  3x  +  2  =  3  =>  3x3  —  9x  +  2  =  0.  Using  Newton’s  method  with  /  (x)  =  3x3  —  9x  +  2, 

3^3  _ ^  i  2 

/' (x)  =  9x2  -  9,  we  get  x„+i  =x„ - ■,  " — .Takingxi  =  0,  we  get  X2  0.2222,  and 

—  V 

X3  0.226 1  =»  X4.  so,  correct  to  four  decimal  places,  x  0.226 1 . 

(c)  With  r  =  0.5  and  s  =  0.75,  the  equation  x3  —  3/  x2  +  4r3 j  =  0  becomes  x3  —  3  (0.5)  x2  +  4  (0.5)3  (0.75)  =  0 

=»  x3  —  jx2  +  4  =>  8x3  —  12x2  +  3  =  0.  We  use  Newton's  method  with 

0*3  _  1 9*2  i  -> 

/  (x)  =  8x3  -  12x2  +  3,  /'  (x)  =  24x2  -  24x,  so  x„+|  =  x„ - 4L_ — J! L —  Take  xi  =  0.5.  Then 

24xn  —  24x„ 

X2  «  0.6667,  and  X3  0.6736  X4.  So  to  four  decimal  places  the  depth  is  0.6736  m. 

(d)  (i)  From  part  (a)  with  r  =  5  in.,  the  volume  of  water  in  the  bowl  is 

V  =  jir/i2  (3r  —  h )  =  \xli2  (15  -  It)  =  5* h2  —  jx/i3.  We  are  given  that  —■  =  0.2  m3/s  and  we  want  to 

,  jdh  .  ,  ,  V1  dV  ,  dh  ,->dh  dh  0.2 

find  —  when  h  —  3.  Now  —  -  10 nh- - trh-  —  ,  so  —  =  — - — .  When  h  =  3,  we  have 

dt  dl  dt  dt  dl  jt  (10 h-h2) 

dh  0.2  I 

T,  =  ,  (10-3  -32)  =  ^" 0003  in/S- 

(ii)  From  part  (a),  the  volume  of  water  required  to  fill  the  bowl  from  the  instant  that  the  water  is  4  in.  deep  is 

V  —  5  •  (5)3  —  5^  (4)2  (15  —  4)  =  j  •  I25t r  —  y • 1 1*  =  To  find  the  time  required  to  fill  the 

bowl  we  divide  this  volume  by  the  rate:  Time  =  7^3  =  yp-  %  387  s  %  6.5  min 

6.  (a)  The  volume  above  the  surface  is  fj  h  A  (y)  dy  —  J^h  A  (y)  dy  —  J^h  A  (y)  dy .  So  the  proportion  of  volume 

In  ~H  A  ( y)  dy  h  A  (y)  dy  —  f\  A  (y)  dy 

above  the  surface  is  ~ — r - —  = - - — r - 1 - .  Now  by  Archimedes’  Principle,  we 

/-V  *  tody  fa"  A  (y)dy 

have  F  =  W  =>  pfgf°_hA  (y)  dy  =  ,>0g  A  (y)dy,  so  J°h  A(y)dy  =  (p0/p  f)  A  (y)dy. 


fp  hA(y)dy  _  f'_h  '  A  (y)  dy  -  (pa/p f)  h  A  (y)  dy  _  p f  -  p0 


Therefore, 

JLh  A  (y)dy 


I-h  A  O’)  dy 


,  so  the  percentage  of 


(p  f  —  p o \ 

— -  1%. 

Of  ) 

(b)  For  an  iceberg,  the  percentage  of  volume  above  the  surface  is  100  ( l03|°0J^917)  %  %  1 1%. 

(c)  No,  the  water  does  not  overflow.  Let  V,  be  the  volume  of  the  ice  cube,  and  let  V,„  be  the  volume  of  the  water 
which  results  from  the  melting.  Then  by  the  formula  derived  in  part  (a),  the  volume  of  ice  above  the  surface  of 
the  water  is  [(/>  f  —  p0)  Ip y]  F/,  so  the  volume  below  the  surface  is  V,  —  [(p/  —  Po)  /Pf\  Kf  =  (po/p /) 

Now  the  mass  of  the  ice  cube  is  the  same  as  the  mass  of  the  water  which  is  created  when  it  melts,  namely 
m  =  Po  K  =  P/Vtu  =*  Vw  =  (po/P /)  f/-  So  when  the  ice  cube  melts,  the  volume  of  the  resulting  water  is 
the  same  as  the  underwater  volume  of  the  ice  cube,  and  so  the  water  does  not  overflow. 
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The  figure  shows  the  instant  when  the  height  of  the  exposed  part  of  the  ball  is  y. 
Using  the  formula  in  part  (a)  with  r  =  0.4  and  h  =  0.8  —  y,  we  see  that  the 
volume  of  the  submerged  part  of  the  sphere  is  (0.8  —  y)2  (1.2  —  (0.8  —  y)\, 
so  its  weight  is  lOOOg  •  \n  s  2  (1.2  —  s),  where  s  =  0.8  —  y.  Then  the  work  done 
to  submerge  the  sphere  is 

w  =  Jo°8£iT9,':'2  (1.2  -s)ds  =  g^ar  /„08  (I.2j2  -  s3)  ds 
=  g±22°jr  [o.4s3  -  i.r4]“8  =  g^fr  (0.2048  -  0.1024) 


=  9.8^2*  (0.1024)  1.05  x  103  joules 


dV 

7.  We  arc  given  that  the  rate  ot  change  of  the  volume  of  water  is  — —  =  —  kA  (  v ),  where  k  is  some  positive  constant 

dt 

and  A  (*)  is  the  area  of  the  surface  when  the  water  has  depth  x.  Now  we  are  concerned  with  the  rate  of  change  of 

dx  dV  dV  dx 

the  depth  of  the  water  with  respect  to  time,  that  is,  — .  But  by  the  Chain  Rule,  —  =  — — ,  so  the  first  equation 


dt 


dx  dt 


can  be  written - —  =  -kA  (.v)  (★).  Also,  we  know  that  the  total  volume  of  water  up  to  a  depth  x  is 

dx  dt 

V  (x)  =  Iq  A  (s)  ds,  w  here  A  (s)  is  the  area  of  a  cross-section  of  the  water  at  a  depth  s.  Differentiating  this 
equation  with  respect  to  x,  we  get  dV/dx  —  A  (.r).  Substituting  this  into  equation  ★.  we  get 
A  (x)(dx/dt)  = —kA  (x)  =»  dx/dt  =  —k,  a  constant. 


8.  A  typical  sphere  of  radius  r  is  shown  in  the  figure.  We  wish  to  maximize  the 
shaded  volume  V,  which  can  be  thought  of  as  the  volume  of  a  hemisphere  of 
radius  r  minus  the  volume  of  the  spherical  cap  with  height  h  =  I  —  Vl  —  r2 
and  radius  1 . 

V  =  \  •  firr3  -  $*•  (l  -  [3(1)  —  (l  —  VT^T2)]  [by  Problem  5(a)] 

=  $*•  [>3  -  (2  -  2Vl  -r2  -  r2)  (2  +  Vl  -r2)] 

=  Jtr  [2r3  -  2  +  (r2  +  2)  Vl  -r2] 

,  r  }  (r2  +  2)(-r)  . - T  1  .  I" 6r2Vl  -  r2  -  r  lr2  +  2) 

V  =  lit  6r2  +  v  -  +  VT^(2r)  =  |jt  - - - - 

,  /  6r2VT— r^  — 3r3\  n r2  -  r) 

Vl  -V” . )-  vn^ 


vr^ 


+  2r  (I  -r2) 


V'  (/•)  =  0  <=>  2Vl  —  r2  —  r  <=>  4  —  4r2  =  r2  «=>  r2  =  5  <=>  r  =  -j*  0.89.  Since  V'  ( r )  >  0  for 

0  <  r  <  V;  and  V  (r)  <  0  for  <  r  <  I,  we  know  that  V  attains  a  maximum  at  r  = 
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9.  Wc  must  find  expressions  for  the  areas  A  and  B,  and  then  set  them  equal  and  see  what  this  says  about  the  curve  C. 
II  /'  =  (a,  2a2).  then  area  A  is  just  (2x2  —  x~)dx  =  x2dx  =  ]a3.  To  find  area  77.  we  use  y  as  the  variable 
of  integration.  So  we  find  the  equation  of  the  middle  curve  as  a  function  of  y:  y  =  2x2  «  x  =  <Jy/2, 
since  we  are  concerned  with  the  first  quadrant  only.  We  can  express  area  B  as 

fo“  [V>V3  -  C  00]  =  [  j  0'/2)}/2]q  -  Jo“  C(y)dy  =  !}a3  -  C  00  dy ,  where  C  O')  is  the  function 

with  graph  C.  Setting  A  =  B,  we  get  ]a3  =  3  a3  -  J^°2  C{y)dy  <=>  /02"'  C  O')  dy  -  a3.  Now  we 
differentiate  this  equation  with  respect  to  a  using  the  Chain  Rule  and  the  Fundamental  fheorem: 

C  (2a2)  (4a)  =  3a2  =>  C  0 )  =  |  \/y/2,  where  y  =  2a2.  Now  we  can  solve  for  y:  x  =  |  x/y/2  => 

R  O'/2)  ==■  y  =  T*2- 

10. 


We  want  to  find  the  volume  of  that  part  of  the  sphere  which  is  below  the  surface  of  the  water.  As  we  can  see  from 
the  diagram,  this  region  is  a  cap  of  a  sphere  with  radius  r  and  height  /•  +  </.  If  we  can  find  an  expression  for  d  in 
terms  of  h,  r  and  0,  then  we  can  determine  the  volume  of  the  region  [sec  Problem  5(a)],  and  then  differentiate  with 

respect  to  r  to  find  the  maximum.  We  see  that  sin  0  =  ~ —  «  h  -  d  —  — —  <=>  d  =  h  -  r  esc  0.  Now 

h—d  sin0 

we  can  use  the  formula  from  Problem  5(a)  to  find  the  volume  of  water  displaced: 

V  =  ja-A2  (3 r  -  A)  =  jtr  (r  +  d)2  [3r  —  (r  +</)]  =  J>r  (r  +  h  -  r  esc 0)2  (2r  -  h+r  esc 0) 

=  j  V  (I  -  esefl)  +  A]2  [r  (2  +  csc0)  -  AJ 
Now  wc  differentiate  with  respect  to  r: 

dV/dr  =  §  ([f  (1  -  esefl)  +  h\2  (2  +  esc 0)  +  2  [r  (I  —  eseff)  +  A]  (I  -cscf7)[r  (2  +  cscO)  +  A]) 

=  j  |r  (I  —  csc0)  +  A]  ([/•  (I  —  esc 0)  +  A]  (2  +  esc 0)  +  2(1—  esc 77)  [r  (2  +  esc 77)  —  A]) 

=  j  [/•  ( I  -  esc 77)  +  A] (3  (2  +  csc<7)(l  —  esc 77) r  +  [(2  +  esc 77)  —  2  (I  —  esc 77)]  A) 

=  j  |r  (1  —  esc 0)  +  A] [3  (2  +  cscT))  (I  —  esc 77) r  +  3/i  esc 77] 


T.  •  •  n  .  h  .  .  A  esc  77  .  /  h  \ 

This  is  0  when  r  — - - - and  when  r  - - .  Now  since  F  I - 1=0 

esc 77  —  1  (csc77  +  2)  (csc77  -  1)  \csc77  —  1  / 

(the  first  factor  vanishes;  this  corresponds  to  d  =  — r ),  the  maximum  volume  of  water  is  displaced  when 
h  esc  77 

r  —  t - - — — - ■■ .  ,, .  (Our  intuition  tells  that  a  maximum  value  does  exist,  and  it  must  occur  at  a  critical 

(csc77  -  I)  (csc77  +  2) 

number.)  Multiplying  numerator  and  denominator  by  sin2  0.  we  get  an  alternative  form  of  the  answer: 
h  sin  77 

sin  0  +  cos  277 
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11.  (a)  Stacking  disks  along  the  y-axis  gives  us  V  =  a  [/ (y)]2  dy. 


dV  dV  dh  ,  dh 

(b)  Using  the  Chain  Rule,  —  =  —  •  —  =  a  [/  (A)]2  — . 

dl  dh  dl  dl 

(c)  kAjh  =  a  [/(A)]2  Set  ^  =  C:  a  [/(A)]2C  =  kA-Jh 

dl  at 


I/(*)J2  =  Mva 


/  W  =  yM  that  is,  /  (y)  =  <j~~  y l/4-  The  advantage  of  having  ~  =  C  is  that  the  markings  on  the 
container  are  evenly  spaced, 


12.  (a)  We  first  use  the  cylindrical  shell  method  to  express  the  volume  V  in  terms  of  A,  r,  and  01: 

v=L 2xxydx = [  2*x  [h +<!w\dx= 2*  I  (hx + 0Jw) dx 

[hx2  <u2x4Y  „  [Ar2  <o2r*  "I  ,  ,  <w2r4 

L  2  8g  J0  L  2  8g  J  4g 


A  = 


V  -  (aa>V4)/ (4g) 

irrl 


4  gV  —  aft)2r4 
4agr2 


(b)  The  surface  touches  the  bottom  when  A  =  0  =>  4g  V  —  xco2r 4  =  0 
To  spill  over  the  top,  y  (r)  >  L  <=> 


(O 


2y/gTT 

V?r2' 


o>2r2  4 gV  —  n(o2r 4  ru2r2  4 y  I  aft)2r2  co2r 2 

L  >  h  +  — — —  = - - - = - +  — —  =  - j  —  - - j  H — - — 

2g  4;rgri  2g  4ngrl  4xgr*  2  g 

V  <tf2r2  K  o>2r2 

7rr2  4g  2g  ?rr2  4g 


err2  ^  7r/*2Z,  —  ^ 

>  A  r  —  2 

4g  ffr*-  7rrz 


ft>  > 


2^/g  (xr2L  -  V) 

tv? 


<=> 


wt>4g(«r2I-K)_ 


So  for  spillage,  the  angular  speed  should  be 


a)2  •  I2 

(c)  (i)  Here  we  have  r  =  2, 1.  =  7,  A  =  7  —  5  =  2.  When  x  =  l,y  =  7  —  4  =  3.  Therefore,  3  =  2+  ^ 

=>  l  =  ^  ^  =>  o)2  =  64  =>  ft)  =  8  rad/s.  K  =  a  (2)  (2)2  H - - - =  8a  +  8a  =  16a  ft2. 

82  ■  22 

(ii)  At  the  wall,  x  =  2,  so  y  =  2  + - =  6  and  the  surface  is  7  —  6  =  1  ft  below  the  top  of  the  tank. 

2-32 
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t3.  We  assume  lhat  P  lies  in  the  region  of  positive  x.  Since  y  =  x3  is  an  odd 
function,  this  assumption  will  not  affect  the  result  of  the  calculation.  Let 
P  =  (a,  a3).  The  slope  of  the  tangent  to  the  curve  y  =  x3  at  P  is  3a2,  and  so 
the  equation  of  the  tangent  is  y  —  a3  =  3 a3  (x  —  a)  <=>  y  —  3a2x  —  2a3. 

We  solve  this  simultaneously  with  y  =  x3  to  find  the  other  point  of  intersection: 

Jt3  =  3a2x  -  2 a3  «  (x  -  a)2  (x  +  2a)  =  0.  So  Q  =  (—2a,  -8a3)  is  the 
other  point  of  intersection.  The  equation  of  the  tangent  at  Q  is 
y  —  (— 8a3)  =  12a2  [x  —  (— 2a)|  <=>  y  =  12a2x  +  16a3.  C(-2a,-8a  ) 

By  symmetry,  this  tangent  will  intersect  the  curve  again  at  *  =  —  2  (—2a)  =  4a.  The  curve  lies  above  the  first 
tangent,  and  below  the  second,  so  we  are  looking  for  a  relationship  between  A  =  f“2a  [x3  —  (3u2x  -  2a3)]  dx  and 

B  =  /4jo  [(12a2x  +  16a3)  -x3]dx.  We  calculate  A  =  [fx4  -  § a2x2  +  2a3x  j  ^  =  \aA  -  (-6a4)  =  ^a4. 

and  B  =  [6a2x2  +  I6a3x  -  fx4]^  =  96a4  -  (-12a4)  =  108a4.  We  see  that  B  =  16/f  =  24A.  This  is 
because  our  calculation  of  area  B  was  essentially  the  same  as  that  of  area  A,  with  a  replaced  by  -2a,  so  if  we 
replace  a  with  —2a  in  our  expression  for  A,  we  get  ^  (—2a)4  =  108a4  =  B. 

14.  Let  a  and  b  be  the  x -coordinates  of  the  points  where  the  line  intersects  the 
curve.  From  the  figure, 

R\  =  R2  => 

J?  [c  -  (8*  ~  27x3)] dx  =  fa  [(8.x  -  27x3)  -  c]  dx 
[cx  -  4x2  +  ^x4]“  =  [4x2  -  £x4  -  cx]l 

ac  —  4a2  +  ip  a4  =  ^4A2  —  ^A4  —  bej  —  ^4a2  —  2pa4  —  ac^ 

0  =  4A2  -  %  A4  -  6c  =  4A2  -  ^A4  -  A  (8A  -  27A3) 

=  4A2  -  ^A4  -  8A2  +  27A4  =  ^A4  -  4A2 
=  62(^2-4) 

So  for  A  >0,  A2  =  =>  A  =  |.  Thus,  c  =  8A  -  27A3  =  8  -  27  ^  -  ff  =  g. 
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Inverse  Functions: 

Exponential,  Logarithmic  and  Inverse  Trigonometric  Functions 


SSfil  Inverse  Functions _ 

— — ^ ^ ^ ^ ^ — — — aawmi— mmimr  nai-sc-fe- 

1.  (a)  See  Definition  1. 

(b)  It  must  pass  the  Horizontal  Line  Test. 

2.  (a)  /-1  (y)  =  x  <=>  f  (x)  =y  for  any  y  in  B.  The  domain  of  f~l  is  B  and  the  range  of  /-1  is  A. 

(b)  See  the  steps  in  (5). 

(c)  Reflect  the  graph  of  /  about  the  line  y  =  x. 

3.  /  is  not  one-to-one  because  2^6,  but  /  (2)  =  /  (6). 

4.  /  is  one-to-one  since  for  any  two  different  domain  values,  there  are  different  range  values. 

5.  A  football  will  attain  every  height  h  up  to  its  maximum  height  twice:  once  on  the  way  up,  and  again  on  the  way 
down.  Thus,  even  if  t\  does  not  equal  tj,  f  (ri)  may  equal  /  (t2>,  so  /  is  not  1-1. 

6.  /  is  not  1-1  because  eventually  we  all  stop  growing  and  therefore,  there  are  two  times  at  which  we  have  the  same 
height. 

7.  The  diagram  shows  that  there  is  a  horizontal  line 
which  intersects  the  graph  more  than  once,  so  the 
function  is  not  one-to-one. 


8.  The  function  is  one-to-one  because  no  horizontal  line  intersects  the  graph  more  than  once. 

9.  The  function  is  one-to-one  because  no  horizontal  line  intersects  the  graph  more  than  once. 

10.  The  diagram  shows  that  there  is  a  horizontal  line 

which  intersects  the  graph  more  than  once,  so  the 
function  is  not  one-to-one. 


11.  f  (x)  =  4  —  3x  =s  /'  (x)  =  -3  <  0  =>  /is  decreasing  and  hence  one-to-one. 

12.  / (x)  =  3x2  +  5x  -  4  =>  /'  (x)  =  6x  +  5  =>  f'(x)<  0  and  /  is  decreasing  forx  <  —  |  while  /'  (x)  >  0 

and  /  is  increasing  for  x  >  — Thus,  any  horizontal  line  y  =  k  [where  k>  f  (— |)]  will  intersect  the  graph  of  / 
more  than  once,  so  /  fails  the  horizontal  line  test  and  is  not  1-1. 

13.  xi  =>  Vh  t4  V*2  =>  g(*l)  v4  g(x2),  sog  is  1-1. 

14-g(.x)  =  |x|  =>  g  (-1)  =  1  =  g(l),  so  g  is  not  one-to-one. 

15.  h  (x)  =  x4  +  5  =>  h  (1)  =  6  =  h  (-1),  so  h  is  not  1-1. 

16.  x\^x2  =>  xf  ^  x\  (since  x  >  0)  =>  xf  +  5jtx%  +  5  =>  h  (jq)  /  h  (x2),  so  h  is  1-1. 


441 


442  □  CHAPTER  7  INVERSE  FUNCTIONS 


17.  /  does  not  pass  the  Horizontal  Line  Test,  so  /  is  not  1-1. 


18.  /  passes  the  Horizontal  Line  Test,  so  /  is  1-1. 


19.  Since  /  (2)  =  9  and  /  is  1-1,  we  know  that  /  1  (9)  =  2.  Remember,  if  the  point  (2, 9)  is  on  the  graph  of  /,  then 
the  point  (9,  2)  is  on  the  graph  of  /-1 . 

20.  /(*)=*  +  cos*  =>  /'  (*)  =  1  -  sin*  >  0,  with  equality  only  if  *  =  \  +  2  rut.  So  /  is  increasing  on  R,  and 

hence,  1-1.  By  inspection,  / (0)  =  0  +  cosO  =  1,  so  /-1  (1)  =  0. 

21.  h  (*)=*  +  y/x  =>  ti  (x)  =  1  +  1/  (2  jx)  >  0  on  (0,  oo).  So  h  is  increasing  and  hence,  1-1.  By  inspection, 
h  (4)  =  4  +  \/4  =  6,  so  h~l  (6)  =  4. 

22.  (a)  /  is  1-1  because  it  passes  the  Horizontal  Line  Test. 

(b)  Domain  of  /  =  [-3,  3]  =  Range  of  /_1 .  Range  of  /  =  [-2, 2]  =  Domain  of  /_1 . 

(c)  Since  /  (—2)  =  1,  /-l  (1)  = -2. 


23.  We  solve  C  =  §  (F  —  32)  for  F:  f  C  =  F  —  32  =>  F  -- 
as  a  function  of  the  Celsius  temperature  C.  F  >  —459.67 
C  >  -273.15,  the  domain  of  the  inverse  function. 


2  2 


|C  >  -491.67 


-3) 


Vl  -  v2/c2  c  n  cl  ml  \  mL  J  V 

This  formula  gives  us  the  velocity  v  of  the  particle  in  terms  of  its  mass  m,  that  is,  v  =  /“’ (m). 

25.  y  =  /  (,r)  =  4*  +  7  =>  4x  =  y  -  1  =>  *  =  (y  -  7)  /4.  Interchange  *  and  y.  y  =  (*  -  7)  /4.  So 
/->(*)  =  (*-  7)  /4. 

\  „  2(1  +y) 


26.  y  =  /(*)  =  : 


*y  +  2y  =  *  -  2 


x  (1  -y)  =  2(y  +  1)  =>  *  =  ■ 


.  .  ,  ,  2(1+*)  „  _  2(1+*) 

Interchange*  and  v :  y  =  — j - .  So  /  (*)  =  — j - . 

1  +  3* 

27.  y  =  f  (*)  = - —  =*  5 y  -  2 xy  =1+3*  =>  5y  -  1  =  3*  +  2*y  =*  *  (3  +  2y)  =  5y  -  1  => 

5-2* 

5y  -  1  ,  ,  5*  -  1  x  5*  -  1 

*  =  r — -r.  Interchange*  and y:  y  =  - — — .  So  /  (*)  =  - — — . 

2y  +  3  2*  +  3  2*  +  3 


28.  y  =  /(*)  =  5  -4*3 


4*3  =  5  - 


x3  =  (5  —  y)  /4 


Interchange  x  and  y 


29.  y  =  /  (*)  =  V2  +  5*  =>  y2  =  2  +  5*  and  y>0  =>  5*  =  y2  —  2  =»  *  =  — - — ,  y  >  0.  Interchange 


*  andy:  y  = 


-,  *  >  0.  So  /  1  (*)  =  — - — ,  *  >  0. 
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30.  y  —  f  (*)  —  x2  +  x  =*  x2+x-y  =  0  =>  *  =  j  (—  1  ±  Vl  +  4 y)  by  the  quadratic  formula.  But*  >  —  j 
=>  *  =  j  (-1  +  VI  +4 y). 

Interchange  *  and  y:  y  =  \  (-1  +  VI  +4*).  So  (*)  =  ±  (-1  +  Vl  +4*). 


-2 


32.  y  =  /  (*)  =  V*2  +  2*,  *  >  0  =>  y  >  0  and  y2  =  *2  +  2x  => 
x2  +  2x  -  y2  =  0.  Now  we  use  the  quadratic  formula: 

=  - 1  ±  V 1  +  y2.  But  *  >  0,  so  the  negative 
root  is  inadmissible.  Interchange*  and y:  y  =  -1  +  Vl  +*2.  So 
/“'  (x)  =  -1  +  Vl  +  x2,  *  >  0. 


33.  The  function  /  is  one-to-one,  so  its  inverse 
exists  and  the  graph  of  its  inverse  can  be 
obtained  by  reflecting  the  graph  of  /  through 
the  Iiney  =  *. 


34.  For  the  graph  of  1//,  the  y-coordinates  are  simply 
the  reciprocals  of  /.  For  example,  if  /  (0)  =  j, 
then  l/f  (0)  =  2.  If  we  draw  the  horizontal  line 
y  =  1,  we  see  that  the  only  place  where  the  graphs 
intersect  is  on  that  line. 


35.  (a)  *i  *2  =>  *2  yl  *2  =>  f  (x\)  ^  f  (*2),  so  /  is  one-to-one. 


(b)  f  (*)  =  3*2  and  /  (2)  =  8  =>  g  (8)  =  2,  so  g’  (8)  =  \/f  (g  (8))  =  l/f'  (2)  =  i. 


(c) y  =  x3  =>  x=y1/3.  Interchanging*  and  y  gives  y  =  *1/3,  so 
/-1  (*)  =  x1/3.  Domain(g)  =  rang e(f)  =  R. 

Range(g)  =  domain(/)  =  R. 

(d)  g  (*)  =  *'/3  =>  g’  (*)  =  I*-2/3  =>  g'  (8)  =  y  (|)  =  ^  as 

in  part  (b). 
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42. /(1)  =  2  =>  (2)  =  1,  and  / (x)  =  Vx^-fx2 


/'«  = 


3  +  2+1  3 

:  2V1  + 1  + 1  + 1  =  r  Thus’ (2)  = l/f'  (/_1  (2))  =  >//'  d)  =  I 


+  x2  +  x  +  1 


43.  /  (4)  =  5 


g  (5)  =  4.  Thus,  g1  (5)  = 


/'fe(5))  /'( 4)  2/3 


«/(),.  2  ■  ,  , (2,  =  3  Th«, ,2)  .  ^ 


..  „.  .  2x  x  -  Vx2  +  1  . 

45.  Since  /  (x)  —  .  -  —  1  = - =: —  is  negative  for  all  x,  we 

2Vx2  +  1  Vx2  +  1 

know  that  /  is  a  decreasing  function  on  R,  and  hence  is  1-1.  We  could 
also  use  the  Horizontal  Line  Test  to  show  that  /  is  1-1.  Parametric 
equations  for  the  graph  of  fare  x  =  t,y  =  ft2  +  1  -  t;  for  the  graph  of 
f~l  they  are  x  =  ft2  +  1  —  t,y  =  t. 


46.  Since  (x)  —  1  +  cos.v  >  0  for  all  x,  f  is  increasing  and  is  therefore 
one-to-one.  We  can  also  use  the  Horizontal  Line  Test  to  show  that  /  is 
1-1.  Parametric  equations  for  the  graph  of  /  are*  =  r,  y  =  t  +  sinr;  for 
the  graph  of  f~l  they  are  *  =  t  +  sin  t,  y  =  t . 


47.  We  see  that  the  graph  of  y  =  /  (x )  =  Vx^  +  x2  +  x  +  1  is  increasing,  so 
/  is  1-1.  Enter  x  =  fy2  +  y2  +  y  +  1  and  use  your  CAS  to  solve  the 
equation  for  y.  Using  Derive,  we  get  two  (irrelevant)  solutions  involving 
imaginary  expressions,  as  well  as  one  which  can  be  simplified  to  the 
following: 


y  =  f  1  (x)  =  ($£>  -  llx1  +  20  -  $D  +  27* 2  -  20  + 


where  D  —  3V^V27a4  —  40x2  +  16.  Maple  and  Mathematica  each  give  two  complex  expressions  and  one  real 

expression,  and  the  real  expression  is  equivalent  to  that  given  by  Derive.  For  example,  Maple’s  expression 

.  ...  1  M2'2  -  8  -  2M>/3  ,  _ _ T 

simplifies  to  - - - ,  where  M  =  108x2  +  12V48-  120x2  +  81x4  -  80. 


446  □  CHAPTER  7  INVERSE  FUNCTIONS 


48.  Since  sin  (2wr)  =  0,  h  (x)  =  sin*  is  not  one-to-one.  V  (x)  =  cosx  >  0  on  (-f ,  §),  so  h  is  increasing  and  hence 
1-1  on  [-|,  §].  Lety  =  (x)  =  sin-1  x  so  that  siny  =  x.  Differentiating  sin  y  =  x  implicitly  with  respect  to 

dy 


dy 


x  gives  us  cos  v  -7—  =  1  , 

dx  dx  cosy 

dy 


1  ,  .  , 

.  Now  cos  y  +  sin  y  - 


cosy  =  ±Jl  -  sin2 y,  but  since 


cosy  >  0  on  (-§,  §),  we  have  —  = 


VT 


49.  (a)  If  the  point  ( x ,  y)  is  on  the  graph  of  y  =  /  (x),  then  the  point  (x  -  c,  y)  is  that  point  shifted  c  units  to  the  left. 
Since  /  is  1-1,  the  point  (y,  x)  is  on  the  graph  of  y  =  /~‘  (x)  and  the  point  corresponding  to  (x  -  c,  y)  on  the 
graph  of  /  is  (y ,  x  -  c)  on  the  graph  of  /“' .  Thus,  the  curve’s  reflection  is  shifted  down  the  same  number  of 
units  as  the  curve  itself  is  shifted  to  the  left.  So  an  expression  for  the  inverse  function  is 
g_1  W  =  /-1  (*)  -  c. 

(b)  If  we  compress  (or  stretch)  a  curve  horizontally,  the  curve’s  reflection  in  the  line  y  =  x  is  compressed  (or 
stretched)  vertically  by  the  same  factor.  Using  this  geometric  principle,  we  see  that  the  inverse  of 
h(x)  =  f  (ex)  can  be  expressed  as  h~l  (x)  =  (1/c)  f~l  (x). 


50.  (a)  We  know  that  g1  (x) 
g"  M  =  - 


/'(frM)’ 
g' (*)/"(£(*)) 
[/'(gM)]2 


Thus, 

/"(gW) 


/"(gto) 


/'(g(*))[/'(g«)]2  [/'(g«)]3 


(b)  /  is  increasing  =>  /'  (g  (x))  >  0 

f"  (g  W) 


g"  (x)  ■■ 


[/'(g«)] 


[ /'  (g  (x))]3  >  0.  /  is  concave  upward  =>  f"  (g  (x))  >  0.  So 
j  <  0,  which  implies  that  g  (/’ s  inverse)  is  concave  downward. 


Exponential  Functions  and  Their  Derivatives 

_ _ _ ^ — 11—1 inwiimii  mi  irnnwonirTTnT . ' 


1.  (a)  /  (x)  =  a*,  a  >  0  (b)  K 

(c)  (0,  00)  (d)  See  Figures  6(c),  6(b),  and  6(a),  respectively. 


2.  (a)  See  Definition  8  and  the  paragraph  which 
follows  it. 

(b)  e  »  2.71828 


The  function  value  at  x  =  0  is  1  and  the  slope  at  x  =  0  is 


1. 
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3.  All  of  these  graphs  approach  0  as  *  ->  -oo,  all  of  them  pass 
through  the  point  (0, 1),  and  all  of  them  are  increasing  and 
approach  oo  as  *  -*  oo.  The  larger  the  base,  the  faster  the 
function  increases  for  *  >  0,  and  the  faster  it  approaches  0  as 
x  — >  —oo. 


4.  The  graph  of  e~x  is  the  reflection  of  the  graph  of  ex  about  the 
y-axis,  and  the  graph  of  8“*  is  the  reflection  of  that  of  8* 
about  the  y-axis.  The  graph  of  8*  increases  more  quickly 
than  that  of  ex  for  x  >  0,  and  approaches  0  faster  as 
x  — »  — oo. 


5.  The  functions  with  bases  greater  than  1  (3*  and  10*)  are 
increasing,  while  those  with  bases  less  than  1 

[(5)  and  J  are  decreasing.  The  graph  of  (|)*  is  the 
reflection  of  that  of  3*  about  the  y-axis,  and  the  graph  of 
(to)  is  the  reflection  of  that  of  10*  about  the  y-axis.  The 

graph  of  10*  increases  more  quickly  than  that  of  3*  for 
x  >  0,  and  approaches  0  faster  as  x  — >  -00. 


HD'  T  =  (^)'5T=10'  y  =  3* 


6.  Each  of  the  graphs  approaches  00  as  x  -»  -00,  and  each 
approaches  0  as  x  -»  00.  The  smaller  the  base,  the  faster  the 
function  grows  as  x  -»  -00,  and  the  faster  it  approaches  0  as 
x  — *  00. 


y  =  0.3*  y  =  0.1*  6 


7.  We  start  with  the  graph  of  y  =  10*  (Figure  3) 
and  shift  it  1  unit  downward. 


8.  We  start  with  the  graph  of  y  =  2*  (Figure  3),  reflect  it 
about  the  j-axis  (y  =  2~x ),  and  then  shift  3  units  upward. 
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9.  We  start  with  the  graph  of  y  =  2X  (Figure  3), 
reflect  it  about  the  y-axis  (y  =  2~ *),  and  then 
reflect  about  the  x -axis. 


10.  We  reflect  the  part  of  y  =  2*  for  x  >  0  through  the 
y-axis  to  obtain  the  part  ofy  —  2^  forx  <0. 


11.  We  start  with  the  graph  of  y  =  ex  (Figure  13),  reflect  it  about  the  x -axis,  and  then  shift  3  units  upward.  Note  the 
horizontal  asymptote  at  y  —  3. 


y> 

y\ 

0 

y  =  3 

y  = 

\  '  ^ 

\ 

\ 

-e*  y  =  3 

\  • 

—  ex 

12.  We  start  with  the  graph  of  y  =  ex  (Figure  13),  reflect  it  about  the  y-axis,  and  then  about  the  x-axis  (or  just  rotate 
180°  to  handle  both  reflections)  to  obtain  the  graph  ofy  =  —e~x.  Now  shift  this  graph  1  unit  upward,  vertically 
stretch  by  a  factor  of  5,  and  then  shift  2  units  upward. 


13.  (a)  To  find  the  equation  of  the  graph  that  results  from  shifting  the  graph  of  y  =  ex  2  units  downward,  we  subtract  2 
from  the  original  function  to  get  y  =  e*  —  2. 

(b)  To  find  the  equation  of  the  graph  that  results  from  shifting  the  graph  of  y  =  ex  2  units  to  the  right,  we  replace  x 
with  x  —  2  in  the  original  function  to  gety  =  e^x~2\ 

(c)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  =  ex  about  the  x-axis,  we  multiply 
the  original  function  by  —  1  to  get  y  =  —  e* . 

(d)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  =  ex  about  the  y-axis,  we  replace  x 
with  —x  in  the  original  function  to  get  y  =  e~x. 

(e)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  =  ex  about  the  x-axis  and  then 
about  the  y-axis,  we  first  multiply  the  original  function  by  —1  (to  gety  =  —ex)  and  then  replace  x  with  — x  in 
this  equation  to  gety  =  —  e~x. 
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14.  (a)  This  reflection  consists  of  first  reflecting  the  graph  through  the  x-axis  (giving  the  graph  with  equation  y  =  —  ex) 

and  then  shifting  this  graph  2-4  =  8  units  upward.  So  the  equation  is  y  =  —ex  +  8. 

(b)  This  reflection  consists  of  first  reflecting  the  graph  through  the  y-axis  (giving  the  graph  with  equation  y  =  e~x) 
and  then  shifting  this  graph  2-2  =  4  units  to  the  right.  So  the  equation  is  y  =  e~^x~4\ 

15.  Use  y  =  Cax  with  the  points  (1, 6)  and  (3, 24).  6  =  Cal  and  24  =  Ca3  =>  24=^-^  a3  =>  4  =  a2  => 
a  =  2  (since  a  >  0)  and  C  =  3.  The  function  is  f  (x)  —  3  •  2*. 

16.  Given  the  y-intercept  (0, 2),  we  have  y  =  Cax  =  2 ax .  Using  the  point  ^2,  gives  us  |  =  2a 2  =>  5  =  a2 

=>  a  =  j  (since  a  >  0).  The  function  is  f  (x)  —  2  ^  or  /  (x)  =  2  (3)"*. 

17.  2  ft  =  24  in,  /  (24)  =  242  in  =  576  in=  48  ft.  g  (24)  =  224  in  =  224/  (12  •  5280)  mi  as  265  mi 

18.  We  see  from  the  graphs  that  for  x  less  than  about  1.8,  g(x)  =  5X  >  f  (x)  =  x5,  and  then  near  the  point  (1.8, 17.1) 

the  curves  intersect.  Then  f  (x)  >  g  (x)  from  x  ^  1.8  until  x  =  5.  At  (5,  3125)  there  is  another  point  of 
intersection,  and  for  x  >  5  we  see  that  g  (x)  >  /  (x).  In  fact,  g  increases  much  more  rapidly  than  /  beyond  that 
point. 


1.5 


32.5 


19.  The  graph  of  g  finally  surpasses  that  of  /  at  x  &  35.8. 


20.  We  graph  y  =  ex  and  y  =  1,000,000,000  and  determine 
where  ex  =  1  x  109.  This  seems  to  be  true  atr  «  20.723,  so 
e'  >  1  x  109  for  x  >  20.723. 
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21.  lim  (1.001)*  =  oo  by  (3),  since  1.001  >  1. 

x~>oo 

22.  Let  t  =  —  *2.  As*  -»  oo,  t  ->  -oo.  So  lim  e-*2  =  lim  e'=0by(ll). 

x— »oo  t—*~  00 

—  e-3jf  1  —  e~^x  1  —  0 

23.  Divide  numerator  and  denominator  by  eix :  !im  -= - 5-  =  lim  - 7-  —  - — -  =  1 

J  x^oo  e3x  +e~3x  x^>oo\+e~6x  1+0 

,  e3x  -  e"3*  e6x  0-1 

24.  Divide  numerator  and  denominator  by  e  .  lim  -5 r-  =  lim  -7 - -  =  - — 7  =  —  1 

J  x->-oo  e3x  +e~3x  x-4-00  e6x  +  1  0+1 

25.  Let  t  =  3/  (2  —  *).  As  *  —»  2+,  t  — »  —00.  So  lim  e3/(2-x)  =  lim  el  =  0  by  (1 1). 

x->2+  t~>-cc 

26.  Let  /  —  3/ (2  —  *).  As*  — >  2 00.  So  lim  e3^2_JC>  =  lim  e1  =  00  by  (11). 

x—>2~ 

2 

27.  lim  - - —  =  0  since  tan*  — >  00  =>  etanx  — >  00. 

x-*7ij2~  1  +etanx 

cos  *  2  2 

28.  As  *  -»  0_,  cot*  = - >  -00,  so  ecou  ->  0  and  lim - —  = - -  =  2. 

sin*  *->o  1  +  ecot*  1  +  0 

29.  By  the  Product  Rule,  /  (*)  =  x2ex  =>  /'(*)  =  x2  (ex)  +  ex  (*2)  =  *2e*  +  ex  (2*)  =  xex  (*  +  2). 

ax  ax 


30.  By  the  Quotient  Rule,  y  = 


,  (1  +x)ex  -  ex  (1)  ex+xex-ex  xex 

y  ~  (1  +  *)2  “  (*  +  l)2  ~  (*  +  l)2 ' 


31.  y  =  e~mx  =»  y'  =  e~mx  £  (-mx)  =  e~mx  (-m)  =  -rne~mx 

32.  g(x)  =  e~5x  cos3*  =>  g'  (*)  =  -5e-5*  cos3*  -  3e-5*  sin3* 

33.  /  (*)  =  =>  /'  (*)  =  e^j  (2y/x) 

34.  By  the  Product  Rule,  g  (x)  =  V xex  =  x1/2ex  =>  g'  (*)  =  *1/2  ( ex )  +  ex  (j*_1/2)  =  j*~1/2e*  (2x  +  1). 

35.  h  ( / )  =  Vi""— "e*  =>  h'(t)  =  -e'  /  (2VTre7) 

36.  h  ( 0 )  =  esin5s  =>  /i'  (0)  =  5  cos  (50)  esin5'’ 

37.  y  =  eXQOSX  =»  /  =  e*  (cos*  -  *  sin*) 


37.  y  =  e*cos*  =»  y'  =  e*  cos*  (cos*  -  *  sin*) 

38.  y  =  cos  (enx)  =>  y'  =  —  sin  (e**)  ■  e”x  ■  n  =  —  izexx  sin  (enx) 

39.  y  =  e‘x  =>  y>  =  ee*  ■  £  (ex)  =  e‘x  ■  ex  or  e‘x+x 

40.  y  =  Vl  +xe~2x  =>  y'  =  i  (l  +  xe_2x)  122  f*  (—2e~2x)  +  e-2*]  = _ _ — ^ 

2V  /  L  i  1  1  2V1  +xe~2x 

„  e3*  ,  3e3*(l+e*)-e3*(e*)  3e3x  +  3e4x  -  e4x  3e3x +2e4x 

\+ex  *  (1  +  e*)2  (1  +  e*)2  (1  +  e*)2 


42.  y  = 


,_(ex-  e~x)  (ex  -  e~x)  -  (e*  +  e~x)  (ex  +  e~x)  _  (e2*  -  2  +  e~2jr)  -  (e2*  +  2  +  e~2*)  _  4 

^  _  (c*-e-*)2  “  (c*-c-*)2  “  (ex-e~xf 


43.  y  —  f  (*)  =  e  x  sin*  =>  f  (*)  =  —e  x  sin*  +  e  x  cos*  ^  /'  ( n)  =  e  n  (costt  —  sin^)  =  —  e  31 ,  so 

an  equation  of  the  tangent  line  at  (rc,  0)  is  y  —  0  =  —  e~n  (*  —  it),  or  y  =  —  e~nx  +  ite~n ,  or*  +  eny  —  it. 
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6X  X6X  —  6X  &X  (x  —  1) 

44.  y  —  —  =>  y' = - j —  = - 2 — -■  At  x  =  1,  y'  =  0,  so  an  equation  of  the  tangent  line  at  (1,  e)  is 


y  —  e  =  0(x  —  1),  or y  =  e. 


45.  cos  (x  —  y)  =  xex  =»  -  sin  (x  -  y)  (l  —  y’)  =  ex  +  xex  =>  y' —  1  + 


ex(\+x) 
sin  {x  —  y) 


46.  Using  implicit  differentiation,  2exy  =  x  +  y  =>  (y  +  xy')  2exy  =  1  +  y'  =>  y'  ( 2xexy  —  1)  =  1  -  2 yexy 
=>  y'  =  (1  —  2 yexy)  /  (2xexy  —  1).  So  at  (0, 2),  m  =  y'  =  3,  and  an  equation  of  the  tangent  line  is 

y  —  2  =  3  (jc  —  0)  =>  y  =  3jc  +  2. 

47.  y  =  e2x  +  e~3x  =>  y'  —  2elx  —  3e~3x  =>  y"  =  Ae2x  +  9e-3*,  so 
y"  +  /  -6y=  (4e^  +  9e~3x)  +  (2e2x  -  3<r3*)  -  6  (e2x  +  <r3*)  =  0. 


48.  y  =  Ae  x  +  Bxe  x  =>  /  =  —  Ae  x  +  Be  x  —  Bxe  x  —  (B  —  A)  e  x  —  Bxe  x  => 
y"  =  (A-  B)e-X  -  Be~x  +  Bxe~x  =  (A-  2  B)e~x  +  Bxe-X,  so 

/'  +  2/  +  y  =  (A-  2B)e~x  +  Bxe-X  +2[(B-  A)  e-x  -  Bxe~x]  +  Ae~x  +  Bxe~x  =  0. 

49.  y  =  erx  =>  y!  =  rerx  =>  y"  =  r2erx ,  so 

y"  +  5 y'  -6 y=  r2erx  +  5 rerx  -  6erx  =  erx  (r2  +  5r  -  6)  =  erx  (r  +  6)  (r  -  1)  =  0  =>  (r  +  6)  (r  -  1)  =  0 
=>  r  =  1  or  -6, 


50.  y  =  elx  =*■  y  =  XeXx  =>  y"  =  X2eXx.  Thus,  y  +  y'  =  y"  <=>  eXx  +  Xelx  =  X2eXx  <=> 

eXx  (X2  —  X  -  1)  =  0  »  X  =  since  eXx  0- 

51.  /  (x)  =  e2x  =>  /'  (x)  =  2e21  =7  /"  (*)  =  2  •  2e2*  =  22elx  =>  /"'  (*)  =  22  ■  2s2*  =  23e2x  =>  •  ■  ■ 

=>  /<")  (*)  =  2"e2r 

52.  /  (jc)  =  Jte-y  /'  (x)  =  e-JC  -  see'1  =  (1  -  x)  e~x ,  /"  (a:)  =  -e-1  +  (1  -  x)  (~e~x)  =  (x-2)  e~x .  Similarly, 

/"'  (x)  =  (3-x)  e~x,  fm  ( x )  =  (x  -  4)  e~x, . . . ,  /(1000)  (a)  =  (a  -  1000)  e“\ 

53.  (a)  /  (x)  =  ex  +  x  is  continuous  on  R  and  /(-l)=e~’-l  <0<  1=  /  (0),  so  by  the  Intermediate  Value 

Theorem,  e*  +  a  =  0  has  a  root  in  (-1,  0). 

gXH  I 

(b  )f(x)  =  ex+x  =>  /'  (x)  =  ex  +  1,  so  x„+i  =  x„ - f.  Using  jci  =  -0.5,  we  get  X2  as  -0.56631 1, 

ex,‘  +  1 

*3  as  —0.567143  as  *4,  so  the  root  is  -0.567143  to  six  decimal  places. 


54. 


From  the  graph,  it  appears  that  the  curves  intersect  at  about  x  as  1 .2  or  1 .3. 
We  use  Newton’s  Method  with  f  {x)  —x3  +  x  —  3  —  e~x% ,  so 
/'  (re)  =  3x2  +  1  —  2xe~xl ,  and  the  formula  is 
x„+\  =x„-  f  (x„)  If  (x„).  We  take  x\  =  1 .2,  and  the  formula  gives 
%  1.252462,  x3  s»  1.251045,  andx4  '“is*  1.251044.  So  the  root  of 
the  equation,  correct  to  six  decimal  places,  is  x  =  1.251044. 
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55.  (a)  m  (t)  =  24  •  2 ~'/25  =>  m  (40)  =  24  •  2 ~40/25  ss  7.92  mg  (c) 


(b)  m'  (t)  =  24-  (2-'/25) 


*24(0.69)2^|(-±) 

=  24  (0.69)  (—5^)  2“'/25 
so  m'  (40)  w  -g  (0.69)  2-40/25  -0.22  mg/yr. 


m(/)  =  24  ■  2~T25 


From  the  graph,  we  can  determine  that 
m(t)  =  5  =>  I  56.6  y. 


56.  From  the  graph,  we  estimate  that  the  most  rapid  increase  in  the 
number  of  VCRs  occurs  at  about  t  =  7.  To  maximize  the  first 
derivative,  we  need  to  determine  the  values  for  which  the  second 


derivative  is  0.  V  (I)  = 


1  +  74e“0-6' 


V  (0  =  - 


75[74e-°-6'  (-0.6)]  _  3330c-0  6' 

(1  +74e-°-6')2  (1  +  74e-°-6')2 


(1  +  74e-°-6')2  [3330c ”0  6'  (-0.6)]  -  (3330c “0  6')  2(1+  74e-°'6')  [74c -°-6'  (-0.6)] 

[(1  +74e-°6')2]2 

(1  +  74c-0,6')  [3330e-°  6'  (-0.6)]  [(1  +  74c"0-6')  -  2  (74e-°'6')]  _  -1998c -°-6'  (1  -  74c-°6') 
(l  +  74e-°6')4  (1 +74e-°-6')3 


V"  (0  =  0  <=»  1  =  74c -°-6'  <=> 
corresponds  to  early  September  1987. 


=  74  c*  0.6/  =  In  74 


t  —  |  In  74  =»  7.173  years,  which 


57.  (a)  lim  p  (/)  =  lim  - 

t->  oo  /  — >oo  1  +  ae 

—kt  — >  —  oo  as  t  — >  oo. 


=  1,  since  k  >  0 


(■»£  =  -(,+ -~T2  (-*<*-")  =  --kae~'  2 

dt  ^  \  !  (i+ae-kf 

(c)  From  the  graph,  it  seems  that  p  (t)  =  0.8  (indicating  that  80%  of  the 
population  has  heard  the  rumor)  when  t  7.4  hours 


58.  (a)  10 


The  displacement  function  is  squeezed  between  the  other  two 
functions.  This  is  because  - 1  <  sin  4r  <  1  => 

-8e“'/2  <  8c~'/2  sin4r  <  8e~'/2. 

(b)  The  maximum  value  of  the  displacement  is  about  6.6  cm,  occurring  at 
t  «  0.36  s.  It  occurs  just  before  the  graph  of  the  displacement 
function  touches  the  graph  of  8e-,//2  (when  /  =  j  a*  0.39). 
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(c)  The  velocity  of  the  object  is  the  derivative  of  its  displacement 
function,  that  is, 

(8e~'/2  sin  4r)  =  8  cos  4  t  (4)  +  sin  4r  e-'''2  j .  If  the 

displacement  is  zero,  then  we  must  have  sin  4f  =  0  (since  the 
exponential  term  in  the  displacement  function  is  always  positive). 
The  first  time  that  sin  4t  =  0  after  t  =  0  occurs  at  t  =  f. 
Substituting  this  into  our  expression  for  the  velocity,  and  noting  that 
the  second  term  vanishes,  we 

getv  (j)  =  cos  (4  ■  f )  •  4  =  — 32e_,r/8  »s  -21.6  cm/s. 


The  graph  indicates  that  the 
displacement  is  less  than  2  cm 
from  equilibrium  whenever  t  is 
larger  than  about  2.8. 


59.  (a)  Using  a  calculator  or  CAS,  we  obtain  the  model  Q  =  ab'  with  a  =  100.0124369  and  b  =  0.000045145933. 

We  can  change  this  model  to  one  with  base  e  and  exponent  In  b:  Q  =  ae',n/’  =  100.0124369e-1000553063'. 
(b)  Q'  (t)  =  ab'  In  b.  Q'  (0.04)  »  —670.63  fiA.  The  result  of  Example  2  in  Section  2.1  was  —670  /iA. 

60.  (a)  P  =  ab‘  or  P  =  ae' ln4  with  a  =  4.502714  x  10~20  and  32,000  (P  in  thousands) _ 

b  =  1 .02995385 1 ,  where  P  is  measured  in  thousands  of  people.  / 

The  fit  appears  to  be  very  good.  s' 


5308  -  3929 

(b)For,800:m’  =  -i800^  =  137'9''"2 


7240  -  5308 


31,443  -23,192  , 

:612'9’m2  =  1860-  1850  =ml- 


w  1800-  1790  1810-  1800 

So  P’  (1800)  «(i»i+  mi)  /2  =  165.55  thousand  people/year. 

23,192  -  17,063  31,443  -  23,192  , 

F°r  185°:  mi  =  iMO-lMO"  =  612  9’  m2  =  1860-  1850  =  825  1' 

So  P’  (1850)  «(mi  +  mi)  /2  =  719  thousand  people/year. 

(c)  P’  ( t )  =  ab'  In  b.  P‘  (1800)  »  156.85  and  P'  (1850)  as  686.07. 

(d)  P  (1870)  »  41,946.56.  The  difference  of  3.4  million  people  is  most  likely  due  to  the  Civil  War  (1861-1865). 

61  ,f(x)=x-ex  =>  f(,x)  =  l-e*=0  <=>  e*  =  1  <=>  x  =  0.  Now  /'  (x)  >  0  for  all  x  <  0  and 
/'  (x)  <  0  for  all  x  >  0,  so  the  absolute  maximum  value  is  /  (0)  =  0  —  1  =  - 1. 


62.  g  (x)  =  —  =>  g'  (x)  =  =  0  <=>  ex  (x  —  1)  =  0  =>  x  =  1.  Now  g'  (x)  >  0  <=> 

X 

Y£x  _ ox  X6X  “■  £X 

- 7: —  >0  <=>  x  —  1  >  0  <=>  x>l  and  g'  (x)  <  0  <=>  - = —  <0  <=>  x  —  1  <  0  <=>  x<l. 

X 1  X* 

Thus  there  is  an  absolute  minimum  value  ofg(l)  =  eatx  =  l. 

63.  (a)  /  (x)  =  xex  =>  /'  (x)  =  e*  +xe*  =  ex  (1  +x)  >  0  <=>  l+x>0  <=>  x  >  -1,  so  /  is  increasing 

on  (—1,  00)  and  decreasing  on  (—00,  —1). 

(b)  /"  (x)  =  ex  (1  +x)  +  ex  =  ex  (2  +  x)  >  0  <=>  2  +  x>0  <=>  x  >  -2,  so  /  is  CU  on  (-2,  00)  and  CD 
on  (—00,  —2). 

(c)  /  has  an  inflection  point  at  (-2,  -2e-2). 


:0  <=>  x  —  1  <  0  <=>  x  <  1. 
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64.  (a )  f  (x)  =  x2ex  =>  /' (x)  =  2xex  +  x2ex  =  (x2  +  2x)  ex .  f'(x)>  0  «•  x(x  +  2)>0  <=>  x  < —2 

or  *  >  0,  f  (x)  <  0  <=>  -2  <  x  <  0,  so  /  is  increasing  on  (-oo,  -2)  and  (0,  oo)  and  decreasing  on 
(-2,0). 

(b)  f"  (x)  =  (2x  +  2)ex  +  (x2  +  2x)ex  =  (x2  +  4x  +2)ex  =  0  »  x2  +  4x  +  2  =  0  <=>  *  =  -2 ±  75. 

/"  (a:)  >  0  when  x  >  —2  +  75  or  x  <  —2  —  75 ,  so  /  is  CU  on  oo,  — 2  —  75^  and  ^—2  +  75,  oo^  and 

CD  on  (-2-75,-2  +  75). 

(c)  /  has  inflection  points  at  (—2  +  72,  (6  -  475)  e~2+ '^2)  and  (-2  —  72,  (6  +  475)  e~2~ ^). 

65.  y  =  f(x)  =  <.->/(*+!)  A.  D  =  {x  |  x  ^  -1)  =  (-oo,  -1)  U  (-1,  oo)  B.  No  jc -intercept; 

^-intercept  =  /  (0)  =  e-1  C.  No  symmetry  D.  lim  =  1  since  - 1/  (x  +  1)  ->  0,  so  y  =  1  is  a 

HA.  lim  e-1/(*+l)  =  0  since  —  1  /  (x  +  1)  — »  — oo,  lim  e-l/(*+l)  =  oo  since -1/  (x  +  1)  ->  oo,  so 

x  =  —  1  is  a  VA.  E.  /'(x)  =  e_1/(l+1)/(x  +  l)2  =>  /'  (x)  >  0  for  all  x  except  1,  so 

/  is  increasing  on  (—oo, —1)  and  (—1,  oo).  F.  No  extrema  H. 

^  ^  e-y(x+i)  '  e-\/(x+i)  (_2)  _  c-i/(*+i)  Qx  +  1) 

G'  f  W  =  (x  +  l)4  +  (x  +  l)3  (x  +  1)4 

=>  /"(x)>  0  o  2x  +  1  <  0  <=>  x  < -j,so/isCUon 

(-00,-1)  and  (— 1,  —  j),  and  CD  on  (-|,  oo).  /  has  an  IP  at 

H* e~2\ 

66 .  y  =  /  (x)  =  x<+2  A.  D  =  R  B.  Both  intercepts  are  0.  C.  /  (-x)  =  -/  (x),  so  the  curve  is  symmetric 

about  the  origin.  D.  lim  xexl  =  oo,  lim  xe*2  =  -oo,  no  asymptote  H. 

X — >00  X— >-00 

E.  f  (x)  =  ex 2  +xex2  (2x)  =  e”1  (l  +  2x2)  >  0,  so  /  is  increasing  on  R. 

F.  No  extremum 

G.  /"  (x)  =  e*2  (2x)  (1  +  2x2)  +  ex2  (4x)  =  ex2  (2x)  (3  +  2x2)  >  0  » 
x  >  0,  so  /  is  CU  on  (0,  oo)and  CD  on  (-oo,  0).  /  has  an  inflection  point  at 
(0,  0). 

67.  y  =  1/  (1  +  e~x )  A.  D  =  R  B.  No  x-intercepts;  y-intercept  =  /  (0)  =  j.  C.  No  symmetry 

D.  lim  1/  (1  +e~x)  =  t4„  =  1  and  lim  1/ (l  +  e~x)  =  0 (since  lim  e~x  =  oo),  so  / has  horizontal 

*->00  '  V  ’  1+U  *— >  — OO  V  '  X — >  —00 

asymptotes  y  =  0  and  y  =  1.  E.  f  (x)  =  —  (l  +  e~x)  2  (— e~x)  =  e~x I  (1  +  e~x)  .  This  is  positive  for  all  x, 
so  /  is  increasing  on  R.  F.  No  extrema  G.  /"  (x)  =  H. 

(l+e-xf(-e-x)-e-x(2)(l+e-x)(-e-x)  e~x  (e~x  -  1)  ^ 

(1  +  e-*)4  (1+e-1)3 

second  factor  in  the  numerator  is  negative  for  x  >  0  and  positive  for  x  <  0,  and 
the  other  factors  are  always  positive,  so  /  is  CU  on  (-oo,  0)  and  CD  on  (0,  oo). 

/  has  an  inflection  point  at  (o,  j). 
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68.  The  function  /  (x)  =  ecos*  is  periodic  r - ~n  ' 

with  period  2rr,  so  we  consider  it  only  on  \  /  o  1  /  '  1  1  1  1  1  1  1  \  1  2<r 

the  interval  [0,2s-].  We  see  that  it  has  \  /  y.\ 

local  maxima  of  about  /  (0)  2.72  and  /  /  \ 

/  (2s)  «  2.72,  and  a  local  minimum  of  0l - . - J  2s  J~ - * 

about  /  (3. 14)  ks  0.37.  To  find  the  exact 

values,  we  calculate  f  ( x )  =  —  sinxe008*.  This  is  0  when  —  sinx  =0  <=>  x  =  0,  s  or  2s  (since  we  are  only 
considering  x  e  [0, 2s]).  Also  f  (x )  >  0  <=>  sinx  <  0  <=>  0  <  x  <  s.  So  /  (0)  =  /  (2s)  =  e  (both 
maxima)  and  /  (s)  =  ecos  1  =  1/e  (minimum).  To  find  the  inflection  points,  we  calculate  and  graph 
f"  (x)  =  ^  (—  sinx  ecos  x)  =  -cosxeQOSX  -  sinx  (ecos;t)  (-sinx)  =  e“SJr  (sin2x  -  cosx).  From  the  graph  of 
/"  (x),  we  see  that  /  has  inflection  points  at  x  as  0.90  and  at  x  ~  5.38.  These  x-coordinates  correspond  to 
inflection  points  (0.90,  1.86)  and  (5.38, 1.86). 

69.  /  (x)  =  ex,-x  ->  0  as  x  ->  -oo,  and  _ 18  - y - ^ 

/(x)  -»  oo  asx  — >  oo.  From  the  graph,  j 

it  appears  that  /  has  a  local  minimum  of  !  /  '  \  J  /"  J 

about  /  (0.58)  =  0.68,  and  a  local  J  -2  -TA  i  \  ✓  •  -  — -  1.2 

maximum  of  about  /  (-0.58)  =  1.47.  y _ _ \y  _ , 

2  0  ~6 

To  find  the  exact  values,  we  calculate 

f  (x)  =  (3x2  -  l)el3_\  which  is  0  when  3x2  -  1  =  0  o  x  =  The  negative  root  corresponds  to  the 

local  maximum  /  (-^75)  =  e<_1/'/2)3  “  l-1/'75)  =  e2'72/9,  and  the  positive  root  corresponds  to  the  local  minimum 
/  ^-1.^  =  _7,/'727  =  e”2^279.  To  estimate  the  inflection  points,  we  calculate  and  graph 

/"  (x)  =  £  [(3x2  -  1)  e*3-*  j  =  (3x2  -  1)  c*3-1  (3x2  -  l)  +  e*3"*  (6x)  =  el3~*  (9x4  -  6x2  +  6x  +  l). 

From  the  graph,  it  appears  that  /"  (x)  changes  sign  (and  thus  f  has  inflection  points)  at  x  sx  —0.15  and 
x  »  —1.09.  From  the  graph  of  /,  we  see  that  these  x-values  correspond  to  inflection  points  at  about  (—0.15, 1.15) 
and  (-1.09, 0.82). 

70.  (a)  As  |x|  — >  00,  t  =  -x2 /{2a1)  ->  -00,  and  ef  ->  0.  The  HA  is  y  =  0.  Since  t  takes  on  its  maximum  value  at 

x  =  0,  so  does  e' .  Showing  this  result  using  derivatives,  we  have  /  (x)  =  e-*2/!2'’2)  => 

/'  (x)  =  e~x2/(2,’2)  (-x/ff2).  /'  (x)  =  0  o  X  =  0.  Because  /'  changes  from  positive  to 
negative  at  x  =  0,  /  (0)  =  1  is  a  local  maximum.  For  inflection  points,  we  find 

/"  (x)  =  — [e-*2/!2*2)  ■  1  +xe-x2'^  (— x/rr2)j  =  -lie-*2/!2*2)  (1  -x2/a2). 

/"(x)  =  0  <=>  x2=a 2  <=>  X  =  ±0.  f"  (x)  <  0  <=>  X2  <  a1  <=>  —a  <  x  <  a.  So  /  is  CD  on 

( — a ,  er)  and  CU  on  (—00,  —  a)  and  (a,  00).  IP  at  (±<r,  e-172). 

(b)  Since  we  have  IP  at  x  =  ±0 ,  the  inflection  points  move  away  from  the  y-axis  as  a  increases. 


(c) 


From  the  graph,  we  see  that  as  a  increases,  the  graph  tends  to 
spread  out  and  there  is  more  area  between  the  curve  and  the 
x-axis. 
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,  Let  u  —  — 3x.  Then  du  =  —3  dx,  so 

fo  e-*  =  -  |  f0-'5  e'du  =  -i  [e“]0-15  =  -i  («-”  -  .“)  =  i  (1  -  ^-15)- 

,  Let  u  —  —x2,  so  du  =  —2x  dx.  When  x  =  0,  u  =  0;  when  x  =  1,  u  =  —  1.  Therefore, 

Jo  xe~*2  dx  =  fo~'  e"  (~ldu)=~i  [e“]o 1  =  - 1  (e~'  -  e°)  =  5  (>  -  1/e) 

Let  w  =  1  +  ex .  Then  du  =  ex  dx,  so  f  ex  Vl  +  ex  dx  =  J  *Judu  =  §m3^2  +  C  =  |  (1  +  ex)3^2  4-  C. 

Let  u  =  tanx.  Then  du  =  sec2*  dx,  so  f  sec2x  etanx  dx  =  f  eu  du  =  eu  +  C  —  etanx  4-  C. 

f  dx  =  J  (1  +  e-*)  dx=x-e~x  +  C 

1  1  f  el/x 

Let  u  =  — .  Then  du  = - xdx,  so  /  — x-  dx  =  —  f  e"  du  =  — e"  +  C  =  —  e1/*  +  C. 

jc  x2  J  x2  J 

1  f  e'fi  n 

Let  u  =  vGt.  Then  rfw  =  — =  <fa,  so  /  — —  dx  =  2  j  eu  du  =  2eu  +  C  =  2edx  +  C. 

2,\j x  j  x 

Let  u  =  ex.  Then  du  =  e*  dx,  so  f ex  sin (c^ )  cfjc  =  /  sinu  du  =  —  cosh  +  C  =  —  cosCe*)  +  C. 

Area  =  ( e3x  —  ex)  dx  =  j/e3*  -  ex  j  =  ^je3  —  ej  -  (|  -  l)  =  |e3  -  e  +  |  4.644 

/"  (x)  —  3ex  +  5  sin*  =i  f  (x)  =  3ex  —  5  cos  *  +  C  =>  2  =  f  (0)  =  3  —  5  +  C  =>  C  =  4,  so 

/'  (x)  =  3e*  —  5  cos*  +  4  =>  /  (*)  =  3ex  —  5  sin  *  +  4x  +  D  =>  l=/(0)  =  3  +  T)  =>  D  =  —  2,  so 

/  (*)  =  3e-“  —  5  sin*  +  4x  —  2. 

■  y  =  fo  x  (ex)2  dx  =  fo  ne2x  dx  =  \  =  j  (e2  ~  1) 

■  y  =  fo  2nxe~xl  dx.  Let  u  =  x2.  Thus  du  =  2x  rfx.  so  V  =  n  fQl  e~u  du  =  n  [— e_w]J  =  tt  (1  —  1/e). 

,  We  use  Theorem  7.1.7.  Note  that  /  (0)  =  3  +  0  +  e°  =  4,  so  /-1  (4)  =  0.  Also  /'  (jc)  =  1  +  ex .  Therefore, 

1  111 


(/-’)' (4)  = 


/'(/-' (4))  /'(0)  l+e°  2' 


We  recognize  this  limit  as  the  definition  of  the  derivative  of  the  function  /  (x)  =  esmx  &tx  =  ic,  since  it  is  of  the 

form  lim  — LS—L  Therefore,  the  limit  is  equal  to  fin)  =  (cos7r)esm7r  =  -1  -e°  =  —  1. 

x->jt  x  —  K 

(a)  Let  /  (x)  =  ex  —  1  —  jc.  Now  /  (0)  =  e°  —  1  =0,  and  for  x  >  0,  we  have  f  (x)  =  ex  —  1  >  0.  Now,  since 
/  (0)  =  0  and  f  is  increasing  on  [0,  oo),  /  (x)  >  0  for  x  >  0  =»  ex  -  1  —  x  >  0  =>  ex  >  1  +  x. 

(b)  For  0  <  x  <  1,  x2  <  x,  so  e*2  <  ex  (since  ex  is  increasing.)  Hence  [from  (a)]  1  +  x2  <  exl  <  ex.  So 

3  ~  Jo  +  x2)  dx  ^  fo  ex2  dx  <  $  ex  dx  =  e  —  1  <  e  =»  |  <  jJ  e%2  dx  <  e. 


Thus  /  (x)  is  increasing  on  (0,  oo),  so  on  that  interval,  0  =  /  (0)  <  /  (x)  =  ex  —  1  -  x  —  jx2 


(b)  Using  the  same  argument  as  in  Exercise  85(b),  from  part  (a)  we  have  1  +  x2  +  ^x4  <  e%2  <  ex  (for  0  <  x  <  1) 
/o  ^1  -I-  x2  +  ^x4^  dx  <  J0X  ex2  dx  <  Jq  ex  dx  =$  |^  <  ex2  dx  <  e  —  1. 
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87.  (a)  By  Exercise  85(a),  the  result  holds  for  n  =  1.  Suppose  that  ex  >  1  +  x  +  —  +  ■■■  +  —  for  x  >0.  Let 


y.2  yk  yi+1 

f{?)  =  e>-\-x-- - The"/'M  =  **-'-* - y  >0by 

assumption.  Hence  /  (x)  is  increasing  on  (0,  oo).  So  0  <  x  implies  that 

xk  ^a+i  x * 

0  =  /(0)  <  /«  =  e*  -  1  -x  -  and  hence  e  >  1  +x  +  .•■  +  -  +  for 

x2  x" 

x  >  0.  Therefore,  for  x  >  0,  ex  >  1  +  x  H - 1 - 1 - for  every  positive  integer  n,  by  mathematical 

2!  n\ 

induction. 

(b)  Taking  n  =  4  and  x  =  1  in  (a),  we  have  e  =  e’>l  +  j  +  5  +  ^=  2.7083  >  2.7. 


{c)exil+x  +  ...+  _  +  _T^ 


ex  1  1  1 

T  >  “T  +  "TTT  H - b  77  + 


xk  xk  xk- 1 


k\  (Jfc  +  l)!  "  (*+!)! 


■  =  oo,  so  lim  — r  =  oo. 


^^3  Logarithmic  Functions _ 

1 .  (a)  It  is  defined  as  the  inverse  of  the  exponential  function  with  base  a,  that  is,  log0  x  =  y  <=>  ay  =  x. 

(b)  (0,  oo)  (c)  R  (d)  See  Figure  1. 

2.  (a)  The  logarithm  with  base  e,  denoted  lnjc  (b)  The  logarithm  with  base  10,  denoted  log* 

(c)  See  Figure  3. 

3.  (a)  log10  1000  =  3  because  103  =  1000.  Or:  logi„  1000  =  logI0  103  =  3  by  (2). 

(b)  log164  =  j  because  16I/2  =  4.  Or:  log164  =  log,6  161/2  =  \  by  (2). 

4.  (a)  log8  2  =  j  since  813  =  2.  (b)  In  =  V2 

5.  (a)  log,  jb  =  log,  5-2  =  -2  by  (2).  (b)  e1”15  =  15  by  (6). 

6.  (a)  log10  0.1  =  log10  10_l  =  —1  (b)  log3  108  —  log3  4  =  log3  =  log3  27  =  3 

7.  (a)  log10  1.25  +  logI0  80  =  log10  (1.25  ■  80)  =  log10  100  =  log10  102  =  2 

(b)  log,  10  +  log,  20-3  log5  2  =  log,  (10  •  20)  -  log5  23  =  log,  ^  =  log5  25  =  log,  52  =  2 

8.  (a)  2(1o82  3+1oB2  5)  =  2'°«2 15  —  15  [Or:  2(loB23  +  loS2  5)  =  2loS2  3 . 2loS25  =  3  ■  5  =  15] 

(b)  e31"2  =  eln(23)  =  elnS  =  8  [Or:  e31"2  =  (eln2)3  =  23  =  8] 

9.  log2  =  (x3y)  ~  fo§2  z2  =  l°g2  x3  +  log2  y  —  log2  z2  =  3  log2  x  +  log2  y  —  2  log2  z  (assuming  that  the 

variables  are  positive) 

10.  ln.y<3  ( b 2  +  c2)  =  In  (a  ( b 2  +c2))1/2  =  \  In  (a  ( b 2  +  c2))  =  j  [in  a  +  In  ( b 2  4-  c2)] 

—  5  In  a  +  j  In  (b2  +  c2) 

11.  ln(wo)10  =  lOln(wu)  =  10(lnw  +  lno)  —  lOlnw  +  lOlnu 
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12.  In  3x2  ■-  =  ln3x2  -  In  (x  +  l)5  =  ln3  +  lnx2  -  5 In  (x  +  1)  =  In 3  +  21nx  -  5 In (x  +  1) 

(*  +  l)5 

13.  log]0  a  —  log10  b  +  logio  c  =  log,0  -  +  log10  c  =  log10  (-  •  c)  =  log10  — 

x2-y2 

14.  In  (x  +  y)  +  In  (x  -  y)  -  2  In  z  =  In  ((x  +  y)  (x  -  y))  -  Inz2  =  In  (x2  -  y2)  -  In  z2  =  In  ^  ■ 


15.  2  In  4  —  In  2  =  In  42  —  In  2  =  In  16  —  In  2  =  In  -y  =  ln8 

16.  In 3  +  j  In 8  =  In 3  +  ln81/3  =  In 3  +  ln2  =  In  (3  ■  2)  =  ln6 

17.  \  lnx  -  5  In  (x2  +  l)  =  Inx1/2  -  In  (x2  +  l)5  =  In 

(x  +  1) 


18.  lnx  4-  a  Iny  —  i  lnz  =  lnx  +  \nya  -  \nzh  =  \n(xya/zb ) 

19.  (a)  log2  5  =  »  2.321928  (b)  log5  26.05  =  »  2.025563 

(c)  log3  e  =  0.910239 


20. 


lnx  lnx 

To  graph  the  functions,  we  use  log2  x  =  ,  log4  x  —  ^  ^ , 

etc.  These  graphs  all  approach  — oo  as  x  — >  0+,  and  they  all 
pass  through  the  point  (1,0).  Also,  they  are  all  increasing, 
and  all  approach  oo  as  x  — >  oo.  The  smaller  the  base,  the 
larger  the  rate  of  increase  of  the  function  (for  x  >  1 )  and  the 
closer  the  approach  to  the  y-axis  (as  x  — »  0+). 


21.  To  graph  these  functions,  we  use  log,  5  x  =  — —  and 

log50  x  =  .  These  graphs  all  approach  -oo  as  x  ->  0+,  and 

they  all  pass  through  the  point  (1,0).  Also,  they  are  all  increasing, 
and  all  approach  oo  as  x  -»  oo.  The  functions  with  larger  bases 
increase  extremely  slowly,  and  the  ones  with  smaller  bases  do  so 
somewhat  more  quickly.  The  functions  with  large  bases  approach  the 
y-axis  more  closely  as  x  — >  0+. 


22.  We  see  that  the  graph  of  In  x  is  the  reflection  of  the  graph  of  e*  about 
the  line  y  =  x ,  and  that  the  graph  of  log10  x  is  the  reflection  of  the 
graph  of  IP  about  the  same  line.  The  graph  of  IP  increases  more 
quickly  than  that  of  ex .  Also  note  that  log10  x  ->  oo  as  x  oo  more 
slowly  than  lnx. 


y  =  In  x 
y  =  iog,„x 
3 


-2 
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34.  (a)  e3x+l  =  k  <=>  1x  +  \=\nk  »  *  =  j(ln*-l) 

(b)  log2  (mx)  =  c  <=>  mx  =2C  <=>  x  —  2 c /m 

35.  In  (In*)  =  1  <=>  glnOnx)  _  el  <=>  lnx  =  e1=e  <=>  elnJt  =  ee  <=>  x=ee 

36.  =  10  <=>  In  (ee‘)  =  In  10  <=>  e'lne  =  e*  =  In  10  <=>  In e*  =  In  (In  10)  o  Jt  =  In  (In  10) 

37.  In  (x  +  6)  +  In  (*  —  3)  =  In  5  +  In  2  o  In  ((x  +  6)  (x  -  3))  =  In  10  o  (x  +  6)  (x  -  3)  =  10  <=> 

x2  +  3x  —  18  =  10  »  jc2  +  3jc  —  28  =  0  »  (x  +  7)(x  —  4)  =  0  o  x  =  — 7  or  4.  However,  x  —  —7  is 
not  a  solution  since  In  (— 7  +  6)  is  not  defined.  So  x  =  4  is  the  only  solution. 

38.  In*  +  In  (x  —  1)  =  In  (x  (x  —  1))  =  1  <=>  x  (x  —  1)  =  e1  <=>  x2  —  x  —  e  =  0.  The  quadratic  formula  gives 
x  =  j  (l  ±  VI  +  4e),  but  we  reject  the  negative  root  since  the  natural  logarithm  is  not  defined  for  x  <  0.  So 

x  —  j  (l  4-  VI  4-  4e) . 

39.  eax=Cebx  <=>  lne“  =  In (Cebx)  <=>  ax  =  \nC  +  bx  <=>  (ct-b)x  =  \nC  <=>  x  = 

a  —  b 

40.  7e*  -  e2*  =  12  <=>  (ex)2  —  7ex  +  12  =  0  <=>  <ex  -  3)  (ex  —  4)  =  0,  so  we  have  either  ex  =  3  <=> 
x=ln3,  ore*  =4  <=>  x  =  ln4. 

41.  e2+5x  =  100  =»  In  (e2+5*)  =  In  100  =>  2  +  5x  =  In  100  =>  5x  =  In  100  -  2  =» 
x  =  i  (In  100  -2)  as  0.5210 

42.  In  (1  +  V*)  =  2  =>  1  +  V?  —  e2  =>  V*  =  e2  —  1  x  =  (e2  —  l)2  ^  40.8200 

43.  In  (ex  -  2)  =  3  =>  ex-2  =  ei  =>  e*  =  e3  +  2  =>  x  =  In  (e3  +  2)  «  3.0949 

44.  3’^*-4)  =  7  =>  lnS1^*-4*  =  In 7  =>  - In3  =  ln7  =>  x  —  4  =  — -  =>  x  =  4 4.5646 

x  —  4  In  7  In  7 

45.  3  ft  =  36  in,  so  we  need  x  such  that  log2  x  =  36  <=>  x  =  236  =  68,719,476,736.  In  miles,  this  is 

68,719,476,736  in  —  ■  ‘  =»  1,084,587.7  mi. 

12  in  5280  ft 

46.  (a)  v  (0  =  ce~k‘  =>  a  (/)  =  o'  (0  =  -ice"*'  =  -*o  (<) 

(b)  o  (0)  =  ce°  =  c,  so  c  is  the  initial  velocity. 

(c)  v  (t)  =  ce~kt  =  c/2  =>  =  i  =>  —  A/ =  In  ^  =  —  In  2  =>  *  =  (ln2)/& 

47.  If  /  is  the  intensity  of  the  1989  San  Francisco  earthquake,  then  log10  (I/S)  =  7.1  => 

log10  (16 I/S)  =  logjo  16  +  log10  (/ /S)  =  log10  16  +  7.1  «  8.3. 

48.  Let  I\  and  h  be  the  intensities  of  the  music  and  the  mower.  Then  10  log]0  =  120  and  10  logjo  0-iM- 

49.  (a)  n  =  100  •  2,/3  =>  =  2,/3  =>  *0g2  ( l^o)  =  5  ^  (  =  3  log2  This  function  tells  us  how 

long  it  will  take  to  obtain  n  bacteria  (given  the  number  n). 

50,000  /In  500  \ 

(b)  n  =  50,000  =>  t  =  3  log2  =  3  log2  500  =  3  1  ,  )  »  26.9  hours 

100  \  m2  / 

50.  (a)  Q  =  Q0  (1  -  er,/a)  =>  =  1  -  e~>la  =>  e-"a  =  \-%-  =>  --=ln(l--^-)  => 

So  Qo  a  \  Qo/ 

t  =  —a  In  (1  —  (2/So).  This  gives  us  the  time  t  necessary  to  obtain  a  given  charge  Q. 

(b)  Q  =  0.9So  ando  =  2  =>  t  =  —2 In (1  -  O.9(0o/So))  =  -2 In 0.1  «  4.6  seconds. 
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51.  Let  t  =  2  —  x.  As  x  — »  2  ,  /  — >  0+.  lim  In  (2  —  x)  =  lim  In/  =  — oo  by  (8). 

x->2~  0+ 

52.  Let  /  =  x2  —  5*  +  6.  As  x  — »  3+,  /  =  (x  —  2)  (.x  —  3)  — >  0+.  lim  log10  (*2  —  5*  +  6)  =  lim  log10  /  —  — oo 

x->3+  /->0+ 

by  (4). 

53.  Let  /  =  1  +  *2.  As*  oo,  /  -»  oo.  lim  In  (1  +x2)  =  lim  In/  =  oo  by  (8). 

x— >oo  '  ’  t  — *  oo 

54.  lim  In  (sin*)  =  —  oo  since  sin*  ->  0+  as  *  ->  0+. 

x-»0+ 

55.  lim  logjg  (cos*)  =  — oo  since  cos*  -»  0+  as*  — >  (n /2)_ . 

*-»(*/2)~ 


In* 
lim  ,  , 

x  100  1  +  In* 


lim 

*->oo 


1 

(1/ln*)  +  1 


1 


0+1 


57.  lim  in  (\  +  e  *2)  =  In  ( 1  +  lim  e  *2)  =  In  (1  +  0)  =  0 

X  — *  oo  \  /  \  x—>oo  / 

58.  lim  [in  (2 +  *)  —  In  (1 +*)]  =  lim  In  (^——\  =  lim  In  (-/j— — -  )  =  In  -  =  In  1  =  0 

*  — loo  *->oo  yi+jcy  *->00  \l/*  +  l/  1 

59.  The  domain  of  /  (*)  =  log2  (5*  —  3)  is  {*  |  5*  -  3  >  0}  =  j*  |  *  >  §  J  =  (f,  oo).  Since  5*  —  3  takes  on  all 
positive  values  for  *  in  0 ,  oo),  the  range  of  f  is  R. 

60.  g  (*)  =  In  (4  —  *2).  Domain  (g)  =  {*  |  4  —  *2  >  0}  =  {*  |  |*|  <  2}  =  (—2, 2).  Since  4  —  *2  <  4,  we  have 

In  (4  -  *2)  <  In  4.  Also  lim  g  (*)  =  -oo,  so  range  ( g )  =  (-oo,  In  4]. 


61.  F  (t)  —  xfi  In  (r2  —  1).  Domain  (F)  =  [t  |  t  >  0  and  t2  —  1  >  0}  =  {/  |  t  >  1}  =  (1,  oo).  Range  (F)  =  R. 

62.  The  domain  of  G  ( t )  =  In  (e1  —  2)  is  {;  |  e1  —  2  >  0}  =  {t  |  e‘  >  2}  =  {/  1 1  >  in  2)  =  (In  2,  oo).  Since  e1  —  2 
takes  on  all  positive  values  for  t  in  (In  2,  oo),  the  range  of  G  is  R. 

63.  y  =  In  (*  +  3)  =»  ey  =  eln(*+3)  =  *  +  3  =>  x  =  ey-3. 

Interchange  *  and  y:  the  inverse  function  is  y  =  e*  —  3. 

64.  y  =  210*  =>  log2y  =  10*  =»  log10  (log2+)  =*. 

Interchange  *  and  y:  y  =  log10  (log2  *)  is  the  inverse  function. 

65.  y  =  ev'*  =>  \ny  =  \ne^  =  ^/x  =>  *  =  (lny)2.  Also  note  that  V*  >  0  =>  y  —  e'J^>\.  Interchange 
*  and  y:  the  inverse  function  is  y  =  (In*)2,  *  >  1. 

66.  y  =  (In*)2,  *  >  1,  In*  =  Jy  =>  *  =  evT.  Interchange  *  and  y:  y  =  e •/*  is  the  inverse  function. 

67' y  =  Tc^TT  =*  wy+y  =  wi  =»  io*(i ->«)  =  >«  =»  10*  =  ^  => 

Interchange  *  and  y:  y  =  log10  — )  is  the  inverse  function. 
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69.  y  =  ex  —  2e  x ,  so  y'  =  e*  +  2e  x,  y"  =  e*  —  2e  x.  y"  >  0  <=>  ex  —  2e  x  >  0  o  ex  >  2e  x  <=> 
e2*  >  2  <=>  2x  >  In  2  <=>  x  >  jln2.  Therefore,  y  is  concave  upward  on  ^  In 2,  oo^. 

70.  f  (x)  =  ex  +  e~2x,  f  (x)  =  ex  —  2e _2x  >0  <=>  ex  >  2e~2x  <=>  e3x  >  2  »  3x  >  ln2  <=> 

x  >  j  In  2.  Thus,  /  is  increasing  on  In  2,  oo^. 

71.  (a)  We  have  to  show  that  —  /  (x)  =  f  (— x). 


-/  (x)  =  -  In  (x  +  \/x2  +  l^  =  In  ^x  +  Vx2  +  1  ^  ^ 

=  lnf - '  = 

\X  +  Vx2  +  1  X  —  Vx2  +  1  /  x2—> 

=  In  (yjx2  +  1  —  x^  =  /  (-x) 


X  +  Vx2  +  1 


x  -  Vx2  +  1 
X2  —  x2  —  1 


Thus,  /  is  an  odd  function. 


(b)  Let  y  —  In  ^x  T*  Vx2  +  1  j.  Then  ey  =  x  +  Vx2  +  1  o  (e2,  -  x)2  =  x2  +  1  <=> 

c2t  —  1 

e2y  —  2xey  +  x2  =  x2  +  1  <=>  2xey  =  e2y  —  1  <=>  x  = - =  I  (e2  -  e-2).  Thus,  the  inverse 

2ey  2  v  2 

function  is  /”*  (x)  =  j  (e*  —  e_Jf), 


72.  Let  (a,  e  “)  be  the  point  where  the  tangent  meets  the  curve.  The  tangent  has  slope  —e  a  and  is  perpendicular  to 
the  line  2x  —  y  =  8,  which  has  slope  2.  So—  e~“  =  —  j  =>  e~a  =  j  =>  ea  =  2  =>  a  =  In  (ea)  =  In  2. 
Thus,  the  point  on  the  curve  is  ^ln  2,  |  ^  and  the  equation  of  the  tangent  is  y  —  \  —  —  \  (x  —  In  2)  or 

x  +  2y  =  1  +  In  2. 

73.  Letx  =  log1099,y  =  log982.  Then  10*  =  99  <  102  =>  x  <  2,  and92  =  82  >  92  =>  y  >  2.  Therefore, 
y  =  log9  82  is  larger. 

74.  (a)  lim  x1"*  =  lim  ( elnx)hx  =  lim  e(lnjt)2  =  oo  since  (lnx)2  ->  oo  as  x  — >  oo. 

X->OC  X—>00  V  7  X— >00 

(b)  lim  X~lnx  =  lim  (elnjr)  ln*  =  lim  e-(|n*)2  —  o  since  —  (lnx)2  — »  — oo  asx  — »  0+. 

x->0+  x-»0+  x-»0+ 

(c)  lim  xl^x  =  lim  (eInjc)lj,x  =  lim  gO11*/*)  _  q  since  — »  — oo  as  x  — »  0+. 

x-»0+  x— »0+  x-»0+  X 

(d)  lim  (In2x)-Inx  =  lim  |Vn(lri2jc)]  lnjc  —  ijm  e-lnjc,n(ln2jc)  =  0  since  —  lnx  In  (ln2x)  — >  — oo  as  x  — >  oo. 

X — >00  X -7 OO  L  J  X— *O0 


75.  (a)  Let  e  >  0  be  given.  We  need  N  such  that  j ax  —  0|  <  e  when  x  <  N.  But  ax  <  s  <=>  x  <  loga  e.  Let 

N  =  logQ  Then  x  <  N  =>  x  <  log,,  e  =>  \ax  —  01  =  ax  <  e,  so  lim  ax  =  0. 

X — >  —oo 

(b)  Let  M  >  0  be  given.  We  need  N  such  that  ax  >  M  when  x  >  N.  But  ax  >  M  <=>  x  >  loga  M.  Let 

N  =  log0  M.  Then  x  >  N  =>  x  >  loga  M  =>  ax  >  M,  so  lim  ax  =  oo. 
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76.  (a) 


( _ __ _ : 

■ 

x'  ~y=~ In  x 

— 

y  =  In  a: 

- 

i 

li 

X 

X 

.  II 
Vs 

' 

r> 

1  X  io10 

0 

From  the  graphs,  we  see  that  /  (x)  =  x01  >  g  (x)  —  In  x  for  approximately  0  <  x  <  3.06,  and  then 
g(x)>  f  (x)  for  3.06  <  x  <  3.43  x  1015  (approximately).  At  that  point,  the  graph  of  /  finally  surpasses  the 
graph  of  g  for  good. 

lnx 

(b)  0.2 


y  =  0.1 


(c)  From  the  graph  at  left,  it  seems  that  <  0. 1  whenever 

x  >  1.3  x  1028  (approximately).  So  we  can  take 
N  =  1.3  x  1028,  or  any  larger  number. 


77.  ln(x2 -2x -2)  <  0  =>  0  <  x2  -  2x  -  2  <  1.  Now*2  -  2x  -  2  <  1  gives*2  -  2x  -  3  <  0  and  hence 
(x  -  3)  (x  +  1)  <  0.  So  -1  <  x  <  3.  Now  0  <  x2  -  2x  -  2  =>  x<l-V3orx>l  +  v/3.  Therefore, 

In  (x2  -  2x  -  2)  <  0  <=>  -1  <  x  <  1  -  V3  or  1  +  V3  <  x  <  3. 

78.  (a)  The  primes  less  than  25  are  2,  3,  5,  7,  11,  13,  17,  19,  and  23.  There 

are  9  of  them,  so  n  (25)  =  9.  We  use  the  sieve  of  Eratosthenes,  and 
arrive  at  the  figure  at  right.  There  are  25  numbers  left  over,  so 
tc  (100)  =  25. 

(b)  Let  f  (n)  =  Tptn  We  compute  /  W  =  Too^Too  *  1 15’ 

/(1000)  Si  1.16, /(104)  Ri  1.13,  /  (10s)  as  1.10, /(10s)  a*  1.08, 
and  /  (107)  aj  1.07. 

(c)  By  the  Prime  Number  Theorem,  the  number  of  primes  less  than  a  billion,  that  is,  it  (109),  should  be  close  to 
109/ In  109  =»  48,254,942.  In  fact,  it  (109)  =  50,847,543,  so  our  estimate  is  off  by  about  5.1%.  Do  not  attempt 
this  calculation  at  home. 
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Derivatives  of  Logarithmic  Functions 


1.  The  differentiation  formula  for  logarithmic  functions,  —  (log,,  x)  =  — — ,  is  simplest  when  a  =  e  because 

ax  x  In  a 

In  e  =  1 . 


2.  /  (x)  =  In  (2  —  x) 

3.  /  {0)  =  In  (cos  9) 


f  M  =  : 


(2—*)  = 


f'W-- 


-  x  dx  2  —  x 

1  d  —  sin  6 

- (cos  9)  = - — 

cos  0  dd  cos  0 


1 

x  —  2 
—  tanf? 
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4.  /  ( x )  =  cos  (In jc)  =>  /'  ( * )  =  —  sin  (In*)  •  -  =  — sln('n;t) 


5-  /  (*)  =  log3  (*2  —  4)  =*  /'(*)  = 


(*2  —  4)  In  3  '  (*2  —  4)  In  3 


l/W  =  log1„(7iT)=log10,-log10(x-l)  =*  f  (*)  =  -  (— iji-io  or  ~  x  (x  _11)lnl0 

7.  F  (*)  =  In  Jx  =  In*1/2  =  A  In*  =>  F'  (*)  =  -  (  —  )  =  — 

2  \x  /  2x 


8.  G  (*)  =  tfiix  =  (In*)1/3  =s>  G'  (*)  =  |  (In*)-2/3  •  -  = 


*  3*  (In*)2/3 


„  ,  .  .  .  1  .  ^/1\  In*  1  In* +  2 

9./(*)  =  V?ln*  =»  /(*)  =  ^ln*  +  ^(-)  =  ^  +  ^  =  ^- 

m  /(0  =  T^ta7  ^ 

=  (1  -  Inf)  (1/Q  -  (1  +  In/)  (-1/7)  =  (1/Q [(1  -  In Q  +  (1  +  In Q]  =  2 

J  U  (1  —  In/)2  (1  —  In 7 )2  7  (1  —  lnt)2 

a  —  x 

11.  g(x)  =  ln - =  In  (a  —  *)  —  In  (a  +  *)  => 

a  +  x 

'(•■)=  1  /_i\  _  1  _  ~  (a  +  *)  ~  (a  ~  *)  =  -2a 

g  a  —  x  a  +  *  (a  —  x)(a  +  x)  a2  —x2 

12.  h  (*)  =  In  (x  +  -Jx 2  —  l)  =>  h'  (*)  = - ==  ( 1  H —  ^ 

V  >  *  +  v?tt  \  jyrzrx 

13.  F  (*)  =  ex  In*  =>  F'  (*)  =  ex  In*  +  ex  =  ex  ^ln*  +  — ^ 

3  1  3 

14.  h(y)  =  In  ( y 3  siny)  =  3  lny  +  In  (sin/)  =>  h'  (y)  =  — I - (cosy)  =  — I-  coty 

y  smy  y 

1  +  *  *  In* 

In*  (1 +*)  (1/*)  —  (In*)  (1)  Z  Z  1+*  — *ln* 

15.  y  =  -  =>  y  — - = - =  — - - $ —  = - 

1+*  (1+*)2  (1+*)2  *(1+*)2 

„  „  .9  ,  ^  1  ,  2  (In  tan*)  sec2* 

16.  y  =  (In tan*)2  =>  y  =2(lntan*)- - -sec2*  = - 

tan*  tan* 

17.  h  (t)  =  t3  -  3'  =>  h'{t)  =  3t2  -3'  In  3 

18.  y  =  10,an9  =>  y'  =  10,an0  (In  10)  (sec2  0 ) 


19.  y  =  In  |*3  —  x2 


,  _  1  ,  2  .  _  *  (3*  -  2)  _  3*  -2 

y~x2-x2^X  2x^~  x2(x-\)~  x(x-\) 


[3u  +  2_  , 


20.  G  (u)  =  In  J — 2—  =  T  [In  (3«  +  2)  —  In  (3u  -  2)]  =>  G 


■«-K 


3  _  3  \  _  -6 

3n  +  2  3«  —  2/  —  9w2  —  4 


21.  y  =  ln(e  1  (1  +  *))  =  In  (e  *)  +  In  (1  +*)  =  —*  +  In  (1  +  *)  =>  y' =  — 1  +  - =  —  — — — 

1  +  JC  1  +  * 

22.  v  =  In  (x  +  Inx)  =>  y'  = - (  1  +  —  )  =  — X  ^ — 

x  +  In:c\  x  /  jc  (jc  +  Injc) 

23.  Using  Formula  7  and  the  Chain  Rule,  y  =  5-1^x  =>  y  =  5-1^x  (In  5)  [—1  ■  (— x~2)]  =  5"^x  (In  5)  /x2 
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24.  y  =  23*2  =»  /  =  23*2(ht2)^(3*2)=23'2(hi2)3*2(ln3)(2*) 

25.  y=xlnx  =>  y'  =  In*  +  *  (1/jc)  =  In*  +  1  =>  y"=\/x 

26.  y  =  In  (l  +  *2)  =»  /  =  ^  '  2*  =  J~T\  =* 

„  (jc2  +  1)  (2)  —  (2jc)  (2jc)  2x2  +  2  —  4x2  2-2x2 

y'=  (*2  +  l)2  -  (*2  +  l)2  _  (x2  + 1)2 

27.  y  =  log10i-  =»  /  =  ^  =  =*  ^"=tolo(-?) 


28.  y  =  In  (sec*  +  tan*)  =»  y 


,  sec*  tan*  +  sec2* 
sec*  +  tan* 


=  sec*  =>  y"  =  sec*tan* 


29./(*)  =  ln(2*  +  l)  =*  /'«  =  —  •  2  =  ^ 


.  Dom  (/)  =  {*  |  2*  +  1  >  0}  =  (-j,  oo). 


30.  /(*) 


1  /x  1 

/'  (x)  = - - - =■  (Reciprocal  Rule)  = - - — - — -r. 

(1  +  In*)2  jc  (1  +  lnjc)2 


"'n''l+liu  '  v  '  (1  +  In*)2  '  x  (1  +  In*)2 

Dom  (/)  =  [x  |  *  >  0  and  In*  7F  -1}  =  {*  |  *  >  0  and x  ^  1/e}  =  (0, 1/e)  U  (1/e,  oo). 

31.  /  (*)  =  x2  In  (1  -  x2)  =>  f  (x)  =  2*  In  (l  —  x2)  +  =  2*  In  (1  —  *2)  —  • 

Dom  (/)  =  {x  |  1  -  x2  >  0}  =  {*  |  |*|  <  1}  =  (-1, 1). 

32.  /  (*)  =  In lnln*  =*  /' W  =  _1_  .  _L  .  i. 

Dom  (/)  =  {*  |  lnln*  >  0}  =  {x  |  In*  >  1}  =  {x  |  x  >  e)  =  (e,  oo). 

*  ,  „  In*  — *(1/*)  lnjc  —  1  ,  1  —  1  n 


34.  f  (x)  =  x2  In*  =>  /' (*)  =  2*  In* +*2  =  2*  In* +*  =>  f  (1)  =  2  In  1  +  1  =  1 

35 .  y=  f  (*)  =  lnln  x  =»  f  (*)  =  —  (i)  =>  f  (e)  =  -,  so  an  equation  of  the  tangent  line  at  (e,  0)  is 

In*  \x  )  e 


1  ,  1 

v  —  0  =  -  (*  —  e),  or  y  =  -*  -  1 ,  or  *  —  ey  =  e. 
e  e 


36.  y  —  f  (x)  —  In  (*2  +  l)  =*  f  (x)  —  * 2  +  i  ’^x  ~  x2  +  \ 
line  at  (1,  ln2)  is  y  —  ln2  =  1  (*  —  1),  or  y  =  x  +  ln2  —  1. 


f  (1)  =  1,  so  an  equation  of  the  tangent 


37.  /  (x)  =  sin*  +  In*  =»  f  (*)  =  cos*  +  1/*.  This  is  reasonable, 
because  the  graph  shows  that  /  increases  when  /'  (*)  is  positive,  and 
/'  (*)  =  0  when  /  has  a  horizontal  tangent. 
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38.  /  (*)  =  *cos*  =  eln*  “**  => 

/'  ( x )  =  cos*  In x  (—  sin*)  +  cos* 


=;ccos,[^i_sin;cln;c]  \^r  y 

This  is  reasonable,  because  the  graph  shows  that  /  increases  when  t _ , 

/'  (*)  is  positive.  15 

39.  y  =  (2x  +  l)5  (x4  -  3)6  =>  Iny  =  In  ((2*  +  l)5  (*4  -  3)S)  =>  Iny  =  5  In  (2x  +  1)  +  61n  (*4  -  3) 


-y'  =  5  •  *  ■  2  +  6  •  *  ■  4*3  => 

y  2x  + 1  x4  -3 

,  (  10  24* 3  \  10  (x4  -  3)  +  24*3  (2x  +  1) 

y  =>’(^r-TT  +  24— T  )=y - ,  .w. 4  - 


\2x  +  \  x4-3) 

_L  ia4  (v4  _  1\5  (-)Qv4 


4-3)  +  24*3(2*  +  l)  _ ,s,_4  58*4  +  24*3  -  30 

(2*  +  l)(*4-3)  -  +  *7  ^  '  (2*  +  l)(*4-3) 


=  2  (2*  +  l)4  (jc4  -  3)5  (29*4  +  12*3  -  15) 

40.  y  =  y/x^2  (x2  +  l)10  =>  \ny  =  j  ln*  +x2  +  101n  (*2  +  l)  =7  -y'  =  ^  +  10  '  ^njTf  ^ 


41.  ^  _  sinjctanx  jn>,  _  jn  7sjn2  jc  tan'*  jc)  —  ln  (at2  +  l)2  =  2  In  sin  jc  +  4  In  tan  jc  —  2  In  (ac2  +  l) 

(*2  +  0 


-y1  =  2  ■  — •  cos*  +  4  •  — —  •  sec3  x  —  2  ■  ,  '  ■  2x 

y  sin*  tan*  xL  + 1 

,in2,f<m‘iv  /  4 sec2 x  4*  \ 


y’  = - 1-  ( 2 cot*  + 

(*2  +  !)2  v 


4*  \ 

*2  +  lJ 


42-y  =  ^^T  =*  >«o'  =  ita(*2  +  1)-ii"(*2-1)  =»  ^rirr2*  =» 

,  4 jx2  +  1  1  /  *  *  \  1  Jx2  +  1  /  —2*  \  *  Jx2  +  1 

*  =V  JETT'S  V^+T_  2V*2-1  V*4-!/  l-x4\x2-l 


*  V*2  + 1 

-*4  V*2  - 1 


43.  y=**  =>  lny  =  *ln*  =>  y'/y  =  ln*  +*  (1/*)  =>  y'=**(ln*  +  l) 

44.  y  =  *'/■'  =>  Iny  =  tin*  =>  —  = - 2  ln  *  +  -  T-'l  =»  y'=**/* - j 

jr  _y  \-x  / 


45.  .y  =  *s 


ln y  —  sin*  ln* 


v  sin* 

—  =  cos*  ln*  H - 


y'  =  ^sinx  |  cos;c  lnjt  _{_  . 


46.  y  =  (sin*)*  =»  Iny  =  *  ln  (sin*)  =>  y'/y  =  ln  (sin*)  +  *  (cos*)  /  (sin*) 

y  =  (sin*)*  [ln  (sin*)  +  *  cot*] 

y  11  .  „ 

47.  y  =  (In*)*  =>  Iny  =  *  lnln*  =>  —  =lnln*+*-; — •-  =>  y  =  (In 

y  ln*  * 


47.  y  =  (In*)*  =>  Iny  =  * lnln*  =>  —  =  lnln*  +*  •  •  —  =>  y’  =  (In*)*  ^lnln*  + 

48.  y=*ln*  =>  Iny  =  ln*  ln*  =  (In*)2  =>  —  =21n*^— ^  =>  y'=*ln*^— - — ^ 

49.  y  =  x‘x  =>  lny  =  e*ln*  =>  —  =e*ln*  +  —  =>  y'  =  x6* ex  ^ln*  + 
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50.  y  =  (ln*)cos*  =>  lny  =  cos*  In  (In*)  =>  — =  cos*  •  - — • — V  (lnln*)  (—  sin*) 


y  =  (In*)C0SJC  (C°SJC  —  sin*  lnln*) 
\*ln*  / 


51.  y  =  In  (x2  +  y2)  =>  /  =  =>  *  V  +  T2/  =  2x  +  2 yy'  =>  /  =  ^ — — 

52.  xy  =  y*  =>  ylnx=xlny  =>  y  •  -  +  y'  In x  =  x  ■  -  •  y'  +  Iny  =>  y'  lnx  —  -y'  =  \ny  —  — 

x  y  y  x 

,  in  y-y/x 

y  — - 

In  jc  —  x/y 

53.  /(x)  =  ln(x  -  1)  =>  /'(x)  =  l/(x-l)  =  (x-l)->  =>  /"  (x)  =  -  (x  -  1)“2 

=>  f"(x)  =  2(x  -  I)-3  =>  /<4>  (x)  =  -2  ■  3  {x  -  1)“4  =>  => 

/<">(x)  =  (-l)""1  -  2-3  -4 . (n-  l)(x  -  I)'"  =  (-l)"-1  (n  ~  1)1 


54.  y  =  *8  In*,  so 


(x  - 1  r 


D9y  =  D8  (&x7  lnx  +  x7)  =  Dz  (8x7  lnx)  =  D7  (8  •  lx6  lnx  +  8x6)  =  D7  (&  ■  7x6  lnx) 
=  D6  (8-7-6xslnx)  =  ■■■  =  £>  (8!  x°  lnx)  =  8!/x 


56i  y=ln(4-x2)  ,, 


55.  1 _  From  the  graph,  it  appears  that  the  only  root  of  the  equation  occurs  at 

=  e  ~x  ss*  about  x  =  1.3.  So  we  use  Newton’s  Method  with  this  as  our  initial 

_  approximation,  and  with  /  (x)  =  lnx  —  e~x  =>  /'  (x)  =  1/x  +  e~x . 

0  - -  2 

/  The  formula  is  x„+i  =  x„  —  f  ( x„ )  //  (x„),  and  we  calculate  x\  =  1.3, 

/  y  =  In  x 

/  X2  ss  1 .309760,  X3  X4  =«  1 .309800.  So,  correct  to  six  decimal  places, 

_l  the  root  of  the  equation  Inx  =  e~x  is  x  —  1.309800. 

56.  y  =  ln(4  -x2)  j  5  We  use  Newton’s  Method  with  /  (x)  =  In  (4  -  x2)  —  x  and 

( -  -  |  _ s 

S'  s'^'  /'  (x)  =  — Cr  (-2x)  -1  =  1-  X  , .  The  formula  is 

-2.2  - . - — ^ - -1.2  4~X  4~X 

[  s'  x„+i  =  x„  - /(x„) //' (x„).  From  the  graphs  it  seems  that  the  roots 

I  s'  y  x  occur  at  approximately  x  =  —  1 .9  and  x  =  1.1.  However,  if  we  use 

^ ’  *1  =  —1.9  as  an  initial  approximation  to  the  first  root,  we  get 

X2  s*  -2.00961 1,  and  /  (x)  =  In  (x  —  2)2  -  x  is  undefined  at  this  point, 
making  it  impossible  to  calculate  X3 .  We  must  use  a  more  accurate  first  estimate,  such  as  x\  =  —  1 .95.  With  this 
approximation,  we  get  xi  =  —1.95,  X2  —1.1967495,  X3  =»  —1.964760,  X4  X5  ss  —1.964636.  Calculating  the 
second  root  gives  xi  =  1.1,  X2  *s  1.058649,  X3  s*  1.058007,  X4  =3  X5  a*  1.058006.  So,  correct  to  six  decimal 
places,  the  two  roots  of  the  equation  In  (4  —  x2)  =  x  are  x  =  —  1 .964636  and  x  =  1 .058006. 

57. /(x)  =  ^  ^  />w  =  ^(1/x)-(1nx)[1/(2V?)]=ynx  ^ 

f"  M  =  ^  (~l/X)  ~  (23~  ‘nj)  (3jtV2)  -  3  8  >  0  «  lnx  >  8  «  x  >  e8/3,  so  /  is  CU  on 

4*3  4x*'z 


(e8/3,  00)  and  CD  on  (0,  e8^3).  The  inflection  point  is  ^e8/3,  4^3^. 
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58.  f  (x)  =  x  In*,  /'  (x)  =  lnx  +  1  =  0  when  lnx  =  — 1  o  x=e~K  /'(x)>  0  <=>  lnx  +  1  >  0  <=> 

In.*  >  —  1  <=>  x  >  1/e.  f'(x)  <0  «  In jc  +  1  <0  <=>  x  <\/e.  Therefore,  there  is  an  absolute 

minimum  value  of  /  (1/e)  =  (1/e)  In  (1/e)  =  -1/e. 

59.  v  —  /  (x)  =  ln(cosx) 

A.  D  =  {x  |  cos x  >  0)  =  (-§,  |)  U  U  ■  ■  ■  =  {x  |  2nw  -  §  <  x  <  2nit  +  f ,  n  =  0,  ±1,  ±2, . . .  } 

B.  x-intercepts  occur  when  In  (cos*)  =  0  o  cosx  =  1  <=>  x  =  2nx,  ^-intercept  =  /(0)  =  0. 

C.  /  (-x)  =  /  ( X ),  so  the  curve  is  symmetric  about  the  y-axis.  f  (x  +  2k)  =  f  (x),  f  has  period  2tc,  so  in  parts 
D-G  we  consider  only  —  ^  <x  <  S-.  D.  lim  In  (cosx)  = —oo  and  lim  In  (cosx)  =  —  oo,  so  x  =  5- 

x->-jr/2+  2 

and  x  =  —j  are  VA.  No  HA.  H. 

E.  /'  (x)  =  (1/cosx)  (-sinx)  =  -  tan*  >  0  <=>  -§<x<0, 
so  /  is  increasing  on  (-§,  0)  and  decreasing  on  (0,  f ) . 

F.  /  (0)  =  0  is  a  local  maximum.  G.  /"  (x)  =  —  sec2  x  <  0  => 

/  is  CD  on  |).  No  IP. 


60.  y  —  In  (tan2x)  A.  D  =  (x  |  x  ^  njc/2}  B.  x-intercepts  nit  +  no  y-intercept.  C.  /  (-x)  =  /  (x),  so  the 
curve  is  symmetric  about  the  y-axis.  Also  /  (x  +  n)  —  f  (x),  so  /  is  periodic  with  period  n,  and  we  consider 
parts  D-G  only  for  —j  <  x  <  j .  D.  lim  In  (tan2x)  =  — oo  and  lim  In  (tan2  x)  =  oo, 

'  x-ix/2-  V  ’ 


lint  In  (tan2  x)  =  oo,  so  x  =  0,  x  =  ±f  are  VA.  E.  /'  (x)  = 


2tanx  sec2x 


tanx  >0  »  0  <  x  <  §, 

so  /  is  increasing  on  (0,  §)  and  decreasing  on  (-|,  0) .  F.  No 

2  4 

maximum  or  minimum  G.  /'  (x)  =  - - = -  => 

sin  x  cos  x  sin2x 

,  — 8cos2x 

/  (x)  =  — -  <0  <=>  cos2x>0o  -f  <x<f,so 

sin2  2x  4  4 

/  is  CD  on  (~f ,  0)  and  (0,  f )  and  CU  on  (-§,  -f )  and  (f ,  § ). 

IP  are  (±|-,  0). 


61-  y  =  /  (x)  =  In  (1  +  x2)  A.  D  =  R  B.  Both  intercepts  are  0.  C.  /  (-x)  =  /  (x),  so  the  curve  is  symmetric 

2x 

about  the  y-axis.  D.  lim  In  (l +x2)  =  oo,  no  asymptotes.  E.  /‘,(x)  = - x>0 

x->±co  '  '  ^w]-yx2 


o  x  >  0,  so  /  is  increasing  on  (0,  oo)  and  decreasing  on  (-oo,  0) . 
F.  /  (0)  =  0  is  a  local  and  absolute  minimum. 


_  2(1+  x2)  —  2x  (2x) 

(1+-2)2 


2  0-^2) 
(1+x2)2 


>  0 


|x|  <  l,so  /  is  CU  on  (—  1 ,  1),  CD  on  (-oo, -1)  and  (1,  oo).  IP 


(1,  In  2)  and  (—1,  In  2). 
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62.  y  =  /  (x)  =  In  (x2  —  x)  A.  {x  |  x2  -  x  >  0}  =  {*  |  x  <  0  or*  >  1}  =  (— oo,  0)  U  (1,  oo) .  B.  ^-intercepts 
occur  when  x2  —  x  =  \  o  x2  —  x  —  1  =  0  <=>  x  =  ^  (l  =b  No  ^-intercept  C.  No  symmetry 
D.  lim  In  (x2  —  x)  =  oo,  no  HA.  lim  In  (x2  —  x)  =  —  oo,  !im  In  (x2  —  x)  =  —  oo,  so  x  =  0 

x->oc  x—>0~  + 


2x  —  1 

and  x  =  1  are  VA.  E.  f  (*)  =  -= - >  0  when  x  >  1  and  /'  (x)  <  0 

x1  —  x 

when  x  <  0,  so  /  is  increasing  on  (1,  oo)  and  decreasing  on  (— oo,  0). 


F.  No  extrema 


G.  /"(*): 


—  x)  —  (2x  —  l)2 


—lx1  +  2x  -  1 
(x2-xf 


f"  (x)  <  0  f°r  all  x  since  —2a:2  +  2x  —  1  has  a  negative  discriminant. 


So  /  is  CD  on  (— oo,  0)  and  (1,  oo).  No  IP. 


63.  We  use  the  CAS  to  calculate  /'  (x)  = 


2  +  sin*  +  x  cos* 
2x  +  x  sin* 


2x2  sin*  +  4  sin*  —  cos2*  +  x2  +  5 


.  From  the  graphs,  it 


*2  (cos2*  —  4sin*  -  5)  *  ’  Y  /\ 

seems  that  f  >  0  (and  so  /  is  increasing)  on  approximately  the  intervals  0  r ”  , 1 

(0, 2.7),  (4.5,  8.2)  and  (10.9,  14.3).  It  seems  that  f"  changes  sign  llZ _ . 

-2 

(indicating  inflection  points)  at*  3.8,  5.7,  10.0  and  12.0. 

Looking  back  at  the  graph  of  /,  this  implies  that  the  inflection  points  have  approximate  coordinates  (3.8,  1 .7), 
(5.7, 2.1),  (10.0,  2.7),  and  (12.0, 2.9). 


64.  We  see  that  if  c  <  0, /(*)  =  In  (*2  +  c)  is  only  defined  for  *2  >  —c  =>  |*  1  >  and 

lim  /  (*)  =  lim  /  (*)  =  — oo,  since  Iny  — oo  as  y  0.  Thus,  for  c  <  0,  there  are  vertical 

x  — ►  — 

asymptotes  at  *  =  ±/c,  and  as  c  decreases  (that  is,  \c\  increases),  the  asymptotes  get  further  apart.  For  c  =  0, 

lim  /  (*)  =  -oo,  so  there  is  a  vertical  asymptote  at  *  =  0.  If  c  >  0,  there  is  no  asymptote.  To  find  the  maxima, 
*-»o 

minima,  and  inflection  points,  we  differentiate:  f  (*)  =  In  (*2  +  c)  =>  f  (*)  =  —z~ —  (2*),  so  by  the  First 

v  xl  +  c 

Derivative  Test  there  is  a  local  and  absolute  minimum  at  x  =  0.  Differentiating  again,  we  get 

/"  w  =  tttz  <2>  +  2x  [-  (*2  +  c)~2  (2*)]  =  2,y  XJ  ■  Now 

x  +c  j  (*2  +  c) 

if  c  <  0,  this  is  always  negative,  so  /  is  concave  down  on  both  of  the 
intervals  on  which  it  is  defined.  If  c  >  0,  then  f"  changes  sign  when 
c  =  x2  <=>  *  =  ±/c.  So  for  c  >  0  there  are  inflection  points  at 
±/c,  and  as  c  increases,  the  inflection  points  get  further  apart. 


/*9  i  i  r9  j 

65. /  -dx  =  -  —  d*  =  j  [In |* |] j  =  j  (In 9  —  In  1)  =  j  In 9  —  0  =  In 91/2  =  In 3 

J 1  ~X  x.  J  i  * 

66.  J  ^  ^  dx  =  [3  In  |x|]“‘2  =  3  lne  -  3  In  (e2)  =  3  -  6  =  -3 


-4 


470  □  CHAPTER  7  INVERSE  FUNCTIONS 


67.  Let  u  =  2x  +  3.  Then  du  =  2 dx,  so 
/•s  r?  I  //«  -,<) 


f  d*  =  f  jdl  =  ilnwl9  =  i(ln9-ln3)  =  A  fln32  -ln3)  =  i(21n3-ln3)  =  A  in  3  (or  in  V3). 
Jo  2*  +  3  73  u  J3  V  / 

/9  i  *i2  />9  /  _  i9  81 

V?  +  -y=  dx  =  J  y!+2+-Jdx  =  ^jx2  +  2x  +  lnxj^  =  —  +  18  +  In9  —  (8  +  8  +  In  4)  = 


85  ,  9 

y  +  ln4 


69.  J  — i — -t—  dx  =  J  ^*  +  1  H — ^  t/*  =  ^jx2  +  x  +  In*j^  =  ^e2  +  e  +  1^  —  ^5  +  1  +  0^  =  je2  - 

1  /*6  /*ln6  t 

70.  Let  u  =  In*.  Then  du  —  —  dx,  so  /  — - — =  /  -  du  =  [In  lw|l!n6  =  lnln6  —  In  1  =  lnln6 

a:  Je  *ln*  Ji  u  1 

71.  Let  u  —  5  —  3.x.  Then  du  =  —3  dx,  so  /  — ^ —  =  — -  f  -  du  =  — i  In  juj  +  C  =  — i  In  |5  —  3*|  +  C. 

J  5 -3x  3  J  u  3  3 

72.  Let  «  =  *3  +  3*  +  1.  Then  du  —  3  (*2  +  l)  dx,  so 

[  x2  + 1  1  f  du  1  1  I  ,  I 

/  3  ,  -3 — 77  dx  =  7  /  —  =  -  ln|w|  +  C  =  -  In  *3  +3*  +  1  +C. 

V  *3  +  3*  +  1  3  J  u  3  31  I 

73.  Let  u  =  1  +  x 4.  Then  t/w  =  4*3  dx,  so 

J  — 4  ^  =  i|-^  =  ilnN  +  C  =  iln|l+^4|  +  C  =  Iln(l  +  *4^  +  C  (since  1  +  *4  >  0). 

74.  Let  u  =  2  +  sin*.  Then  =  cos*  dx,  so 

/"  cos*  f  1 

/  - : — d*  =  /  -  dw  =  In  |u|  -f  C  =  In  |2  +  sin  *  |  +  C  =  In  (2  +  sin*)  +  C  (since  2  +  sin*  >  0). 

J  2  + sin*  J  u 


75.  Let  u  =  In*.  Then  du  =  —  =>  f  - - —  dx  —  j  u2  du  =  |w3  +  C  =  5  (In*)3  +  C. 

x  j  x 

/€?  f  du 

x  ^  dx  =  /  —  =  In  |u|  +  C  =  In  (e*  +  l)  +  C. 

77.  J2, 0-A  =  [i2Ll2  =  i^_J°l.  =  i?°zi2  =  J0. 

J1  [lnlOJ,  In  10  In  10  In  10  In  10 


76.  Let  u  =  ex  +  1 . 


10'  l2  102  101  100-  10  90 

In  10,  “In  10  In  10“  In  10  “  InTo 


78.  Let  u  =  x2.  Then  du  =  2*  dx,  so  f  x2*2  dx  =  i  [  2U  du  =  -  — - 1-  C  =  — - — 2*2  +  C. 

J  2J  2  In  2  2  In  2 


79.  (a)  —  (In  |sin*|  +  C)  =  — - —  cos*  —  cot* 
dx  sin* 


/cos*  f  du 

- dx  =  /  —  =  In  |u|  +  C  =  In  |sinjc|  +  C. 

sinx  J  u 

0.  Let  u  =  x  —  2.  Then  the  area  is 

2  r~ 3  du  , 

A  =  -  - -  dx  —  —2  I  —  =  r-21n|u|0  =  -2 In 3  +  21n6  =  21n2  s»  1.386. 

J- 4  x  -  2  y_6  u 


81.  The  cross-sectional  area  is  it  (l/V*  +  l)2  =  n/  (x  +  1).  Therefore,  the  volume  is 

f  — r  dx  =  n  [in  (x  +  1)]J  =  n  in  2  -  in  1  =  it  in  2. 

Jo  x  +  1 
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82.  Using  cylindrical  shells,  we  get  V  =  J  dx  =  x\\n{\  +  =  x  In  10. 

83.  The  domain  of  /  (*)  =  1  /*  is  (-oo,  0)  U  (0,  oo),  so  its  general  antiderivative  is  F  (x)  = 


In*  +  C]  if  *  >  0 
In  |*|  +  C2  if  *  <  0 


84.  /"(*)  =*~2,*  >  0  =*  /'  (*)  =  —1/*  +  C  =>  /(*)  =  —  In*  +  C*  +  73.  0  =  f  (l)  =  C  +  D  and 

0  =  /(2)  =  -ln2  +  2C  +  B  =  -ln2  +  2C-C  =  -ln2  +  C  =>  C  =  In  2  and  D  =  -  In  2.  So 
/(*)  =  —  In  *  +  (In  2)  *  —  In  2. 

85.  /(*)  =  2*  +  In*  =>  /'(*)  =  2+1/*.  Ifg  =  /_1,  then /(l)  =  2  =>  g(2)  =  l,  so 
g'(2)  =  l//'fe(2))  =  l//'(l)  =  |. 

86.  /  (x)  =  ex  +  lnx  =>  /'  (x)  =  ex  +  1/x.  h  =  /-1  and  /(l)  =  e  =>  /*(e)  =  1,  so 

A#W  =  l//,(l)  =  l/(e  +  l). 

87.  The  curve  and  the  line  will  determine  a  region  when  they  intersect  at  ?  f  * 

two  or  more  points.  So  we  solve  the  equation  x/ (x2  +  l)  =  mx  =>  _ 


x  =  0  or  mx2  +  m  —  1  =  0  =»  x  =  0  or  Vw _  j 

izJ— 4  (m)  (m  —  1)  n  :  ytfy  °  /-  —  l 

.x  = - - - =  ±./ - 1.  Note  that  if  w  =  1,  this  has  ^ m 

2m  V  w 

only  the  solution  *  =  0,  and  no  region  is  determined.  But  if 
Ifm  —  1  >  0  <^>  1/m  >  1  <=>  0  <  m  <  1,  then  there  are  two 

solutions.  [Another  way  of  seeing  this  is  to  observe  that  the  slope  of  the  tangent  to  y  =  x/(x2  +  l)  at  the  origin  is 
y'  ~  1  and  therefore  we  must  have  0  <  m  <  1.]  Note  that  we  cannot  just  integrate  between  the  positive  and 
negative  roots,  since  the  curve  and  the  line  cross  at  the  origin.  Since  mx  and  x/  (x2  +  l)  are  both  odd  functions, 
the  total  area  is  twice  the  area  between  the  curves  on  the  interval  [0,  */\/m  —  l].  So  the  total  area  enclosed  is 
[■J Vfm-i  r  x  1  r  i  /  0  \  l  'H'/l/™-1 

2 1  [^rmx\dx=:2[Mx  +1)-2-  Jo 

=  [1n(i_1+1)_m(i_1)]_(lnl_0) 

=  in  ( — |  +  m  —  \  —  m  —  In  m  —  l 

w 

(a)  Let  /  (x)  =  lnx  =>  f  (x)  =  1/x  =>  f"  (x)  =  — 1/x2.  The  linear  approximation  to  lnx  near  1  is 

In*  «/(!)  +  /'( 1)(*  -  l)  =  lnl  +  {(*-  1)=*-  1. 


From  the  graph,  it  appears  that  the  linear  approximation  is 
accurate  to  within  0. 1  for  x  between  about  0.62  and  1.51. 
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89.  If  /  (x)  =  In  (1  +  x),  then  /'  (x)  =  - — so  /'  (0)  =  1. 

Thus,  hm  ln(1-±^  =  lim  =  lim  OZtJM  =  f  (0)  =  1. 
x->0  X  x-)0  X  at— >0  X  —  0 

90.  Let  m  =  w/jc.  Then  n  —  xm,  and  as  n  — »  oo,  m  — >  oo. 

Therefore,  lim  (l  +  -)  =  lim  f  1  +  — ^  =  lim  (\  4-  1  =  ex  by  Equation  9. 

m->oo  \  n )  \  mj  [_m-»oo  y  m  /  J 


The  Natural  Logarithmic  Function 


1.  In  =  ln^3_v  —  lnz2  —  In*3  +  lny  —  lnz2  =  3  In*  +  lny  —  2  lnz 


2.  In ija  ( b 2  +  c2)  —  In  (a  ( b 2  +  c2))  =  \  In  (a  ( b 2  +  c2))  =  \  [ina  4-  In  (b2  +  c2)] 

=  j  Inn  +  j  In  [b2  +  c 2) 

3.  ln(nu)10  =  101n(nu)  =  10(ln«  +  Inn)  =  lOlnn  +  lOlnu 

3jc2 

4.  In - r  =  In 3.x2  -  In  (x  +  l)5  =  In 3  +  lnx2  -  5  In  (x  +  1)  =  In 3  +  21nx  -  5  ln(x  +  1) 


5.  2  In  4  —  In  2  =  In  42  —  In  2  =  In  16  —  In  2  =  In  -y  =  In  8 

6.  In 3  +  j  In 8  =  In 3  +  ln81''3  =  In 3  +  In 2  =  In  (3  •  2)  =  ln6 

7.  *  lnx  -  5  In  (x2  +  1)  =  lnxI/2  —  In  (x2  +  l)5  =  In  — — — r 

2  V  '  V  (x2  +  l)5 

8.  lnx  +  a  \ny  —  b  lnz  =  lnx  +  In ya  —  lnz*  =  In  (xya /zb) 


y  —  In* 


y  =  —  In* 


10.  y  —  In* 


y  =  In  |x| 


X  0  1 


y  =  In* 


y  -  ln(*  +  3) 
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,  1  /,  1\  *  +  l 

28. y  =  ln(*  +  ln*)  =*  y  =  +  ~ )  ~  x  {x  +  lnJ) 

29.  y  =  tan  [In  (ax  +  6)]  =>  /  =  sec2  (In  (ax  +  b))  — 


30.  y  =  In  |tan  2*  |  =>  ^ 

31.  y=*ln*  =>  y' =  In*  +  *  (1/*)  =  In*  +  1  =>  y"  =  \/x 

,  sec  x  tan  x  +  sec2*  „ 

32.  y  =  In  (sec*  +  tan*)  =>  y  = - — - —  sec*  =>  y  —  sec x  tan * 

J  see*  +  tan* 

33.  / (*)  =  In  (2*  +  1)  =>  /'(*)  =  -2=  Dom (/)  =  {*  |  2*  +  l  >  0}  =  (-i,oo). 


■  1  lx  1 

=*  r w  =  "  oTl^?  (Reciprocal  Rule)  =  ”^T^- 

Dom(/)  =  {*  |  *  >  0  and  In*  ^  — 1}  =  (*  |  *  >  0  and*  ^  1/e}  =  (0, 1/e)  U  (1/e,  oo). 

35.  / (*)  =  *2 In (1  —  *2)  =>  /'(*)  =  2*ln(l-*2)  +  ^-^=2*ln(l-*2)-j^ 

Dom  (/)  =  {*  |  1  -*2  >  0}  =  {*  |  |*|  <  1}  =  (-1, 1). 

36.  /(*)  =  In  In  In*  =*  /' M  =  ^  '  ^  ^ 

Dom  (/)  =  {*  |  In  In*  >  0}  =  {*  |  In*  >  1}  =  {*  |  *  >  e}  =  (e,  oo). 


37.  /(*): 


In*  —  x  (1/*)  In*  —  1 
/  M  =  — 7772 —  =  “7777 


f{e)  =  LJ.  =  0 


38.  /(*)  =*2ln*  =»  /'(*)  =  2*  In* +*2  =  2*ln* +*  =>  /' (1)  =  21nl  +  1  —  1 

39.  /(*)  =  sin*  +  In*  =>  /'(*)  =  cos*  +  1/*.  This  is  reasonable,  * - 

because  the  graph  shows  that  /  increases  when /'(*)  is  positive,  and  l  / 

/'(*)  =  0  when  /  has  a  horizontal  tangent.  V\/~.  / 


40.  / (*)  =  In (*2  +  *  +  l)  =»  /'(*)  = 


*2  +  *  +  1 


(2*  +  1). 


Notice  from  the  graph  that  /  is  increasing  when  /'  (*)  is  positive. 


■f(x)  =  In  In*  =>  /■'(*)  =  — =>  /' (e)  =  so  an  equation  of  the  tangent  line  at  (e,0)  is 

In*  \x  /  e 


y  —  0  =  -  (*  —  e),  or  y  =  -*  —  1 ,  or  *  -  ey  =  e. 


45.  /(*)  =  ln(x  -  1)  =>  /'  (*)  =  l/(*  -  1)  =  (*  -  I)"1  =>  /"  (x)  =  -  (*  -  1)~2 

=>  /"'(*)  =  2  (*- l)'3  =>  /(4>  (X)  =  -2  •  3  (*  -  l)-4  =»  ...  =» 

/(n)  W  =  (-1)"-1  -2.3.4 . («  -  1)  (x  -  1)-"  =  (-1)"-1  (n  ~  1)1 

0  -  1)" 


46.  >*  =  *8  lnx,  so 

=  -°8  (8*7  ln^r  +  x7)  =  Z>8  (8* 7  In*)  =  D1  (8  •  lx 6  In*  +  8x6)  =  D1  ■  7x6  In*) 
=  De  (s  ■  7  •  6*s  In*)  =  ■  •  •  =  £>  (8!  *°  In*)  =  8!/* 


47. 


From  the  graph,  it  appears  that  the  only  root  of  the  equation  occurs  at 
about  *  =  1.3.  So  we  use  Newton’s  Method  with  this  as  our  initial 
approximation,  and  with  /  (*)  =  In*  -  e~x  =>  /'  (*)  =  1/*  +  e~x. 

The  formula  is  *„+i  =*«-/(*„)//'  (*„),  and  we  calculate  x\  =  1.3, 
*2  1 .309760,  *3  *4  1 .309800.  So,  correct  to  six  decimal  places, 

the  root  of  the  equation  In*  =  e~x  is*  =  1.309800. 


48. 


We  use  Newton’s  Method  with  /  (*)  =  In  (4  -  x2)  -  *  and 
1 

/  (*)  —  - 9  (—2*)  —1  =  1  —  - - r.  The  formula  is 

4-jc2  4-jc2 

xn+ 1  =  x„  -  /  (*„)  If  (*„).  From  the  graphs  it  seems  that  the  roots 
occur  at  approximately  *  =  - 1 . 9  and  *  =  1 . 1 .  However,  if  we  use 
*1  =  - 1 .9  as  an  initial  approximation  to  the  first  root,  we  get 


x2  ^  —2.00961 1,  and  f  (*)  =  In  (*  —  2)2  —  *  is  undefined  at  this  point, 
making  it  impossible  to  calculate  *3.  We  must  use  a  more  accurate  first  estimate,  such  as  *1  =  —1.95.  Withthis 
approximation,  we  get  *]  =  - 1 .95,  *2  - 1 . 1 967495,  *3  «  - 1 .964760,  *4  *5  «  - 1 .964636.  Calculating  the 

second  root  gives  *1  =  1 . 1,  *2  ^  1 .058649,  *3  ^  1 .058007,  *4  ^  *5  &  1 .058006.  So,  correct  to  six  decimal 
places,  the  two  roots  of  the  equation  In  (4  -  *2)  =  *  are  *  =  - 1 .964636  and  *  =  1 .058006. 
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49.  y  —  f  (x)  =  In  (cos*) 

A.  I>  =  {*  |  cos*  >  0}  =  (— f ,  f )  U  U  •••  =  {*  |  2  nn  —  §  <  x  <  2  nit  +  § ,  n  =  0,  ±1,  ±2, . . .  } 

B.  *-intercepts  occur  when  In  (cos*)  =  0  <=>  cos*  =  1  <=>  *  =  2mt,  y-intercept  =  /  (0)  =  0. 

C.  /  (— *)  =  /  (*),  so  the  curve  is  symmetric  about  the  y-axis.  /  (*  +  In)  —  /  (x),  /  has  period  27r,  so  in  parts 
D-G  we  consider  only  —  5-  <*<  5- .  D.  lim  In  (cos*)  =  — oo  and  lim  In  (cos*)  =  -oo,  so  *  =  f 

1  2  x^>ji/2~  x->-n/2+ 

and  *  =  -f  are  VA.  No  HA.  H. 

E.  /'(*)  =  (1/ cos*)  (- sin*)  = —tan*  >  0  <=>  —  y  <  x  <  0, 
so  /  is  increasing  on  (-f ,  0)  and  decreasing  on  (0,  |) . 

F.  /  (0)  =  0  is  a  local  maximum.  G.  /"  (*)  =  -  sec2  *  <  0  => 

/is  CD  on  (-§,§).  No  IP. 


50.  y  =  In  (tan2  *)  A.  D  =  {*  |  *  yt  nit /2)  B.  x-intercepts  rtw  +  j,  no  y-intercept.  C.  /  (— *)  =  /  (*),  so  the 

curve  is  symmetric  about  the  y-axis.  Also  /  (*  +  x)  =  f  (*),  so  /  is  periodic  with  period  n,  and  we  consider 

parts  D-G  only  for  -  %  <*<  f .  D.  lim  In  (tan2*)  = -oo  and  lim  In  (tan2*)  =  oo, 

2  2  *->0  v  '  ' 


lim  In  (tan2*)  =  oo,  so*  =  0,  *  =  ±5- are  VA.  E ./'(*)  = 

x-+-nj2+ 


2  tan*  sec2* 


tan*  >0  »  0<*<§, 


so  /  is  increasing  on  (0,  j)  and  decreasing  on  (—  \ ,  0) .  F.  No 


maximum  or  minimum  G.  /'  (*)  = 


sin*  cos*  sin  2* 


— 8  cos  2.x 

/"  (*)  = - x -  <0  <=>  cos2*  >  0  <=>  — f  <  *  <  f,  so 

sin2  2* 

/  is  CD  on  (-  f,  0)  and  (0,  f)  and  CU  on  (-f ,  —j )  and  (^,  ^). 
IP  are  (±|,0). 


51.  y  =  /(*)  =  In  (1  +  X2)  A.  D  =  R  B.  Both  intercepts  are  0.  C.  /  (-*)  =  /  (*),  so  the  curve  is  symmetric 

2* 

about  the  y-axis.  D.  lim  In  (1 +*2)  =  oo,  no  asymptotes.  E  ./'(*)  =  - - *>0 

*->±oo  x  1  1  -b  *z 


<=>  *  >  0,  so  /  is  increasing  on  (0,  oo)  and  decreasing  on  (-oo,  0) . 
F.  /  (0)  =  0  is  a  local  and  absolute  minimum. 


G.  /"  (*)  = 


2(1+  x2)  —  2*  (2*)  _  2(1  -*2) 


jx|  <  1,  so  /  is  CU  on  (—1,  1),  CD  on  (—00,  —1)  and  (1, 00).  IP 


(1,  ln2)  and  (—1,  In2). 
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y  —  f  (-*)  —  1°  i*2  x )  A.  [x  |  x2  —  x  >  0}  —  {x  [  x  <  0  or  x  >  1}  =  (— oo,  0)  U  (1,  oo) .  B.  ^-intercepts 

occur  when  x2  —  x  =  1  <=>  x2  —  x  —  1  =  0  <=>  x  =  |  ^1  ±  V5^.  No  y-intercept  C.  No  symmetry 

D.  lim  In  (x2  -  x)  =  oo,  no  HA.  lim  In  (x2  -x)  =  -oo,  lim  In  (x2  -  x)  =  -oo,  so  x  =  0 

x->0~  '  *->1  +  '  ’ 


2x  —  1 

and  x  =  l  are  VA.  E.  f  (x)  =  —  >  0  when  x  >  1  and  f  (x)  <  0 

when  *  <  0,  so  /  is  increasing  on  (1,  oo)  and  decreasing  on  (-oo,  0). 


F.  No  extrema  G.  /"  (x)  = 


x)  -  (2x  -  IY  _  -2x2  +  2*  - 
r2-*)2  ~  (x2-xf 


=*■  f"  (-*)  <  0  for  all  x  since  —  2x2  4-  2x  —  1  has  a  negative  discriminant. 


So  /  is  CD  on  (-oo,  0)  and  (1,  oo).  No  IP. 


53.  We  use  the  CAS  to  calculate  f  (x)  = 


i  +  sin*  +  *  cos* 


2*  4-  x  sin* 


2*2  sin*  +  4sin*  —  cos2*  +*2  +  5 
x2  (cos2  *  —  4  sin  *  —  5) 


From  the  graphs,  it 


seems  that  f  >  0  (and  so  /  is  increasing)  on  approximately  the  intervals 
(0, 2.7),  (4.5,  8.2)  and  (10.9,  14.3).  It  seems  that  f"  changes  sign 
(indicating  inflection  points)  at*  «  3.8,  5.7,  10.0  and  12.0. 


Looking  back  at  the  graph  of  /,  this  implies  that  the  inflection  points  have  approximate  coordinates  (3.8,  1.7), 
(5.7,  2.1),  (10.0,  2.7),  and  (12.0, 2.9). 


54.  We  see  that  if  c  <  0,  /  (*)  =  In  (*2  +  c)  is  only  defined  for  x2  >  -c  =>  f*  I  >  V— c,  and 

/  (*)  —  lim  _/(*)  =  —oo,  since  Iny  — »  — oo  as  y  — >  0.  Thus,  for  c  <  0,  there  are  vertical 

JE— >  ~-/^C 

asymptotes  at  *  =  ± +Jc,  and  as  c  decreases  (that  is,  |c|  increases),  the  asymptotes  get  further  apart.  For  c  =  0, 
f  (*)  —  ~°o.>  s°  there  is  a  vertical  asymptote  at  *  =  0.  If  c  >  0,  there  is  no  asymptote.  To  find  the  maxima. 


minima,  and  inflection  points,  we  differentiate:  f  (x)  =  In  (x2  +  c)  =>  f  (x)  =  —  (2x),  so  by  the  First 

X2  +c 

Derivative  Test  there  is  a  local  and  absolute  minimum  at  *  =0.  Differentiating  again,  we  get 


/"  to  =  -A-  (2)  +  2*  [-  (x2  +  c)-2  (2x)]  =  2(C  *2}.  Now 
*  +c  L  J  (x2  +  c)2 

ifc  <  0,  this  is  always  negative,  so  /  is  concave  down  on  both  of  the 
intervals  on  which  it  is  defined.  Ifc  >  0,  then  f"  changes  sign  when 
c  =  *2  $=>  *  =  ±yfc.  So  for  c  >  0  there  are  inflection  points  at 
±«Jc,  and  as  c  increases,  the  inflection  points  get  further  apart. 


f9  1  If9! 

55-  y,  Yxd—2l  X  dx  =  1  tln  1^1]?  =  5  (In  9-  ini)  =  5  ln9-0  =  ln91/2  =  ln3 

56-  J  2~dx  =  [3  ln  |x|]~®2  =  3  lne  -  3  in  (e2)  =  3  -  6  =  -3 


-4 
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57.  Let  u  =  2x  +  3.  Then  du  =  2 dx,  so 
f3  dx  f9  \du  ,  .  -[9 


I  Y~^=J}  1y  =  i  ln«]3  =  i  (ln9- ln3)  =  i  (in  32  -  ln3)  =  i  (2  In  3  -  ln3)  =  ^  In  3  (or  In  V3). 
J  vGt  +  -^=  dx  =  J  (x  +  2  +  ^dx  =  [±x2  +  2x  +  ln*]4  =  y  +  18  +  ln9  -  (S  +  8  +  ln4)  = 


85  ,  9 

T +  ln4 


59  .J  ~~~ ~^~clx=Ji  (*  +  1  +  1)  dx  =  [^2  +X  +  lnj:]1  =  (^2  +e  +  0  ~  +  1  +0)  _  ^ 

1  /*6  dx  /*ln  6  j 

60.  Let  u  —  In*.  Then  du  —  -  dx,  so  /  — — =  /  -  du  =  [in  |w|]\n6  =  In  In  6  -  In  1  =  In  In  6 

*  Je  x\nx  J i  u 

61.  Let  u  =  5  —  3x.  Then  du  =  —3  rfjc,  so  J  =  “J  J  ~du  =  “ J  ln  l“l  +  C  =  -5  ln|5  -  3x|  +  C 


=  W+e~l 


62.  Let  u  =  x3  +  3x  +  1.  Then  du  =  3  (x2  +  1)  dx,  so 

r  x2  + 1  ,  1  rdu  1 _ _  _  1 


— - dx  =  — 

x3  +  3*  +  1  3 


f  —  =  -  lnlul  +  C  =  4  In  x3  +  3x  +  l  +C. 
J  U  3  3 


63.  Let  u  —  1  +  x4.  Then  du  —  4a:3  dx,  ; 


J  =  yJ  Ydu  =  i  ln  i«l  +  c  =  iln  1  +  x4  +C  =  ±  ln  (l  +  x4)  +  C  (since  1  +  x4  >  0). 


64.  Let  u  =  2  +  sinx.  Then  du  =  cosx  dx,  so 


[  cosx  ^  =  r  l  du  =  [n |m|  +  c  =  |2  +  sin;c|  +  c  =  in  (2  +  sinx)  +  C  (since  2  +  sinx  >  0). 

J  2  +  sinx  J  u 

i  Let  u  —  lnx.  Then  du  =  —  =>  f  - - —  dx  =  J  u2  du  =  ju3  +  C  =  j  (lnx)3  +  C. 

x  J  x 

i.  Let  u  =  1  +  y/x.  Then  du  =  dx,  so  J  ^  dx  =2  J  uA  du  =  \u5  +C  =  \{  1  +  y/x)  +  C. 


67.  (a)  —  (ln  I  sinx  I  +  C)  =  -T-  cosx  =  cotx 
dx  sinx 


(b)  Let  u  =  sinx.  Then  du  =  cosx  dx,  so  f  cotx  dx  =  f  — —  dx  =  /  —  =  ln|u|  +  C  —  ln|sinx|  +  C. 
v  ’  J  sinx  J  u 


68.  Let  u  =  x  -  2.  Then  the  area  is 

^  =  _  r'_i_rfx  =  - 2  f  3  —  =  [ — 2 ln |w|]:|  =  — 21n3  +  21n6  =  21n2  1.386. 

7-4  x  -  2  7-6  « 

69.  The  cross-sectional  area  is  ar  (1/Vx  +  l)2  =  n/ (x  +  1).  Therefore,  the  volume  is 

/  — —  dx  =  it  [ln  (x  +  1)]J  =  rr  ln2  -  ln  1  =  jr  ln2. 

7o  x  +  1 

70.  Using  cylindrical  shells,  we  get  V  =  J  ^  ^  dx  =  it  j^ln  ^1  +  *2)]Q  —  n  'n  10. 
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71.  +  =  (2ac  +  l)5  (ac4  -  3)6  =>  Iny  =  In  ((2*  +  l)5  (x4  -  3)6)  =*  lny  =  5  In  (2x  +  1)  +  6  In  (x4  -  3) 


7'  =  5'drr2+6'^3'4jc3  =* 

/  10  24jc3  \  10  (ac4  —  3)  +  24ac3  (2ac  +  1) 

^  y\2x  +  \+ x‘'-i)~y'  (2x  +  l)(*4-3)  -O-x  +  X)  (x  -3) 


1q(*4-3)+2**3(2»  +  1)  6  58^  +  24^-30 

\2x  +  l  x*-3j  y  (2x  +  1)(^_3)  -^  +  »  (*  3)  '  (2X  +  1)  (,4  _  3) 

=  2  (2x  +  l)4  (x4  -  3)5  (29ac4  +  12a:3  -  15) 

6c3  +  l)4  Sin2*  ,  ,  ,  v'  3r2  rnt  r  I 

- - -rr3 -  =»  In  l>i  =  4  In  |ac3  +  1 1  +  2  In  |sinAc|  —  4  In  \x\.  So^=4-y— +  2—  -  — 

x  y  x5  + 1  sin  a-  3.x 

,  (ac3  +  l)4  sin2AC  /  12ac2  „  1\ 

xW  U3  +  l+  °tJ:“3l)- 


y  ,  3ac2  cosac  1 

>  —  =4^ - H  2 - 

y  x''  + 1  sin  at  3ac 


„  sin2  x  tan4  ac  .  ,  ,  .  „  , 

73-  T'  =  — — T2~  =>  ln+  =  In  (sin2 x  tan4  at)  —  In  (jc2  +  l)  =  2  lnsinx  +  4  In  tan*:  -  2 In  (x2  +  l) 

(x  +  V 


-y  =  2  ■  -J—  ■  cosac  +  4  •  — 1 —  ■  sec2  a:  -  2  •  —  ■  2a:  => 

y  sin*  tan*  *2  + 1 


,  sin2  ac  tan4  at  / 

/  = - =-  1 2cot*  + 

(*2+iy  v 


4  sec2  *  Ax 


(y+i  r 


4x  \ 
x2  +  x) 


74’  >  =  V  =*  ln>A  =  1  m  +  1)  -  1  In  (ac2  -  l)  =>  ly  =  I . -J_  .  2ac  -  I  • •  2ac 


1  X2  -  1  2  \AC2  +  1 


AC  \  1  Jx2  +  1  /  — 2AC  \  AC  4/ A 2  +  1 

2 v  ac2  - 1  = 


75.  The  domain  of  f  (ac)  —  1  /ac  is  (—00, 0)  U  (0,  00),  so  its  general  antiderivative  is  F  (ac)  =  1 

In  |ac  I  +  C2  if  ac  <  0 

76.  /"(ac)  =  AC  “2,  AC  >  0  =>  /'(ac)  =  — 1/ac  +  C  =>  /(*)  =  -  In*:  +  Cx  +  V.  0  =  f  (1)  =  C  +  D  and 

0  =  /(2)  =  —  In2  +  2C  +  Z)  =  —  In2  +  2C  —  C  =  —  In2  +  C  =>  C  =  ln2  and  D  —  —  In  2.  So 

/(ac)  =  -In*:  +  (In 2) ac  -  In 2. 

77.  /  (ac)  =  2ac  +  In*:  =>  /'  (ac)  =  2  +  1/jc.  Ifg  = /->,  then /(l)  =  2  =»  g(2)  =  l,so 
y(2)  =  l//'(g(2))  =  l//'(l)  =  I. 

78.  (a)  Let  /  (ac)  =  In  ac  =>  /'(■*)  =  1/ac  =j  /"  (ac)  = —1/ac2.  The  linear  approximation  to  InA:  near  1  is 

In  ac  /(1)  +  /'(1)(ac  -  1)  =  In  1  +  {  (ac  -  1)  =  ac  -  1. 

(b)  (c) 


/  -  0.1 


From  the  graph,  it  appears  that  the  linear  approximation  is 
accurate  to  within  0. 1  for  x  between  about  0.62  and  1.51. 


-1.25 
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79.  (a) 


We  interpret  In  1 .5  as  the  area  under  the  curve  y  =  \/x  from  x  =  1  to 
x  =  1.5.  The  area  of  the  rectangle  BCDE  is  j  ■  |  =  j.  The  area  of 
the  trapezoid  ABCD  is  \  \  (l  +  |)  =  -fa.  Thus,  by  comparing 
areas,  we  observe  that  j  <  In  1.5  <  ^. 


(b)  With  /  (/)  =  1  /t,n  —  10,  and  Ax  =  0.05,  we  have 


In  1.5  =  //'5  (1/0*  «  (0.05)  [/ (1.025)  +  / (1.075)  +  ■•■  +  /  (1.475)] 
=  (0.05)  j^-p525  +  17575  ^  ^  T47?]  ^  0-4054 


1.  (a)  y  =  /  =  -4j.  The  slope  of  AD  is  ^  =  -  t.  Let  c  be  the  /-coordinate  of  the  point  on  y  =  j  with 


slope—  f  Then—  \  =  —  - 

7  7 


=>  c2  =  2  =5  c  —  42  since  c  >  0.  Therefore  the  tangent  line  is  given  by 


;  -  -L  _  - 2  (/  4 2)  =>  y  —  \t  +  42. 


A  -J2  D> 


Since  the  graph  of  y  —  \/t  is  concave  upward,  the  graph  lies  above 
the  tangent  line,  that  is,  above  the  line  segment  BC.  Now 
\AB\  =  —  i  +  \/2and  \CD\  -  -1  +  42.  So  the  area  of  the 
trapezoid  ABCD  is 

I  [(-I  +  42)  +  (-1  +  42)  l]  =  -§  +  42  «  0.6642.  So 
In  2  >  area  of  trapezoid  ABCD  >  0.66. 


82.  If  /  (*)  =  In  (xr ),  then  /'  (x)  =  (\/xr)  (rxr~l)  =  r/x.  But  if  g  (x)  =  r  In*,  then  g'  (x)  =  r/x.  So/and^ 
must  differ  by  a  constant:  In  (jcr)  =  r  In*  +  C.  Put.x  =  l:  In  (lr)  =  r  In  1  +  C  =>  C  =  0,  so  In  (xr)  =  r  ln.x. 
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83.  The  curve  and  the  line  will  determine  a  region  when  they  intersect  at 
two  or  more  points.  So  we  solve  the  equation  x/  {x2  +  l)  =  mx  => 
x  =  0  or  mx 2  +  m  —  1=0  =>  x  =  0  or 

„  _  ±v-4  (/»)(«-!)  _  ^  n  : 


=  ±J - 1.  Note  that  if  m  —  1,  this  has 


only  the  solution  x  =  0,  and  no  region  is  determined.  But  if 
\/m  —  1  >  0  \/m  >  1  <^>  0  <  m  <  1,  then  there  are  two 

solutions.  [Another  way  of  seeing  this  is  to  observe  that  the  slope  of  the  tangent  to  y  =  x/  (x2  +  l)  at  the  origin  is 
y'  =  1  and  therefore  we  must  have  0  <  m  <  1.]  Note  that  we  cannot  just  integrate  between  the  positive  and 
negative  roots,  since  the  curve  and  the  line  cross  at  the  origin.  Since  mx  and  x/  (x2  +  l)  are  both  odd  functions, 
the  total  area  is  twice  the  area  between  the  curves  on  the  interval  [0,  y/\/m  —  I].  So  the  total  area  enclosed  is 

r-JX/m-X  r  x  -I  r  1  /  ->  \  t  oWl/'”'"! 

2l  +1)-imxl 

=  [in(i_i  +  1)_m(i_i)]_(ini_°) 

=  In  I  —  |+m  —  l  —  m  —  \rxm  —  1 
\m) 

84.  lira  [in  (2  +  x)  —  In  (1  +  x)]  =  lim  In  j  =  lim  ln  j  =  In  I  =  in  1  =  0 

85.  If  /  (x)  =  in  (1  +  x),  then  f  (x)  =  -j— ! — ,  so  f  (0)  =  1. 

Thus,  lim  =  lim  =  1 IMzlB  =  f  (0)  = 

x-»0  X  x-»0  X  jr-^0  X  —  0 


From  the  graphs,  we  see  that  /  (x)  =  X0-1  >  g  (x)  =  lnx  for  approximately  0  <  x  <  3.06,  and  then 
g(x)  >  f  (x)  for  3.06  <  x  <  3.43  x  1015  (approximately).  At  that  point,  the  graph  of  /  finally  surpasses  the 
graph  of  g  for  good. 


(b)  0.2 


(c)  From  the  graph  at  left,  it  seems  that  -j-j-  <0.1  whenever 

x  >  1.3  x  1028  (approximately).  So  we  can  take 
N  =  1.3  x  102S,  or  any  larger  number. 
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The  Natural  Exponential  Function 

1.  (a)  e  is  the  number  such  that  lne  =  1.  (c) 

(b)  e  2.71828 


The  function  value  at  x  =  0  is  1  and  the  slope  at  x  =  0  is  1 . 

2.  (a)  e1"6  =  6  (b)  In  Je  =  In  (e1/2)  =  j 

3.  (a)  lne^2  =  V2  (b)  e31n2  =  (eln2)3  =  23  =  8 

4.  (a)  In esir>x  =  sinA  (b)  ex+'"x  =  exe''ax  =  Ae* 

5.  (a)  ex  =  16  <=>  In  e*  =  In  16  o  x  =  In  16  =  4  In  2 

(b)  In*  =  —  1  <=>  elnx—e~l  «  x  =  \/e 

6.  (a)  In  (2a  —  1)  =  3  o  eln(2l”1)  =  e3  <=>  2a  -  1  =  e3  <=>  x  =  \  (e3  +  1) 

(b )eix+]=k  <=>  3a  +  1  =  In i  <=>  jc  =  -5  (In*  —  1) 

7.  In (ln;t)  =  1  <=>  e]l>('nx)  =  el  <=>  lnv=e'=e  o  e]nx  =  e‘  0  x=ee 

8.  ee%  =  10  o  In  =  In  10  <=>  ex  lne  =  ex  =  In  10  <=>  Inc*  —  In  (In  10)  A  =  ln(lnl0) 

9.  In (jc  +  6)  +  In  (a  -  3)  =  ln5  +  ln2  <=>  In  ((x  +  6)  (x  -  3))  =  In  10  <=>  (x  +  6)  (x  -  3)  =  10  <=> 

a2  +  3*-18  =  10  »  a2  +  3a  —  28  =  0  <=>  (x  +  7)  (x  -  4)  =  0  o  a  = -7  or  4.  However,  a  = -7  is 

not  a  solution  since  In  (—7  4-  6)  is  not  defined.  So  a  =  4  is  the  only  solution. 

10.  lnA  +  ln(A  -  1)  =  ln(A(A  -  1))  =  1  »  a(a-1)  =  V  »  a2  -  a  -  e  =  0.  The  quadratic  formula  gives 

a  =  \  (1  ±  Vl  +  4e),  but  we  reject  the  negative  root  since  the  natural  logarithm  is  not  defined  for  x  <  0.  So 

a  =  \  (1  +  VI  +  4e). 

InC 

11.  eax  =  Cebx  <=>  \neax  =  \n  (Cebx)  <=>  QA  =  lnC  +  6A  <=>  (a-6)x=lnC  <=>  a  = 

12.  lex  -  e2*  =  12  o  (e*)2  -  7e*  +  12  =  0  <=>  (ex  -  3)  (ex  -  4)  =  0,  so  we  have  either  ex  =  3  o 

a  =  In  3,  or  ex  =  4  <=>  A  =  ln4. 

13.  e2+Sx  =  100  =>  In  (e2+Sx)  =  In  100  =>  2  +  5a  =  In  100  =>  5a  =  In  100  -  2  => 
a  =  3  (In  100  —  2)  **  0.5210 

14.  In  (1  +  V*)  =  2  =*  1  +  ~Jx  =  e1  =>  Jx  =  e2  -  1  =>  a  =  (e2  -  l)2  40.8200 

15.  In  (ex  —  2)  =  3  =>  el  -  2  =  e3  =>  e*  =  e3  +  2  =>  a  =  In  (e3  +  2)  «  3.0949 

16.  e'/O'-4)  =  7  =>  lne1/^-4)  =ln7  =»  — !—=ln7  =>  -i- =  a  -  4  =>  a  =  4  +  -i-  =»  4.5139 

x  —  4  In  7  in  / 
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19.  We  start  with  the  graph  of  y  =  ex  (Figure  13),  reflect  it  about  the  x-axis,  and  then  shift  3  units  upward.  Note  the 
horizontal  asymptote  at  y  =  3. 


20.  We  start  with  the  graph  of  y  =  ex  (Figure  13),  reflect  it  about  the  y-axis,  and  then  about  the  x-axis  (or  just  rotate 
180°  to  handle  both  reflections)  to  obtain  the  graph  of  y  =  —e~x.  Now  shift  this  graph  1  unit  upward,  vertically 
stretch  by  a  factor  of  5,  and  then  shift  2  units  upward. 


y  =  ~e  x  y  =  2  +  5(l-e~x) 

21.  (a)  To  find  the  equation  of  the  graph  that  results  from  shifting  the  graph  of  y  =  ex  2  units  downward,  we  subtract  2 
from  the  original  function  to  gety  =  ex  —  2. 

(b)  To  find  the  equation  of  the  graph  that  results  from  shifting  the  graph  of  y  =  ex  2  units  to  the  right,  we  replace  x 
with  x  —  2  in  the  original  function  to  get  y  =  e^x~2\ 

(c)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  =  ex  about  the  x-axis,  we  multiply 
the  original  function  by  —  1  to  get  y  =  —ex . 

(d)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  =  ex  about  the  y-axis,  we  replace  x 
with  —x  in  the  original  function  to  get  y  =  e~x . 


(e)  To  find  the  equation  of  the  graph  that  results  from  reflecting  the  graph  of  y  —  ex  about  the  x-axis  and  then 
about  the  y-axis,  we  first  multiply  the  original  function  by  —  1  (to  get  y  =  —ex )  and  then  replace  x  with  —  x  in 
this  equation  to  gety  =  —e~x. 


22.  (a)  This  reflection  consists  of  first  reflecting  the  graph  through  the  x-axis  (giving  the  graph  with  equation  y  =  ~ex) 
and  then  shifting  this  graph  2-4  =  8  units  upward.  So  the  equation  is  y  =  -ex  +  8. 


(b)  This  reflection  consists  of  first  reflecting  the  graph  through  the  y-axis  (giving  the  graph  with  equation  y  —  e~x) 
and  then  shifting  this  graph  2-2  =  4  units  to  the  right.  So  the  equation  is  y  =  e~(x~4\ 
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el*_e-3*  \-e-6x  1-0 

23.  Divide  numerator  and  denominator  by  <r* :  lim  -T—i r-  =  lim  — - — =  ■  —  1 

x-»oo  eix  +  e~ix  x-^oo  1  +  e  °*  1  +  U 

e3*-e-3*  e6x-\  0-1 

24.  Divide  numerator  and  denominator  by  e  ix:  lim  ^r— - rr  =  lim  :  —  n  .  y  —  ”  1 

x — >  — oo  eix  +  e~ix  x->~co  eox  +  1  0+1 

25.  Let  /  =  3/(2  —  x).  Asx  — >  2+,  t  -»  -oo.  So  lim  ell{1~x)  =  lim  e'  =  0by(U). 

m2*  >->-  oo 

26.  Let!  =  3/  (2  —  x).  As  x  — >  2“,  r  ->  oo.  So  lim  e3/(2_*>  =  lim  e'  =  oo  by  (11). 

'  x-»2- 


27.  lim  - =  0  since  tan  x  -»  oo  =>  e“  — »  oo. 

x-»i/2-  1  +  etan* 

cos  x  2  2 

28.  As  x  ->  0“,  cotx  =  - - >  -oo,  so  ecotx  ->  0  and  lim  =  7—7:  =  2. 

sinx  x-»o  1  +  ecatx  1  +  0 

29.  By  the  Product  Rule,  /  (x)  =  xV  =»  f'(x)=x2^-(ex)  +  ex^-  (x2)  =xV+e“  (2x)  =  xe*  (x  +2). 


30.  By  the  Quotient  Rule,  y  =  ■ 


2  v  '  dx  '  '  rfx  v  ' 

,  _  (1  +x)eJ<  -  e*  (1)  _  e*  +  xe*  -  e 
*  =  (1+x)2  "  (x  + 1)2 


(x  +  l)2  (x  +  l)2 


31.  y  =  e~mx  =>  y'  =  e  mx  jy  (— mx)  =  e  mx  (— m)  =  —  me  mx 

32.  g  (x)  =  e-5*  cos  3x  =>  g'  (x)  =  -5e~Sx  cos  3x  -  3c-5*  sin  3x 

33.  /  (x)  =  e'7*  =>  /'  (x)  =  e^/  (2y/x) 

34.  y  =  £+lnx  =>  y'  =  ex  +  (lnx)  (ex)  =  ex  ^lnx  +  ^ 

35.  h  (t )  =  VI  ~e<  =>  h'  (t)  =  -e'  /(2Vl  -  e>) 

36.  h  (9)  =  esin5°  =>  A'  (0)  =  5  cos  (50)  esin5<? 

37. y  =  excosx  =$  y‘  =  e*  C0SJC  (cosx  —  x  sin*) 

38.  y  =  cos  (e}rx)  =>  y'  =  —  sin  (e71*)  ■  e**  ■  jr  =  —  nenx  sin  (eKX) 

39.  y  =  e‘x  =>  y'  =  e ■  jy  (ex)  =  ee*  •  e*  or  ee'+JI 


40.  y  =  Vl  +xc-21  =>  y' =  5  ( 1+xe 


'  —  IF,-1-  ..-lU-'/2  U  (— 2e-2t)  +  e-^l  =  ^  (  2*  +  ^ 


2v  1  +  xe 


,  _  3e3jI  (1  +  ex)  -  e3x  (<+)  _  3e3*  +  3e4*  -  e4*  _  3e3jt  +  2e4* 


(1  +  e*)2 


(1  +  e*)2  (1  +  exY 


42.  y  =  - 1 -  => 

^  ex  —  e~x 

(ex  -  e~x)  (ex  -  e~x)  -  (<?  +  e~x)  (ex  +  e~x)  {e2x  -  2  +  e~2x)  -  (e2*  +  2  +  e"2*)  _  4 

y  (<+-£-+  (e*-e-*)2  (e*-e-*)2 

43.  y  =  / (x)  =  sinx  =>  /'  (x)  =  sinx  +  e~x  cosx  =>  /'  (tt)  =  e~%  (costt  -  sinrr)  =  -e~K ,  so 

an  equation  of  the  tangent  line  at  (rr,  0)  is  y  —  0  =  —  e~n  (x  —  it),  or  y  =  —e~”x  +  ite  ",  or  x  +  e”y  =  it. 

44.  y  =  —  =>  /  =  e  At  x  =  1,  y'  =  0,  so  an  equation  of  the  tangent  line  at  (1,  e)  is 

X  X 2  X l 

y  —  e  —  0  (x  —  1),  ory  =  e. 

6X  (1  +  .x) 

45.  cos  (x  -  y)  =  xe"  =>  -  sin  (x  -  y)  (l  -  y')  =  ex  +  xe2  =>  y'  =  1  +  sjn  (x  ■—> 
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46.  y  =  Ae  x  +  Bxe  x  =>  /  =  —Ae  x  +  Be  x  —  Bxe  x  =  (B  —  A)  e  x  -  Bxe  x  =» 

y"  =  (A  —  B)e~x  —  Be~x  +  Bxe~x  =  (A  —  2B)e~x  +  Bxe~x ,  so 

/'  +  2y'+y  =  (A-  2  B)  e~x  +  Bxe-X  +2[(B-  A)  e~x  -  Bxe~x ]  +  Ae~x  +  Bxe~x  =  0. 

47.  y  =  erx  =>  y  =  rerx  =>  y"  =  r2erx ,  so 

y"  +  5 y'  -6 y  =  r2erx  +  5 rerx  -  6erx  =  erx  ( r 2  +  5r  —  6)  =  erx  (r  +  6)  (r  -  1)  =  0  =>  (r  +  6)  (r  -  1)  =  0 

=>  r  =  1  or  -6. 

48.  y  =  elx  =>  y'  =  le2x  =»  y"  —  l2elx.  Thus,  y  +  y'  =  y"  <=>  e2x  +  Xelx  =  X2eXx  <=> 

elx  (X2  -  X  -  1)  =  0  <=>  X  =  since  eXx  0. 

49.  f  (x)  =  e ^  =»  /'  (x)  =  2e2*  =*  f"  (x)  =  2  ■  2elx  =  22e2x  =>  /'"  (x)  =  22  •  2c2*  =  23e2lt  =*  ■  ■  ■ 

=>  /to  (x)  =  2"e2;c 

50.  f  (x)  =xe~x,  /'  (x)  =  e~x  -  xe~x  =  (1  -  x)e~x,  f"(x)  =  -e~x  +  (1  -x)  (- e~x )  —  (x  -  2)e~x.  Similarly, 
/"'(*)  =  (2-x)e~x,fW  (X)  =  (*  -4)e-^, . . . , /<ltK>°)  (x)  =  (x  -  1000)  e~*. 

51.  (a)  /  (x)  =  ex  +  x  is  continuous  on  R  and  /  (- 1)  =  e-1  -  1  <  0  <  1  =  /  (0),  so  by  the  Intermediate  Value 

Theorem,  ex  +  x  =  0  has  a  root  in  (—1,0). 

(b )f(x)  =  ex+x  =>  /'  (x)  =  ex  +  1,  so x„+\  =  x„  -  - — Using  jq  =  —0.5,  we  get X2  as  —0.566311, 

ex "  +  1 

X3  as  -0.567143  as  *4,  so  the  root  is  —0.567143  to  six  decimal  places. 

From  the  graph,  it  appears  that  the  curves  intersect  at  about  x  as  1.2  or  1.3. 
We  use  Newton’s  Method  with  /  (x)  =  x3  +  x  —  3  —  e  xl ,  so 
/'  (x)  =  3x2  +  1  —  2xe~x% ,  and  the  formula  is 
x„+\  =  x„  —  /  ( x„ )  If  ( x„ ).  We  take  x\  =  1.2,  and  the  formula  gives 
X2  as  1.252462, X3  as  1.251045,  and  x4  a  xs  a  1.251044.  So  the  root  of 
the  equation,  correct  to  six  decimal  places,  is  x  =  1 .25 1 044. 

53.  (a)  m  ( t )  =  24  •  e-C»2)r/25  _  24 . 2~'/25  m  (40)  =  24 . 2-40/25  ^  7  92  mg. 

(b)  m'  ( I )  =  24 f  [e-(ta2)'/25]  =  24  .  e-(ln2)//25  (-is2),  so  m'  (40)  =  24e“ <ln 2X40>/25  (-^r)  as  -0.22  mg/yr 

(c)  m  (f)  =  5  =>  24e-<ln2W25  =  5  =»  jr<ln2>'/25  =  5_  _  (]„ 2)  r/25  =  In  Jj  => 

In  Tx 

1  =  — 25— as  56.6  yr 
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54.  From  the  graph,  we  estimate  that  the  most  rapid  increase  in  the 
number  of  VCRs  occurs  at  about  t  =  7.  To  maximize  the  first 
derivative,  we  need  to  determine  the  values  for  which  the  second 
75 

derivative  is  0.  V  ( t )  = - rrrr  => 

1  +  74e-°'6' 


V  (0  = 


V"  (0  = 


75[74e-°  6' (-0.6)]  _  3330e~°'6' 

(1  +  74e-°-6')2  (1  +  74<>-0-6')2 

(1  +  74e~0,6')2  [3330e~°  61  (-0.6)]  -  (3330e^°-6')  2(1  +  74g~0  6')  [74<r°-6'  (-0.6)] 

[(1  +  74e-°-6')2]2 

(1  +  74e~a6')  [3330e-°  61  (-0.6)]  [(1  +  74e-0■6,)  -  2  (74e~°  6')]  _  -1998e-°-6'  (l  —  74e~06') 


(1  +  74e~ 


(1  +74e-°6') 


V"  (t)  =  0  <=>  l=74e”0  6'  <=>  e0-6' =  74  o  0.6r  =  ln74  »  t  =  |  In  74  as  7.173  years,  which 

corresponds  to  early  September  1987. 


55.  (a)  lim  p  (t)  =  lim  - r-  =  - - 

f  t-yoo  1  ae  kl  l+a-0 

—kt  — >  — oo  as  t  — »  oo. 


:  1,  since  k  >  0 


(b)  -f  =  —  (1  +  ae-k>)  (- kae~k< )  =  ■ 


(c)  From  the  graph,  it  seems  that  p  (t)  =  0.8  (indicating  that  80%  of  the  _ , _ )  10 

population  has  heard  the  rumor)  when  I  as  7.4  hours 

(a)  10 _  The  displacement  function  is  squeezed  between  the  other  two 

functions.  This  is  because  —  1  <  sin  4t  <  l  => 

(  \  -Se~'/2  <  Se~'^2  sin4r  <  8e-'^2. 

(b)  The  maximum  value  of  the  displacement  is  about  6.6  cm,  occurring  at 
t  as  0.36  s.  It  occurs  just  before  the  graph  of  the  displacement 
- 10  function  touches  the  graph  of  8e-'/2  (when  r  =  |  as  0.39). 

(c)  The  velocity  of  the  object  is  the  derivative  of  its  displacement  (d) 

function,  that  is,  *5 - 

(8e-'/2  sin4i)  =  8  cos4(  (4)  +  sin4r  (- Ifthe  .. 


displacement  is  zero,  then  we  must  have  sin  4r  =  0  (since  the 
exponential  term  in  the  displacement  function  is  always  positive). 


Substituting  this  into  our  expression  for  the  velocity,  and  noting  that 
the  second  term  vanishes,  we 

geto  (j)  =  cos  (4  •  f )  ■  4  =  -32e-,t/8  as  -21.6  cm/s. 


The  graph  indicates  that  the 
displacement  is  less  than  2  cm 
from  equilibrium  whenever  t  is 
larger  than  about  2.8. 
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SI.  f  (x)  =  x  -  ex  =>  f  (x)  =  1  -  ex  =  0  <=>  ex  =  1  <=>  *  =  0.  Now  /'  (x)  >  0  for  all  x  <  0  and 

f  (x)  <0  for  all  x  >  0,  so  the  absolute  maximum  value  is  /  (0)  =  0  -  1  =  —  1. 

£X  X€X  —  £X 

58.  g(x)  =  — -  =>  g'  (x)  = - j — =0  <=>  e*  (x  —  1)  =  0  =>  x  =  1.  Nowg'(x)>0  <=> 

—  e*  xe*  —  ex 

- = -  >0  o  x  —  1  >  0  o  x  >  1  and  g'  (x)  <  0  o  - ^ —  <0  <=>  x  -  1  <  0  <=>  x  <  1. 

Thus  there  is  an  absolute  minimum  value  ofg(l)  —  eatx  =  1. 

59.  y  =  ex  -  2e~x,  so/  =  ex  +2e~x,y"  =  ex  -  2e~x .  y"  >  0  <=>  ex-2e~x>0  «  ex  >  2e~x  <=> 

e2*  >  2  <=>  2x  >  In  2  <=>  x  >  jin  2.  Therefore,  y  is  concave  upward  on  In  2,  oo^. 

60.  /  (x)  =  e*  +  (T2*,  /'  (x)  =  e*  -  2e_2x  >  0  <=>  ex  >  2e~lx  <=>  e3x  >  2  <=>  3x  >  In 2  » 

x  >  j  In  2.  Thus,  /  is  increasing  on  f  j  In  2,  ooY 


61.  y  =  /  ( x )  =  e  '/(*+')  A.  D  =  [x  \  x  /  —1}  =  (— oo,  —1)  U  (—1,  oo)  B.  No  x-intercept; 

^-intercept  =  /  (0)  =  e~x  C.  No  symmetry  D.  lim  e_1/(*+l)  =  1  since  —  1/  (x  +  1)  — >  0,  so  y  =  1  is  a 

x  — >  ioo 

HA.  lim  e-I/(*+i)  =  o  since  — 1  /  (x  +  1)  — »  — oo,  lim  e-1/(*+0  =  oo  since  — 1/ (jc  +  1)  — >  oo,  so 

X->-l+  x  — >  —  l — 


x=— lisaVA.  E .  f  (x)  =  e  ,/(;r+1V  (x  +  l)2  =>  /'  (x)  >  0  for  all  x  except  1,  so 
/  is  increasing  on  (-00, -1)  and  (-1,  oo).  E  No  extrema  H.  >>  y 


G.  /"(X): 


e-i/(x+!)  e-l/(i+l)  (_2)  e-l/(x+l)  (2x  +  1) 


(x  +  l)4  (x  +  l)3  (x  +  l)4 

=>  /"  (x)  >  0  o  2x  +  1  <  0  <=>  x  <  -5,  so  /  is  CU  on 
(-00,  -1)  and  1,  -j),  and  CD  on  ^-j,  00^.  /has  an  IP  at 


62.  y  =  f(x)=xex2 


A.  D  =  R  B.  Both  intercepts  are  0.  C.  /  (— x)  =  — /  (*),  so  the  curve  is  symmetric 


about  the  origin.  D.  lim  xexZ  =  oo,  lim  xex2  =  — oo,  no  asymptote 

X~K>0  X  — ^  —oo 

E.  /'  (x)  =  ex  +  xex  (2x)  =  ex  (l  +  2x2)  >  0,  so  /  is  increasing  on  R. 

F.  No  extremum 

G.  f"  00  =  e*2  (2jc)  (l  +  2x2)  -f  ex2  (4jc)  =  ex2  (2x)  (3  +  2x2)  >0  <=> 

x  >  0,  so  f  is  CU  on  (0,  oo)and  CD  on  (— oo,  0).  /  has  an  inflection  point  at 

(0,  0). 
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63.  y  =  1/  (l  +  e  x)  A.  D  =  R  B.  No  ^-intercepts;  ^-intercept  =  /  (0)  =  j.  C.  No  symmetry 

D.  lim  1/ (1  +  e-*)  =  Txn  =  1  and  lim  1/ (1  +  e~x)  =  0  (since  lim  e~x  =  oo),  so  /  has  horizontal 

X — >CO  V  ’  l+U  X-}-00  V  '  *->-00 

asymptotes  y  =  0  and  y  =  1.  E.  /'  (x)  =  —  (l  +  e~x)~ 2  (—e~x)  =  e~x /  (1  +  e~x)2.  This  is  positive  for  all  x, 
so  /  is  increasing  on  R.  F.  No  extrema  G.  /"  (x)  =  H. 

(1  +  e-xf  (-e-*)  -  (2)  (1  +  e-x)  (-«-*)  e-*  (e-x  -  1)  The 

(1+c-)4  (1+e-)3  ‘ 

second  factor  in  the  numerator  is  negative  for  x  >  0  and  positive  for  x  <  0,  and 
the  other  factors  are  always  positive,  so  /  is  CU  on  (— oo,  0)  and  CD  on  (0,  oo). 

/  has  an  inflection  point  at  (d,  j). 


64.  The  function  /  (x)  =  exmx  is  periodic  r - ■ 

with  period  2ir ,  so  we  consider  it  only  on  \  /  o  ■  / . \  1  2 a 

the  interval  [0,  2it],  We  see  that  it  has  \  ij  / 

local  maxima  of  about  /  (0)  » 2.72  and  N.  /  I  \ 

f  (In)  2.72,  and  a  local  minimum  of  0l _ _ _ 2v  ~ ^ 

about  /  (3.14)  w  0.37.  To  find  the  exact 

values,  we  calculate  f  (x)  =  —  sinxecos*.  This  is  0  when  —  sinx  =  0  <=>  x  =  0,  n  or  2n  (since  we  are  only 
considering  x  e  [0, 2n\).  Also  /'  (x)  >  0  o  sinx  <  0  o  0  <  x  <  n .  So  /  (0)  =  /  (2n)  =  e  (both 
maxima)  and  f  (n)  =  ecos  *  =  1/e  (minimum).  To  find  the  inflection  points,  we  calculate  and  graph 
/"  (x)  =  (-sinx  ecos  x)  =  -cosx  ecos*  —  sinx  (eCOSI)  (-  sinx)  =  ecosx  (sin2x  —  cosx).  From  the  graph  of 
/"  (x),  we  see  that  /  has  inflection  points  at  x  0.90  and  at  x  5.38.  These  x-coordinates  correspond  to 
inflection  points  (0.90,  1.86)  and  (5.38, 1.86). 


65.  /  (x)  =  e*3  ~x  ->  0  as  x  — >  -oo,  and 
/  (x)  — >  oo  as  x  ->  oo.  From  the  graph, 
it  appears  that  /  has  a  local  minimum  of 
about  /  (0.58)  =  0.68,  and  a  local 
maximum  of  about  /  (—0.58)  =  1.47. 

To  find  the  exact  values,  we  calculate 


/'  (x)  =  (3x2  -  1)  e*3  x,  which  is  0  when  3x2  -1=0  <=>  x  =  ±^= .  The  negative  root  corresponds  to  the 
local  maximum  /  (— ^=)  =  -  (— 1/V5)  _  e2,/3/9,  an£|  ^  p0sitiVe  root  corresponds  to  the  local  minimum 

/  (771)  =  e^^3  _  O/^)  _  e-2V3/9.  To  estimate  the  inflection  points,  we  calculate  and  graph 

/"  (x)  =  £  [(3x2  -  1)  e'3-1]  =  (3x2  -  1)  ex3-x  (3x2  -  l)  +  ex3~x  (6x)  =  ex3~x  (9x4  -  6x2  +  6x  +  l). 

From  the  graph,  it  appears  that  f"  (x)  changes  sign  (and  thus  /  has  inflection  points)  at  x  ^  —0.15  and 
x  «  —1.09.  From  the  graph  of  /,  we  see  that  these  x-values  correspond  to  inflection  points  at  about  (—0. 15,  1.15) 
and  (-1.09, 0.82). 
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66.  (a)  As  |x  |  — »  oo,  /  =  — x2  j  (2a2)  — >  —  oo,  and  e‘  — >  0.  The  HA  is  y  —  0.  Since  t  takes  on  its  maximum  value  at 
*  =  0,  so  does  e* .  Showing  this  result  using  derivatives,  we  have  /  (x)  =  g-*2/^2) 

f  {x)  =  e  x  ^2a  }  (—x/a2).  f  (x)  =  0  <=>  x  =  0.  Because  /'  changes  from  positive  to 
negative  at  x  =  0,  /  (0)  =  1  is  a  local  maximum.  For  inflection  points,  we  find 

f"  to  =  — [e-*2IC°21  ■  l+xe-*2"*’2')  (-*/<r2)]  =  ~e~x2^  (1  -x2/a2). 

f"  (-*)  =  0  <=>  x1  —  a2  <=>  x  —  id .  /"  (x)  <  0  <=>  x2  <  a2  O  ~o  <  x  <  a.  So  /  is  CD  on 
(  a ,  a )  and  CU  on  (-00,  -a)  and  (a,  00).  IP  at  (±cr,  e~X!1). 

(b)  Since  we  have  IP  atx  =  ±<7,  the  inflection  points  move  away  from  the  y-axis  as  a  increases. 


From  the  graph,  we  see  that  as  a  increases,  the  graph  tends  to 
spread  out  and  there  is  more  area  between  the  curve  and  the 


67.  Let  u  —  —  3x.  Then  du  =  —3  dx,  so 

/0V3*rf*  =  -!/->  Vrfn  =  -i  [e"]-'5  =  -I  (,-'5  -e0)  =  1  (1  _e-U). 

68.  Let  u  —  —x2,  so  du  =  —  2x  dx.  Whenx  =  0,  u  =  0;  when  x  =  1,  u  =  —  1.  Therefore, 

Jo  xe~*2  dx  =  Jo“‘  e “  {-\du)  =  ~h  [£"]o  1  =  -5  («“'  -  e°)  =  J  (1  -  1/e) 

69.  Let  u  =  1  +  ex.  Then  du  =  ex  dx,  so  /  exy/\  +  ex  dx  =  f  y/udu  =  |a3/2  +  C  =  |  (1  +  exji/2  +  C. 

70.  Let  u  =  tan x .  Then  du  =  sec 2  xdx,  so  /  sec2*  etmx  dx  =  f  eu  du  =  eu  +  C  =  etmx  +  C. 

71.  f  —pr—  dx  =  /  (1  +  e~x)  dx  =  x  —  e~x  +  C 

1  1  t  el/x 

72.  Let  u  =  Then  du  =  — y  dx,  so  /  — r-  dx  =  -  f  eu  du  =  -eu  +  C  =  -e1/*  +  C. 

*  xl  J  x2  J 

1  /■  gV* 

73.  Let  u  =  yfx.  Then  du  =  — =  rf*,  so  /  —=  dx  =  2  f  e“  du  =  2eu  +  C  =  2e^  +  C. 

2V*  7  yfx 

74.  Let  n  =  ex .  Then  du  =  ex  dx,  so  f  ex  sin  to)  dx  =  f  sin  u  du  =  -  cos  u  +  C  =  -  cos  ( ex )  +  C. 

75.  Area  =  /J  (e3*  -  e*)  <7*  =  [ie3*  -  =  ( I g3  -  e)  -  (i  -  l)  =  I e3  -  e  +  §  «  4.644 

76-  f"(x)  =  3ex  +  5  sin*  =>  /'(*)  =  3e*  -  5  cos*  +  C  =>  2  = /' (0)  =  3  -  5  +  C  =>  C  =  4,  so 
/'(*)  =  3e* -5cos*  +4  =>  /(*)  =  3e*  —  5 sin*  +  4*  +  D  =*•  l  =  /(0)  =  3  +  £>  =>  D  =  -2,  so 
/  (*)  =  3ex  -  5  sin*  +  4*  -  2. 

77.  V  =  fg  a  to)2  <7*  =  /„■  ^  d*  =  I  [,rto]J  =  f  (e2  -  1) 

28.  K  =  fg  2izxe~%1  dx.  Let«=*2.  Thus  du  =  2x  dx,  so  V  =  it  e~u  du  =  it  =  it  (1  -  1/e). 
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l<i.y  =  e't*  =>  \ny  =  \ne^  =  *Jx  =»  x  =  (\ny)2. 
Interchange  x  and  y:  the  inverse  function  is  y  =  (In  jc )2. 
The  domain  of  the  inverse  function  is  the  range  of  the 
original  function  y  =  ev^.  that  is,  [1,  oo). 


1  cx 

80.  y  = -  =>  y  —  yex  =  1  +  ex  =^> 

1  —  ex 

ex  (y  +  1)  =  y  -  1  =>  e*  =  yyj  => 

x  =  In  ^  ^  .  Interchange  ;r  and  y :  y  =  In  ^  is 

the  inverse  function. 

81.  We  use  Theorem  7.1.7.  Note  that  /  (0)  =  3  +  0  +  e°  =  4,  so  f~'  (4)  =  0.  Also  /'(*)  =  l+ex.  Therefore, 

-’V  1  1  _  1  _  1 

(/  )(4)-  /'(/->(4))  "  /'(0)  l+e°  2' 

82.  We  recognize  this  limit  as  the  definition  of  the  derivative  of  the  function  /  (x)  =  esmx  atx  =  ic,  since  it  is  of  the 
form  lim  LQ1 — .  Therefore,  the  limit  is  equal  to  f(i r)  =  (cos  n:)esm’r  =  - 1  •  e°  =  - 1 . 

X — >  7T  X  —  71 

83.  Using  the  second  law  of  logarithms  and  Equation  5,  we  have  In  {ex/ey)  =  In  ex  -  In  ey  =  jc  -  y  =  In  (ex  y). 
Since  In  is  a  one-to-one  function,  it  follows  that  ex/ey  =  ex~y. 

84.  Using  the  third  law  of  logarithms  and  Equation  5,  we  have  In  erx  =  rx  =  r  In  ex  =  In  (exY .  Since  In  is  a 
one-to-one  function,  it  follows  that  erx  —  (ex  / . 

85.  (a)  Let  /  (*)  =  ex  -  1  -  x.  Now  /  (0)  =  e°  -  1  =  0,  and  for  x  >  0,  we  have  f  (x)  =  ex  -  1  >  0.  Now,  since 

/  (0)  =  0  and  /  is  increasing  on  [0,  oo),  /  (v)  >  0  for  *  >  0  =>  ex  —  1  -  x  >  0  =>  ex  >  1  +  x. 

(b)  For  0  <  x  <  1,  x2  <  x ,  so  e*2  <  ex  (since  ex  is  increasing.)  Hence  [from  (a)]  1  +x2  <  ex  <ex.  So 

|  (1  +  x2)  dx  <  fo  e%1  dx  <  Jq  ex  dx  =  e  —  l  <  e  =>  f  <  f0'  exl  dx  <  e. 
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% 2  j^k 

87.  (a)  By  Exercise  85(a),  the  result  holds  for  n  —  1.  Suppose  that  ex  >  1  +  x  H - 1 - 1 - for  x  >0.  Let 

2!  Jfc! 

X 2  X k  yifc+1  xk 

f(x)  =  ex  _  !  _  - - -  -  Then  f'(x)  =  ex  -l-x - ->0by 

assumption.  Hence  f  ( x )  is  increasing  on  (0,  oo).  So  0  <  x  implies  that 

o  =  /  (0)  <  /  (x)  =  e*  -  1  -  X - ■  ,  and  hence  e*>l+*  +  --  -  +  ^-  +  *  for 

k\  (£  +  1)!  A:!  (k+ 1)! 

x 2  xn 

x>0.  Therefore,  for  x  >0,ex  >  1  +  x  H - 1 - [ - for  every  positive  integer  n,  by  mathematical 

2!  n\ 

induction. 

(b)  Taking  n  =  4  and  x  =  1  in  (a),  we  have  e  —  el  >  1  +  5  +  g  +  5}  =  2.7083  >  2.7. 

x k  sx  11  1  %  % 

(c) e*>l+*  +  ...  +  -  +  ^_  =»  But 


r->oo  ( k  +  1)! 


=  00,  so  lim  — r  =  ( 


(c)  From  the  graph  in  part  (b),  it  seems  that  ex/xw  >  10'°  whenever  re  >  65,  approximately.  So  we  can  take 
N  >  65. 


SSf liit  General  Logarithmic  and  Exponential  Functions 

1.  (a )ax=ex,na 

(b)  The  domain  of  /  (x)  —  ax  is  R. 

(c)  The  range  of  /  (Y)  =  ax  (a  ^  1)  is  (0, 00). 

(d)  (i)  See  Figure  1.  (ii)  See  Figure  3.  (iii)  See  Figure  2. 

2.  (a)  log,,  x  is  the  number  y  such  that  ay  =  x. 

(b)  The  domain  of  /  ( x )  =  log„x  is  (0,  00). 

(c)  The  range  of  f  (x)  =  \oga  x  is  R. 

(d)  See  Figure  9. 

3.  10*  =  e*1"10  4,Jcv^  =  eV21nr 

5.  2C0S*  =  c(cosx)In2  6.  (sinjt)ln*  ==  £  (In*)  In  (sinx) 

7.  log10  1000  —  3  because  103  =  1000.  8.  log5  ^  =  -2  because  5-2  = 
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9,  2(loS23  +  lofc5)  =  2,og2 15  =  15  [Or:  2(log23+log25)  =  2log23  ■  2log25  =  3  ■  5  =  15] 

10.  log3  3^  =  V5 


11.  All  of  these  graphs  approach  0  as  x  — >  — oo,  all  of  them  pass 
through  the  point  (0, 1),  and  all  of  them  are  increasing  and 
approach  oo  as  x  -»  oo.  The  larger  the  base,  the  faster  the 
function  increases  for  x  >  0,  and  the  faster  it  approaches  0  as 
x  ->  — oo. 


5  y  =  20*  y  =  Sx  y=ex 


12.  The  functions  with  bases  greater  than  1  (3*  and  1  O')  are 
increasing,  while  those  with  bases  less  than  1 

and  j  are  decreasing.  The  graph  of  (j)  is  the 
reflection  of  that  of  3*  about  the  y-axis,  and  the  graph  of 
is  the  reflection  of  that  of  lO*  about  the  y-axis.  The 

graph  of  1 0*  increases  more  quickly  than  that  of  3X  for 
x  >  0,  and  approaches  0  faster  as  x  — >  — oo. 


13.  (a)  log25  =  —  «  2.321928 


(b)  log5  26.05  =  : 


(c)  log3  e  =  —  »  0.910239 


14. 


lnx  lnx 

To  graph  the  functions,  we  use  log2  x  =  j— log4  x  —  -j^, 

etc.  These  graphs  all  approach  — oo  as  x  — »  0~,  and  they  all 
pass  through  the  point  (1,0).  Also,  they  are  all  increasing, 
and  all  approach  oo  as  x  — »  oo.  The  smaller  the  base,  the 
larger  the  rate  of  increase  of  the  function  (for  x  >  1 )  and  the 
closer  the  approach  to  the  y-axis  (as  x  — >  0+). 


lnx 

15.  To  graph  these  functions,  we  use  log]  5x  =  and 

log50 x  =  These  graphs  all  approach  — oo  as  x  — >  0+,  and 

they  all  pass  through  the  point  (1,0).  Also,  they  are  all  increasing, 
and  all  approach  oo  as  x  — >  oo.  The  functions  with  larger  bases 
increase  extremely  slowly,  and  the  ones  with  smaller  bases  do  so 
somewhat  more  quickly.  The  functions  with  large  bases  approach  the 
y-axis  more  closely  as  x  — >  0+. 
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16.  We  see  that  the  graph  of  In*  is  the  reflection  of  the  graph  of  e*  about 
the  line  y  =  *,  and  that  the  graph  of  log10*  is  the  reflection  of  the 
graph  of  10*  about  the  same  line.  The  graph  of  10*  increases  more 
quickly  than  that  of  e*.  Also  note  that  log10  *  -»  oo  as  *  -»  oo  more 
slowly  than  In*. 


3  y  =  10*  y  —  t 


y=  In* 

y  =  log,„* 
3 


17.  Use  y  =  Cax  with  the  points  (1,  6)  and  (3,  24).  6  =  Ca'  and  24  =  Co3  =>  24  =  a3  =>  4  = 

a —  2  (since  a  >  0)  and  C  =  3.  The  function  is  /  (*)  =  3  •  2*. 

18.  Given  the  y-intercept  (0, 2),  we  have  y  =  Cax  =  2 ax .  Using  the  point  (2,  5)  gives  us  §  =  2 a1  =»  i 
=>  a  =  |  (since  a  >  0).  The  tunction  is  /  (*)  =  2  or  /  (*)  =  2  (3)~x. 

19.  (a)  2  ft  =  24  in,  /  (24)  =  242  in  =  576  in  =  48  ft.  g  (24)  =  224  in  =  224/  (12  •  5280)  mi  «  265  mi 
(b)  3  ft  =  36  in,  so  we  need*  such  that  log2*  =  36  <=>  *  =  236  =  68,719,476,736.  In  miles,  this  is 


68,719,476,736  in- 


1  mi  1  ft 
5280  ft  '  12  in 


1,084,587.7  mi. 


20.  We  see  from  the  graphs  that  for*  less  than  about  1.8,  g(x)  =  5*  >  /(*)=  *5,  and  then  near  the  point  (1.8, 17.1) 
the  curves  intersect.  Then  /  (*)  >  g  (*)  from  *  si  1.8  until  *  =  5.  At  (5,  3125)  there  is  another  point  of 
intersection,  and  for  *  >  5  we  see  that  g  (*)  >  /  (*).  In  fact,  g  increases  much  more  rapidly  than  /  beyond  that 
point. 


11-5  32.5 


22.  Since  (1.1)*  is  continuous,  we  know  that  In  (  lim  (1.1)*)=  lim  In  ((1.1)*)  =  lim  *  In  1  1  = -00 

y.r-> -oc  J  x-»-oo  v  '  x  — >  — 00 

Therefore  lim  (1.1)*=  lim  elny  =  0. 

x  — >  —co  y—>  ~co 

23.  h  (/)  =  r3  —  3'  =*  h'  (t)  =  3t2  —  3'  In  3 

24.  y  =  lO*™0  =>  /  =  10tanfl(lnl0)(sec2^) 
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25.  Using  Formula  4  and  the  Chain  Rule,  y  =  5  1/fx  =>  y'  —  5  (In  5)  [—  1  ■  (— x  2)]  —  5  ^  (In  5)  /x2 

26.  y  =  23*2  =>  y  =  23'2  (In  2)  ^  (3*2)  =  23*2  (In  2)  3*2  (In  3)  ( 2* ) 

27. /(*)  =  log3(*2-4)  =»  /'«  =  ~^(  2*)=(^to3 

2a/W  =  log1„(^T)=log10*-log1o(*-l)  =>  /'  «  =  lio  ~  (*  -  1)  In  10  ”“*(*-  1)  taio 

29.  y  =  xx  =>  lny  =  *lnx  =>  y'/y  =  Inx  +  x  (1/x)  =>  y' =  xx  (Inx  +  1) 


30.  y  =  xl^x  =»  lny  =  — In* 


1  ,  1  /1\ 
In  x  +  -  (  -  ) 

X1  X  \x  / 


y,=xV*lzJ?± 

y  x  y2 


V  Sin  X  ,  / 

31.  v  =  Xs1"*  lny  =  sinxlnx  =>  — =  cosxln*H - ^  y  —  x  I 

y  x  \ 

32.  y  =  (sin*)*  =>  lny  =  x  In  (sinx)  =>  y'/y  =  In  (sin  jc)  +  *  (cos*)  /  (sinx) 

y'  =  (sinx)*  [ln(sinx)  +x  cot*] 

33.  y  =  (In*)*  =>  lny=xlnlnx  =>  —  =  lnln*  +x  ■  j  =>  /  =  (In 


y'  =  Xsmx  ^COSX  In X  +  '■ 


34.  y  =  xlax  =>  lny  =  Inx  Inx  =  (Inx)2 


35.  y  =  xe*  =>  lny  =  e*  Inx  =>  —  =e*lnx 


lnx+x--T-.-  =>  /  =  (Inx)*  (lnlnx  +  ) 

Inx  x  \  Inx  / 

7  =  2,nxG)  =*  /="toI(^) 

+  —  =>  y' =  xe*e*  ^lnx  + -^ 


36.  v  =  (lnx)““  =>  lny  =  cos*  In  (Inx)  =>  —  =  cos*  •  -T-  ■  -  +  (In In^c)  (-sinx)  => 

*  '  7  y  Inx  x 

y'  =  (lnx)cos*  _  sin jc  lnlnx) 

Vxlnx  ) 

37.  y  =  10*  =>  y'  =  10*  In  10,  so  at  (1, 10),  the  slope  of  the  tangent  line  is  101  In  10  =  10  In  10,  and  its  equation  is 

y-  10=  10  In  10  (x  —  1),  or  y  =  (10  In  10)x  +  10(1  -  In  10). 

38.  /  (x)  =  xcos*  =  e,nx c°s*  =>  13 - 

/' (x)  =  eln*cos*  In*  (-sin*)  +  cos*  ( -  jl  s\f  lh\ 

This  is  reasonable,  because  the  graph  shows  that  /  increases  when  _ , 

/'  (*)  is  positive. 

„2  ,  T  10'  l2  102  1  01  100-  10  90 

Jl  L1"  10  Ji  In  10  In  10  In  10  In  10 


40'  /  (*5  +  5*)  dx  =  gx6  +  jjj5*  +  C 

41  [  '°^10 'Y  dx  =  [  dx  =  — - —  f  dx.  Now  put  u  —  In*,  so  du  =  —  dx,  and  the  expression 

J  x  J  x  lnl0  7*  * 

becomes  J-Judu  =  -^  (|«2  +  C,)  =  ~  (In*)2  +  C. 

Or:  The  substitution  u  =  log10*  gives  du  =  ^  and  we  get  J  ■  dx  =  j  In  10  (log]0  *)  +  C. 
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42.  Let  u  —  x2.  Then  du  =  2xdx,so  f  x2xl  dx  =  l  f  2"  du  =  -  — - 1 -C  —  — ! — 2*2  +  C 

J  2J  2  In  2  2  In  2 

43.  A  =  y°  (2*  -  5X)  dx  + f  (5X  -  2X)  dx 

Lln2  In 5 J [in 5  In2 J0 

=  ( -L  _  _L\_ (\I1  _  m\  +  (_L  _  A' (±  _  M 

\ln2  In  5/  V*n2  ln5/  V>n5  ln2/  Vln5  ln2/ 

_  _I6_ _ 1_ 

~  51n5  2  In  2 

44.  We  use  the  formula  for  disks  (Equation  5.2.2).  The  volume  is  V  -  /0‘  ir  [10-1]2  dx  =  k  /„'  I0~2x  dx.  To 
evaluate  the  integral,  we  let  u  =  —2x  =>  du  =  -2dx,x  =  0  =>  n  =  0,  andx  =  1  =>  u  =  -  2,  so  we 
have 


a" 

2  In  10 


(l0“2 


-0 


99n 

200  In  10 


45.  We  see  that  the  graphs  of  y  =  2X  and  y  =  1  +  3  ~x  intersect  at 
x  as  0.6.  We  let  f  (x)  —  2X  —  1  —  3_;t  and  calculate 
f'(x)  =  2x\n2  +  3~x  In  3,  and  using  the  formula 
■*b+i  =  x„  -  f{xn)/f'  (x„)  (Newton’s Method),  we  get jci  =0.6, 
X2  «  X}  &  0.600967.  So,  correct  to  six  decimal  places,  the  root 
occurs  at  x  =  0.600967. 


46.  xy  =  yx  =»  ylnx=xlny  =>  y  ■  -  +  /  Inx  =  x  ■  -  ■  y' +  Iny  =>  /  lnx  -  -  y'  =  lnv  -  -  => 

x  y  y  x 

_  In  y  -  y/x 
In  x  —  x/y 

IQ* 

47-T=lnxx,  <=>  (10*  +  l)y=10*  <=>  >-  =  10*  (1  —  ^)  <=>  10*  =  <=> 

U>*  +  1  1  —  y 

logio  10*  =  logio  <=>  x  =  logics  -  logio  (1  —y).  Interchange x  and y. 

y  =  logio  x  -  logj0  (1  -  x)  is  the  inverse  function. 

48.  lim  x~inx  =  lim  (clnA)  =  lim  e— 0nx)2  _  q  since  —  (lnx)2  — >  — oo  as x  — >  0+. 

x->0+  x-*0+  ’  i-»0+ 

49.  If  I  is  the  intensity  of  the  1989  San  Francisco  earthquake,  then  log10  (I/S)  =  1. 1  => 
logio  (16//S)  =  log10  16  +  log10  ( I/S)  =  log10  16  +  7.1  as  8.3. 

50.  Let  h  and  I2  be  the  intensities  of  the  music  and  the  mower.  Then  10  log10  ^  =  120  and  10  log10  (j-  ^  =  106, 

solog1o(|)=log10(^|)=logI„g)-log10(|)  =  12-10.6=1.4  =»  £  =  10“  *25. 
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51.  We  find  I  with  the  loudness  formula  from  Exercise  50,  substituting  /o  =  10  12  and  L  =  50:  50  =  10  logi0  - 


<=>  5  =  logip  ^  12  o  10s  =  Jjpn  w  /=  10-7  watt/m2.  Now  we  differentiate  i  with  respect  to /: 


L  =  101og10  ■ 


i  (l0~7) 


:  10 - ? - 1—1  =  ( -Y  Substituting  /  =  10  7,  we  get 

(///o)  In  10  \/o/  In  10  \// 


108  ,  dB 

- a*  4.34  x  107  - y. 

In  10  watt/m2 


52.  (a)  /  (x)  =  Ioax  =>  I'  (x)  =  Io  (lno)  ax  =  (Ioax)  lna  =  /  (x)  Inn 

(b)  We  substitute  /0  =  8,  a  =  0.38  and  x  =  20  into  the  first  expression  for  /'  (x)  above: 
/'  (20)  =  8  (In 0.38)  (0.38)20  «  -3.05  x  10“8. 

(c)  The  average  value  of  the  function  I  ( x )  between  x  =  0  and  x  =  20  is 

.  1  r«(..38).  *  -  ?  Kf.  «0.4, 


20-0  20  „ 


'(0.38)*]2 
ln0.38  J0 


53.  (a)  Using  a  calculator  or  CAS,  we  obtain  the  model  Q  =  ah'  with  a  =  100.0124369  and  b  —  0.000045145933. 

We  can  change  this  model  to  one  with  base  e  and  exponent  lnfi:  Q  =  aeliab  =  100.0124369e_1° 0055306jf. 
(b)  Q’  (t)  =  ah’  In  b.  Q‘  (0.04)  ss  -670.63  fiK.  The  result  of  Example  2  in  Section  2.1  was  -670  fiA. 

54.  (a)  P  =  ab‘  or  P  =  ael>"b  with  a  =  4.502714  x  lO"20  and  SJ.ooojPmjhousands) - 

b  =  1.029953851,  where  P  is  measured  in  thousands  of  people.  / 

The  fit  appears  to  be  very  good.  / 


5308-3929  7240-  5308  , 

<■»  F°r  180°:  "*  =  1800-  1790  =  137'9’  m2  =  1810-  1800  =  '93'2' 

So  P’  (1800)  as  (mi  +  m2)  /2  =  165.55  thousand  people/year. 

23,192-  17,063  31,443  -  23,192 

F°r  185°:  m >  =  1850  -W  =  612'9’  W2  =  1860  -  1850  =  825  L 

So  P’  (1850)  at  (mi  +  m2)  /2  =  719  thousand  people/year. 

(c)  P'  (t)  =  ab1  In  6.  P'  (1800)  «  156.85  and  P1  (1850)  aj  686.07. 

(d)  P  (1870)  a*  41,946.56.  The  difference  of  3.4  million  people  is  most  likely  due  to  the  Civil  War  (1861-1865). 

55.  Using  Definition  1  and  the  second  law  of  exponents  for  ex,  we  have 

exln  a 

nx-y  _  Jx~y)\na  ex\na-y\na  -  _  a 

a  ~  *  e  eylna  ay 

56.  Using  Definition  1 ,  the  first  law  of  logarithms,  and  the  first  law  of  exponents  for  e ’ .  we  have 

(aj,y  _  gXln (ab)  _  ex(\na  +  \nb)  _  ex\na+xlnb  _  gx\naex\nb  _  axff 

57.  Let  loga X  =  r  and  loga  y  =  s.  Then  ar  =  x  and  as  =  y. 

(a)  xy  =  aras  =  ar  +  s  =>  log„  (xy)  =  r  +  s  =  loga  x  +  log,,  y 


(b)  -  =  —s  =  ar~ 

y  as 


loga  -  =  r  -  s  =  loga  x  ~  l°Sx,y 


(c )xy  =  (arY  =  ary  =>  logo  (x>’)  =  ry  =  y  logo  x 
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12.  Lety  =  sin  x  x.  Then  sin y  =  x,  so  from  the 
triangle  we  see  that 

tan  (sin-1  x)  =  tan y  =  *  -=. 


13.  Let y  =  tan  'i.  Then  tany  —  x,  so  from  the 
triangle  we  see  that 

sin  (tan-1  x)  =  siny  =  — ... . 


14.  Lety  =  cos  x  x.  Then  cosy  =  x  =>  siny  =  Vl  -  x2  since  0  <  y  <  it.  So 
sin  (2  cos-1  x)  =  sin2y  =  2siny  cosy  =  2xVl  —  x2. 


2  y  =  sin  x 


—  y  =  sin  x 


2  y  =  tan* 


y  =  tan  X 


The  graph  of  sin  1  x  is  the  reflection  of  the  graph 
of  sin  x  about  the  line  y  =  x. 


The  graph  of  tan  1  x  is  the  reflection  of  the  graph 
of  tanx  about  the  line  y  =  x. 


17.  Lety  =  cos  1  x.  Then  cosy  =  x  and  0  <  y  <  it  =>  —  siny—  =  1  => 


dy~  _ _ 1_ _ 1 _ 1_ 

dx  siny  J\  -  cos 2y  Vl  -x2 


.  (Note  that  siny  >  0  for  0  <  y  <  ir.) 


18.  (a)  Let  a  =  sin  'xandh  =  cos  1  x.  Then  cos  a  =  J\  —  sin2  a  =  V 1  —  x2  since  cos  a  >  0  for  —  §<«<§• 
Similarly,  sin  b  =  Vl— x2.  So 

sin  ^sin-1  x  +  cos-1  xj  =  sin  (a  +  b)  =  sin  a  cosh  +  cos  a  sinh  =  x  ■  x  +  VI— xVn/I  —  x2 
=  x2  +  (l-x2)  =  l 


1  d  _  i 

(b)  We  differentiate  the  result  of  part  (a)  with  respect  to  and  get  +  —  cos  x  =  0 

Vl  —  x2  dx 

d  1 

—  cos  lx  = - . 


19.  Let y  —  cot  Then  cot  >>  =  .x  =>  —  esc2 y—  =  1  => 


dx  esc2  y  1  +  cot2  y  1  +  x2 
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Ixt  y  —  sec  1  x.  Then  secy  =  x  and  y  e  (0,  j]  U  3^/  Differentiate  with  respect  to  x : 


secytany  =  1  => 


\dx  J  dx  sec  y  tan  y  sec  y  ^/scc2  y  —  I  xy/x2 

tany  =  ,/sec2y  -  1  since  tany  >  0  when  0<y<|or7r<y<^. 


=.  Note  that  tan2  y  =  sec2  y  —  1 


21.  Lety  =  esc  lx.  Thencscy  =  x  =>  —  cscycoty—  =  1 


dx  cscycoty  cscy^csc2  y  —  1 


Note  that  coty  >  0  on  the  domain  of  esc  1  x. 


22.  y  =  (sin  1  x)2  =>  y'  =  2  (sin  1  x)  (sin  1  x)  =>  y'  = 

dx v  ’  yr^i2 


23.  y  =  sin  1  (x1) 


=>  /  =  ■ 


- - —  tr2\  =  - 


24.  h  (x)  =  Vl  x2  arcsin x  =>  h'  (x)  =  Vl  -  jc2  •  -r=L=  +arcsinjc  \\  (l  -  x2)  1/2  (-2*)]  =  1  - 

V 1  -  x2  L  -I 

25.  y  =  tan-1  ( ex )  =>  y'  = - ! - (ex)  -  — e—^~ 

1  +  (e*)2  dx  1  +e2x 

26-  f  (x)  =  (arctanx)  lnx  =>  /'  (.x)  =  arctanx  •  -  +  In* - i  _  arctanj  +  Jn* 

*  1  +xz  x  1  +  x2 

27.  H  (x)  =  (1  +  x2)  arctanx  =>  H'  (x)  =  (2jc)  arctanx  +  (1+  x2)  *  2  =  1  +  2x  arctanx 


28.  h  (t)  =  exx  '  =»  h'(0=escc  (sec-‘r)  = 


29.  g  (t)  =  sin 


--G) 


-  1  (  4)- 

/l  -  (4/f)2  '  ' 2  ' 


4  -  I6r2 


30.  y  —  x  cos  1  *  • 


31.  y  =  arctan  (cos#)  =>  y' 


■  (—  sin#)  =  • 


32.  y  —  tan  1  (x  —  V jc 2  +  1^  => 

y'  =  _ ! _ _  ( 1  _  *  "j  =  -Jx2+\~X 

1  +  (x  -  y/x2  +  l/  '  ^2  +  l2  2(l+x2-;tV;t2  +  l)V;t2  +  l 

_ yjx 2  +  l-x _ 1 

2  (y/x2  +  1  +  X2y/x2  +  1  -  X3  -  x'j  2(l+JC2) 

33.  y  =  JC2  cot-1  (3jt)  =>  y'  =  2x  cot-1  (3*)  +  x2  -- - J— — yl  (3)  =  2x  cot-1  (3ec)  - 

1  +  (3x)2  _ 

34.  y  =  tan-1  ^  +  \  In  (x  -  a)  -  \  In  {x  +  a)  => 

,  _  a  1  /2  _  1/2  _  a  a  lax 2 

^  *2  +  a2  *  +  a  x2  +  a2  +  x2  -  a2  ~  x4  -  a4 
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35.  y  =  arccos 


(b  +  a  cos*  \ 
a  +  b  cos  *  / 


fb  +  acos*N 
{a  +  b  cos  *  ^ 


(a  +  6  cos*)  (-a  sin*)  -  ( b  +  acos*)  (— 6  sin*) 
(a  +  6  cos*)2 


1  [a2  —  62)sin* 

Va2  +  b2  cos2  x  ~—b2  —  a 2  cos2  *  \ci  +  b  cos  *  | 

1  (a2  —  b2)  sin*  Va2  —  b2  sin* 

~~  s/a2  -  b2s/ 1  -  cos2*'  |<3  +  &cos*|  \a  4-  6cos*|  |sin*l 

But  0  <  *  <  7r,  so  1  sin  *  |  =  sin*.  Also  a  >  b  >  0  =>  6cos*  >  —  b  >  —a,  so  a  +  2>cos*  >  0. 

T1_  /  V a 2 

Thus  y  ~ - ; - . 

a  +  6  cos* 

1 

36.  /  (x)  =  arcsin  (ex)  =>  f  (x)  =  ■  ex  = 


Domain  (/)  =  {x  |  -1  <  ex  <  1(  =  {jc  |  0  <  ex  <  1}  =  (— oo,  0], 

Domain  (/')  =  {x  |  1  -  e2x  >  0}  =  [x  |  e2*  <  1}  =  {x  \  2x  <  0}  =  (-oo,  0). 

37.  g  (x)  =  cos-1  (3  —  2x)  =*  g’ix)  =  -7f=L==(- 2)  =  7=i==. 

Domain  (g)  =  {x  |  —  1  <  3  —  2x  <  1)  =  [x  \  — 4  <  —  2x  <  —2}  =  {x  \  2  >  x  >  \]  =  [1,2], 

Domain  (g')  =  {x  |  1  -  (3  -  2xf  >  0}  =  {x  |  (3  -  2 xf  <  1}  =  {x  |  13  -  2x\  <  1}  =  {x  |  -1  <  3  -  2x  <  1} 

=  {x  |  -4  <  -2x  <  -2}  =  {x  |  2  >  jc  >  1}  =  (1, 2) 


/  (x)  =  x  tan  1  x  =>  /'(*)  =  tan  1  x  ^  +  =>  /'(•)  =  f  +  J 


■  g  (x)  =  x  sin  1  +  Vl6-x2  =»  g’  (x)  =  sin  1  (|)  + 


4Jl-(x/4} 


2  V16  —  x 


X  .  /x\ 

;-r2  V4/ 


g'  (2)  =  sin-1  5  =  § 


40.  y  =  3  arccos  —  =>  >;/  =  3 


so  at  (1,  tt),  /  : 


‘  L  v 1  —  (^/2)  J 

tangent  line  is  y  —  %  =  — n/3  (2c  —  1),  or  y  =  —V3x  +  ir  +  V3. 


:  =  —  V3.  An  equation  of  the 


41.  /  (x)  =  ex  —  x2  arctan* 


/'  (x)  =ex- 


+  2*  arctan* 


—  2*  arctan* 


This  is  reasonable  because  the  graphs  show  that  /  is  increasing  when 
f  (*)  is  positive. 
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42.  /  (*)  =  x  arcsin  (l  —  x2) 


f  (x)  =  arcsin  (l  —  x2)  +  x  . 

=  arcsin  (l  —  x2) - 

V  1  *j2x2-x* 

This  is  reasonable  because  the  graphs  show  that  /  is  increasing  when 
f  (jt)  is  positive,  and  that  /  has  an  inflection  point  when  /'  changes  from 
increasing  to  decreasing . 


43.  lim  sin  *x=sin  1  (—  1)  =  —  f 


,  l+x  .  1  +  x2  1/jc2  +  1  1 

44.  Let  t  =  - — — rr .  As  x  ->  oo,  t  =  - =•  =  - >  - . 

1+2*2  1+2*2  l/*2  +  2  2 

/  1  _Lv2  \ 


lim  arccos 


fI±£LV 

\i+2x2) 


lim  arccos  t  =  arccos  J 


45.  Let  /  =  ex .  Asx  — >  oo,  t  — >  oo.  lim  arctanfe*)  —  lim  arctan  t  =  5-  by  (8). 

X-iOC  '  /-»00  1 


46.  Let  t  —  lnx.  As x  — »  0+,  /  — >  —  oo.  lim  tan  1  (lnx)  =  lim  tan  1/  =  —  fby(8). 

x-»0+  /->-oo  2 


x  a\y p  3—  x 
P 


5  „  2 

tana  =  —,  tan/?  = - 

x  3  —  x 


0  =  7T  —  tan' 


-'(IH-'ty 


5  2  „  ,  , 

=>  — —  =  — = — - —  =>  2*2  +  50  =  5*2  —  30*  +  65  => 

*2  +  25  *2 -6* +  13 

*2  —  10*  +  5=0  =>  *  =  5±  2\/5.  We  reject  the  root  with  the  +  sign, 
since  it  is  larger  than  3.  dd/dx  >  0  for*  <  5  -  2V5  and  dO/dx  <  0  for 
*  >  5  —  2V5,  so  0  is  maximized  when  |+P|  =  *  =  5  —  2\/5  0.53. 


48.  Let  *  be  the  distance  from  the  observer  to  the  wall.  Then,  from  the  given  figure, 


dx  \  +  [(h  +  d)/x}- 


h  +  d'  1  d " 

.  *2  J  \  +  (d/x)2  lx2]  ~~x 


2  +  (h  +  d )2  x2  +  d 2 


_  d[x 2  +  (h  +  d)2]  —  (h  +  d)  ( x 2  4-  d 2)  h2d  -f-  hd2  —  hx2 

[x2  +  (h  +  d )2]  (x2  +  d2)  [x2  +  (h  +  t/)2]  (.x2  +  d 2) 

k*2  =  h2d  +  hd2  <=>  x2  =  hd  -\-d2  <=>  x  =  (A  +  d).  Since  dO/dx  >  0  for  all  x  <  s/d  (h  +  d)  and 
dO/dx  <  0  for  all  x  >  +Jd  ( h  +  d),  the  absolute  maximum  occurs  when  x  =  y/d  \h  +  d). 
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50. 


—  =4  rev/min  =  87r  -  60  rad/h.  From  the  diagram,  we  see  that  tan  5 
dt 

,  /x\  dO  dO  dx  1/3  dx 

V  3  /  dt  dx  dt  l  +  (x/3 y  at 

dx  /  v  \  2  *1 

—  =  8a  ■  60  ■  3  1  +  j  km/h,  and  atx  —  1, 

^  =  8a  •  60  •  3  ^1  +  km/h  =  1600a:  km/h. 


x 
''  3 

So 
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52.  y  =  /  ( x )  =  tan' 


D  —  {x  |  *  ^  —1}  B.  *-intercept=  1, 


7-intercept  =  /  ( 0)  =  tan-1  (-1)  =  -§  C.  No  symmetry 


D.  lim  tan' 

X-»±00 


■'  (tTt)  =  Jfe0tan“1  (iTTa)  =  tan"'  1  =  f .  *>  J-  =  f  is  a  HA.  Also 


lim  tan 

x->-l  + 


-1  {±zl)  =  _± 

\x  +  lj  2 


and  lim  tan  1 
*-»-!- 


(x  ~  !\  =  £ 

\*  +  l/  2' 


e.  f  (x)  = - ! - -  (jc  +  ^ ^ — !2  = 

l  +  [(*-l)/0  +  l)]2  (*  +  l)2 

2  1 

(x  +  l)2  +  (x  -  l)2  =  ^+T  >  °’  50  f is  increasing  on  (-00.  -1) 
(-1,00).  F.  No  maximum  or  minimum 

G.  f"  (*)  =  —  lx/  (x2  +  l)2  >  0  <=>  *  <  0,  so  /  is  CU  on  (— oo,  —1) 

and  (—  1, 0),and  CD  on  (0,  oo).  IP  is  (0,  — f ). 


53.  y  —  f  (x)  —  x  —  tan  1  *  A.  D  =  R  B.  Intercepts  are  0  C.  /  (— x)  =  — /  (*),  so  the  curve  is  symmetric 
about  the  origin.  D.  lim  (x  -  tan-1  x)  =  oo  and  lim  (x  -  tan-1  *)  =  -oo,  no  HA. 

*->oo  v  '  x — >  — oo  v  ’ 

But  /(*)  —  (x  —  I)  =  —tan-1  x  +  \  ->  Oas*  -»  oo,  and  H.  ft 

f  (x)  -  {x  +  f )  =  -  tan-1  x  —  0  as  x  — >  — oo,  so  y  =  x  ±  j  are  ^  /' 


1  XA 

slant  asymptotes.  E.  f  (oc)  =  1 - , - =  -  >  0,  so  f  is 

x2  +  1  xl  +  1 

increasing  on  R.  F.  No  extrema 

r-  (1  +  x2)  (2x)  —  x2  (2x)  2x 

G.  /  (*)  = - - - -5 - = - y  >0  <=>  X  >  0,  so 

(l  +*2)  (1  +x2)2 

f  is  CU  on  (0,  00),  CD  on  (-00,  0).  IP  (0,  0) 


y=x+ 2 / 


54.  y  =  tan  1  (lnx)  A.  D  =  (0,  00)  B.  No  y-intercept,  x -intercept  when  tan  '(lnx)  =  0  o  lnx  =  0 
<=>  x  =  1.  C.  No  symmetry  D.  lim  tan-1  (lnx)  =  |,  soy  =  f  is  a  H. 


HA.  Also  lim  tan  1  (lnx)  =  -f.  E.  f'(x)  = -  >  0 

*->0+  2  x  [1  +  (In*)2] 

so  /  is  increasing  on  (0,  00) .  F.  No  maximum  or  minimum 

r-  -[1  +  0n*)2+x(21nx/x)]  (1  +  lnx)2 

G.  J  (X)  =  - — - i  = - - - —  <  0,  so 

*2  [1  +  (In*)2]2  *2[1  +  (In*)2]2 


/  is  CD  on  (0,  00) . 
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-1  -4  -11 


From  the  graph  of  /',  it  appears  that  the  only  maximum  occurs  atx  =  0  and  there  are  minima  at  x  =  ±0.87.  From 
the  graph  of  /",  it  appears  that  there  are  inflection  points  at  x  =  ±0.52. 

56.  First  note  that  the  function  /  (x)  =  x  —  c  sin-1  x  is  only  defined  on  the  interval  [—1, 1],  since  sin-1  is  only  defined 
on  that  interval.  We  differentiate  to  get  /'  (x)  —  1  —  c/V  1  —  x2.  Now  if  c  <  0,  then  /'  (x)  >  1,  so  there  is  no 
extremum  and  /  is  increasing  on  its  domain.  If  c  >  1,  then  /'  (x)  <  0,  so  there  is  no  local  extremum  and  /  is 
decreasing  on  its  domain,  and  if  c  =  1 ,  then  there  is  still  no  extremum,  since  /'  (x)  does  not  change  sign  at  x  =0. 
So  we  can  only  have  local  extrema  if  0  <  c  <  1.  In  this  case,  /  is  increasing  where  /'  (x)  >  0  4=> 


-4.2  -0.75 


57.  /  (x)  =  2x  ±  5/Vl  -  X2  =>  F  (x)  =  x2  ±  5  sin  1  x  ±  C 

58.  f'(x)  =  4-3(1  +x2)-1  =>  / (x)  =  4x  —  3 tan-1  x  +  C  =>  /  (f )  =  tr  -  3  +  C  =  0  =>  C  =  3  -  ir, 

so  /  (x)  =  4x  —  3  tan”1  x  ±  3  —  it . 


59. 

/■V 3 

— dx  =  \  6  tan 

SO 

II 

H 

(tan  1  V3  -  tan 

J\ 

1  ±x2  L 

Jl 

V 

f0.5 

dx  r  i 

I0-5  1 

60. 

L 

,  =  sin  1  x 

Vi-x2  L 

=  sin  1 
Jo 

I  -  sin-1  0  =  | 

61.  Let  u 

=  t 2 .  Then 

du  —  2 1  dt.  so  f  —= 

L=dt 

=U- 

i 

=  du  ~ 

j  sin  1  u  +  C 

=  i  sin-1  (t2)  +  C. 

J  VI 

- 1 4 

2  J 

u2 

62.  Letw 

=  tan"1 

Then  du  - 

=  dx/  (1  + 

x2),  so 

f  tan-1  x 
/  1  ±  x2 

dx 

=  fudu 

=  \u2  +  C  = 

\  (tan-1  *)2  +  C. 

1 

r ‘/2  sin- 

'x 

r 

r/6  u2- 

n /6  ,  -  2 

63.  Let  u 

=  sin"1  x. 

Then  du  - 

Vl-x2 

dx,  so 

'o  vr- 

dx  =  j 

Jo 

udu  =  — 

2  _ 

0  =  2  \6/  =  72 

64.  Let  u 

=  —  cos*. 

Then  du 

=  sinx  dx. 

,  so 

r 

sin* 

o _ _ 

II 

- - r  du 

—  |*tan" 

>J°  = 

tan- 

1  0  —  tan" 

-1  (-1)  =  0  - 

(-D  =  f. 

Jo 

1  +  cos2  * 

7-i 

1  +  u2 

L 

j-i 
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5.  f  dx  =  f  —z - dx  +  9  f  — = - dx  ~  \  In  (x2  +  9^+3  tan  1  —  +  C 

J  x2  +  9  Jjc2  +  9  J  x2  +  9  2  V  /  3 

(Let  u  —  x2  -{-  9  in  the  first  integral;  use  Equation  14  in  the  second.) 


66.  Let  u  —  lx.  Then  du  —  \dx  => 


dx 

x «Jx2  -  4 


2xJ(x/2)2 


f  2  du  1  f  dii 

.  j  J  Au«Ju2  —  1  2  J  U'Ju2 


\  sec  1  u  4-  C  =  4 


2SeC"‘G*)' 


67.  Let  u  =  4*.  Then  du  =  4c/jc,  so 

I ^  =  J  rh' dU  =  1  K'  “]f  =  1  K’  ^  -  tan"1  0)  =  J  (f  -  0)  =  fe- 


68.  Letw  =  e  .  Then  du 


=  2e2x  dx  =>  f  e  -  =-  f  ^ “  =  j  sin  1  u  +  C  =  Lin  1  (e2*)  +  C 

J  2  j  2  2  v  / 

=  exdx,  so  f  Ar——=  f  fU  —  tan"1  u  +  C  =  tan-1  (e*)  +  C. 

7  e2*  +  1  J  u2  +  1  v  ' 


69.  Let «  =  ex .  Then  du  =  e*  dx,  so 


70.  Let  u  =  in*.  Then  du  =  (1  /x)dx  => 

f  ~r — — - 21  =  /  r~~2=5tan~1  (x)  +  C  =  j  tan-1  (Ln*)+C. 

J  x  4+ (In*)2  J  4  +  u2  2  \2>  2  \2  ) 


J  jc  [4  +  (lnjc)2]  J  4  +  u2  2  \2>  2  \2  )  ' 

71.  Let  u  =  x/a.  Then  du  —  dx/a,  so 

f  dx  f  dx  f  du  .  jc 

J  Va2  -  x2  J  aJy  _  (jc/a)2  J  Vl  -u2  a 

/2  r  in2  t2  l 

72.  We  use  the  disk  method:  A=  ir  — . —  dx  —  n  - <7*.  By  Formula  14,  this  is  equal  to 

Jo  LV^^+4j  Jo  x2  +  4 

n  [? tan  1  /2) J 0  =  f  (f  -  0) =  V‘ 

73.  yt  1  The  integral  represents  the  area  below  the  curve  y  =  sin-1  x  on  the  interval 

2  y  =  sin-1*  J  *  e  [0,  1].  The  bounding  curves  are  y  =  sin-1  x  <=>  *  =  siny,  y  =  0  and 

oix  =  siny^gjllj  a  --  1  We  see  that  y  ranges  between  sin-1  0  =  0  and  sin-1  1  =  § .  So  we 

have  t0  integrate  the  function  x  =  1  —  siny  between  y  =  0  and  y  =  j : 

_ jd  sjn-i  j,.  fa  =  J^22  (1  —  siny)(7y  =  (f  +  cos  —  (0  +  cosO)  =  §■  —  1. 

74.  Let  a  =  arctan*  and  b  =  arctany.  Then  by  the  addition  formula  for  the  tangent  (see  endpapers), 


y  =  sin  x, 
or  x  -  siny. 


tan  (a  +  b)  = 


tana  +  tanh  tan  (arctanj:)  +  tan  (arctany) 

1  —  (tan  a)  (tan  b)  1  —  tan  (arctan x)  tan  (arctany) 


tan  (a  +  b)  — 


arctan x  +  arctany  =  a  +  b  =  arctan  (  x  [,  since  — 5  <  arctan*  +  arctany  <  5- . 

\\-xy) 

(i  +  i  \  % 

— ,  3 ,  I  =  arctan  1  =  — 

i-H/  4 


(b)  2arctan  5  +  arctan  ^  =  ^arctan  j  +  arctan  j)  +  arctan  |  =  arctan^  3  -j-:<  ]  ^ 

(3  +  I  \ 

4  3  2  I'  I  =  arctan  1  = 
1  _  4  '  7/ 


+  arctan  j 
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76.  (a)  /  (*)  =  sin  (sin  1  * 


0  1  x 


(c)  g'  (x)  =  —  sin  1  (sin*)  =  —j= 
dx  7! . 


(d)  h  (x)  —  cos  1  (sin*),  so  h'  (*)  =  - 


cos* 
V  cos2  * 
cos* 


vT^ 


|cos*| 


cos* 
(cos*  | 


77.  Let  /(*)  =  2sin  1  *  —  cos  1  (l  —  2*2).  Then 


/' «  = 


2 


4* 

\/l~(l-2*2)2 


4* 

2* Vl  -  *2 


=  0  (since  *  >  0) 


Thus  /'  (*)  =  0  for  all  *  e  [0,  1).  Thus  /  (*)  =  C.  To  find  C  let  *  =  0.  Thus  2  sin  1  (0)  -  cos  1  (1)  =  0  =  C. 
Therefore  we  see  that  /  (*)  =  2  sin-1  *  —  cos“*  (1  —  2*2)  =  0  2  sin  1  *  =  cos  1  (1  —  2*2). 


78. 


Let  /  (*)  =  sin-1  ^  -  2tan  iy/x  +  j.  Note  that  the  domain  of  /  is  [0,  oo).  Thus 

1  (*  +  !)  —  (*  —  1)  2  1  1  _ 1 


/'  M  = 


e 


x  —  1  \ 

Ti 


(*  + 1)2 


1+*  2V*  ,/*(*  +  !)  V*  (*  +  1) 


=  0 


Then  /  (*)  =  C.  To  find  C,  we  let  *  =  0  =>  sin-1  (-1)  -  2  tan-1  (0)  +  f  =  C  =>  -|-0+f=0  =  C. 

Thus,  /  (*)  =  0  =>  sin-1  =  2tan_1  Jx  -  § . 

i  rfy  ,  rfy  1  ,, 

79.  v  =  sec  ‘*  =>  secv  =  *  =>  secytany  —  =  1  =>  —  =  - - - ■  Now 

J  dx  dx  secytany 

tan2y  =  sec2y-  1  =*2  -  l,sotany  =  ±V*2  -  1.  Fory  e  [0,  f),*  >  1,  so  secy  =  *  =  |*|  andtany  >  0 

=>  =  —  1  - = - 1  .  Fory  e  (?;,n},x  <  -1,  so  I* I  =  -*  andtany  =  -V*2  -  1  => 

dx  x4x^\  |*|vG^T  “  v  2  ’  J’  — 

dy  _  1  1  _  1  _  1 

dx  secytany  x  ^_JX2  _  (-*)  V*2  -  1  |*|  V*2  -  1 
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80.  (a)  Since  | arctan  ( 1  /jc ) |  <  we  have  0  <  |x  arctan  (l/x)|  <  |  |x|  -*  0  as  a:  — >  0.  So,  by  the  Squeeze  Theorem, 
lim  f  (x)  =  0  =  /  (0),  so  /  is  continuous  at  0. 

jc->  o 


(b)  Here 


/  (x)  —  /  (0)  x  arctan  (1/x)  —  0 


=  arctan  I  —  )■  So  (see  Exercise  40  in 


Section  3.2  for  a  discussion  of  left-  and  right-hand  derivatives) 

f'_  (0)  =  lim  =  ijm  arctan(-)=  lim  arctan y  =  —  yr,  while 

x-»o-  x  — 0  *->o-  \x  J  y-»-  oo  2 


f+  (0)  =  lim 

JC— »0+ 


/(*)-/(  0) 


=  lim  arctan 

x->0+ 


(-  1  =  lim  arctan  y  =  x-  So  /'  (0)  does  not  exist. 
x )  y->°°  2 


\VP\  =  9  +  x  cos  a,  IPTI  =  35  —  (4  +  x  sin  a)  =  31  —  x  sin  a,  and  \  PB\  =  (4  +  x  sin  a)  -  10  =  x  sin  a  -  6.  So 
using  the  Pythagorean  Theorem,  we  have  |  VT\  =  \/|FP|2  +  |FT|2  =  <J(9  +  x  cos  a)2  +  (31  —  x  sin  a)2  =  a, 
and  \VB\  =  VP\2  +  |/>B|2  =  x  cos  a)2  +  (x  sin  a  —  6)2  =  b.  Using  the  Law  of  Cosines  on  AVBT,  we 

a2  +  b2  —  625 
2ab 

2.  From  the  graph  of  61,  it  appears  that  the  value  of  x  which  maximizes  6  is  x  «  8.25  ft.  Assuming  that  the  first  row  is 
at  x  =  0,  the  row  closest  to  this  value  of  x  is  the  fourth  row,  at  x  =  9  ft,  and  from  the  graph,  the  viewing  angle  in 
this  row  seems  to  be  about  0.85  radians,  or  about  49°. 


^ ,  as  required. 


get  252  =  a2  +  b2  -  lab  cos  9 


a2  +  b2  —  625 


»  0  =  arccos  I 


3.  With  a  CAS,  we  type  in  the  definition  of  9,  substitute  in  the  proper  values  of  a  and  b  in  terms  of  x  and 

a  =  20°  =  ^  radians,  and  then  use  the  differentiation  command  to  find  the  derivative.  We  use  a  numerical  root 
finder  and  find  that  the  root  of  the  equation  d9/dx  =  0  is  x  as  8.253062,  as  approximated  above. 

4.  From  the  graph  in  Problem  2,  it  seems  that  the  average  value  of  the  function  on  the  interval  [0,  60]  is  about  0.6.  We 
can  use  a  CAS  to  approximate  ^  J060  9  (x)  dx  0.625  as  36°.  (The  calculation  is  much  faster  if  we  reduce  the 
number  of  digits  of  accuracy  required.)  The  minimum  value  is  9  (60)  as  0.38  and,  from  Problem  2,  the  maximum 
value  is  about  0.85. 
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Hyperbolic  Functions 


(a)  sinh  0  =  j  (e°  —  e°)  =  0 
(e°  -  e~°)  /2 

(a)tanh0=br 


(b)  coshO  =  j  (e°  +  e°)  =  5  (1  +  1)  =  1 


-  Q  1  (p-  -  ] 

(b)  tanh  1  =  - r  =  -5 — -  «  0.76159 

w  el  +e~]  e2  +  ] 


(a)  sinh  (In  2)  = 


eln2  _e- In 2  _  2-  \  _  3 


(b)  sinh 2  =  j(e2  —  e  2)  ~  3.62686 


(a)  cosh3  =  j  (e3  +e  ^  10.06766 

(a)  sech  0  =  — v—  =  v  =  1 
cosh  0  1 


(b)  cosh  (In  3)  = 


eln3+e-ln3  3  +  1 


(b)  cosh  *1=0  because  cosh  0=1. 


(a)  sinh  1  =  \  (e1  -  e-1)  «  1.17520 

(b)  Using  Equation  3,  we  have  sinh-1  1  =  In  (l  +-  Vl2  +  l)  =  In  (l  +  -J2)  &  0.88137. 

sinh  (—a:)  =  j  [e~x  -  e-1-*1]  =  j  ( e~x  -  ex)  =  —  j  (ex  —  e~x )  =  —  sinh* 
cosh  (-*)  =  \  [e~x  +  e-<-y)]  =  5  ( e~x  +  ex)  =  \  {e?  +  e~x)  =  cosh* 
cosh*  +  sinh*  =  \(ex  +  e~x)  +  i  (ex  -  e~x)  =  |  (2e*)  =  ^ 
cosh*  -  sinh*  =  \  (ex  +  e~x)  -  \  (ex  -  e~x)  =  \  (2e~x)  =  e~x 
.  sinh*  cosh>>  +  cosh*  sinhy  =  ( ex  —  e-*)j  (ey  +  c-y)j  +  (e2  +  e-JC)j  ^ j  (ey  -  e->,)j 

=  i  [(e1^  +  ex~y  -  e~x+y  -  e~x~y)  +  (ex+y  -  ex~y  +  e~x+y  -  e-2-y)] 

=  \  (2exyy  -  2e~x~y)  =  ^  [ex+y  -  e-<x+y>]  =  sinh  (*  +  y) 

,  cosh*  coshy  +  sinh*  sinhy  =  ( ex  +  e~x)  j  ^  (ey  +  e->)J  +  £ j  (ex  —  e~x)  J  (ey  -  e~y)  j 

=  I  [ie*+y  +  <?-y  +  e~X+y  +  e~X~y)  +  ieX+y  ~  eX~y  ~  e~X+y  +  e~X~y)\ 

=  ±  ( 2ex+y  +  2e~x-y)  =  \  [ e x+y  +  e~^x+^]  =  cosh  (*  +  y) 

.  Divide  both  sides  of  the  identity  cosh2  *  -  sinh2  *  =  1  by  sinh2  * : 

cosh2  *  1  , ,  , , 

- 5 - 1  = - = —  <=>  coth  *  —  1  =  csch  *. 

sinh2  *  sinh2  * 

sinh  *  cosh  y  cosh  *  sinh  y 

sinh  (*  +  y)  sinh*  coshy  +  cosh*  sinh  y  cosh*  coshy  cosh*  coshy 


,  tanh  (*  +  y) 


cosh  (*  +  y)  cosh*  coshy  +  sinh*  sinhy  cosh*  coshy  sinh*  sinhy 

cosh*  coshy  cosh*  coshy 


tanh*  +  tanhy 
1  +  tanh*  tanhy 

By  Exercise  1 1,  sinh 2*  =  sinh  (*+*)  =  sinh*  cosh*  +  cosh*  sinh*  =  2  sinh*  cosh*. 

Putting  y  =  *  in  the  result  from  Exercise  12,  we  have 

cosh  2*  =  cosh  (*+*)  =  cosh*  cosh*  +  sinh*  sinh*  =  cosh2  *  +  sinh2  *. 

.sinh(lnx)  {ea'x  -  e~]nx)  /2  *-l/*_x2-l 


tanh  (In  *)  = 


cosh(ln*)  (eln*  +  e-1”*)  /2  x  +  l/x  *2  +  1 


|  m 
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4.  (a)  T  cosh*  =  [j  (e*  +  e  *)]  =  1  (e*  ~  e  *)  =  s>nh* 

d  d  r  sinh*  ]  cosh*  cosh*  -  sinh*  sinh*  cosh2 *  —  sinh2 *  1  2 

(b)  —  tanh*  =  —  — —  = - -2 - = - -j - =  —rr-  =  sech2* 

dx  dx  [  cosh  *  j  cosh  *  cosh  *  cosh  * 

d  d  f  1  1  cosh*  1  cosh* 

(c)  — csch*  =  —  — —  = - =— =  — — - T-; —  =  —  csch*  coth* 

dx  dx  [sinh*J  sinh  *  sinh*  sinh* 

d  d  T  1  1  sinh*  1  sinh*  ,  , 

(d)  —  sech*  =  —  — —  = - = - ; - —  =  -  sech*  tanh* 

dx  dx  cosh*  cosh2*  cosh*  cosh* 


d  d  cosh*  sinh*  sinh*  —  cosh*  cosh*  sinh2 *— cosh2 *  1 

(e)  —  coth*  =  —  -7-: —  = - s - = - rT5 - =  — r Tl 

dx  dx  sinh*  sinh  *  sinh  *  smh 


25.  Let  y  =  sinh  1  *.  Then  sinhy  =  *  and,  by  Example  1(a),  coshy  =  ■J  1  +  sinh2  y  =  Vl  +  x2.  So  by  Exercise  9, 
ey  =  sinhy  +  coshy  =  x  +  Vl  +x2  =»  y  =  In  (x  +  Vl  +  *2)  • 

26.  Let  y  =  cosh-1  *.  Then  coshy  =  *  and  y  >  0,  so  sinhy  =  ^ cosh2  y  -  1  =  V*2  -  1.  So,  by  Exercise  9, 

ey  =  coshy  +  sinhy  =  *  +  V*2  —  1  =»  y  =  In  (x  +  V*2  —  1^. 

Another  Method:  Write  *  =  coshy  =  j  (ey  +  e~y)  and  solve  a  quadratic,  as  in  Example  3. 


27.  (a)  Lety  =  tanh  *.  Then*  =  tanhy  = 


ey  -  e~y  e2y  -  1 


ey  +  e~y  e2y  +  1 


e2y  +  x  =  e2y  -  1  =>  e2y  =  ■ 


-Kt^)  ‘ 


j  1  +  tanhy  1  +x 

(b)  Let  y  =  tanh  1  x.  Then  x  =  tanhy,  so  from  Exercise  18  we  have  e  -  —  ^  __  =  ~~  x 


28.  (a)  (i)  y  =  csch  1  x  <=>  cschy  =  x  (x  ^  0) 

(ii)  We  sketch  the  graph  of  csch-1  by  reflecting  the  graph  of  csch  (see 
Exercise  22)  about  the  line  y  =  x. 

2 

(iii)  Lety  =  csch-1  x.  Then  x  =  cschy  = - —  =>  xey  —  xe~y —  2 

ey  —  e  y 


x(ey)2  -2ey  -x  =  0  =>  ey  = 


\±VxTTi 


1  +  -\/x^  +  1  *  1  —  Vx^  +  1 

But  ey  >  0,  so  for  x  >  0,  ey  — - and  for  x  <  0,  ey  = - . 


_t  *  l  V  A  f 

Thus,  csch  x  =  In  I  — 1 - — - 

v*  1*1 
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(b)  (i)  y  =  sech  1  x  <=>  sechy  =  x  and  y  >  0. 

(ii)  We  sketch  the  graph  of  sech-1  by  reflecting  the  graph  of  sech  (see 
Exercise  22)  about  the  line  y  =  x. 


(iii)  Lety  =  sech  1  x,  sox  =  sechy  =  ■ 


=*  xey  +xe  y  =  2  =» 


x(ey)2- 2ey+x  =  0  <=>  ey  -  ■li±V'1  — .  °l  1 

x 

But  y  >  0  =>  ey  >  I .  This  rules  out  the  minus  sign  because  - - — —  >1  <=>  1  —  Jl  —  x2  >  x 

x 

•f=>  l  —x  >  V 1  -  x2  o  1  —  2x  +  x2  >  1  —  x2  <=>  x2  >  x  »  x  >  1,  but*  =  sechy  <  1.  Thus, 

„  1  +  V1-*2  /i  +  yrr^r\ 


sech  1  x  =  In  I 


(c)  (i)  y  =  coth  1  x  <=>  cothy  =  x 

(ii)  We  sketch  the  graph  of  coth-1  by  reflecting  the  graph  of  coth  (see 
Exercise  22)  about  the  line  y  =  x. 

i  €?  -\~  6 

(iii)  Let  v  =  coth-1  x.  Then  x=  coth  v= -  =s 

ey  -  e~y 

xey  -  xe~y  =  ey  +  e~y  =>  (x  -  1)  ey  =  (x  +  1)  e~y  => 


2v  x  +  l  n  ,  x  +  1 

eLy  = - -  =>  2v  =  In - 

x  —  1  x  —  1 


coth  1  x  =  A  In  X  +  1 


29.  (a)  Let  y  =  cosh  1  x.  Then  coshy  =  x  and  y  >  0  =>  sinhy—  =  1 

dx 


dy  1 
dx  sinhv 


/ cosh2  y  -  1 


(since  sinhy  >  0  for  y  >  0).  Or:  Use  Formula  4. 


(b)Lety  =  tanh  'j.  Thentanhy  =  x  =>  sech2y— =  1  =>  —  =  — i- 

dx  dx  sech 


dx  sech2y  1  -  tanh2  y  1  -  x2 ' 


Or:  Use  Formula  5. 


(c) Lety  =  csch  ix.  Thencschy=x  =>  —  cschycothy—  =  1  =>  —  = - . 

dx  dx  csch  y  coth  y 

By  Exercise  13,  coth  y  =  csch2  y  +  1  =  ±Vx2  +  1.  If x  >  0,  then  coth  y  >  0,  so  cothy  =  -Jx2  +  1. 

If  x  <0,  then  cothy  <  0,  so  cothy  =  —•Jx2  +  1.  In  either  case  we  have 
dy_  _  1  _  1 

dx  csch  y  cothy-  \x\Jx2+  \ 

(d)  Let  y  =  sech-1  x.  Thensechy  =  x  =>  —  sechy  tanhy  —  =  1  =* 


dx  sechy  tanhy  sech  y^l  -  sech2y  xVl  -x2 

(e)  Let  y  =  coth-1  x.  Then  cothy  =  x  =>  —  csch2 y—  =  1 


.  (Note  that  y  >  0  and  so  tanhy  >  0.) 


dx  csch2y  1— coth2y  l-x2 


by  Exercise  13. 
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30.  /  ( * )  =  tanh  4*  =*  /'  (x)  =  4  sech2  4* 

31.  /(*)  =  *  cosh*  =>  /'  (*)  =  *  (cosh*)'  +  (cosh*)  (*)'  =  *  sinh*  +  cosh* 

32.  g  (*)  =  sinh2  *  =>  g'  (*)  =  2 sinh*  cosh* 

33.  h  (*)  =  sinh  (*2)  =*  h'  (*)  =  cosh  (*2)  ■  2*  =  2*  cosh  (*2) 

34.  F  (x)  =  sinh*  tanh*  =>  F'  (*)  =  sinh*  sech2  *  +  tanh*  cosh* 

„  „  ,  ,  1  —  cosh* 

35.  G  (*)  =  — - —  => 

1  +  cosh* 

,  (1  +  cosh*)  (—sinh*)  -  (1  —  cosh*)  (sinh*)  —sinh*  —  sinh*  cosh*  -  sinh*  +  sinh*  cosh* 

G  (*)  = - r - = - 5 - 

(1  +  cosh*)2  (1  4-  cosh*)2 

—2  sinh* 

(1  +  cosh*)2 

36.  /  (t)  =  e'  sech  t  =>  f'(t)  =  e,(—  sech  t  tanh  /)  4-  (sech  I)  e'  =e'  sech  /  ( 1  —  tanh  t) 

~  ...  .  r~^  W,  ,  ‘  csch2  Vl  + 12 


37.  h(t)  =  coth  Vl  +  /2  =4  h'  (t)  —  —  csch2  Vl  +t2  ■  \  (1  4-t2)  1  (2t)  = 


35.  G  (*)  =  ■ 


G'  (*)  =  ■ 


38.  /  (t)  =  In  (sinh  t)  =>  /'  (l)  =  .  ,  cosh  t  =  coth  t 

sinh  t 

39.  H  (t)  =  tanh  (e')  =>  FI'  ( t )  =  sech2  ( e ')  ■  e'  =  e‘  sech2  ( e ') 

40.  y  =  sinh  (cosh*)  =>  /  =  cosh  (cosh*)  •  sinh* 

41.  y  =  ecosh3jc  =>  y  =  ecosh31  •  sinh 3*  •  3  =  3ecosh3*  sinh 3* 


42.  y  =  *2  sinh-1  (2*) 


43.  y  =  tanh  1  V*  =>  y  = 


1  JC 

_ •  2  +  sinh-1  (2*)  ■  2*  =  2*  +  sinh-1  (2*) 

-  (2*)2  LV1+4*2  J 


yi  +  (2*r 

- _ ljc-l/2  =  _ ! - 

's/*)2  2  2V^"  (1  -  *) 


\-Wtf  2V*0 

44.  y  =  *  tanh-1  *  +  InVl  —  *2  =  *  tanh-1  *  +  \  In  (l  —  *2) 

/  =  tanh-1  *  +  X  ..  +  i  (  . . .  )  (-2*)  =  tanh-1  * 

\-xL  2V1-JC2/ 


45.  y  =  *  sinh  1  (*/3)  —  V9  +  *2 
Z1)  .  ..  !/3 


y  =  sinh  1  (j)  +j 


/ 1  +  (*/3)2  2^9  + *2 


:  sinh-1  (i)  +  —4=  -  -==4=  =  sinh-1  (4 
V9  +  *2  V9  +  *2  '3/ 


46.  y  =  sech  1  Vl  —  *2  =>  y  =  —  - 


73?  /!_(!_  *2)  24T^  (l-^2)kl 


47.  y  =  coth  1  V*2  +  1  =>  y  = 


1  —  (*2  +  l)  2V*2  4- 1  *V*2  4- 1 


48. 


20  0  =  1  2  3  4 


For  y  =  a  cosh  (* /a)  with  a  >  0,  we  have  the  ^-intercept  equal  to  a. 
As  a  increases,  the  graph  flattens. 
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49.  (a)  y  —  20  cosh  (x/20)  —  1 5  =>  y'  =  20  sinh  (x/20)  ■  =  sinh  (x /20).  Since  the  right  pole  is  positioned  at 

x  =  7,  we  have  y'  =  sinh  ^  =»  0.3572. 

(b)  If  8  is  the  angle  between  the  tangent  line  and  the  x-axis,  then  tan/9  =  slope  of  the  line  =  sinh  //  so 
8  =  tan'1  (sinh  55)  0.343  rad  19.66°.  Thus,  the  angle  between  the  line  and  the  pole  is  about 


90°  -  19.66°  =  70.34°. 


50.  We  differentiate  the  function  twice,  then  substitute  into  the  differential  equation:  y  =  —  cosh 

PS  T 

=  —  sinh  (£IE)M=  Sinh  EEL  =,  fy  =  cosh  £1  =  £1  cosh  ^ 
dx  pg  \  T  )  T  T  dx 2  V  T  )  T  T  T  ' 


We  evaluate  the  two  sides  separately:  LHS  =  =  —  cosh 

dx2  T  T 


RHS=^/l  +  /^i  =ei 
r  V  \dx)  T  \ 


1  +  sinh2  =  ^jrcosh^p-,  by  the  identity  proved  in  Example  1(a). 


51.  (a)  y  =  A  sinhmx  +  B  coshmx  =>  y'  =  mA  cosh mx  +  mB  sinh mx  => 
y"  —  m2A  sinhmx  +  m2iJcoshmx  =  m2y 

(b)  From  part  (a),  a  solution  of  y"  =  9 y  isy(x)  =  xlsinh3x  +  5cosh3x.  So 

— 4  =  y  (0)  =  A  sinhO  +  BcoshO  =  B,  so  B  =  — 4.  Nowy'  (x)  =  3,4cosh3x  —  12sinh3x  => 

6  =  y'  (0)  =  3A  =>  A  =  2,  soy  =  2sinh3x  —  4cosh3x. 

,,  sinhx  ex-e~*  l-e-2jc  1-0  1 

x->oo  ex  x->oc  2ex  x->oq  2  2  2 

53.  The  tangent  to  y  =  cosh*  has  slope  1  when  y'  =  sinh*  =  1  =>  x  =  sinh-1  1  =  In  (l  +  *J2),  by  Equation  3. 
Since  sinh  a  =  1  andy  =  cosh  x  =  V I  -f  sinh2  x,  we  have  coshx  =  \/2.  The  point  is  (in  (l  +  x/2j  ,  V2j. 

54.  Let  u  =  1  A- Ax.  Thencfa  =  4  dx,  so  /sinh  (1  +  Ax)dx  =  |/  sinhurfu  =  ^coshu  +  C  =  |  cosh  (1  +  4x)  +  C. 

55.  Let  u  =  cosh*.  Then  du  =  sinhx  dx,  so  / sinhx  cosh2xc(x  =  /  u2  du  =  4-  C  =  j  cosh3x  +  C. 


56.  Let  u  = 


u  =  cosh x .  Then  du  =  sinh*  dx,  and  /  tanhx  dx  =  f  Sinh:t  dx  =  [  —  =  In \u\  +  C  =  In  (coshx)  +  C. 

J  coshx  J  u 

u  =  sinhx,  so  du  =  coshx  dx,  and  /  cothx  dx  =  [  C°S,h*  dx  =  (  —  =  In  lul  +  C  =  In  Isinhxl  +  C. 

J  sinhx  J  u 


58.  Let  u  =  2  +  tanhx.  Then  du  =  sech 2  x  dx, 
f  sech2x  .  f  1  . 


2  +  tanhx 


f  1 

=  /  —  du  =  In \u 

J  n 


|  +  C  =  In  |2  +  tanhx[  +  C  =  In (2  +  tanhx)  +  C  (since  2  +  tanhx  >  1). 


59.  Let  u  =  jx  so  that  x  =  2 u.  Then  dx  =2  du,  i 


l  7mtdX  =  L  vm?{2du)  =  l  ^=5  =  [^inh-1  =  sinh-1  1  -  sinh-1  0 


=  sinh  1  1 


We  could  use  Equation  3  to  write  this  as  In  (l  +  ~/2j. 
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/*3  i  P  -|3 

O.  /  - cfa  =  cosh-1  *  =  cosh-1  3  -  cosh-1  2.  Using  Equation  4,  we  could  write  this  as 

J2  *Jx 2  —  1  L  42 

In  (3  +  2V2)  -  In  (2  +  v^)  =  In  [  (3  +  2V2)  /  (2  +  V5)] . 
t.  J  ^  1  2  dx  =  jlanh-1  jcJ^  =  tanh-1  1  =  1  In  ^  j  (from  Equation  5)  =  j  In 3. 


62.  We  want  Jjj  sinhc*  dx  =  1.  To  calculate  the  integral,  we  put  w  =  c*,  so 
du  ~  cdx,  the  upper  limit  becomes  c,  and  the  equation  becomes 


•  /  sinh  udu  = 
'  Jo 


1  <=>  -  [coshc  —  1]  =  1  <=>  coshc  —  1  =  c.  We 


plot  the  function  /  (c)  =  coshc  —  c  —  1,  and  see  that  its  positive  root  lies 
at  approximately  c  =  1.62.  So  the  equation  Jq  sinh  cx  dx  =  1  holds  for 


63.  (a)  From  the  graphs,  we  estimate 
that  the  two  curves  y  =  cosh  2x 
and  y  =  1  +  sinh*  intersect  at 
*  =  0  and  at  *  ^  0.481. 


y  =  1  +  sinh*. 


y  =  1  +  sinh  * 


y  =  cosh  2x 


y  —  cosh  2x 


0.6  0.4 

1.4 


(b)  We  have  found  the  two  roots  of  the  equation  cosh  2*  =  1  +  sinh*  to  be*  =  0  and*  ~  0.481.  Note  from  the 

first  graph  that  1  +  sinh*  >  cosh 2*  on  the  interval  (0, 0.481),  so  the  area  between  the  two  curves  is 

n  4Ri  T  *i  0.481 

Jo  (1  +  sinh*  —  cosh2 x)dx  —  I  *  +  cosh*  —  ^  sinh2*j^ 

=  [0.481  +  cosh  0.481  -  \  sinh  (2  ■  0.481)]  -  [0  +  coshO  -  \  sinh  (2  •  0)]  ^  0.0402 

64.  The  area  of  the  triangle  with  vertices  O,  P ,  and  (cosh  t,  0)  is  j  sinh  t  cosh  t ,  and  the  area  under  the  curve 
x2  -  y2  =  1,  from  *  =  1  to  *  =  cosh  t,  is  J‘1cosh/  V*2  -  1  dx.  Therefore,  the  area  of  the  shaded  region  is 
(0  =  5  sinh  /  cosh  t  —  J™sht  V*2  —  1  dx.  So,  by  FTC1, 

A!  (/)  =  j  ^cosh2 1  +  sinh2  —  yj cosh2 1  —  1  sinh  /  =  j  ^cosh2 1  +  sinh2  —  V sinh2 1  sinh  t 

—  \  ^cosh2 1  +  sinh2  —  sinh2  /  =  5  ^cosh2 1  —  sinh2  ^  =  5  (1)  —  j 

Thus  A  (f)  =  +  C,  since  A*  (/)  =  To  calculate  C,  we  let  /  =  0.  Thus, 

A  (0)  =  j  sinhOcoshO  —  JJ508*10  V*2  —  1  dx  =  \  (0)  +  C  =>  C  =  0.  Thus  A  (/)  =  \t. 


65.  cosh*  = 


e  A-e  __  1  jyln(sec#+tan0)  £-ln(sec0+tan0) j  _  1  ^sec^  _j_  tan#  _[_  Jeln(sec0+tan0)j  1  j 

5  [sec/?  +  tan/?  +  (sec/?  +  tan#)-1]  =  ^  [sec/?  +  tan 0  +  1/  (sec/9  +  tan/?)] 

(sec  9  +  tan  9)2  -f  1  sec2  0  -f  2  sec  9  tan  9  +  tan2  9  -F  1  sec2  9  +  2  sec  9  tan  6  -F  sec2  0 

2  (sec#  +  tan/?)  2  (sec  9  +  tan  9)  2  (sec  9  +  tan  9) 

2  sec2  9  +  2  sec  9  tan  9  2  sec  9  (sec  9  +  tan  9) 

—  — — _ — _ — — — ^  =  sec  9 
2  (sec/?  +  tan/?)  2  (sec  9  +  tan  9) 
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Indeterminate  Forms  and  l'Hospital's  Rule 


1.  (a)  lim  —  is  an  indeterminate  form  of  type  - . 

o 

f(x) 

(b)  lim  — —  =  0  because  the  numerator  approaches  0  while  the  denominator  becomes  large. 

p  (x)  6 

(c)  lim  — =  0  because  the  numerator  approaches  a  finite  number  while  the  denominator  becomes  large. 

p  (x)  6 

(d)  If  lim  p  (x)  =  oo  and  /  (x)  — >  0  through  positive  values,  then  lim  P  \  =  oo.  [For  example,  take  a  =  0, 

x—*a  f  (jc) 

P  (*)  =  1/x2,  and  / (x)  =  x2.]  If  /  (x)  ->  0  through  negative  values,  then  lim  =  -oo.  [For  example, 

f(x) 

take  a  =  0,  p  (x)  =  1/x2,  and  /  (x)  =  — x2.]  If  /  (x)  ->  0  through  both  positive  and  negative  values,  then  the 
limit  might  not  exist.  [For  example,  take  a  =  0,  p  (x)  =  1/x2,  and  /  (x)  =  x.]  It  is  not  possible  to  evaluate  this 
limit. 

(e)  lim  — ;  }  is  an  indeterminate  form  of  type  — . 

q  (x)  oo 

2.  (a)  lim  [/  (x)  p  (x)]  is  an  indeterminate  form  of  type  0  •  oo. 

x— >a  '  r 

(b)  When  x  is  near  a,  p  (x)  is  large  and  h  (x)  is  near  1,  so  h  (x)  p  (x)  is  large.  Thus,  lim  [h  (x)  p  (x)]  =  oo. 

x—*a 

(c)  When  x  is  near  a,  p(x)  and  q  (x)  are  both  large,  so  p  (x)  q  (x)  is  large.  Thus,  lim  [p  (x)  q  (x)]  =  oo. 

x—>a 

3.  (a)  When  x  is  near  a,  f  (x)  is  near  0  and  p  (x)  is  large,  so  f  (x)  -  p  (x)  is  large  negative.  Thus, 

Jim  [/  (x)  -  p  (x)[  =  -oo. 

(b)  Jim  \_p(x)  -  q  (x)[  is  an  indeterminate  form  of  type  oo  -  oo. 

(c)  When  x  is  near  a,  p  (x)  and  q  (x)  are  both  large,  so  p  (x)  q  (x)  is  large.  Thus,  lim  [p  (x)  +  q  (x)l  =  oo. 

x~*a 

4.  (a)  lim  [/  (x)F^  is  an  indeterminate  form  of  type  0°. 

x—>a  ' r 

(b)  If  y  —  f  (x)^,  then  lny  =  p  (x)  in  f  (a).  When  x  is  near  a ,  p(x)  oo  and  In  f  (x)  ->  -oo,  so 

In y  — »  — oo.  Therefore,  lim  [/  (x)]^  =  iim  y  =  lim  elny  =  0,  provided  fp  is  defined. 

x->a  x^a 

(c)  lim  [  h  is  an  indeterminate  form  of  type  l00. 

x— >a  J  r 

(d)  jim  [p  (x)]-^  is  an  indeterminate  form  of  type  oo°. 

(e)  If y  =  [p  then  Iny  =  q  (x)  In p  (x).  Whenx  is  near  a,  q  (x)  — >  oo  and  In  p  (x)  — »  oo,  so  lny  — >  oo. 

Therefore,  lim  [p  (x)]9*^  =  lim  y  =  lim  =  oo. 

x—>a  x  —>a  x—>a 

(f)  lim  q(-x)/p  (x)  =  lim  [p  (x)]1^*)  is  an  indeterminate  form  of  type  oo°. 


„  x2  -  1  (x  +  l)(x-l) 

5.  lim  — —  =  lim  - - - -  =  lim  (x  -  1)  =  -2 

x— 1  X  T"  1  x— »  — 1  X  -f-  1  x—>  —  1 

c  r  ■x+2  r  *+2  1 

6.  hm  -= - =  hm  - -  hm  - =  —1 

*->-2  x2  +  3x  +  2  x— » —2  (x  +  1)  (x  +  2)  *->— 2x  +  l 
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1 

7.  lim  ~z - —  lim 

x— > l  jr3  —  1  x->l 


(*  -  1)  (*8  +X1  +x6+xs  +  X4  +X3  +X2+X  +  1) 

(*-  l)(*4+*3+*2+*  +  l) 

*8 +  *7 +  *6 +*5 +*4 +*3 +*2 +*  +  1  9 


X  *  1  X4  +X3  +X2  +  X  +  1  5 

„  xa  —  1  h  axa~i  a 

8.  lim  —r - -  =  lim  — t-"|-  =  - 

x  —>  1  xb  —  1  x->i  bxb  1  b 

£X  —  1  h  ex  1 

9.  lim - =  lim - =  -  =  1 

x-»o  sin*  x->ocos*  1 

*+tan*  h  1+sec2*  1  +  l2 

10.  lim  — : - =  lim - =  — - —  =  2 

x->o  sin*  x->o  cos*  1 

..  sin*  h  ..  cos* 

11.  urn  — r-  =  hm  — —  oo 

x~>0  *■*  x->0  3*2 

tan*  tanrc  0 

12.  lim  - = - =  —  =  0 

x-*x  x  K  71 

tan px  h  r  p  sec2  px  p{ l)2  p 

x~>0  tang*  x->0gsec2g*  q  (l)2  q 

14.  lim  ■  C0S*  -  ~  lim  — ^  =  -sin^  =  l 

jc — >37r/2  *  —  3?r/2  x— >3jt/2  1 

,,  ..  In*  h  ..  1/*  „ 

15.  lim  - —  lim  — —  =  0 

X->00  X  X— >00  1 

qx  j-j  ex 

16.  lim  —  —  lim  —  =  lim  ex  ~  oo 

X— >  00  X  X— >00  1  x— >oo 

17.  lim  [(In*)  /*]  =  — oo  since  In*  — >  — oo  as  *  — »  0+  and  dividing  by  small  values  of  *  just  increases  the 

X— >0+ 

magnitude  of  the  quotient  (In*)  /*.  L’Hospital’s  Rule  does  not  apply. 

1  J_ 

18.  lim  llLillfL  I  lim  ifiili  =  lim  J—  =  o 

x->oo  X  X~iOO  1  *->°ojcln* 

„  5' -3'  H  5'  In  5  —  3'  In  3  ,  ,  ,  „  ,  5 

19.  lim - =  hm - =  In  5  -  In  3  =  In  | 

i~>  o  /  i— >o  1  3 

„„  ift-2  ifi- 2  77-2 

li™  (  —  16  (77  +  4)  (77  -  4)  1™  (77  +  4)  (77  +  2)  (77  -  2) 

1  _  1  _  1 

(77  +  4)  (77  +  2)  (4  +  4)  (2  +  2)  32 

,,  ex  —  l  —  x  h  , .  ex  ~  1  H  ..  ex  1 
x->o  *2  x->o  2*  x->o  2  2 

„  ex  -  1  -*  -*2/2  h  ..  ex  —  \  —  x  h  ex  —  \  h  ex  1 

22.  lim - = - =  lim - — = - =  hm  — - —  =  lim  —  =  - 

x->o  xs  x->o  3*2  x->o  6*  x->o  6  6 

23.  lim  ^  S  lim  =  lim  ~  =  lim  i-  =  oo 

X — >00  X— >oo  3*2  X  — > OO  6*  X— >00  6 

(In*)3  H  3  (In*)2  (1/*)  3  (In*)2  H  6  (In*)  (1/*) 

24.  lim  — 7-  =  lim  - - - =  lim  — — ^ —  =  lim  - - - 


3  In*  h  3/*  ..3 

=  lim  — r-  =  lim  — —  =  lim  — ^  =  0 
X — >00  2* 2  x  — > OO  4*  x->oo  4* 2 
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..  sin  1  x  h  1/Vl  - x2  1  1 

x  — >  0  *  x  — >0  1  x  — >  0  yj J  x2  1 

sin*  h  cos*  1 

,  lim - =  lim - =  -  =  1 

x->o  sinn*  x->ocosh*  1 

1  -  cos*  h  sin*  h  cos*  1 

lim - _ —  —  hm  — —  —  hm - =  - 

x— >o  x2  x->0  2x  x— >0  2  2 

..  sin*—*  h  cos*  —  1  h  —sin*  h  -cos*  1 
,  lim - 5 —  =  hm  — — ^ —  —  lim  — - —  =  lim - =  -- 


x~>o  3*2 


->o  6*  x->o  6 


sin*  0 

.  lim - =  -  =  0.  L’Hospital’s  Rule  does  not  apply. 

x->o  ex  1 


..  cosm*  — cos/i*  h  —  m  sinm*  +  n  sinnx  h  —  m2  cosm*  +  n2  cosnx  ,  , 
hm - = - =  lim - - - =  lim - - - =  l  (n2  -  m2) 

x— >0  r2  r— »n  9y  v_»n  0  2  V  / 


tana*  h  „  a  sec2  a* 

,  lim - =  lim - - - =  a 

x->0  *  x->0  1 


..  XH  1 

lim - :■■■■  J  v  =  hm - z - 

x->0  tan-1  (4*)  x->o  1 

1  +  (4*) 2  * 


‘  x->ooln(l  +  2ex)  *->oo 


1  +  16* 2  1 

=  hm - —  - 

x->o  4  4 


r  1  +  2ex  H  ..  2ex  t 

=  lim  — - =  hm  —  —  1 

x— >oo  2ex  x— >oo  2ex 


x+tan2.x  h  l+2sec22x  1  +  2(1)2 

■  llm  - —  =  lim  - — - - rr-  = - -z 

x->o  x  —  tan2x  x->o  1  —  2sec2  2x  1—2  (I)2 

tan2x  h  2sec22x  2 

,  lim  - =  lim - = —  =  - 

x->otanh3.x  x->0  3  sech2  3x  3 

,  1  -  e~2x  1  -  1 

.  lim - =  — - —  =  0.  L’Hospital’s  Rule  does  not  apply. 

*->o  sec  *  1 


2x  —  sin  1  x  2  (0)  —  0 

.  lim  - j —  =  — — - —  =  0.  L’Hospital’s  Rule  does  not  apply. 

x-»o  2x  +  cos~*  x  2(0)  +  ;r/2  y  vv  3 

2x  —  sin-1  x  h  2  —  1  A/1  —  x2  2-1  1 

,  lim  - : —  =  lim  - ; - —  = - =  - 

x->0  2x  +  tan-1  *  *->0  2  +  1/ (l  +  x2)  2+1  3 

.  lim  yfx  lnx  =  lim  =  lim  — —  =  lim  (-2jx)  =  0 

*->0+  x— .0+  X~'/2  x->0+  —  ijc-3/2  J_>0+  V  ’ 

.  lim  x2ex  =  lim  S  lim  — —  S  lim  - =  lim  2^  =  0 

X— >—  OO  X— >  —00  e  X  X— >  — OO  —e  X  X— >  —00  e~X  X— >—  00 

r  -x  i  ,•  ln*  H  ..  \/x  1 

,  lim  e  x  In*  =  lim  - =  hm  - =  hm  - —  0 

X— >00  X— >00  Qx  X — >  OO  ex  X— >00  xex 

..  _  .  ..  cos  3*  -3  sin  3*  3(-l)  3 

lim  sec  7*  cos  3*  =  hm  - =  hm  - =  — — -  =  - 

x— > (7t/2)~  x->(tt/2)-  cos 7*  x— >(7r/2) — 7sin7*  7 ( —  1)  7 


-3  sin  3*  3  (—  1)  3 


3  -x2  H  ..  3*2  3*  H  ..  3 

.  hm  xJe  x  =  hm  —  =  hm  - T  =  hm  — T  =  hm  - =■  =  0 

X->00  X — >00  qX*-  X  — > OO  2xeX  X — >00  2exi  X— >00  4^gX2 


lim  V*sec*  =0- 1  =  0 

x->0+ 
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45.  lim  (x  —  7r)cotx  =  lim  - S  lim  — x —  =  — r  =  1 

x^it  x->jt  tanx  *->*  SQC2X  (—  l)2 

46.  lim  (x  —  l)tan(;rx/2)  =  lim  - =  lim  - = - —  = - 

x— » 1  +  x->l  +  C0t(7TX/2)  x->\+  —  CSC2  (7TX/2)  it 


7  ..  / 1  n  ..  i  -*2 

7.  lim  l—j - ^  I  ==  lim  — 3 —  =  oo 

X2)  x-tO  X 4 

_  /  1  cos*\ 

8.  lim  (esc*  —  cot*)  =  lim  I - |  =  lim 

x-»o  x-»o\sinx  sin*/  x-»o 

n  /I  \  / 1  1  \  sin^ 

9.  lim  I - esc*  I  =  lim  I - ; —  l  =  lim - 

x— »o  \*  /  x— >o  y*  sin*/  x-»o  *s 


1  -  cos*  h  sin* 

lim - =  lim - =  0 

x-»o  sin*  x-»ocos* 


H  ..  cos*  -  1  h  ..  -  sin*  0 

=  lim  — - =  lim - : —  =  -  =  0 

x— »o  sin*  +  *  cos*  x-»o  2cos*  —  *  sin*  2 


50.  lim  - 1—\  =  lim  - — 2  lim 

x — >  i  y  In  *  *  —  1/  x  — >  l  (*  — l)ln*  x->i 


1  -  1/* 

In*  +  (*  —  !)  (1/*) 


..  x  —  \  h  r  1  1  1 

x-»ixln*+x  —  1  x-»iln*  +  l  +  l  0  +  2  2 

_  x2-(x2.zJl 


51.  lim  (*  -  V*2  -  l)  ~  lim  (*  -  V*2  -  l)  - - *  =  lim  - -  —  —  lim  - - -  =  0 

*-*o°  V  /  x->coV  /  *  +  V*2  -  1  *-*o°*  +  V*2-l  X^°°*+V*2-1 


(Vx2  +  *  +  1  —  V*2  —  x]  =  lim  (V*2  +  *  +  1  - 

>  \  /  x— »oo  \ 


/x2  +  *  +  1  +  V*2  “  * 


(*2  +  *  +  1)  -  (x2  -  x) 
lim  — —  .  =  lim 


2x  +  1 


*->°°  V*2  +  *  +  1  +  -Jx2  -x  V*2  +  x  +  1  +  V? 

2  +  \/x  2 

=  lim  ,  - — ==  =  - — -  =  1 

MO°  v/1  +  1  jx  +  l/*2  +  VI  -  1/JC  !  +  ! 


3.  lim  (— - ! — )  ~  lim  -  —  lim  — ? —  (since  both  limits  exist)  =0  —  0  =  0 

x  — >  oo  yjc  ex  —  1  /  x  — >  oo  x  x  — *  oo  ex  —  1 


54.  lim  (xel/x  —  *)  =  lim  *  (el^x  —  l)  =  lim  - =  lim  - \ ~ 

X— >00  '  1  x— *00  '  ’  X— *OC  \/x  x— >oo  —\jxl 


1/1  -  1  H  ex,x  (-1/*2)  i/x  o  , 

-  =  lim  - - r — -  =  Urn  e'/x  =  eu  =  1 


55.  y  =  xsmx  =>  lnji  =  sin*  In*,  so 

lim  In y  —  lim  sin*  In*  =  lim  H  lim  - — - 

x->0+  *->0+  x->0+  CSC*  i-»0+  -  CSC*  cot* 


■  (  lim  — )  (  lim  tan*) 
V->0+  *  /  \x^>0+  ) 


lim  xsinx  =  lim  e,a*  =  e°  =  1. 

x-»0+  x— >0+ 

56.  y  =  (sinx)tan*  =>  \ny  =  tan*  In  (sin*),  so 

...  ,  .  .  .  In  (sin*)  h  (cos*) /sin*  .  . 

hm  In  32  =  lim  tan*  In  (sin*)  =  urn  - =  lim  - = - =  lim  (— sin*cos*)  =  0  => 

*— »0+  x-»0+  x-»0+  cot*  x— >0+  —CSC2*  x— >0+ 

lim  (sin*)tailJf  =  lim  eln^  =  e°  =  l. 

x-^0+  x^0+ 

57.  y  =  (1  —  2*)1^  =>  lny  =  -  In  (1  —  2x),  so  lim  In y  =  lim  — —  S  lim  ^  ^ ^  =  —2 

*  x— >o  x-*0  *  x->0  1 

lim  (1  —  2*)1/*  =  lim  elny  —  e 

x->0  x->0 


-2 
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58.  y  =  (1  +  a/x)bx  =>  In y  =  bx  In  ^1  +  : 


...  ..  Mn(l  +a/x)  h  .. 

lim  lny  =  lim  - =  lim 

x  — >  00  x->oo  \/x  x->oc 


lim  (1  +  -)^  = 
x->oo  \  X  / 


=  lim  einy  =  eah. 


—  lim  - -  =  ab  => 

x->oo  1  +a/x 


s,',”(l  +  ;  +  ?)  -  ln''-j:'n(l+f+?)  = 

,„(l  +  ?+4)  (_i_m/(1  +  i+4) 

lim  lny  =  lim  — ' - - - ?-L  fi  yim  - x  ) /  \ - * _ 1_Z 

x  >oo  X->00  1  jx  X — >00  —1  )x2 

lim  ( 1  +  -  +  =  lim  elny  =  e3. 

X->O0\  X  XL  )  x->oo 

60.  y  =  jpO^vo  +  inx)  lny  —  — 1 — — |nx 

1  4-  In* 

i-  .  (In 2)  (In*)  h  (In2)(l/*) 

lim  In y  -  lim  — — - - =  lim  - — -■■■■■■  7  =  lim  ln2  =  ln2,  so 

x->oo  X  > oo  1+lnx  x->oo  \/x  x— >oo 

lim  x0*2)/(l+lnx)  =  ljm  ^  =  eln2  =  2. 

X— >00  x— >oo 


3  +  10/*  _  3 


-  nm  - : 

x->oo  1  +3/x  +  5/x 


’  =  xx!x  =>  lny  =  (l/*)ln* 
lim  *>/*  =  lim  eiay  =  e°  =  1 

X  — >  oo  x— >oo 


r  ,  In*  H  1/X  A 

lim  lny  =  lim  —  =  lim  - =0  =e> 

X->00  X— >00  X  x— >00  1 


62.  y  =  (ex  +  x)x!x  =>  In  v  =  -  In  (ex  +  x),  so 
x 

..  ,  ..  In  (ex  +  x)  h  ..  e*  +  1  h  ex  h  ex 

lim  lny  —  lim  -  =  lim  -  =  lim  -  =  lim  —  =  1  =* 

X— >00  X— >CO  X  X— >00  Qx  _|_  x  x->oo  ex  +  1  X— >00  eX 


is  +x)l!x  =  lim  e,ny  =  el  =  e. 

X— >co 


y  =  (jcTl)  =*  ln-y  =  Jcln  (ttj)  =* 

1-1  1-  ,  /  x  \  In  JC  -  ln(*  +  1)  H  \/x-\/(x  +  \) 

lim  lny  =  Urn  *  In  ( - )  =  lim  - - - -  =  lim  — - '--hr- — - 

*->oo  *->oo  \x  +  1  /  * — >oo  \/x  *— >00  —\/x2 


lllf  —  lllil  ^ 

X— >00  X  — >00 


so  lim 

X— >00 


Or:  lim 

x — >oo 


=  lim  (~x  4 — - — ^  =  lim  — ~  =  —1 
x->oo\  *4-1/  x  > oo  x  4-  1 

i  ( - ^  =  lim  elny  —  e~x 

30  \*  4*  1  /  X~>00 

ii>moo(jTT)  =*1imoo[(i7i)  ]  =  [*-(1  +  9l 


64.  Let  y  =  (cos  3*)5/jt.  Then  lny  =  -  In  (cos  3*)  =>  lim  lny  =  5  lim  ln(cos3:t)  H  5  [im  _3.!an3jc  _  q,  < 

*  x->0  x-»0  *  x— >0  1 

lim  (COS3*)5/*  =  e°  =  1. 

x->0 
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65.  y  =  (—  In x)x  =>  \ny  =  x  In  (—  In *),  so 

,  ln(-ln*)  H  (1/  —  lnjc)  (— 1/jc) 

hm  In  y  —  lim  jc  In  ( —  In  a:)  =  lim  - =  lim  - - — ~ - 

x->0+  x->0+  x-»0+  1/x  x->0+  —l/xl 


.  jjm  — *  —  o 
x— »o+  lnx 


lim  (-lnx)*  =eu  =  1. 

x-»0+ 


66.  Let  y  = 


=  /2i-3y 

\2jc  +  5^ 


.  Then  lny  =  (2x  +  1)  In 


(—) 

\2x  +  5  ) 


In(2x-3)-In(2x  +  5)  H  ..  2/  (2x  -  3)  -  2/  (2x  +  5) 


*!& ln  7  =  Amoo - i7(2*+l) - = 

=  lim  ~8  (2+1  A)2  = 

moo  (2  -  3/jc)  (2  +  5/x) 


-8  (2x  +  l)2 


moo  —2/  (2x  +  l)2 


moo  \2x  +5/ 


m°o  (2x  —  3)  (2x  4-  5) 


From  the  graph,  it  appears  that 
lim  x  [In  (x  +  5)  —  In  jc]  =  5.  Now 

X—tCC 

In  (x  +  5)  —  lnx 

lim  *  [In  (x  +  5)  —  lnx]  =  lim  - — - 

X  — >  CO  X-)CQ  l/x 


H  ,.m  1/ (*  +  5) —-!/■*  _  ,im 

jmoo  — 1  jxL  x->oc 


MOO  x  (x  +  5) 


From  the  graph,  it  appears  that 
lim  (ta.nx)tm2x  =»  0.368.  (Note  that  f  =s  0.785.)  Let 

X-^Hl/4 

y  =  (tanx)tan2*,  so  lny  —  tan  2x  ln(tanx).  Then  by 
l’Hospital’s  Rule, 


In(tanx)  sec2x/tanx  2/1 

lim  lnv  =  lim  - - —  =  hm  — - =— —  =  =  -1,  so 

x->t/4  4  COt2x  x^n/4  -2cSC22x  -2(1) 

lim  (tanx)tan2*  =  lim  elny  ~  e-1  —  1/e  ^  0.3679. 


From  the  graph,  it  appears  that 

lim  iS-1  =  Hm  =  0.25.  We  calculate 

*-»o  g(x)  x->o  g'(x) 

f  (, x )  ex  -  1  h  ..  ex  1 

lim  — - —  —  lim  — ; - —  =  lim  — -= — -  = 

*-*ox34-4x  *-»o  3x2  -F  4  4 


f(x)  fix) 

From  the  graph,  it  appears  that  lim  — =  lim  , ,  .  =  4. 

F  x~>og(x)  x^o  g’{x) 

We  calculate 

fix)  2xsinx  h  2  (x  cosx  +  sinx) 

lim  — —  =  lim - -  =  lim - 

x->og(x)  x — >0  sec x  ” *  1  x— »o  secxtanx 

H  2  (—x  sinx  +  cosx  +  cosx)  4 

_  i,m - - — — — - - - -  =  7=4 

jc  — > o  secx  (sec2x)  +  tanx  (secxtanx)  l 
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71.  y  =  /  (xj  =  xe~x  A.  D  =  R  B.  Intercepts  are  0  C.  No  symmetry 

D.  lim  xe~x  =  lim  ^- =  lim  =  0,  so  y  =  0  is  a  HA.  lim  xe~%  =  -oo 

x->oo  x->oo  ex  x-»oo  ex  r->-oo 

E.  /'  (x)  =  e~x  —  xe~x  =  e~x  (l  -  x)  >  0  <=>  x  <  1,  so  /  is  H. 

increasing  on  (-oo,  I)  and  decreasing  on  (1,  oo).  E  Absolute  maximum 
/  (1)  =  1/e  G.  /"  (x)  =  e~x  (x  —  2)  >  0  <=>  x  >  2,  so  /  is  CU  on 
(2,  oo)  and  CD  on  (-oo,  2).  IP  is  (2, 2/e2). 


72.  /  (x)  =  (lnx)/x  A.  D  =  (0,  oo)  B.  x-intercept=  1  C.  No  symmetry  D.  lim  2  lim  =  0,  so 

*-HX>  X  X—tOO  1 

In  x 

y  =  0  is  a  horizontal  asymptote.  Also  lim  - =  -oo  since  lnx  ->  -oo  and  x  ->  0+,  so  x  =  0  is  a  vertical 

x-»o+  x 

asymptote.  E.  /'  (x)  =  *  J1*  =  0  when  lnx  -  1  »  x  =  e.f(x)>  0  <=>  1  -  lnx  >  0  <=> 

lnx  <1  <=>  0  <  x  <  e.  f  (x)  <  0  <=>  x  >  e.  So  /  is  increasing  on  (0,  e)  and  decreasing  on  (e,  oo) . 

F.  Thus  /(e)  =  1/e  is  a  local  (and  absolute)  maximum.  H. 

r,  rn  ,  s  (-l/x)x2  -  (1  -  lnx)  (2x)  21nx-3 

G.  J  (x)  = - - - = - - -  so 

x4  xJ 

/"  (x)  >  0  <=>  2  lnx  -  3  >  0  <=>  lnx  >  \  <=>  x  >  e3/2. 

/"  (x)  <  0  «•  0  <  x  <  e3V  So  /  is  CU  on  (e3^2,  oo)  and  CD 
on  (0,  e3/2).  Inflection  point:  ^e3^2,  §e-3/2^ 


73.  y  =  / (x)  =  x2  lnx  A.  D  —  (0,  oo)  B.  x-intercept  when  lnx  =  0  <=>  x  —  1 ,  no  y-intcrcept  C.  No 

symmetry  D.  limx2lnx  =  oo,  lim  x2lnx  =  lim  -^1  lim  .  =  lim  ( ^  =  0,  no 

J1-*00  h0+  x-»o+  1/x2  x-»o+  -2/x3  i-»o+  \  2/ 

asymptote  E.  /'  (x)  =  2x  lnx  +  x  =  x  (2  lnx  -f  1)  >  0  <=>  lnx  >  — 5  o  x  >  e-1/2,  so  f  is  increasing 

on  (1  A/e,  00),  decreasing  on  (0,  1/Ve).  F.  /  (l/Ve)  =  -1/ (2e)  is  an  H. 

absolute  minimum.  G.  /"  (x)  =  2  lnx  +  3  >  0  <=> 

lnx  >  — |  o  x  >  e-3/2,  so  /  is  CU  on  (e-3/2,  00)  and  CD  on 

(0,  e-3/2).  IP  isjje-3/2,  —3/  (2e3)) 
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lim  *  (In*)2  =  lim 
->o+  *->0+  \/x 


74.  y  =  f  (x)  =  x  (In*)2  A.  D  =  (0,  oo)  B.  *-intercept=  1, 
no  v-intercept  C.  No  symmetry  D.  lim  *  (In*)2  =  oo, 

x—*oo 

a2  "  iiiu*ni/*i  x,iiix  h  •‘V*  „ 

lim  - =  hm  - =  lim  — -r  =  lim  2*  =  0,  no 

....  ....  ,  *-»o+  -l/*2  hO+  -1/*  *■— >0+  l/*z  *-»0+ 

asymptote  E.  /'  (*)  =  (In*)2  +  2  In*  =  (In*)  (In*  +  2)  =  0  when  ln*  =  0  <=±  *  =  1  and  when  In*  =  —2 

<=>  *  =  e~2.  /'  (*)  >  0  when  0  <  *  <  e-2  and  when  *  >  1,  so  /  is  increasing 

on  (0,  e~2)  and  (1,  oo)  and  decreasing  on  (e-2,  l) . 

E  /  (e-2)  =  4e”2  is  a  local  maximum,  /  (1)  =  0  is  a  local 

minimum.  G.  /"  (*)  =  2 

(In*)  (1/*)  +  2/*  =  (2/*)  (In*  +  1)  =  0  when  In*  =  —  1  » 

*  =  e-1.  /"(*)>  0  <=>  *  >  1/e,  so  /  is  CU  on  (1/e,  oo), 

CD  on  (0,1/e).  IP  (1/e,  1/e) 


75.  y  =  /  (*)  =  xe~x  A.  D  =  R  B.  Intercepts  are  0  C.  /  (-*)  =  -/  (*),  so  the  curve  is  symmetric  about  the 

1 


=  0,  so  y  =  0  is  a  HA. 


origin.  D.  lim  *e  *2  =  lim  §  lim 

X->±0O  X->±00  X->±00  2xeX 

E.  /'  (*)  =  e-*2  -  2*2e”-‘2  =  e-*2  (l  -  2*2)  >0  »  x2  <  \  <=>  |*|<  so  /  is  increasing  on 
(— T!’  Vi)  311(1  decreasinS  on  (_00>  ~~7i)  30(1  (^2>  °°)  •  F-  /  (tj)  =  1/V2e  is  a  local  maximum, 

/  -Jj)  =  — l/\/2e  is  a  local  minimum.  H.  ^  j  ^_L  j  j 

G.  f"  (*)  =  —2xe~x2  (1  -  2*2)  -  4xe~xl  =  2xe~xl  (lx2  -  3)  >  0 
<=>  *  >  or  -^1  <  *  <  0,  so  /  is  CU  on  ,  oo^  and 

y|",  0^  and  CD  on  oo,  -Jfj  and  ^0,  IP  are  (0,  0) 

31x1  (±y§.  ±ifie~y2y 


76.  y  =  /  (;c)  =  ex/x  A.  D  —  {x  \  x  ^  0}  B.  No  intercepts  C.  No  symmetry  D.  lim^  —  =  lim^  =  oo, 

ex  ex  ex 

lim  —  =  0,  so  y  =  0  is  a  HA.  lim  —  =  oo,  lim  —  —  — oo,  so  x  =  0  is  a  VA. 
x— »— oo  x  x->0+  x  *->0“  x 

E.  /'  (*)  =  iflzil  >  0 

X1 

t=>  (*  —  1)  ex  >  0  <=>  x  >  1,  so  /  is  increasing  on  (1,  oo),  and 
decreasing  on  (— oo,  0)  and  (0,  1) .  F.  /  (1)  =  e  is  a  local  minimum. 

c.  r  (*)  =  *2  ~ 2!  (*e*  ~  e*}  = e* (*2  + 2)  >  0  o 

X 4  X3 

x  >  0  since  *2  -  2*  +  2  >  0  for  all  *.  So  /  is  CU  on  (0,  oo)  and  CD  on 
(-oo,0).  No  IP. 
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77.  y  =  /  (x)  =  x  —  In  (1  +  x)  A.  D  =  {x  \  x  >  —  1)  =  (—  1,  oo)  B.  Intercepts  are  0 
D.  lim  [x  —  In (1  +  x)]  =  oo,  so*  =  —  1  is  a  VA.  lim  [x  —  In (1  +  x)l  =  lim  x 

X~ »-l+  X— *00  x  — >  oo 


C.  No  symmetry 

In  (1  +  x)~j 

I - =  oo. 

X  J 


In (1  +  x)  H  ,.  1/(1  +*) 

since  lim  - =  lim  - - 


E.  f  (x)  =  1  —  -j-  =  >  0 

1 + x  1 +x 


x  >  0  since  x  +  1  >  0.  So  / 


is  increasing  on  (0,  oo)  and  decreasing  on  (—  1 ,  0) .  F.  /  (0)  =  0  is  an 


absolute  minimum.  G.  f"  (x)  =  \/  (\  +  x)2  >  0,  so  /  is  CU  on 
(-1,  oo). 


78.  y  =  f  (x)  =  ex  —  3e  x  -  4x  A.  D  =  R  B.  y-intercept=  —2  C.  No  symmetry 

D.  lim  (ex  —  3e~x  —  4x)  =  lim  x  (- 3- - 4)  =  oo, 

x- >oo  '  r— >oo  y  x  x  / 

QX  QX 

since  lim  —  =  lim  —  =  oo.  Similarly,  lim  (ex  —  3e~x  —  4*)  =  — oo. 

X—>00  X  X->CQ  1  A -4-00  V  ’ 

E.  f  (x)  =  ex  -f-  3e~x  —  4  =  e~x  ( e ^  —  Aex  -f  3)  =  e~x  ( ex  —  3)  ( ex  —  1)  >  0 

<=>  ex  >  3  or  ex  <  1  <=»  x  >  In  3  or  x  <  0.  So  /  is  increasing  on  H. 

(— oo,  0)  and  (In  3,  oo)  and  decreasing  on  (0,  In  3) .  F.  /  (0)  =  — 2  is  a 
local  maximum  and  /  (In  3)  =  2  —  4  In  3  is  a  local  minimum. 

G.  f"  (*)  =  ex-  3e~x  =  e~x  (fi2*  -  3)  >  0  »  e2*  >  3  « 

x  >  j  ln3,  so  /  is  CU  on  (j  in 3,  oo)  and  CD  on  (-oo,  j  ln3).  IP  at 
x  =  j  in 3. 


79.  (a) 


(b)  y  =  f  {x)  —x  x.  We  note  that 

In* 

in /  (x)  =  \nx~x  =  —  x  lnx  =  — ,  so 


lim  in  /  (x)  S  lim - r  =  lim  x  =  0.  Thus 

x->0+  x->0+  —X  x  x->0+ 

lim  f  (x)  =  lim  e>tt^x^=e°  =  \. 

*~>o+  x->0+ 


(c)  From  the  graph,  it  appears  that  there  is  a  local  and  absolute  maximum  of  about 

/  (0.37)  =s  1.44.  To  find  the  exact  value,  we  differentiate:  /  (x)  =  x~x  =  e~x,nx  => 

f'  (x)  =  e~xlnx  -X  +  lnx  (-1)  = -x“*  (1  +  lnx).  This  is  0  only  when  1  +  lnx  =  0 

<=>  x  =  e~K  Also  /'  (x)  changes  from  positive  to  negative  at  e-1 .  So  the  maximum  value  is 
f0/e)=x(\/erl/e=e^. 


(d)  We  differentiate  again  to  get 

f"  M  =  d/x)  +  (1  +  lnx)2  (x~*) 

=  x~x  ((1  +  Inx)2  -  1/x] 

From  the  graph  of  f"  (x),  it  seems  that  f"  (x)  changes  from  negative 
to  positive  at  x  =  1 ,  so  we  estimate  that  /  has  an  IP  at  x  =  1 . 
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80.  (a) 


Note  that  the  function  is  only  defined  for  sin  *  >  0,  and  is  periodic 
with  period  2m,  so  we  consider  it  only  on  [0,  m\ 

(b)  In  /  (*)  =  In  (sinx)sin*  =  sin*  In  (sin*)  =  so 

lim  In  /  (*)  =  lim  - - =  lim  —  sin*  =  0.  Thus 

*->0+  *->0+  -csc*cot*  j->0+ 

lim  /(*)=  lim  =e°  =  1. 

*-»0+  jc-»0+ 


(c)  From  the  graph,  it  seems  that  there  are  local  minima  at  about  /  (0.38)  =  /  (2.76)  0.69,  and  a  local 

maximum  of  about /(1.57)  =  1.  To  find  the  exact  values,  we  differentiate:  /  (*)  =  (sinx)sln*  =  esm*ln(smr) 

=>  f  (*)  =  esin*ln(sm*)  s;nj[  j  — |  cos x  +  ]n  (sin x)  cos*  =  cos*  [1  +  In  (sinx)]  (sinx)sm*.  This  is  0 
[_  \sm*  /  J 

when  cos*  =0  <=>  x  =  f  and  when  1  +  In  (sin*)  =  0  <=>  In  (sin*)  =  — 1  <=>  sin*  =  1/e.  This 
occurs  at  *  =  sin-1  1  /e  and  at  x  —  m  —  sin-1  1  /e  [since  sin*  =  sin  (m  -  *)].  So  the  local 
maximum  is  /(f)  =  (sin  =  1 1  =  1,  and  the  local  minima  are 

/  (sin-1  (1/e))  =  f{n-  sin"1  (1/e))  =  (l/e)1^  =  . 


(d)  We  differentiate  again  to  get 

/"  (*)  =  [cos*  (1  +  In  sin*)]2  (sinx)sln* 

+  cos*  (esc*  cos*)  (sinx)sm;t 

—  sin*[l  +  In  (sin*)]  (sinx)sm* 

From  the  graph  of  /"  (*),  it  seems  that  /"  (*)  changes  sign  at  *  «  0.94 
and  at  *  «*  2.20,  and  so  /  has  inflection  points  at  approximately  those 
x-values. 


(c)  From  the  graph,  it  appears  that  /  has  a  local  maximum  at  about  /  (2.7)  «s  1.44.  To  find  the 
exact  value,  we  differentiate:  /  (*)  =  xx!s  =  gO/*)1”*  => 

/'(*)  =  +ln* 

=>  x  —  e,  and  /'  (*)  changes  from  positive  to  negative  there.  So  the  local  maximum  value  is  / ( e )  =  e1^. 


(— x~2)  =  (1  —  In*)*1/-1*  2.  This  is  0  only  when  1  —  In*  =  0 
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(d)  We  differentiate  again  to  get  /"  (jc)  =  (1  -\nx)x'/x  ( -2x~ 3)  +  (1  -  In x)2x^xx~4  +  (-l/x)xl/xx~2. 

From  the  graphs  it  appears  that  f"  (x)  changes  sign  at  x  ^  0.58  and  at  x  ~  4.4,  so  f  has  inflection  points  there. 


The  first  figure  shows  representative  examples  of  /  (x)  =  x"e~x  with  n  odd.  n  is  even  in  the  second  figure.  All 

(ft  —  v') 

curves  pass  through  the  origin  and  approach  y  =  0  as  x  ->  oo.  f  (x)  =  — - - -  =  0  «•  x  =  n  or  x  =  0 

xex 

(the  latter  for  n  >  1 ).  At  x  =  0,  we  have  a  local  minimum  for  n  even.  At  x  =  n,  we  have  a  local  maximum  for  all 

xn  (x^  ~  2fix  -P  n ^  —  tt\ 

n.  As  n  increases,  ( n ,  /  («))  gets  farther  away  from  the  origin.  /"  (*)  =  — - - - - J-  =0  <=> 

x2ex 

x  =  n±  A fn  or  x  =  0  (the  latter  for  n  >  2).  As  n  increases,  the  IP  move  farther  away  from  the  origin  —  they  are 
symmetric  about  the  line  x  —  n. 


83.  Ifc  <  0,  then  lim  f  (x)  =  lim  I  lim  l  =  o,  and  lim  f  (x)  =  oo.  Ifc  >  0,  then 

X—>  — OO  *->-00  eCX  x — >  —  oo  x^too 

H  1 

„  Jjn  f W  =  _0°’  31111  lim  /  to  =  lim  —  =  o.  If  c  =  0,  then  f  (x)  =  x,  so  lim  f  (x)  =  ±oo 
*->-oo  x—too  r-»oo  cecx  o 

respectively.  So  we  see  that  c  =  0  is  a  transitional  value.  We  now  exclude  the  case  c  =  0,  since  we  know  how  the 

function  behaves  in  that  case.  To  find  the  maxima  and  minima  of  /,  we  differentiate:  f  (x)  =  xe~cx  => 

f(x)  =  x(-ce~cx)+e-cx  =  (l-cx)e-cx.  This  is  0  when  1  -  cx  =  0  «=>  x  =  1/c.  If  c  <  0  then  this 

represents  a  minimum  of  /  (1/c)  =  1/  ( ce ),  since  f  (x)  changes  from 


negative  to  positive  at  x  =  1/c;  and  if  c  >  0,  it  represents  a  maximum.  As 
|c|  increases,  the  maximum  or  minimum  gets  closer  to  the  origin.  To  find 
the  inflection  points,  we  differentiate  again:  f  (x)  =  e~cx  (1  -  cx)  => 
f"  (x)  =  e-“  (-c)  +  (1  -  cx)  (-ce~cx)  =  (cx  -  2)  ce-“.  This 
changes  sign  when  cx  -  2  =  0  o  x  =  2/c.  So  as  |c|  increases,  the 
points  of  inflection  get  closer  to  the  origin. 
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84.  We  see  that  both  numerator  and  denominator  approach  0,  so  we  can  use  l’Hospital’s  Rule: 


V2a3*  -  x4  -  al/EEi  H  ,  5  (2A  ~  **)  (2q3  “  4j[3)  ~  a  (?)  2/3 ' 

lim - j-= -  =  lim - t~. - — - 

a-i/^  -\{axiyV*  (3ax2) 


{  (2 a^a  -  g4)~1/2  (2a3  -  4a3)  -  ±a3  (o2g) 
(«a3)~3/4  (3 aa2) 

(^4)-1/2H  3M«V)-2/3  -a-\° 


1  -3 


=  i(f«)  =  ^ 


85.  First  we  will  find  lim  ^1  +  ,  which  is  of  the  form  l00.  y  =  ^1  +  -j  =>  ln^  =  n(  In  ^1  + 

lim  lay  =  lim  ^Infl+'Ur  lim  Sr  lim  - ^  ,  =  t  lim  -?— = 

r-»oo  n-> oo  \  n)  n->oc  \jn  «-»oo  (1  -f  i / n)  (—  \ / nz)  «-»<»  1  +//« 

lim  v  =  elt .  Thus,  as  «  ->  oo,  A  =  Aq\  \  +  -\  /W'. 

r-»oo  \  nJ 


,  In  (1  +  i/n)  H  ,  (-<7«2)  ,  ' 

:  ^  hm  - —  t  lim  - 2 - t-” — —  =  r  lim  - =  ti 

n->oc  1  jn  »->oo  (1  +  i/n)  (—  \/n2)  1  +i/n 


lim  v  =  e".  Thus,  as  n  ->  oo,  A  =  Ao 

n—>oc 


86.  (a)  lim  t>  =  lim  -2-  (1  -  <rc'/w)  =  lim  (1  - 

OO  f-»0O  C  x  ’  C  /-> oo  v  ’ 

mg  mg 

=  —  (1  —  0)  [because  —ct/m  — >  — oo  as  r  — »  oo]  =  — 
c  c 

which  is  the  speed  the  object  approaches  as  time  goes  on,  the  so-called  limiting  velocity. 


(b)  lim  v  =  lim  i=S(l  _«-«/-)  =  I  lim  M  £  lim 

m-> oo  m->oc  c  K  C  >oo  1/m  c  w— »oo  —\jmL 


=  —  lim  ere  =  -  (c/)  =  W  [because  —  cf/m  — »  0  as  m  —>  oo] 
c  /»->  oo  c 

The  speed  of  a  very  heavy  failing  object  is  approximately  proportional  to  the  elapsed  time  —  it  doesn’t  depend 
on  the  mass. 


87.  Both  numerator  and  denominator  approach  0  as  x  — »  0,  so  we  use  l’Hospital’s  Rule  (and  FTC1) 
S(x)  /q  sin(^<2/2)  dt  H  v  sin  (kx2/2)  h  cos  (;r;t2/2)  K  „ 


lim  — 5—  =  lim  ; 

x->0  x 5  x->0 


=  lim  — — -  —  lim - r2— 

jc-»o  7>xz  *-»o  6x 


=  I  -cosO  =  f 


88.  Both  numerator  and  denominator  approach  0  as  a  — >  0,  so  we  use  l’Hospital’s  Rule.  (Note  that  we  are 
differentiating  with  respect  to  a,  since  that  is  the  quantity  which  is  changing.)  We  also  use  the  Fundamental 

C  e~(x  “  du  T-T  Ce~(x  -^/C4*')  Ce~x2^4kt^ 

Theorem  of  Calculus,  Part  1:  lim  T  (x,t)  —  lim  — — - -= - =  lim . . . — -  . 

a«j4nkt  <*-»0  V4  nkt  \J\nkt 


89.  Since  lim  [/  (*  +  h)  —  f  (x  —  h)]  =  f  (x)  —  f  (x)  —  0  (/  is  differentiable  and  hence  continuous)  and 
h->  0 

lim  2 h  =  0,we  use  l’Hospital’s  Rule: 

f(x  +  h)-f(x-h)  H  f'(x  +  h)(\)- f(x-h)  (-1)  =  /'  (x)  +  /'  (x)  =  2  f'(x)  = 

2h  h™  2  2  2  1  W 
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i \f(x+h)-f(x-h) 


f  (x  +  h)  —  f  (x  —  h)  . 

- — - is  the  slope  of  the  secant  line  between  (x  —  h,  f  (x  —  h ))  and  (*  +  h,  f  (x  +  h)).  As 

2  n 

h  -»  0,  this  line  gets  closer  to  the  tangent  line  and  its  slope  approaches  f  (x). 

90.  Since  lim  [f  (*  +  h)  —  2/  (*)  +  /  (*  —  h)]  =  f  (x)  —  2f  (x)  +  f  (jc)  =  0  (/is  differentiable  and  hence 
h — ^  0 

continuous)  and  Hm  A2  =  0,  we  can  apply  l’Hospital’s  Rule: 

lim  ---*  1  H  f'(x+h)-f(x-h)  = 

ho  h 2  *-»  0  2  h 

At  the  last  step,  we  have  applied  the  result  of  Exercise  89  to  /'  (x). 


91.  lim  —  S  lim  — 

X->00  X"  JC— >00  nx‘ 


'  H  * 

- r  =  lim  - r 

"  l  *->oo  n  (n  —  l)*"-2 


lim  —  =oo 
;c->oo  n\ 


__  In*  h  ..  1/*  ,  1 

92.  hm  - =  lim  - r  =  lim  - =  0  since  p  >  0. 

•X— >00  xP  X  — >00  pxP~l  x  — > OO  pxP 

In  x  h  1  /x  xa 

93.  lim  xa\nx  =  lim  - =  lim  - r  =  lim  —  =  0  since  a  >  0. 

V_^fl+  v* v A+  Y  a  — n  v  ~a  —  I  „  _ rt 


94.  Using  l’Hospital’s  Rule  and  FTC1,  we  have 

Hm  =  lim 

x->0  X*  x->0  3xz 


sin  \x* 
■  lim  v 
*->o  3x2 


1  .  sin  (x2)  1 

-  hm  - =  r: 

3  x->o  x 2  3 


95.  Let  the  radius  of  the  circle  be  r.  We  see  that  A  (#)  is  the  area  of  the  whole  figure  (a  sector  of  the  circle  with  radius 
1),  minus  the  area  of  A  OPR.  But  the  area  of  the  sector  of  the  circle  is  \r29  (see  endpapers),  and  the  area  of  the 
triangle  is  jr  \PQ\  =  \r  (r  sin#)  =  jr2  sin#.  So  we  have  A  (#)  =  \r29  -  \r2  sin#  =  \r2  (#  -  sin#).  Now  by 
elementary  trigonometry,  B  (#)  =  \  \QR\  \PQ\  =  j  (r  -  \OQ\)  \PQ\  =  \r  (1  -  cos#)  ( r  sin#).  So  the  limit  we 


hm  — — —  =  lim 


jr2  (#  —  sin#) 


0->o+  B  (#)  0->o+  |r2  (1  —  cos#)  sin#  9->o+  (1  —  cos#) cos#  +  sin#  (sin#) 

1  —  cos#  H  sin# 

=  lim  - t—  =  hm  - 

»->o+  cos#  -  cos2#  +  sin2#  9->o+  -  sin#  +  4  sin#  (cos#) 


—  1  +  4  cos  0  3 

96.  The  area  A  ( t )  =  Jl  sin  ( x1)  dx,  and  the  area  B  ( t )  =  It  sin  (t2).  Since  lim  A  (t)  =  0  =  lim  B  (t),  we  can  use 

i-»0+  r~>0+ 


T Hospital’s  Rule: 

..  A  (t)  H 
hm  — —  =  lim 


2 1 cos  ( t 2) 


i->0  +  B  (t)  r-»o+  f  sin  (t2)  +  jt  [2t  cos  (t2)\  ^  /->o+  t  cos  (t2j  —  2/ 3  sin  (t2)  +  It  cos  (t2) 

_  2  cos  (<2) _ 2  _  2 

<-> o+  3  cos  (r2)  —  2 12  sin  (t2)  3  —  0  3 
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97.  (a)  We  show  that  lim  LS-1  —  0  for  every  integer  n  >  0.  Let  y  =  4r.  Then 
x->o  xn  x 2 


y  fix)  y  e  x/x  yn  H  ..  nyn 

lim  — = —  =  lim  — — -yr  =  lim  —  =  lira  - 

x-*0  x2n  x— »0  y^oo  ey  y-> oo  e X 


lim  —  =  0 
y->  oo  ey 


fix)  „fix)  fix)  n  ^  f(x)-f(0)  fix) 

lim - =  lim  x" — = —  =  lim  x  lim  — r —  =  0.  Thus,  f  (0)  —  lim - =  lim - =  0. 

x->0  Xn  x-*0  X2n  x— >0  x-»0  X2n  x-»0  X  —  0  x-»0  X 

(b)  Using  the  Chain  Rule  and  the  Quotient  Rule  we  see  that  (*)  exists  for  x^0,  In  fact,  we  prove  by 
induction  that  for  each  n  >  0,  there  is  a  polynomial  pn  and  a  non-negative  integer  k„  with 
/<")  (x)  =  Pn(x)  f  ix)  A*"  f°r  x  f1  0.  This  is  true  for  n  =  0;  suppose  it  is  true  for  the  nth  derivative.  Then 

/("+')  (x)  =  [p'n  (x)  f  (x)  +  p„  (x)  f  (x)]  -  k„xk"~'p„  (x)  /  A)]  x~2*" 

=  [xk”Pn  ( x )  +  Pn  (x)  (2A3)  -  k„xkn~]pn  (x)]  f{x)x~2k" 

=  [xk"+3p'„  (x)  +  2 p„  (x)  -  k„xk"+2  p„  (x)]  /  (x)x-(2t"+3) 

which  has  the  desired  form. 

Now  we  show  by  induction  that  (0)  =  0  for  all  n.  By  part  (a),  f  (0)  =  0.  Suppose  that  f^  (0)  =  0. 
Then 

/<-+■>  (0)  =  lim  =  ,im  =  ,im  P-VfUl*  =  lim 

x->0  X—  0  x— >0  X  x— »0  X  x->0  +  1 

fix) 

=  lim  p„  (x)  lim  x-y—  =  p„  (0)  ■  0  =  0 

98.  (a)  For  /  to  be  continuous,  we  need  lim  /  (x)  =  /  (0)  =  1.  We  note  that  for  x  ^  0,  In  /  (x)  =  In  |xc  1^  =  x  In  \x\. 

x->0 

So  lim  In  /  (x)  =  lim  lUlil  S  Hm  ..  =  0.  Therefore,  lim  /  (x)  =  lim  e1"/!1)  =  e°  =  1.  So  /  is 

x—*o  HO  1/x  hO-1/i2  *-»o  ho 

continuous  at  0. 

(b)  From  the  graphs,  it  seems  that  /  (x)  is  differentiable  at  0. 


(c)  To  find  /',  we  use  logarithmic  differentiation:  In  /  (x)  =  x  In  |x| 


/'(*)  n\ 

fix)  *w 


/'  (x)  =  /  (x)  (1  +  ln|x|)  =  \x\x  (1  +  In  |x|),  x  ^  0.  Now  /'  (x)  ->  -oo  asx  ->  0  [since  |x|*  ->  1  and 
(1  +  In  |x  |)  ->  — oo],  so  the  curve  has  a  vertical  tangent  at  (0, 1)  and  is  therefore  not  differentiable  there.  The 
fact  cannot  be  seen  in  the  graphs  in  part  (b)  because  In  |x  |  — >  — oo  very  slowly  as  x  -»  0. 
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Review 


CONCEPT  CHECK 


1.  (a)  See  Definition  1  in  Section  7.1.  It  must  pass  the  Horizontal  Line  Test. 

(b)  See  Definition  2  in  Section  7.1.  The  graph  of  /-1  is  obtained  by  reflecting  the  graph  of  /  about  the  line  y  =  x. 

2.  (a)  The  function  /  (x)  =  ex  has  domain  R  and  range  (0,  oo). 

(b)  The  function  /  (x)  =  In*  has  domain  (0,  oo)  and  range  R. 

(c)  The  graphs  are  reflections  of  one  another  about  the  liney  =  x.  See  Figure  7.3.3  or  Figure  7.3*.  1. 

,,,  i  inx 

(d)  log0  x  =  - — 

In  a 

3.  (a)  See  Definition  7.5.1.  Domain  =  [-1,  1],  Range  =  [— f ,  f  ] 

(b)  See  Definition  7.5.7.  Domain  =  R,  Range  =  (-f ,  f ) 


4.  sinh  x  = 


-,  cosh*  =  ■ 


cosh*  ex  +e~x 

5.  (a)y  =  ex  =>  y'  =  ex  (b)  y  =  ax  =>  y' -  ax  \aa 

(c)>’  =  ln*  =>  y  —  1/*  (d)  y  =  !og(( *  =>  y'  =  l/(xlna) 

(e)  y  =  sin-1  *  =>  y'  =  1/Vl  -*2  (f)  y  —  cos- ^  *  =>  y'  =  -1/Vl  -*2 

(g)  y  =  tan-1  *  =*  y'  —  1/  (1  +  *2)  (h)  y  =  sinh*  =>  y'  =  cosh* 

(i)  y  =  cosh*  =>  y'  =  sinh*  (j)y  =  tanh*  =>  /  =  sech2* 

(k)  y  =  sinh-1  *  =>  /  =  1/Vl  +*2  (1)  y  =  cosh-1  *  =>  y'  =  1/V*2  -  1 

(m)  y  =  tanh-1  *  =>  y' =  1/(1 -*2) 

—  1 

6.  (a)  e  is  the  number  such  that  lim  — * —  =  1 . 

h — >0  h 

(b)  e  =  lim  (1 +*)'/* 

*-.0 

(c)  The  differentiation  formula  for  y  =  ax  \y'  =  ax  In  a-]  is  simplest  when  a  =  e  because  In  e  —  1 . 

(d)  The  differentiation  formula  for  y  =  loga  *  \y'  —  1  /  (*  In  a)]  is  simplest  when  a  =  e  because  In  e  =  1 . 

7.  (a)  See  page  486. 

(b)  Write  fg  as  or 

K  1  /g  V/ 

(c)  Convert  the  difference  into  a  quotient  using  a  common  denominator,  rationalizing,  factoring,  or  some  other 
method. 

(d)  Convert  the  power  to  a  product  by  taking  the  natural  logarithm  of  both  sides  of  y  =  fg  or  by  writing  fg  as 

eg|n/. 


TRUE-FALSE  QUIZ 


1.  False.  For  example,  cos  |  =  cos  (-f ),  so  cos*  is  not  1-1. 

2.  False,  since  the  range  of  tan-1  is  (-§ ,  j ),  so  tan-1  (-1)  =  —  £. 

3.  True,  since  In*  is  an  increasing  function  on  (0,  oo). 
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4.  True,  by  Equation  7.4*.  1. 

5.  True.  We  can  divide  by  ex  since  ex  ^  0  for  every  x. 

6.  False.  For  example,  In  (1  +  1)  =  In  2,  but  In  1  +  In  1  =  0.  In  fact  In  a  +  In  b  =  In  (ab). 

7.  False.  Let  x  =  e.  Then  (lnx)2 * * * 6  =  (lne)6  =  l6  =  1,  but  6  lnx  =  61ne  =  6  •  1  =  6  yF  1  =  (lnx)6 


8.  False.  — 10*  =  10*  In  10 

ax 

9.  False.  In  10  is  a  constant,  so  its  derivative  is  0. 


10.  True,  y  =  ei 


lny  —  3x  =>  x  =  |  !ny  =$  the  inverse  function  is  y  =  j  In  x. 


11.  False.  The  “—1”  is  not  an  exponent;  it  is  an  indication  of  an  inverse  function. 

12.  False.  For  example,  tan-1  20  is  defined;  sin-1  20  and  cos-1  20  are  not. 

13.  True.  See  Figure  2  in  Section  7.6. 

14.  True.  In  ^  =  —  In  10  =  -  Jj10  (1  /x)dx,  by  Equation  7.4.4  or  by  Definition  7.2*. 1. 

15.  True.  /2'6(l/x)rfx  =  lnx]J6  =  In  16  -  In 2  =  In  f  =  In  8  =  ln23  =  3  In 2 

tan*  0 

16.  False.  L'Hospital’s  Rule  does  not  apply  since  lim  - =  -  =  0. 

X->7Z~  1  —  COS*  2 


EXERCISES 


1.  No.  /  is  not  1-1  because  the  graph  of  /  fails  the  Horizontal  Line  Test. 


2.  (a)  g  is  one-to-one  because  it  passes  the  Hori¬ 

zontal  Line  Test. 

(b)  When  y  =  2,  x  ss  0.2.  So  g~l  (2)  at  0.2. 

(c)  The  range  of  g  is  [— 1, 3.5],  which  is  the 

same  as  the  domain  of  g~ 1 . 


(d)  We  reflect  the  graph  of  g  through  the  line  y  =  x  to 
obtain  the  graph  of  g-1 . 


3.  (a)/”1  (3)  =  7 since/ (7)  =  3. 

(b)  (/  ')  (3)  =  /(  (y-i  (3))  =  /(y)  -  g 


4.  y  =  *  '  .  Interchanging  x  and  v  gives  us  x  =  y  ' 

2*  +  1  2y  +  1 

y  (2x  —  1)  =  1  —  X  =*  y  =  =  /-'  (X). 


=>  2xy  +  x  =  y  +  1  =>  2xy  -  y  =  1  —  x  => 
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9-  y  =  2  arctan  x  10.  We  have  seen  that  if  a  >  1 ,  then  ax  >  xa  for  sufficiently 

large  x.  (See  Exercise  7.2.18.)  In  general,  we  could  show 
that  lhn^  (ax/xa)  =  oo  by  using  l’Hospital’s  Rule  repeatedly. 

Also,  logj,  x  increases  much  more  slowly  than  either  xa  or 
ax .  [Compare  the  graph  of  log0  x  with  those  of  xa  and  ax ,  or 
use  l’Hospital’s  Rule  to  show  that  lim  [(log^jc)  /jc°]  =  0.] 
So  for  large  x,  log,,  x  <  xa  <ax. 

11.  (a)  e21"3  =  (eln3)2  =  32  =  9 

(b)  log10  25  +  log10  4  =  log10  (25  •  4)  =  log10  100  =  log10  102  =  2 

12.  (a)  lne*  —  it 

(b)  tan  ^arcsin  \  j  =  tan  f 

13.  \nx  =  j  =>  x  =  e1/3 

14.  e*  =  |  =>  x  =  ln±  =  In  1  -ln3  =  -ln3 

15.  ee  =17  =>  lnee*=lnl7  =>  e*=lnl7  =>  In ex  =  In  (In  17)  =>  x  =  lnln  17 

16.  In  (1  +  e~x)  =  3  =>  \+e~x=e3  =>  e~x  =  e3  —  1  =>  \ne~x  =  In  (e3  —  l)  =>  —  x  =  In  (e3  —  1) 

=>  x  =  —  ln(e3  —  1) 

17-  logto  (ex)  =  1  =>  ex  =  10  =>  x  =  In  (ex)  =  In  10 
Or:  1  =log10(e:c)  =  xlog10e  =>  x  =  1/ log10  e  =  In  10 

18.  1  =  ln(x  +  1)  -  ln(x)  =  In  =*  1  =  e  =>  ex=x  +  \  =>  x  =  — — 

\  x  J  x  e  -  1 
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19.  tan  1  *  =  1  =>  tan  tan  1  *  =  tan  1  =>  *  —  tan  1  (=»  1.5574) 

20.  sin*  =0.3  =5  *  =  sin-1  0.3  =  a  for  —  |  <  *  <  j.  The  reference  angle  for  a  is  it  —  a,  so  all  solutions  are 
x  =  a  +  2nn  and  *  =  n  —  a  +  2«jt  [or  (2 n  +  1)  it  —  a] 

21.  /  (<)  =  t1  lnr  =>  /'  (f )  =  i1  ■  i  +  (Inf)  (2f)  =  t  +  It  Inf  or  t  (1  +  2  Inf) 


22.  g(f)  = 


=  (l  +  e1)  e'  —  e'  (e1)  e' 

8U  (1+e')2  (1  +e')2 


23.  h(0)=etm2B  =>  h'  (6>)  =  etm 20  •  sec2  20-2  =  2  sec2  261  20 

24.  h(u)  =  10'/"  =>  ti  (u)  =  10^"  ■  In  10  ■  -'-x  =  (ln  10)  i.°^“ 


aA  4-  I  (2  —  Jt)5 


lyfu  2-sfu 

In  \y\  —  l  In  (x  +  1)  +  5  In  ]2  —  *1  —  7 In  (*  +  3) 


y  2  (*  +  1)  2  —  x  *  +  3 


'  —  V*  +  1  (2  ~*)5  " _ 1 

y  ~  (*  +  3)7  [W- 


-xf  r  i  5 

7  |_2(*4-1)  2,  —  x 


26.  y  =  In  (esc  5*) 


—5  esc  5*  cot  5* 

v  = - =  — 5  cot  5* 

esc  5* 


27.  y  =  ecx  (csin*  -  cos*)  =>  y'  =  cecx  (c  sin*  -  cos*)  4-  ecx  (c cos*  +  sin*)  =  (c2  4-  l)  ecx  sin* 

28.  y  =  sin-1  (ex)  =>  y'  =  ex /Vl  —  e2* 

29.  y  =  In  (sec2*)  =  2  In  |sec*|  =>  y  =  (2/ sec*)  (sec*  tan*)  =  2  tan* 

30.  y  =  \n  (*  V)  =  2  In  |*|  4-  *  =>  y'  =  2/x  +  l 

31  .y=xe~l'x  =>  /  =  e-!^  4-*e_1/l  (l/*2)  =  e~1/I  (1  4-  1/*) 

__  ,  ,  ,  ,  .  -3  esc  3*  cot  3*  —  3  esc2  3* 

32.  y  =  In  esc  3*  4- cot  3*  =>  v  = - - - - - =  —  3  esc  3* 

2  esc  3*  4-  cot  3* 


33.  y  =xcosx  =e' 


cosx  _  -cos* Inx 


1  / COS  X  \ 

I  _  ecosxlnx  cosx  . — F  (In*)  (-  sin*)  =  *c05:t  ( - sin*  In*) 

[_  *  J  V  *  / 


34  ,y  =  xresx  =t>  /  =  rxr~'esx  +  sxresx 

35.  y  =  2~'2  =>  /  =  2-,2(ln2)(-20  =  (-21n2)f2-'2 

36.  y  =  e005*  4- coste*)  =>  y'  =  —  sin*eCOSJC  -  ex  sin  (ex) 

37.  H  (d)  =  » tan-1  v  =y  H'  (o)  =  v  •  — ^  4-  tan-1  v  ■  1  =  — 4-  tan-1  v 

1  4-  vz  1  4-  o2 

38.  F  (z)  =  logjo  (1  4-  z2)  =*  F>  (*)  =  ^  •  2z  =  ^  ^  +-py 

39^=!ni+hb=-ln"+(ln;crl  =>  y'=-i-7fh? 

40.  xey  —  y—  1  ey  +  xeyy'  =  y'  =>  y'  =  ey/(l  —  xey) 

41.  >>  =  In  (cosh3x)  =>  y  =  (l/cosh3^)  (sinh3x)  (3)  =  3  tanh3^ 


42.  y  =  In  |*2  -  4|  -  In  |2jc  +  5|  =*  y'  = 


x2-4  2x  +  5 


43.  y  =  cosh  1  (sinhjc)  y'  =  (cosh^)/vsinh2x  —  1 
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11  fx 

44.  y  =  x  tanh-1  Vx  =>  y'  =  tanh-1  yfx  +  x - 7 — =  =tanh-1V*4 - ; — - 

l-(VJ) 2(1  -■*) 

45.  /(x)  =  e*<*>  =>  /' (x)  =  e*<*V  (x) 

46.  f(x)  =  g  (?)  =>  /'  (x)  =  g'  (ex)  e x 

47.  /  (x)  =  In  \g  (x)|  =>  f  (x)  =  -}-g'  (x)  =  ^ 

g  00  2  00 

48.  f(x)  =  g(lnx)  =>  f'(x)  =  g'(lnx)  •  -  =  8 


49.  f(x)  =  2x  =>  /'  (x)  =  2*  In  2  =>  f"  (x)  =  2X  (In  2)2 


/<")  (x)  =  2X  (In  2)" 


50.  f(x)  =  ln(2x)  =  ln2  +  lnx  =»  f'(x)=x  *,  /"  (x)  =  -x-2,  f"  (x)  =  2x-3,  /<4>  (x)  =  -2  ■  3x-4, . . . , 

/("*  (x)  =  (—1)"“’  (n  —  l)!x-n 

51.  We  first  show  it  is  true  for  n  =  1 :  /'  (*)  =  ex  +  .xe*  =  (a:  +  1)  ex .  We  now  assume  it  is  true  for  n  —  k: 

/W  (jc)  =  (*  -f  k)  ex .  With  this  assumption,  we  must  show  it  is  true  for  n  =  k  +  1 : 

/<t+1)  00  =  £  [/<*>  00]  =  £  [(X  +  k)  ex)  =  e*  +  (x  +  k)ex  =  [x  +  (k  +  1)]  e*. 

Therefore,  /W  (x)  =  (x  +  n)  ?  by  mathematical  induction. 

52.  Using  implicit  differentiation,  y  =  x  +  arctan  y  =>  y'  =  1  +  -  4 . ^y'  =>  y'  ('-TT7)  =  '  - 


'(t£0 


!+T2  1  . 


ex  4- 

53.  y  =  /(x)  =  In  (?  +e2x)  =>  /'  (x)  =  — - 5—  =>  /' (0)  =  §,  so  the  tangent  line  at  (0,  ln2)  is 

ex  4-  e"  z 

y  -  ln2  =  \x  or  3x  -  2y  +  ln4  =  0. 

54.  y  =  /  (x)  =  x  lnx  =>  /'  (x)  =  lnx  +  1,  so  the  slope  of  the  tangent  at  (e,  e)  is  /'  (e)  =  2  and  an  equation  is 

y  —  e  =  2  (x  —  e)  or  y  =  2x  —  e. 


55.  y  =  [In  (x  +  4)]2  =>  y' =  2 — —  ^  =  0  <=>  ln(x  +  4)  =  0  <=>  x+4=l  <=>  x  = -3,  so  the 

x  +  4 

tangent  is  horizontal  at  (—3,  0). 

56.  /  (x)  =  xesmx  =>  /'  (x)  =  X  [eslnAr  (cosx)]  +  esmJt  (1)  =  esmx  (x  cosx  +  1).  Asa  check  on  our  work,  we 

notice  from  the  graphs  that  /'  (x)  >  0  when  /  is  increasing.  Also,  we  see  in  the  larger  viewing  rectangle  a  certain 
similarity  in  the  graphs  of  /  and  /':  the  sizes  of  the  oscillations  of  /  and  /'  are  linked. 
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57.  (a)  The  line  x  -  4y  =  1  has  slope  The  tangent  to  y  =  ex  has  slope  |  when  /  =  ex  =  |  => 

x  =  In  |  =  —  In  4,  so  an  equation  is  y  -  \  =  \  (x  +  In  4)  or  y  =  \x  +  \  (In  4  +  1). 

(b)  The  slope  of  the  tangent  at  the  point  (a,  ea)  is  -^-ex  =  ea.  An  equation  of  the  tangent  line  is  thus 

c*x  J  x=a 

y  -  ea  =  ea  (x  -  a).  We  substitute  x  =  0,  y  =  0  into  this  equation,  since  we  want  the  line  to  pass  through  the 
origin:  0  -  ea  =  ea  (0  -  a)  o  -ea  —  ea  (-a)  <=>  a  =  1.  So  an  equation  of  the  tangent  is 

y  —  e  =  e  (x  —  1),  or  y  =  ex. 

58.  (a)  lim  C  ( t )  =  lim  \K  (e_a'  -  e~4')l  =  K  lim  -  e~bl)  =  K  (0  -  0)  =  0  because  -at  ->  -oo  and 

—bt  — >  —oo  as  t  -»  oo. 

(b)  C  (t)  =  K  (-ae-a<  +  be-bt) 

(c)  C'  (0  =  0  =>  be~bl  =  ae~al  =>  -  =  e(~a+*)<  =>  In  -  =  (b  —  a)  t  =>  t  =  ^  ^  ^ 

a  a  b  —  a 

59.  If  y  —  —  3x,  then  as  x  — >  oo,  y  — ¥  —  oo.  lim  e~3x  =  lim  ey  =  0  by  (7.2.11). 

x— »oo  y — »  — oo 

60.  lim  In  (100  —  x2)  =  — oo  since  as*  — >  10_,  (100  —  x2)  ->  0+. 

x-»10" 

61.  Let  t  =  2/  (x  —  3).  As*  -»  3~,  (  ->  — oo.  lim  e2/(r-3)  =  ijm  e<  —  o 

x-*3~  <-»-  oo 

62.  If  y  =  a:3  —  *  =  x  (x2  —  1),  then  as  x  —>  oo,  v  -»  oo.  lim  arctan  (x1  —  x)  —  lim  arctany  =  f  by  (7.5.8). 

x  \  r  *->oo  '  ’  y->oo  z 

63.  Lett  =  sinh*.  As*  ->  0+,  t  ->  0+.  lim  ln(sinh*)  =  lim  lnt  =  -oo 

x-»0+  t  — >  0"*” 
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,,  .  „  .2  (lnx)2  h  ..  21nx/x  „  sinx  In jr  , lnx 

73.  Iim  sinx  (In*)2  =  lim  - =  lim  - =  —2  hm - lim - =  —2  lim - 

*-*o+  *->o+  esc*  *->o+  —  esc*  cot*  x~»o  *  *-*o  cot*  *-»o  cot* 

H  „  1/*  _  ..  sin2*  _  sin*  ...  „  .  „ 

=  -2  hm - =  2  lim - =  2  hm - hm  sin*  =210  =  0 

x-*0  —  CSC*  *  x-*0  X  x-*0  *  *-*0 

..  f  1  1  1  ..  *2  —  sin2 *  h  ..  2*  —  sin 2* 

74.  hm  (esc2*  —  *  2)  =  lim  — 5 - =■  =  hm  — r — x —  =  hm - = - ; - 

*-*0  *->oLsin2*  *2J  *->o  *2sin2*  *-»o  2x  sin2x +  x2sin2x 


2  —  2  cos  2* 


x2  sin  2* 
4  sin  2* 


*-*o  2  sin2  *  +  4*  sin  2*  +  2*2  cos  2*  *-.06sin2x  +  12*  cos  2*  -  4* 2  sin  2* 

H  _ 8  cos  2* _ 8  _  1 

*-»o  24  cos  2*  —  32*  sin  2*  -  8*2  cos  2*  24  3 


75.  Let  y  -  *unx  so  In y  —  tan*  In*.  Then 


...  ...  ....  In*  H  ..  1/x  sin*  , 

lim  ln>'=  hm  (tan*ln*)=  hm  - =  hm  - r— =  hm  - (—sin*) 

x~>0+  x-tO+  x-»0+  cot*  x-*0+  -CSC2*  x->0*  X 

—  lim  •  lim  ( —  sin*)  =1-0  =  0 
*-*0+  *  x->0+ 

so  lim  v  =  e°  =  I. 

*-»o+ 

76.  Lety  =  x,/<l~x).  Then  lny  =  7  "  - ,  so  lim  Iny  =  lim  =  lim  -^7  =  -1  ^  lim  xl/<l_l)  =  «-*. 

77.  y  =  /  (*)  =  tan-1  (1/*)  A.  D  =  {*  |  *  ^  0)  B.  No  intercept  C.  /  (— *)  =  — /  (*),  so  the  curve  is 

symmetric  about  the  origin.  D.  lim  tan-1  (1/*)  =  tan~*  0  =  0,  soy  =  0  isaHA.  lim  tan  1  ( 1  /*)  —  T  and 
*-.±00  '  *-*o+  2 

lim  tan-1  (1/*)  =  —  5  since  -  -»  ±00  as*  -»  0*.  H. 

*->o-  *  » 

E.  /'(*)  =  - ! - x  (-1/*2)  =  !—  =>  /'(*)<  0,  so  /  is  =7— - r- - ► 

1  +  (l/*)2  v  ’  *2  + 1  J  J 

decreasing  on  (—00, 0)  and  (0, 00) .  F.  No 
2x 

extremum  G.  f"  (*)  = - =■  >0  <=>  *  >  0,  so  /  is  CU  on 

(*2+l)2 

(0, 00)  and  CD  on  (—00, 0). 

78.  y  =  /(*)  =  sin-1  (I/*)  A.  D  =  (*  | -1  <  1/*  <  1)  =  (— 00,  —  I]  U  (1, 00).  B.  No  intercept 

C.  /(—*)  =  —/(*),  symmetric  about  the  origin  D.  lim  sin-1  (1/*)  =  sin-1  (0)  =  0,  so  y  =  0  is  a  HA. 

Jf-»±0O 

E.  /'  (*)  =  *  —  ( -4r  |  =  -  -  1  ■■  ■  <  0,  so  /  is  decreasing  on  (-00,  -1)  and  (1,  00). 

y/l  ~  (l/*)2  V 

F.  No  local  extremum,  but  /  (1)  =  ^  is  the  absolute  maximum  and  H. 

£ 

/  (—  1 )  =  - 1  is  the  absolute  minimum.  2 

4*3  — 2*  *  (2x2  -  I)  - -^-'1  0  1  x 

G . /"(*)=— - =7*  =  — 3 - r4>0for*>  land  -i 

2(*“-*2)}/2  (x*-*2)3'2  J 

/"  (*)  <  0  for*  <  -I,  so  /  isCU  on  (l,oo)  and  CD  on  (—00,  -I).  No 
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79.  y  =  /  (x)  =  x  lnx  A.  D  =  (0,  oo)  B.  No  ^-intercept;  ^-intercept  1.  C.  No  symmetry  D.  No  asymptote 

[Note  that  the  graph  approaches  the  point  (0, 0)  as  x  ->  0+.]  H. 

E.  f'(x)  =  x  (1/x)  +  (In  jc)  (1)  =  1  +  lnx,  so  /'(x)  -»  -ooasx  -»  0+ 
and  /*  (x)  -»  oo  as  x  ->  oo.  /'  (x)  =  0  <=>  In  x  =  —  1  <=> 

x  =  e-1  =  1/e.  /'  (x)  >  0  forx  >  1/e,  so  /  is  decreasing  on  (0, 1/e) 
and  increasing  on  (1/e,  oo).  F.  Local  minimum:  /(1/e)  =  —1/e. 

No  local  maximum.  G.  /"  (x)  =  1/x,  so  /"  (x)  >  0  for  x  >  0.  The 
graph  is  CU  on  (0,  oo)  and  there  is  no  IP. 

80.  y  =  /  (x)  =  e2x~x*  A.  D  =  R  B.  y-intercept  1 ;  no  x-intercept  C.  No  symmetry  D.  ^jirn^e21'  '  =0, 

soy  =  0  is  a  HA.  E.  y  =  f{x)  =  e2*-1*  =>  f  (x)  =  2(1  -x)e2x~x2  >  0  o  x  <  1,  so  /  is  increasing 
on  (—oo,  1)  and  decreasing  on  (1,  oo).  F.  /(I)  =  e  is  a  local  and  absolute  maximum. 

G.  /"  (x)  =  2  (2x2  -  4x  +  1)  e2*-*2  =  0  <=>  x  =  1  ±  H. 

f"  (x)  >  0  o  x  <  1  —  ^  or  x  >  1  +  ^,  so  /  is  CU  on 
f— oo,  1  —  and  (l  +  -^.oo),  and  CD  on  (l  —  1  + 

IP  (l±^,/S) 

81.  y  =  /  (x)  =  e*  +  e~,x  A.  D  =  R  B.  y-intercept  2;  no  x-interccpt  C.  No  symmetry 
D.  lim  ( ex  +  e“3x)  =  oo,  no  asymptote  E.  y  =  /  (x)  =  ex  +  e~3x  => 

x-»±oo  v 

f  (x)  =  e*  -  le-*  =  e-3*  (e4x  -  3)  >  0  ~  e4x  >  3  <=>  H. 

4x>ln3  <=>  x  >  j  In  3,  so  /is  increasing  on  (j  In  3,  oo)  and 
decreasing  on  (-oo,  |  In  3^.  F.  Absolute  minimum 
/  In  3)  =  31'4  +  3-3/4  «  1 .75.  G.  f"  (x)  =ex  +  9e~3x  >  0,  so  / 
is  CU  on  (-00, 00).  No  IP. 

82.  y  = /(x)  =  ln(x2  -  1)  A.  D  =  (-00, -1)  U  (1, 00)  B.  No y-intercept; x-intercepts  ±75  C.  Symmetric 

about  the  y-axis  D.  lim  In  (x2  —  1)  =  00,  lim  In  (x2  —  1)  =  —00,  lim  In  (x2  —  1)  =  —00,  so  x  =  1  and 

x-*±oo  v  '  ,-,1+  V  '  X-*-l- 

x  —  —  1  arc  VA.  E.  y  = /(x)  =  In  (x2  -  I)  =>  /'(x)  =  >  0  forx  >  1  and  f  (x)  <  0  forx  < -1, 

so  /  is  increasing  on  ( 1 , 00)  and  decreasing  on  (—00,  —  1 ).  Note  that  the  H. 
domain  of  /  is  |x|  >  1.  F.  No  extremum 

G.  /"  (x)  =  -2  X  +  *  2  <  0,  so  /  is  CD  on  (-00,  -I)  and  (l,oo). 

(x2  -  1) 

No  IP 
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83.  1 


From  the  graph,  we  estimate  the  points  of  inflection  to  be  about 
(±0.8, 0.2).  / (x)  =  e-1/*2  =>  /'(; x)  =  2x-3e~''x2  =>  /"(x)  = 

2  [jr-3  (2x~3)  e-'!*'  +  e-'!*2  (— 3jc“4)J  =  2x-6e-'/*2  (2  -  3x2).  This 

is  0  when  2  —  3x2  =  0  <=>  x  =  ±yj\,  so  the  inflection  points  are 

(±yi.<-3'2) 


84.  We  exclude  the  case  c  =  0,  since  in  that  case  /  (x)  =  0  for  all  x.  To  find  the  maxima  and  minima,  we  differentiate: 
/ (x)  =  cxe~c*2  =>  /'  (x)  =  c  [xe~“2  (-2cx)  +  e~cx2  (1 )]  =  ce"“2  (-2cx2  +  l).  This  is  0  where 

— 2cx2  +1=0  es  x  =  ±1  j  ^/2 c .  So  if  c  >  0,  there  are  two  maxima  or  minima,  whose  x-coordinates 
approach  0  as  c  increases.  The  negative  root  gives  a  minimum  and  the  positive  root  gives  a  maximum, 
by  the  First  Derivative  Test.  By  substituting  back  into  the  equation,  we  see  that 

/  (±  I  J -J 2c)  =c^±l  j  J2c)  e  ‘(±l/'/2‘0  —  ±^/c/2e.  So  as  c  increases,  the  extreme  points  become  more 

pronounced.  Note  that  if  c  >  0,  then  lim  /  (x)  =  0.  If  c  <  0,  then  there  are  no  extreme  values,  and 

*-*±00 

Jmoo/(x)  =  To°. 

To  find  the  points  of  inflection,  we  differentiate  again:  f  (x)  =  ce~cx2  (-2 cx2  +  1)  =» 

f"  (x)  =  c  ^e~cx  (— 4cx)  +  (— 2cx2  +  1)  2cxe_ct2^ j  =  —2c2xe~cxl  (3  —  2cx2).  This  is  0  at  x  =  0  and 

where  3  -  2cx2  =  0  «=>  x  =  ±V3/  (2c)  =>  IP  at  (±^3/  (2c),  ±V3c/2e-3/2).  If  c  >  0  there  are  three 
inflection  points,  and  as  c  increases,  the  x-coordinates  of  the  nonzero  inflection  points  approach  0.  If  c  <  0,  there  is 
only  one  inflection  point,  the  origin. 


85.  s  (I)  =  Ae~a  cos  (rut  +  S)  => 

v(t)  =  s'  (r)  =  -cAe~c'  cos  (<ur  +  S)  +  Ae~c‘  [-aisin  (<ur  +  (5)] 

=  —Ae~cl  [c  cos  (ait  +  S)  +  rosin  (tut  +  <f)]  => 

a(I)  =  o'(l)  =  cAe~c‘  [c cos  (ail  +  ri)  +  rosin  (mt  +  <!i)]  +  (-Ae~cl)  [~a>c  sin  (on  +  6)  +  oj2  cos  (<ur  +  <5)] 
=  Ae~cl  [(c2  —  <o2)  cos  (cot  +  <5)  +  2c<usin  ( cot  +  <5)] 
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86.  (a)  Let  / ( * )  =  In*  +  *  —  3.  Then  /'  (*)  =  1/*  +  I  >  0  (for*  >  0)  and  / (2)  —0.307  and  / (e)  =»  0.718.  / 

is  differentiable  on  (2,  e),  continuous  on  [2,  e]  and  /  (2)  <  0,  /  (e)  >  0.  Therefore,  by  the  Intermediate  Value 
Theorem  there  exists  a  number  c  in  (2,  e)  such  that  /  (c)  =  0.  Thus,  there  is  one  root.  But  /'  (*)  >  0  for 
*  €  (2,  e),  so  /  is  increasing  on  (2,  e),  which  means  that  there  is  exactly  one  root. 

(b)  We  use  Newton’s  Method  with  /(*)  =  In*  +  *  —  3,  /'  (*)  =  I/*  +  1,  and  x\  =  2. 

*2  =  *i  —  ^nj‘l  :tl  _  2  —  *n  j*  ^  a-  2.20457.  Similarly,  *3  a*  2.20794,  *4  =  2.20794.  Thus,  the 

l/*i  +  1  1/2+1  7 

root  of  the  equation,  correct  to  four  decimal  places,  is  2.2079. 


87.  Let  P  (0  = 


l+31e-°  79441  1  +  Becl 


a  =  /I  (l  +  Becl)  *,  where  +  =  64,  B  =  3 1,  and  c  —  —0.7944. 


P'  (I)  =  -/f  (1  +  Be")-2  (Bee")  =  -4 Bee"  (1  +  Be")-2 

P"  (/)  =  -ABcecl  [-2  (I  +  Be")-3  (Bce")j  +  (1  +  Be")-2  (-+Bc2e") 

=  — +Bc2e"  (I  +  Be")-3  ]-2Be"  +  (1  +  Be")]  =  c  0  ~  lie  ) 

v  '  1  v  /J  (1  +  Be")3 

The  population  is  increasing  most  rapidly  when  its  graph  changes  from  CU  to  CD;  that  is. 


when  P"  (1)  =  0  in  this  case.  P"  (f)  =  0  =*  Be"  =  1  =>  e"  = 

,  1  In  (1/B)  In  (1/31)  VI 

cl  =  In  —  =>  t  =  - =  as  4.32  days.  Note  that 

B  c  -0.7944  1 


e"  =  -  =» 
B 


„/l  ,  1\  +  +  +  A  + 

P  I  -  In  —  I  = - - - ,  ,,  — - = - -  — ,  one-half  the  limit  of  P  as 

\c  B)  1  +  Bec<1/c>ln<1Zfl>  1  +  Be1“<1/*>  1  +  B(1/B)  1  +  1  2 

I  ->  00. 

88.  ;03  e-2'  A  =  -1  [e-2']3  =  -|  (e-‘ -e»)  =  ](l-  e-‘) 

89.  J  2  ^  rf*  =  j^tan-1  *j^  =  tan-1  I  —  tan-1  0  =  j  —  0  =  ^ 

9°.  J  =  j  [In  1 1  +  2r|)j  =  j  (In  11  —  ln5)  =  j  In 

91.  Ji‘n* eJ  rfs  =  [e* fij  =  e1"8  -  e1"2  =  8  -  2  =  6 

92.  Let  u  =  sin*.  Then  du  =  cos*  dx,  so 

^  ^  1+*-*^  dx=j*^-2  +  l_  ,  J  *  =  [-1  +  ,„*  -  ^ 

=  (-J  +  ln4-4)-(-i  +  ln2-2)=ln2- J 

94.  Let  u  =  In*.  Then  Bu  =  —  =>  J  cjx  _  JCos«rf«  =  sinu  +  C  =  sin  (In*)  +  C. 

95.  Let  u  —  y-r.  Then  Bu  =  =>  J  dx  =  2  f  e“  du  =  2e"  +  C  =  2e'/l*  +  C. 

96.  Let  h  =  *2.  Then  du  =  2xdx  =*  [  —  *—  rf*  =  i  [  _  1  sjn->  u  4.  C  =  4  sin-1  (*2)  +  C. 

7  yn^*  2  j  yn^?  2  2  v  > 
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97.  Let  u  =  In  (cos*).  Then  du  =  — dx  =  —  tan  *  dx  => 

cos* 

/tan*  In  (cosx)rfx  =  -  /  adii  =  —  jm2  +  C  =  - j  (In (cos*)]2  +  C. 

98.  Let  u  =  In (ex  +  1).  Then  du  =  [ex  /(e*  +  I )\dx  =» 


/(7«  +  l)ln(^  +  l)</x  =  /T  =  ln|“l  +  C  =  lnln(e,  +  l)+C' 

Let  u  =  I  +*4.  Then  du  =  4*3d*  =>  J  -  *  4  rfx  =  i  J  -  du  =  |  ln|u|  +  C  =  ^  In  (l  +*4j  +  C. 


100.  f  sinhaudu  =  -  cosh  an  +  C 

a 

101.  Let  u  =  1  +  sec0,  so  du  =  sec  0  tan  0  dO 


101.  Let  u  =  1  +  sec0,  sodu  =  secdtanddfl  =*  f  -CC— 1311  f  dt)  =  [ -du  =  lnlul  +  C  =  In  1 1  +sec0|  +  C. 

J  I  +  sec0  J  u 

102.  I  +  e2*  >  e2*  =»  x/1  +  e2*  >  -s/e2*  =  e*  =>  /0'  V 1  +  e2*  dx  >  Jq  e*  dx  =  e*]J  =  e  —  1 

103.  cos*  <  I  =>  e*cos*<e*  =>  /0'  e*  cosxdx  <  /0'  e*  dx  =  e*]o  =  e  -  1 

104.  For  0  <  *  <  1, 0  <  sin-1  x  <  §,  so  /„'  x  sin-1  xdx  <  f0‘  x  (f)dx  =  }*2]J  =  f . 

me  /V/S  d  [rx  e  j  d  r  I  e^ 

dx  Ji  s  y/x  dx  y/x  2Jx  2* 

«•  /• «  -  s  £  *- — I  J!"  “  +  * —-**  (;) +'-“!  «>  - 

107-  =  4~f  Ji*  J  =  5  ln*]*  =  J ln4 

108.  =  f^2  (e~*  -  e*)  dx  +  f0'  (e*  +  e-*)  dx  =  [— e“*  —  e*]°2  +  [e*  +  e~*]g 

=  (—1  —  1)  —  (— e2  —  e-2)  +  (e  +  e_1)  —  (I  +  1)  =  e2  +  e  +  e~l  +e~ 2  —  4 
r  I  2ff* 

109.  V  =  /  - - -  dx  by  cylindrical  shells.  Letu=x2  =»  du  =  2x  dx .  Then 

7o  1  +  *4 

y  =  L^hdu  =  *  K‘  “I  =  *  (,an~‘ 1  - tan~'  °)  = 1  il)  =  T- 

110.  /(*)  =  * +*2  +  e*  =>  /' (*)  =  1  +  2*  +e*  and  / (0)  =  I  =*  g(l)  =  0,  so 

*,(1)=/'(8(1))=77W  =  2- 

111.  /(*)  =  In*  +  tan-1  *  =>  /(l)  =  In  1  +  tan-1  1  =  j  =>  g(f)  =  l- 

.  1  1  ,  1  I  2 

/(jc)  =  ;  +  WS0^w  =  7(Tj  =  372  =  3- 


eV*  e->/*  I  ed* 

y/x  dx  X  y/x  lyjx  2* 


*  +  2e  4,2 


112. 


The  area  of  such  a  rectangle  is  just  the  product  of  its  sides,  that  is, 

A  (*)  =  *  •  e~x .  We  want  to  find  the  maximum  of  this  function,  so  we 
differentiate:  A’  (*)  =  *  (— e~*)  +  e~*  (1)  =  e~*  (1  —  *).  This  is  0  only 
at  *  =  1 ,  and  changes  from  positive  to  negative  there,  so  by  the  First 
Derivative  Test  this  gives  a  local  maximum.  So  the  largest  area  is 
-4(1)  =  1/e. 
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We  find  the  equation  of  a  tangent  to  the  curve  y  =  e  x,  so  that  we  can  find 
the  x-  and  ^-intercepts  of  this  tangent,  and  then  we  can  find  the  area  of  the 
triangle.  The  slope  of  the  tangent  at  the  point  (a,  e~a)  is  given  by 


X  _ 

Jx=a 


e~a ,  and  so  the  equation  of  the  tangent  is 


°|  2  1  y  -  e~a  =  -e~a  (at  -  a)  <=>  y  =  e~a  (a  -  x  +  1).  The  y-intercept  of 

this  line  is 

y  =  e~a  (a  —  0  +  1)  =  e~°  (a  +  1).  To  find  the  at -intercept  we  set  y  =  0  =>  e~a  (a  —  x  +  1)  =  0  =» 
x  —  a  +  1.  So  the  area  of  the  triangle  is  A  (a)  =  5  [e~a  (a  +  1)]  (a  +  1)  =  \e~a  (a  +  l)2.  We  differentiate  this 
with  respect  to  a:  A'  (a)  =  $  [e-0  (2)  (a  +  I)  +  (a  +  I)2  e~a  (-1)]  =  (1  -  a2).  This  is  0  at  a  =  ±1,  and 

the  root  a  =  1  gives  a  maximum,  by  the  First  Derivative  Test.  So  the  maximum  area  of  the  triangle  is 
A  (1)  =  ^e'1  (1  +  l)2  =  2e"‘  =  2/e. 

[\  1  ” 

114.  Using  Formula  5.2.3  with  a  =  0  and  b  =  1,  we  have  /  ex  dx  =  lim  — This  series  is  a 
*  Jo  n  " 

n  en/n  _  i  e  —  1 

geometric  series  with  a  =  r  =  e,/B,  so  ^e'1"  =  el/"  |/B  =* 

f  ex  dx  =  lim  -  V  e'/n  =  lim  (e  -  \)e',n  }/"  Asn  -»  oo,  1/n  -»  0+,soe1/n  ->  e°  =  1.  Let 
y0  n-too  n  n-»oo  e1'"  —  1 


e1/"  7  .  As  n  — »  oo,  1/n  -*  0+, so e>/"  ->  e°  =  1.  Let 


/  =  1/n.  Then  exi"  -  1  =  e1  —  1  -»  0+,  so  l’Hospital’s  Rule  gives  lim  ,  ‘  ,  =  lim  —  =  1  and  we  have 
'  /-.o  e'  —  1  <-*o  e' 


fj  ex  dx  =  \  lim  ( e  —  l)e'l  |  lim  — — -  =  e  —  1. 
J0  L'-»o+  J  L<-*o+  e'  -  1 J 


/v*  +  l_~r  +  l  u  h*  +  l  In  b  -  o*  +  l  Inn 

115.  lim  F(x)  =  lim  - =  lim  - - - =  In  b  -  In  a  =  F(-l),  so  F  is  continuous  at 

*->-!  *->-t  x  +  1  *->-■  1 


116.  Let  0i  =  arccotx,  socot0i  —x  =  x/\.  So  sin  (arccotx)  =  sin0i  = 


Let  <h  =  arctan 


>/*TTT’ 


so  tan  02  = 


Hence,  cos  (arctan  (sin  (arccotx)))  =  cos 02  = 


y&T\ 

„  y/x2  +  1  lx2  +  1 


y/x2  +  2  \x2+2' 


117.  Differentiating  both  sides  of  the  given  equation,  using  the  Fundamental  Theorem  for  each  side,  gives 

e2*  (1  +  2x) 

f(x)  =  e2*  +  2xe2x  +  e '*/(*)•  So  /(at)  (1  -  e~x)  =e2x  +  2xe2x.  Hence  f  (x)  =  • 
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1  X  —  \ 

118.  (a)  Let  /(x)  =  x  —  lnx  —  1,  so  /' (x)  =  1  -  -  =  — — .  Sincex  >  0,/'(x)  <  OforO  <x  <  1  and/'(x)>  0 
for  x  >  1 .  So  there  is  an  absolute  minimum  at  x  =  1  with  /  (1)  =  0. 

So  for  x  >  0,  x  ^  l,x  —  lnx  —  1  =  /(x)  >  /(l)  =  0,  and  hence  lnx  <  x  —  1. 

(b)  Here  let  /  (x)  =  lnx - =  lnx  -  1  +  -.  So  /'  (x)  =  -  — ^  As  in  (a),  we  see  that  there  is 

X  X  X  X1  X1 

an  absolute  minimum  value  at  x  =  1  and  that  /(l)  =  0.  So  for  *  >  0,  x  ^  1, 

x  —  1  x _ 1 

lnx - =  /(x)  >  /(l)  =  0  and  hence - <  lnx. 

x  x 

(c)  Let  b  >  a  >  0,  so  b/a  >  1.  Letting  x  =  b/a  in  the  inequalities  in  (a)  and  (b)  gives 

b  —  a  b/a  —  1  b  b  b  —  a  .  b 

£  —  — J/j/t —  <  m  —  <  —  —  1  =  — - — .  Noting  that  In  —  —  In  b  —  In  a,  the  result  follows  after  dividing 

through  by  b  —  a. 

(d)  Let  /(x)  =  lnx.  From  the  given  diagram,  we  see  that 

(slope  of  tangent  at  x  =  b)  <  (slope  of  secant  line)  <  (slope  of  tangent  at  x  =  a).  Since  /'  (x)  =  we 

x 

..  „  .  1  Inb-lnn  1  _  , 

tneretore  nave  -  <  — - — - —  <  -.  to  make  this  geometric  argument  more  rigorous,  we  could  use  the  Mean 

Value  Theorem:  For  any  a  and  b  with  0  <  a  <  b,  there  exists  some  c  e  (a,  b)  for  which 

r>,.s  1  lnb  —  In  a  „.l.  ,  .  _  ..  .  1  1  ln*-lna  .  1 

J  (c)  =  -  =  — - - .  But  -  is  a  decreasing  function  on  (0,  oo),  so  -  <  -  = -  <  In  -. 

c  b  —  a  x  be  b  —  a  a 

111  1  fb  li 

(e)  Since  -  <  -  <  -  for  a  <  x  <  b.  Property  8  says  that  ~(b  —  a)<  -  dx  <  -  (b  —  a)  => 

b  x  a  b  Ja  x  a 


I  ,,  .  ,  ,  ,  1  ,,  .  1  lnb-  In 

-  (b  -  a)  <  Inft  —  Ino  <  -  (b -a)  =>  -< - 

o  a  b  b  —  a 

are  justified  in  making  all  of  the  inequalities  strict.) 


1  lnfi-lna  1 

7  <  — 7 -  <  -•  (Note  from  the  proof  of  Property  8  that  we 

b  b  —  a  a 
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Problems  Plus 


_  2  2 

1.  Let  y  =  f  (x)  =  e  x  .  The  area  of  the  rectangle  under  the  curve  from  -x  to  x  is  A  (x)  =  2xe  x  where  x  >  0. 

We  maximize  A  (x):  A'  (x)  =  2e~*2  —  4x2e-*2  -  2e~x2  (1  —  2x2)  =  0  =»  x  =  This  gives  a  maximum 
since  A'  (x)  >  0  for  0  <  x  <  and  A'  (x)  <  0  for  x  >  We  next  determine  the  points  of  inflection  of  /  (x). 
Notice  that  /'  (x)  =  — 2xe-*2  =  —A  (x).  So  /"  (x)  =  —  A'  (x)  and  hence,  f"  (x)  <  0  for  —  <  x  <  and 

/"(x)>0forx  <  — andx  >  .  So /(x)  changes  concavity  at  x  =  ±^-,  and  the  two  vertices  of  the 

rectangle  of  largest  area  arc  at  the  inflection  points. 

2.  We  use  proof  by  contradiction.  Suppose  that  log2  5  is  a  rational  number.  Then  log2  5  =  m/n  where  m  and  n  are 
positive  integers  =>  2m/"  =  5  =>  2™  =  5”.  But  this  is  impossible  since  2”  is  even  and  5”  is  odd.  So  log2  5 
is  irrational. 

d" 

3.  Consider  the  statement  that  (eax  sin  Ax)  =  rneax  sin  (Ax  +  nO).  For  n  =  I , 

d 

—  (eax  sin  Ax)  =  aeax  sin  Ax  +  beax  cosAx,  and 
dx 

reax  sin  (Ax  + 0 )  =reax  [sin  Ax  cosfl  +  cosAx  sin  0]  =  re"  sin  Ax  +  -  cos  Ax^ 

=  aeax  sin  Ax  +  be“*  cos  Ax 
since  tan 9  =  A/a  =*  sin0  =  A/r  and  cost?  =  a/r. 

So  the  statement  is  true  for  n  =  1 .  Assume  it  is  true  for  n  =  k.  Then 

d  r  -i 

dxk  +  l  (e“x  sin  Ax)  =  —  |r  V“  sin  (Ax  +  A0)J  =  rkaeax  sin  (Ax  +  k0)  +  rkeaxb  cos  (Ax  +  kO) 

=  rkeax  [a  sin  (Ax  +  kO)  +  A  cos  (Ax  +  k0)\ 

But 

sin  [Ax  +  (k  +  1 )  9]  =  sin  [(Ax  +  kO )  +  9]  =  sin  (Ax  +  kO)  cos  9  +  sin  9  cos  (Ax  +  kO) 

a  b 

=  -  sin  ( bx  4-  kO)  +  -  cos  ( bx  +  kO) 
r  r 

Hence,  a  sin  ( bx  +  kO)  4*  b  cos  (bx  +  kO)  =  r  sin  [bx  +  (k  +  1)0].  So 

cjk  + 1 

(eax  sin  bx)  =  rkeax  [a  sin  (bx  4-  kO)  -f  b  sin  (bx  +  kO)]  =  (r  sin  (bx  +  (k  +  1)0)] 

=  r*  +  le“  [sin (Ax  +  (A  +  1)0)) 

Therefore,  the  statement  is  true  for  all  n  by  mathematical  induction. 


4.  Lety  =  tan  1  x.  Then  tany  =  x,  so  from  the  triangle  we  see  that 


x)  =  siny  — 


•/TT? 


.  Using  this  fact  we  have  that 


■  i  _i  ,  .  ,  ,\  sinhx  sinhx 

sin  (tan  1  (sinhx))  =  ,  -  - - =  tanhx.  Hence, 

s/l  +  sinh2  x  “s'1* 

sin'1  (tanhx)  =  sin-1  (sin  (tan-1  (sinhx)))  =  tan-1  (sinhx). 
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5.  We  first  show  that  - - 7  <  tan  1  x  for*  >  0.  Let  / (x)  =  tan-1  *  -  — — 7.  Then 

1+x2  1+x2 

,  1  1  (1  +  x2) -x  (2*)  (1 +x2)  -  (1 -x2)  2x2  „  .. 

1+*2  (l+*2)2  (I+*2)2  (1+*2)2 


increasing  on  (0,  oo).  Hence,  0  <  *  =*  0  =  /  (0)  <  /(x)  =  tan'1  *  —  — So  <  tan  1  *  for 

0  <  x.  We  next  show  that  tan"'  x  <  x  for  x  >  0.  Let  h  (x)  =  x  —  tan*1  x.  Then 
1  x2 

h'  (x)  =  1 - 7  = - 7  >  0.  Hence,  h  (x)  is  increasing  on  (0,  oo).  So  for  0  <  x, 

1+x2  1+x2 

0  =  h  (0)  <  h  (x)  =  x  -  tan-1  x.  Hence,  tan-1  x  <  x  forx  >  0,  and  we  conclude  that  ^  2  <  tan-1  x  <  x  for 


6.  The  shaded  region  has  area  /0'  f  (x)dx  =  j.  The  integral  /0'  /  1  (y)  dy 
gives  the  area  of  the  unshaded  region,  which  we  know  to  be  1  -  j  =  j. 

So /o'  /"'  (y)dy  =  I- 


7.  By  the  Fundamental  Theorem  of  Calculus,  f  (x)  =  Vl  +  x3  >  0  for  x  >  - 1.  So  /  is  increasing  on  (—  1 ,  oo)  and 
hence  is  one-to-one.  Note  that  /  (1)  =  0,  so  f~x  (1)  =  0  =4  (/-l )'  (0)  =  1  If  (1)  = 


8.  v  =  * - ^  arctan - -,.S‘n* - .  Let  *  =  a  +  Va2  —  1.  Then 

Va2  —  1  Va2  — 1  a  +  va2— 1+cosx 

,12  1  cosx  (*  +  cosx)  +  sin2  x 

y  Va2  -  1  Va2  -  1  1  +  sin2 x/(*  +  cosx)2  (*  +  cosx)2 

1  2  *cosx +cos2x +  sin2x  1  2  k  cosx  +  1 

Va2  —  1  -/a2  —  1  (k  +  cosx)2  +  sin2  x  Va2  —  1  Va2  —  I  k2  +  2k  cosx  +  1 

k2  +  2k cosx  +  1  —  2k cosx  —  2  _  *2  —  1 

•Ja2  —  1  (*2  +  Ik  cosx  +  1)  Vo2  —  1  (*2  +  2k  cosx  +  1) 

But  k2  =  2a2  +  2 aVa2  -  1  -1=2 a(a  +  -Ja2  -  l)  -  1  =  2ak  -  1,  so  *2  +  1  =  2a*,  and  *2  -  1  =  2  (a*  -  1). 

So  y'  —  2(ak — 1) - _  — ! - .  But  ak  —  1  =  a2  +  aVa 2  —  1  -  1  =  AVa2  —  1,  so 

Va2  —  1  (2  ak  +  2*  cosx)  Va2  —  1*  (a  +  cosx) 
y  =  l/(a  +  cosx). 
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9.  If  L  =  lim  |  +°  )  ,  then  L  has  the  indeterminate  form  l00,  so 

*-><*>  \x  —  a  / 

Ini  =  lim  In  ( *  +  =  lim  x  In  ^  =  lim 

*-*°°  \x—aj  *->°°  \x—a )  *->oo 


In  (x  +  a)  —  In  ( x  —  a) 

1 A 


a  lim  i±A ■  *—  ,im  (t-Qx'-b  +  a)*2  lim  J^axl 

x—*oo  —  1/x2  *->oo  (x  +  a)(x  —  a)  *->oo  x2  —  a2 

2a 

-  lim  - r— 5  =  2a. 

*  >oo  1  —  ayx 2 

Hence,  In  £  =  2a,  so  Z.  =  e2".  From  the  original  equation,  we  want  L  =  e1  =o  2a  =  1  =o  a  =  A. 


10.  Case  (0  (/for  graph):  For  x  +  y  >  0,  that  is,  y  >  —x,  x  +  y  =  \x  +  y\  <  ex  =>  y  <  e1  —  x.  Note  that 
y  =  ex  —  x  is  always  above  the  line  y  =  — *  and  that  y  =  -x  is  a  slant  asymptote. 

Case  (ii)  (second  graph):  For  at  +  y  <  0,  —  x  —  y  =  \x  +  y  |  <  ex  =»  y  >  —  x  —  ex .  Note  that  — x  —  ex  is 
always  below  the  line  y  =  —  x  and  y  =  —  x  is  a  slant  asymptote. 

Putting  the  two  pieces  together  gives  the  third  graph. 


?  1 

.y  =  e’-xi 


V  i 

,y=exh 


11.  Both  sides  of  the  inequality  are  positive,  so  cosh  (sinhx)  <sinh(coshx)  <=>  cosh2(sinhx)  <  sinh2  (coshx) 

<=»  sinh2  (sinhx)  +  1  <  sinh2  (coshx)  <=>  1  <  [sinh  (cosh x)  —  sinh  (sinh x)J  [sinh  (cosh x)  +  sinh  (sinh x)] 

<=>  l  <  [sinh  (j~  )  -  sinh  ^  [sinh  ^  +  sinh  «• 

1  <  [2  cosh  ( ex/2 )  sinh  (e-*/2)]  [2  sinh  (ex/2)  cosh  (e~x/2)]  (use  the  addition  formulas  and  cancel) 

«=>  1  <  [2sinh(ej:/2)cosh(e'r/2))[2sinh(e'J‘/2)cosh(e_x/2)]  «=>  I  <  sinh  ex  sinh  e~x,  by  the  half-angle 
formula.  Now  both  ex  and  e~x  are  positive,  and  sinhy  >  y  fory  >  0,  since  sinhO  =  0  and 
(sinhy  —  y)1  =  coshy  —  1  >  0  forx  >  0,  so  1  =  exe~x  <  sinhe1  sinhe-*.  So,  following  this  chain  of  reasoning 
backward,  we  arrive  at  the  desired  result. 

Another  Method:  Using  Formula  3.7.3,  we  have 

sinh-1  (cosh  (sinhx))  =  In  ^cosh  (sinhx)  +  <J I  +  cosh2  (sinhx)^  =  In  (cosh  (sinhx)  +  sinh  (coshx)) 

=  In  sinhx 


But  sinhx  <  cosh  x,  so  sinh  1  (cosh  (sinhx))  <  cosh  x.  Since  sinh  is  an  increasing  function,  we  can  apply  it  to 
both  sides  of  the  inequality  and  get  cosh  (sinhx)  <  sinh  (coshx). 
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e*+y  g*  ey 

12.  First,  we  recognize  some  symmetry  in  the  inequality: -  >  e2  <=>  —  •  —  >  e  ■  e.  This  suggests  that  we 

xy  x  y 

e*  e*  ... 

need  to  show  that  —  >  e  for  x  >  0.  If  we  can  do  this,  then  the  inequality  —  >  e  is  true,  and  the  given  inequality 
x  y 


follows. 

f(x)  =  y  =>  /'(*)  = 


xex  —e*  ex  (x  -  1) 


x  =  1 .  By  the  First  Derivative  Test,  we  have  a 


l/*o 


x2  x2 

minimum  of /( 1)  =  e,  so  ex/x  >  e  for  all  x. 

13.  Suppose  that  the  curve  y  —  ax  intersects  the  line  y  =  x.  Then  ax°  =  xo  for  some  xo  >  0,  and  hence  a  =  xj'' 

We  find  the  maximum  value  of  g  (x)  =  x1^*,  >  0,  because  if  a  is  larger  than  the  maximum 
value  of  this  function,  then  the  curve  y  =  ax  does  not  intersect  the  line  y  =  x. 

g'  (x)  =  eC/*)1"*  ^ |nx  +  -  •  =  xl/x  (I  -  tax).  This  is  0  on|y  "here  x  =  e,  and  for  0  <  x  <  e, 

/'  (x)  >  0,  while  for  x  >  e,  /'  (x)  <  0,  so  g  has  an  absolute  maximum  of  g(e)  =  el/e.  So  if  y  =  ax  intersects 
y  =  x,  we  must  have  0  <  a  <  el/e.  Conversely,  suppose  that  0  <  a  <  el/e.  Then  ae  <  e,  so  the  graph  of  y  —  ax 
lies  below  or  touches  the  graph  ofy  =  x  at  x  =  e.  Also  a0  =  1  >  0,  so  the  graph  of  y  =  ax  lies  above  that  of 
y  —  x  at  x  =  0.  Therefore,  by  the  Intermediate  Value  Theorem,  the  graphs  of  y  —  ax  and  y  =  x  must  intersect 
somewhere  between  x  =  0  and  x  =  e. 

We  see  that  at  x  =  0,  / (x)  =  a*  =  1  +x  =  l.soify  =  ax  is  to  lie  above 
y  =  1  +  x,  the  two  curves  must  just  touch  at  (0, 1),  that  is,  we  must  have 
/'(0)  =  1. 

[To  see  this  analytically,  note  that  a1  >  1+x  =>  a*  —  1  >  x  => 

“  ~  1  >  1  forx  >  0,  so  /'  (0)  =  lim  - - -  >  1.  Similarly,  forx  <  0, 

X  jc-.0+  x 

ax  -l  ax  -l 

a*  -  1  >  x  =>  -  <  1,  so  f  (0)  =  lim  - <  1.  Since 

x  ~  x->0-  x 


1  <  f  (0)  <  1,  we  must  have  f  (0)  =  1.] 

But  /'  (x)  =  ax  lna  =»  /'  (0)  =  lna,  so  we  have  lna  =  1  <=>  a  =  e. 

Another  Method:  The  inequality  certainly  holds  for  x  <  -1,  so  consider  x  >  —  l,x  yt  0.  Then  a*  >  1  +  x  => 
a  >  (1  +x)1/'1  forx  >  0  =*  a>  lim  (l+x)1/x  ==  e,  by  Equation  3.7.5.  Also,  ax  >  1  +x  => 

x->0+ 

a  <  (1  +  x)1/J:  for  x  <  0  =*  a<  lim  (l+x)l/jI  =  e.  So  sincee  <  a  <  e,  we  must  havea  =  e. 

x  — >0— 


I 


Techniques  of  Integration 


3EI  Integration  by  Parts 


1.  Letw  =  lnx,  dv  =  *  dx  =>  du  —  dx/x,  v  =  jx2.  Then  by  Equation  2, 

f  x  In  jc  dx  =  jx1  lnx  —  f  | x 2  (dx/x)  =  |x2  In*  —  j  f  x  dx  —  j * 2  In*  —  ^  •  ^x2  4-  C 
=  2*2  In*  —  \x2  +  C 

2.  Let  u  —  6,  dv  ~  sec2  0 dO  =>  =  d6,  v  =  tan#.  Then 

J  6  sec2  #  J#  =  #  tan  #  —  f  tan #  d6  —  6  tan 0  —  In  |see  6\  +  C. 

3.  Let  u  —  x,  dv  —  e2x  dx  =>  =  a?x,  u  =  je2x .  Then  by  Equation  2, 

f  xe2*  dx  =  |-*£2x  #*  =  ^xe2*  —  ijg2*  +  C. 

4.  Let  u  =  x,  dv  =  cos*  c/x  =>  du  —  dx,v  —  sin*.  Then  by  Equation  2, 
f  x  cos*  dx  =  *  sin*  —  f  sin*  dx  =  *  sin*  +  cos*  -f  C. 

5.  Let  u  ~  x,  dv  =  sin  4*  dx  =>  du  —  dx ,  o  =  —  \  cos  4*.  Then 

f  x  sin 4*  dx  =  —\x  cos 4*  —  /  \  cos 4*^  dx  =  —\x  cos 4*  +  ^  sin  4*  +  C. 

6.  Let  u  —  sin-1  *,  dv  =  dx  =>  du  —  .  ==  u  =  *.  Then  f  sin"1  x  dx  =  x  sin-1  *  —  f  .  =  =  dx. 

Setting  t  =  1  —  x2,  we  get  d*  =  —2*  dx,  so  —  J  ^  =  J  t~ ^2  •  f  dt  =  t}!2  +  C  =  V 1  —  x2  +  C.  Hence, 

/  sin"1  *  a?*  =  *  sin"1  *  +  Vl  —  x2  +  C. 

7.  Let  u  —  x2,  dv  =  cos 3*  dx  =>  dw  =  2*  dx,  v  =  |  sin 3*. 

Then  /  =  f  x2  cos  3*  dx  =  |x2  sin  3*  —  §  f  x  sin  3*  dx  by  Equation  2.  Next  let 
U  —  x,  dV  —  sin 3*  dx  =>  dU  =  dx,  V  =  —  |  cos  3*  to  get 

/  *  sin  3*  c?*  =  -  5*  cos  3*  +  5  /  cos  3*  dx  —  -  5*  cos  3*  +  \  sin  3*  +  C\ .  Substituting  for  /  *  sin  3*  dx,  we  get 
/  —  I*2  sin 3*  —  |  (—3*  cos 3*  +  5  sin 3*  +  Cj^  =  |x2  sin 3*  +  |x  cos 3*  —  jj  sin3*  +  C,  where  C  —  —  \C\. 
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8.  Let  u  =  x2,  dv  =  sin  ax  dx  =>  du  =  2x  dx,  v  =  —  cosax.  Then 

a 

I  —  J  x2  s'maxdx  =  — —  cosax  —  J  -^cosax  (2x  afx)  =  —  —  cosax  +  - Jx  cosax  dx 

by  Equation  2.  Let  U  =  x,  dV  =  cosax  dx  =>  dU  —  dx,  V  =  ~  sinax.  Then 

f  x  f  1  x  1 

/  x  cos  ax  dx  =  -  sin  ax  -  /  -  sin  ax  dx  ~  -  sin  ax  H — r  cos  ax  +  C] .  So 

J  a  J  a  a  a1 

x2  2  /x  1  \  x2  2x  2 

/  = - cos  a*  +  -  (  -  sin  a*  H — 7  cos  a*  +  Ci  |  = - cosax  -\ — 7  sinax  +  -7  cosax  +  C. 

a  a  \a  a 1  J  a  az  aJ 

9.  Let  u  =  (lnx)2,  dv  =  dx  =>  du  =  2  lnx  •  7  dx,  v  =  x. 

Then  /  =  f  (lnx)2  dx  =  x  (lnx)2  -  2  f  lnx  dx.  Next  let  U  =  lnx,  dV  =dx  =*  a//7  =  1/x  ofx,  V  =  x  to  get 

Jinx  afx  =  x  lnx  -  /x  •  (1/x) afx  =  x  lnx  —  x  +  Ci .  Thus,  /  =  x  (lnx)2  —  2x  lnx  +  2x  +C,  where 

C  =  —2C\. 

10.  Let  u  =  t3,  dv  —  e1  dt  =*  du  =  3 11  dt.  v  =  e' .  Then  I  =  f  /V  dt  =  /V  -  J  3 /V  aft.  Integrate  by  parts 
twice  more  with  a/u  =  e'  dt. 

I  =  (V  -  ^3(V  -  /  6 te‘  dij  =  t  V  -  3/V  +  6/e'  -  J  6e'  dt  =  /V  -  3 /V  +  6/e'  -  6e'  +  C 
=  (/3  -  3 12  +  6/  -  6)  e'  +  C 

More  generally,  if  p  (/)  is  a  polynomial  of  degree  n  in  /,  then  repeated  integration  by  parts  shows  that 
f  p{t)e'  dt  =  [/>(/)  -  p'  (/)  +  p"  (/)  -  p"  (OH - b  (-l)"//"*  (/)]  e'  +C. 

11.  First  let  u  =  sin 30,  dv  =  e20  dO  =>  du  =  3  cos30  dO,  v  =  je28 .  Then 
/  =  f  e28  sin30  dO  =  ^e20  sin30  -  j  f  e20  cos  30  a/6.  Next  let  C7  =  cos30, 
dV  =  e28  dO  =>  a/L  =  — 3  sin 3£?  a/t?.  L  =  ie20  to  get 

J  e20  cos  39  dO  =  \c20  cos  30  +  |  f  e28  sin  36  dO.  Substituting  in  the  previous  formula  gives 
I  =  je20  sin  30  -  \e20  cos  3 0  -  f  /  e20  sin  30  dO  =  \e20  sin  30  -  \e2e  cos  30  —  1 1  => 
i fl  =  \e28sm3  0-  \ew  cos  3/M-  C\.  Hence.  1=  ±e20  (2  sin  30  -  3  cos  30)  +  C,  where  C  =  ^Ci. 

12.  Let  u  =  e~8,  dv  =  coslOdd  =>  du  =  —e~8  dd,  v  =  j  sin 20.  Then 

I  =  J  e~B  tos20 dO  =  \e~8  sin 2/?  —  J  5  sin 2//  (— e~e  dO)  =  |e“0  sin 20  +  5  J  e~8  sin 29 dO 
Let  U  =  e“0,  dV  =  sm20  dO  =>  dll  =  —e~°  dO,  F  =  —  j  cos  20,  so 

J e~ 8  sin20 dO  =  ~\e~8  cos 2 0  —  J  ^—5)  cos 2 0  (— e~s  of/9)  =  —  \e~8  cos 2 0  —  j  / e~e  cos20  dO.  So 
I  =  je-0  sin2/7  +  5  [(_5e~S  cos20)  —  j/j  =  je-0  sin20  —  |e-0  cos2(?  -  \l  => 

=  ^e-0  sin20  -  \e~e  cos20  +  Ci  => 

/e-0  cos 20 dO  =  /  =  5  (^e“0sin26>-  |e-0  cos26»  +  Ci)  =  §e“0  sin20  -  ^e-0  cos 20  +  C. 

13.  Let  u  —  y,  dv  =  sinhydy  du  =  dy,  v  =  coshy.  Then 
f  ysinh ydy  =  y  coshy  —  J  cosh ydy  =  y  coshy  —  sinhy  +  C. 
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14.  Let  u  =  y,  dv  —  coshay  dy 

y  sinh  ay  1 


/ 


y  cosh  ay  dy  =  : 


\S 


sinh  ay 

du  —  dy ,  v  =  - .  Then 

a 

.  ,  ,  v  sinh  ay  coshay  _ 

sinh  ay  dy  -  - - - - +  C. 


15.  Let  u  =  t,  dv  —  e  1  dt  =>  du  ~  dt,  o  =  —e  1 .  By  Formula  6, 

Jo  te-<  dt  =  [-te-'f0  +  /o1  e-<  dt  =  -1/e  +  [-e~']J  =  -1/e  -  1/e  +  1  =  1  -  2/e. 

16.  Let  u  =  x2  +  1,  dv  =  e-Jr  d*  =>  du  =  2x  dx,  v  =  —e~x.  By  (6), 

Jo  (*2  +  1)  e~x  dx  =  [—  (x2  +  1)  e_Ar]J  +  Jo*  2*e~'t  Ac  =  — 2e_1  +  1  +  2 /0'  xe~x  dx.  Let 

U  =  x,  dV  =  e~x  dx  =>  dU  =  dx,  V  =  —  e~x .  By  (6)  again, 

/„’  *e_Jt  dx  =  [-xe-*]J  +  /0'  e-*  Ac  =  -e_1  +  [— e_*]J  =  -e-1  -  e_1  +  1  =  -2e_1  +  1.  So 


Jo  (x2  +  1) e  x  dx  =  —2e  1  +  1  +  2  (— 2e  1  +  l)  : 


-2e_1  +  1  -  4e~'  +  2  =  -6e~l  +  3. 


,  1  . 

17.  Let  u  =  In*,  dv  =  x  2  dx  =>  du  =  —  dx,  v  =  —x  .By  (6), 

x 

r2  In* 


f2  lrm 

Jl  X* 


dx  ■■ 


In* " 

2  f2  2 

'  1  ' 

+  /  *  2rf*  =  -Aln2  +  lnl  + 

* 

1  J  l  2 

*  _ 

=  -Jln2  +  0-  A  +  1  =  A  -  A  In 2. 


18.  Let  u  =  lnt,  dv  =  */t dt  =>  du  —  dt/t,  v  =  By  Formula  6, 

/j4  */t\ntdt  =  [§t3/2lnrj*  -  |  ftdt  =  |  -  8  -  ln4  —  0  —  [§  •  |t3/2]^  =  f  ln4  -  |  (8  -  1)  =  In 4  -  f . 

19.  I  =  ft  \n^/xdx  =  j  ft  In*  dx  =  j  [*  In*  —  *]{  as  in  Example  2.  So 
I  =  \  [(4 In 4  —  4)  —  (0  —  1)]  =  21n4- 

20.  Let  u  —  x,dv  =  esc2  *  dx  =>  du  —  dx,o  =  —  cot*.  Then 

It/A 2 *  esc2 *  dx  =  [-*  cot*]^4  +  ft/4  cot*  dx  =  - 1  •  0  +  |  ■  1  +  [In  |sin*|]*JJ  =  f  +  In  1  -  In 


—  f  +  5  ln2 


21.  Let  «  =  cos  1  x,  dv  =  dx  =»  du  —  — 
f1/2  ,  r  ,  Tl/2 


fl?X 


r1/2  xrf* 


,  v  =  x.  Then 


/■3/4  , 

-J  A 

/  r1/2 

Ji 

L  2 

J,  where  t  =  1  —  x2 

dt  =  -2x  dx.  Thus,  /  =  §  +  \  fy4  t~l/2  dt  =  [V?]|/4  =  f  +  l  —  ^  =  5(^+6  —  3V5). 


22.  Let  u  =  *,  dv  =  5X  dx  =>  du  =  dx,  v  =  (5X/  In  5)  dx.  Then 


['  x5x 

Jo 


dx  - 


*y  ]'  _ 
In  5  Jo 


['  11 
Jo  tai 


1 


-  —  -  0-  ‘  I51]*-  — 

In 5  X  ~  ln5  ln5  [ln5_  0  ~  ln5  (In 5)2  ^  (ln5)2 


5  1 

■  +  - 


In  5  (In  5)2 

23.  Let  u  =  In  (sin*),  do  =  cos*  dx  =>  du  =  C°SJC  dx,  v  =  sin  jstr.  Then 

sin  jc 

/  =  /  cos*  in  (sin*)  dx  ~  sin*  In  (sin*)  —  f  cos*  dx  =  sin*  In  (sin*)  —  sin*  4-  C. 

Another  Method:  Substitute  t  =  sin*,  so  dt  =  cos*  dx.  Then  /  =  j  \r\t  dt  —  t  \nt  —  t  A-  C  (see  Example  2)  and 
so  /  —  sin*  (In  sin*  —  1)  -F  C. 
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24.  Let  u—  tan  lx,dv=xdx  =>  du  =  dx/  (l  +  x2),  v  =  jx2. 

1  f  x 2 

Then  / x  tan-1  x  dx  —  \x2  tan-1  x  —  -  I  ^  2  dx.  But 


.2  r  (1  +  x2')  —  1 


1  +x 2 


dx 


=  Ildx~J 


1  +  x 


-  dx  =  x  —  tan  1  x  -f  Ci,  so 


Jxtan  ^xdx  —  \x2  tan  **  — 3(*  — tan  1  *  +  Ct)  =  j  (x2  tan  ^-f-tan  lx*-*)-fC. 

25.  Let  w  ~  In*  <=>  dm  —  dx/x.  Then  x  =  ew  and  dx  =  e’°  dm,  so 

/  cos  (In*)  dx  —  J  ew  cos  wdw  —  \ew  (sin  w  4-  cos  to)  +  C  (by  the  method  of  Example  4) 
—  j*  [sin  (In*)  4-  cos  (In*)]  +  C 

26.  Let  u  =  r2,  dv  =  ■ 


L 


V4  +  r2 
1  r3 
0  \/4  +  r2 


dr 


i 


*4  (In*)2  dx  = 


r*5 

y  dnx)2 


c/w  =  2r  dr,  v  —  \/4  +V2.  By  (6), 

dr  =  ^ 2 \/ 4  +  r2  —  2  J  r\! 4  +  r2dr  —  V5  —  | 

=  V5  -  §  (5)3/2  +  f  (S)  =  V5  (l  -  f ^  = 

F«  =  2— *,»  =  -.  By  (6), 

*  5 

/*2  4  fl  4 

2  J  In*  dx  =  y  (In 2)2  —  0  —  2y  —  In*  <7*. 


3/2' 


(4  +  ,2) 


27,  Let  u  =  (In*)2,  dv  —  x4 dx  =»  du  =  2 - */*,  o  =  By  (6), 

*  5 

-i  2 


Let  £/  =  In*,  dV  =  —  dx 


1  *5 

dU  =  -  ^*.  K  =  — .  So 
*  25 


■/t 


In  *  <a?x  = 


25 


-  In* 


-/ 


—  dx  =  44  In 2  —  0” 


zlf 

125  Ji 


=  gln2-(ft-Ts)-So 


25 ""  25 

fix4  (In*)2  dx  =  f  (In 2)2  -  2  (§  In 2  -  fi-fi  =  f  (ln2)2  -  f5  In 2  +  ■§. 

28.  Let  u  =  sin  (/  —  .s’),  dv  =  r'  ds  =>  du  =  —  cos  (/  —  s)  ds,  v  =  e\  Then 

7  =  fg  es  sin  (/  —  s)ds  =  [e-1  sin  (/  -  s)]J,  +  /J  es  cos  (/  -  s)  ds  =  c*  sin 0  -  e°  sin  t  +  1\.  For 
/i,  let  t/  =  cos  (/  —  s),  dV  =  es  ds  =>  dU  =  sin  (/  —  s)  ds,  V  =  es .  So 

I\  =  [es  cos  (/  —  s)]q  —  fi  es  sin  (/  —  s)  ds  =  e‘  cos  0  -  e°  cos  /  -  7.  Thus,  7  =  —  sin  /  +  e'  —  cos  t  —  7  => 

27  =  e' —  cost  —  sin/  =>  7  =  j  (e1  —  cost  —  sin/). 

29.  Let  w  —  ^/*,  so  that  *  =  w2  and  dx  =  2 w  dm.  Thus,  J  sin  *fx  dx  =  f  2 w  sin  wdw. 

Now  use  parts  with  u  —  2 w,  dv  —  sin  w  dm,  du  —  2  dm,  v  =  —  cos  w  to  get 

J  2w  sin  w  dm  =  —2w  cos  w  4-  /  2  cos  w  dm  =  — 2to  cos  w  +  2  sin  w  4-  C  —  —2*jx  cos  ^/*  4-  2  sin  *Jx  •+•  C. 

30.  Let  to  —  «fx,  so  that  *  =  w2  and  dx  —  2  wdw.  Thus,  f*  dx  —  eU)2w  dm.  Now  use  parts  with  u  =  2tu, 
dv  —  ew  dw,  du  —2  dw,v  =  ew  to  get  /j2  el02w  dm  —  \2.u)eu>] \  —  2  J2  ew  dw  =  4e2  —  2e  —  2  (e2  —  e)  —  2e2. 

31.  Let  *  =  0 2,  so  dx  =  20  dO.  So  ^  cos  (^2)  ^  f*/2  x  ^x-  Let  u  =  *,  dv  =  cos*  dx 

du  —  dx,  v  —  sin*.  So 

I  In/2 x  cos x  dx  =  5  ^[*  sin*]J ^  —  f^2  sin*  dx ^  =  \  [*  sin*  +  cos*]J /2 

*  =  j  (tv  sin^r  +  cos  tt)  —  ^  sin  j  4-  cos  j)  =  ^  (n  •  0  —  1)  —  5  (§  •  1  4-  0)  =  —  \  —  f 
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32.  f  xs e*1  dx  —  f  (x2)2  e*2 x  dx  =  f  t2e‘  j  dt  (where  1  =  x2  =>  j  dt  =  x  dx) 

=  j(t2  —  2t  +2)  e‘  +C  (by  Example  3)  =  \  ( x 4  —  2x2  +  2)  e*2  +  C 


In  Exercises  33-36,  let  /  (x)  denote  the  integrand  and  F  (x)  its  antiderivative  (with  C  =  0). 


33.  Let  u  —  x,dv  =  cos  nx  dx  =>  da  =  dx,  o  =  (sin  nx)  /x.  Then 

/sin7rx  f  sinrrx  xsinnx  cosnx 

x  cos  nx  dx  —  x  - - /  - dx  = - 1 - ~ - b  C. 

n  J  n  n  nx 

We  see  from  the  graph  that  this  is  reasonable,  since  F  has  extreme  values 

where  /  is  0. 


-1.2 


34.  Let  u  =  lnx,  dv  =  x3/2  dx  =>  dw  =  -  dx,  «  =  lx5/2.  So 

x  ^ 

/ x3/2  lnx  dx  =  jx5/2  lnx  -  |  / x3/2  dx  =  |x5/2  lnx  -  x5/2  +  C 

=  |x5/2  lnx  —  jjx5/2  +  C 

We  see  from  the  graph  that  this  is  reasonable,  since  F  has  a  minimum 
where  /  changes  from  negative  to  positive. 


35.  Let  u  =  2x  +  3,  dv  =  ex  dx  =>  du  =  2 dx,  u  =  e*.  Then 

f(2x  +  3)ex  dx  =  (2x  +3)ex  -2fex  dx  =  (2x  +  3)cJ  -  2ez  +C  = 
(2x  +  1)  e1  +  C.  We  see  from  the  graph  that  this  is  reasonable,  since  F 
has  a  minimum  where  /  changes  from  negative  to  positive. 


36.  f  x3e*2  dx  =  J  x2  ■  xexl  dx  =  I.  Let  u  =  x2,  do  =  xe*2  dx  => 
du  =  2x  dx,v  =  \ex2 .  Then 

/  =  ^x  V2  -  /x^2  dx  =  ix  V2  -  \ex2  +  C  =  ie*2  (x2  -  l)  +  C. 
We  see  from  the  graph  that  this  is  reasonable,  since  F  has  a  minimum 
where  /  changes  from  negative  to  positive. 


sin2x 


37.  (a)  Take  n  =  2  in  Example  6  to  get  / sin2x  dx  =  —  j  cosx  sinx  +  j  J  1  dx  =  - - - - 1-  C. 

(b)  /  sin4x  dx  =  —  j  cosx  sin3x  +  |  /  sin2x  dx  =  —  J  cosx  sin3x  +  fx  -  ^  sin2x  +  C. 
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38.  (a)  Let  u  =  cos”  1  *,  dv  =  cos*  dx  =>  du  =  —  (n  —  1)  cos"  2  x  sin*  dx,  v  —  sin*  in  (2): 
f  cos"  x  dx  =  cos"-1  *  sin*  +  (n  —  1)  / cos"-2*  sin2*  dx 

=  cos"-1  *  sin*  +  (n  —  1)  / cos"-2*  (l  —  cos2*)  dx 

=  cos”-1*  sin*  +  (n  —  1)  f  cos "~2xdx  —  (n  —  1)  /  cos "  x  dx 

Rearranging  terms  gives  n  f  cos"  *  dx  =  cos"  - 1  *  sin  *  +  (n  -  1 )  /  cos” -2  *  dx  or 

f  ni  1  n_l  —  1  f  n—1  i 

/  cos  ‘  jc  dx  =  —  cos  *  sin*  H - /  cos  xdx. 

J  n  n  J 

x  sin  2x 

(b)  Take  n  =  2  in  (a)  to  get  J  cos2  *  dx  =  \  cos*  sin*  +  j  f  1  dx  =  -  T - - - 1-  C. 

(c)  /  cos  4x  dx  =  |  cos3  *  sin*  +  /  cos 2  xdx  =  \  cos3*  sin*  +  §*  +  -p;  sin  2*  +  C 


39.  (a) 


r  */2 

Jo 


sin"  xdx  = 


i  —  i  rff/2  w  —  i  r*/2 

-  /  sin"-2*rf*  = -  /  sin"-2*d* 

n  ■  J o  n  Jo 


n  -  1  r'2  . 


(b)  jf2  sin3  xdx  =  \  jf2  sin*  dx  =  |^—  j  cos*J^  =  jf2  sin5  *  dx  =  |  /0”^2  sin3  *  dx  =  |  | 

(c)  The  formula  holds  for  n  =  1  (that  is,  2«  +  1  =  3)  by  (b).  Assume  it  holds  for  some 


4  >  1.  Then 


[*/2 

Jo  5 


sinM+1  *  dx  ■■ 

24  +  2  [”l2  . 


2-4-6 . (2k) 

3-5-7 . (24+1) 


.  By  Example  6, 


rx/2  ■  2 1+3  ,  24  +  2  f 
//  sm ™xdx  =  —Jo 

formula  holds  for  all  n  >  1. 


sin2*+1  xdx  = 


2-4-6 . [2(4  +  1)] 

2-4-6 . [2  (4  +  1)  +  1] 


as  desired.  By  induction,  the 


40.  Using  Exercise  39(a),  we  see  that  the  formula  holds  for  n  =  1,  because 
Jo/2  sin2  xdx  =  \  £/2  1  dx  =  \  [xfj2  =  \  ■  § . 

■I 

if 


Now  assume  it  holds  for  some  4  >  1 .  Then 

r12 .  2<k+n  j  2k + 1  r'2  •  2k  j 

/  Stn2'  xcjx  =  — _  /  sin  xdx  = 
Jo  24  +  2  Jo 

By  induction,  the  formula  holds  for  all  n  >  1 . 


”/2  2k  ,  1-3-5 . (24  -  1)  * 


sin2  *  rf*  =  •  ,  ,  . „ 

2-4-6 . (24)  2 

1-3-5 . (24+1)  % 


By  Exercise  39(a), 


2-4-6 . (24  +  2)  2 


,  so  the  formula  holds  for  n  =  4  +  1 . 


41.  Let  u  =  (In*)",  dv  =  dx  =>  du  =  n  (In*)"  1  (</*/*),  «  =  *.  By  Equation  2, 
f  (In*)"  dx  =x  (In*)"  —  nf  (In*)"-1  dx. 

42.  Let  u  =  *",  dv  =  ex  dx  =>  du  =  n*"-1  dx,  v  =  ex .  By  Equation  2,  J  x"ex  dx  =  *"ex  —  n  / x"-1ex  dx. 

43.  Let  u  =  (*2  +  a2)”,  dv  =  dx  =>  du  —  n  (*2  +  a2)"  1  2*  c/*,  v  =  x.  Then 

/  (*2  +  u2)"  rf*  =  *  (*2  +  a2)”  -2njx2  (x2  +  a2)”-1  rf* 

=  *  (*2  +  a2)  —  2n  (*2  +  a2)"  dx  —  a2  j  (x2  +  a2)"  1  dx  j  [since  *2  =  (*2  +  cfj  —  a2] 

=>  (2«  +  1)  J  (*2  +  a2)"  dx  —  x  (*2  +  a2)"  +  2na2  f  (*2  +  a2)"  1  d*,  and 


J  (x2  +  a2)" 


f  + g2)”  ,  2na2  f  /  2  ,  2\"— 1 


dx  =  — — — — ~ — h 

2n  +  1  2n  + 


t/(*2  +  «2)" 


dx  (provided  2«  +  1  ^  0). 
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44.  Let  u  =  sec"-2*,  dv  =  sec2*  dx  =>  du  =  (n  —  2)  sec"-3  x  see*  tan*  dx,  v  =  tan*.  Then  by  Equation  2, 

f  sec"  x  dx  =  tan  x  sec”-2  x  -  (n  —  2)  f  sec”-2  *  tan2  x  dx 

=  tan*  sec”-2*  —  (n  —  2) / sec”-2*  (sec2*  —  1)  dx 
=  tan  *  sec"-2  *  —  (n  —  2)  /  sec"  *  dx  +  (n  —  2)  f  sec"-2  *  r/x 

so  (n  —  1)  f  sec” *  dx  =  tan*  sec”-2*  +  (n  —  2)  / sec”-2*  dx.  If  «  —  1  ^  0,  then 

f  „  ,  tan*  sec"-2*  n-2  f  , 

1  sec  *  dx  = - 1 - -  /  sec  *  dx. 

J  n  —  1  n-l  J 

45.  Take  n  =  3  in  Exercise  41  to  get 

f  (in*)3  dx  =  x  (In*)3  —  3  J  (In*)2  dx  —x  (in*)3  -  3*  (in*)2  +  6*  in*  —  6*  +  C  (by  Exercise  9). 

Or  \  Instead  of  using  Exercise  9,  apply  Exercise  41  again  with  n  =  2. 

46.  Take  n  =  4  in  Exercise  42  to  get 

J  x4ex  dx  =  x4ex  -  4  /  xiex  dx  —  xAex  -  4  (*3  -  3*2  +  6*  -  6 )ex  +C  (by  Exercise  10) 

=  e*  (x4  -  4* 3  +  12*2  -  24*  +24 )  +  C 

Or:  Instead  of  using  Exercise  10,  apply  Exercise  42  with  n  =  3,  then  n  —  2,  then  n  =  1. 


47.  Let  m  =  sin  1  x,  dv  =  ckc 


dw  : 


dx 


*/r 


z,v  =  x.  Then 


fl/2  ■  -i  j  r  •  -i  iI/2 

Jo  L  Jo 

ll/2 


L 


l/2  * 

0  Vl  -  *2 


dx 


48.  The  curves  intersect  when  (*  —  5)  In*  =  0;  that  is,  when  *  =  1  or  *  =  5.  For  1  <  *  <  5,  we  have  5  In*  >  *  In* 
sinceln*>0.  Thus,  area  =  (5  In*  -  *  In*)  dx.  Letu  =  In*,  dv  =  (5  —  x)dx  =>  du=dx/x, 

v  —  5*  —  j*2.  Then 


49. 


area=  (In*)  [5x  -  j*2^  -  f?  (5*  -  j*2)  j  dx  =  (In 5)  (y)  —  0  —  /,5  [^5  —  j*J  dx 
=  y  In 5  -  [5*  -  i*2jt  =  ^ln5  -  [(25  -  y)  -  (5  -  j)]  =  y  ln5  -  14 

From  the  graph,  we  see  that  the  curves  intersect  at  approximately  *  =  0 
and  ;t  =  0.70,  with  xe~x/ 2  >  x2  on  (0, 0.70).  So  the  area  bounded  by  the 
curves  is  approximately  A  =  /0°'70  (xe~x^2  —  x2)  dx.  We  separate  this 
into  two  integrals,  and  evaluate  the  first  one  by  parts  with  u  =  x, 
dv  —  e~x^2dx  =>  du  —  dx,v  =  —  2e~x^2: 


-0.1 


+=[-2*e-/2];-7o-/r(-2e-/2)rf*-[i*3];-70 

=  [-2  (0.70)  e-0'35  -  o]  -  [4e_I/2]°'7°  -  3  [o.703  -  0] 


0.080 
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From  the  graphs,  we  see  that  the  curves  intersect  at  approximately  x  =  0.0067  and  jc  =  2.43,  with  In x  >  x2  —  5  on 
(0.0067,  2.43).  So  the  area  bounded  by  the  curves  is  about 

A  ~  Jo 0067  Dnjc  -  (x2  ~  5)1  dx  ~  fo.0067  (ln;t  ~  X2  +  5)  dx 
=  [^(tc  lnjc  — ,v)  —  ^jc3  +  5-v]0  0067  (see  Example  2)  =»  7.10 

51.  Volume  =  /23*  2nx  sinxdx.  Let  u  =  x,  dv  =  sinxdx  =>  du  =  dx,  0  =  -  cosx  =6 
V  =  2n  [-x  cosx  +  sinxjj*  =  2 k  [(3ir  +  0)  -  (-2n  +  0)]  =  2n  (5 k)  =  lOff2. 

52.  Volume  =  J0'  2nx  (ex  -  e~x)  dx  =  2k  /0’  (xex  -  xe~x)  dx 

=  ^  [/o'  xex  dx  -  /(,’  xe  x  dx  j  (both  integrals  by  parts) 

=  2k  [(xe*  -  ex)  -  (-xe~x  -  e  “*)]<!>  =  2 k  [ 2/e  -  0]  =  4 Kje 


53.  Volume  =  J°,  2k  (1  -  x)  dx.  Let  u  =  1  -  x.  dv  =  e~x  dx  =>  du  =  -dx,v  =  -e  x  => 
V  =  2k  [xe-;r]°  j  =  2ir  (0  +  e)  =  2kc 


54. 


Volume  =  /f  2ny  ■  In ydy  =  2k  [±y2  Iny  -  ±y2]”  =  2 x  [jy2  (21ny  -  1)]”  (by  parts) 


=  2  n 


7u2  illnn  —  1)  (0  —  1) 


,  ,  iz  TV 


55.  Let  u  =  x,  dv  —  cos  2*  dx  =>  du  ~  dx,v  -  \  sin  2x  dx.  Then 


J”12  x  cos  2.x  dx  =  [\x  sin2x]*  -  \  J£/2  sin2;c  dx  =  0  +  [\  cos2.x]*  =  J  (-1  -  1)  =  -£.  Hence,  the 
“1/2  1 

average  value  of  /  is  -  — 


7rf  2  —  0  K 

56.  The  rocket  will  have  height  H  =  Jq°  v(t)dt  after  60  seconds. 

= r  [-*  -  ,n  (^)] dt = -g  [^2io°  -d‘\l 


//  = 


ln(m—  rt)dt  —  /  in  mdt 


r6i 

JO 


r60 

—  — g(1800)  +  ve  (ln/w)  (60)  —  ve  /  In  {m—rt)dt 

Jo 
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Let  u  —  In  (m  —  rt),  dv  —  dt  =>  du  = - (— r)  dt,v  —  t.  Then 

m  —  rt 

p6 0  r60  ^  ^60  /  tn  \ 

/  In  (m  —  rt)  dt  =  [t In  (m  —  rf)]o°  +  /  - dt  =  601n  (m  -  60r)  +  /  (-1  + - —  )  * 

J  o  Jo  m  —  rt  Jo  \  m  ri  / 

r  tn  "]60 

=  60  In  (m  —  60  r)  +  t - -In  (m  —  rOjQ 

=  60  In  (m  —  60r)  —  60 - In  (tn  —  60 r)  -j - In  m 

r  r 

So  H  =  -  1800g  +  60u„  In  m  -  60ve  In  (m  -  60r)  +  60ve  +  -veln(m-  60 r)  -  ”  ne  In  m.  Substituting  g  =  9.8, 
m  =  30,000,  r  —  160,  and  ve  =  3000  gives  us  H  ^  14,844  m. 

57.  Since  v  (/)  >  0  for  all  I,  the  desired  distance  s  ( t )  =  fg  v  (w)  dw  =  fg  w2e~'°  dw.  Let  u  =  io2,  dv  —  e  dw 
=>  du  =  2w  dw,  v  =  -e~w.  Then  s  (t)  =  [-ioV10]^  +  2  fg  we~m  dw.  Now  let  U  =  to,  dV  =  e~w  dw  => 
dU  =  dw,  V  =  ~e~w.  Then 

s  (t)  =  -t2e~'  +  2  ([-u)e"'">][)  +  fg  e~m  dw )  =  -t2e~'  -  2 te~'  -  le~‘  +  2 
=  2  -  e~'  (t2  +  2t  +  2^  meters 

58.  Suppose  /  (0)  =  g  (0)  =  0  and  let  u  =  f  (or),  dv  =  g"  (x)  dx  =>  du  =  f  (x)  dx,v=g'  (or). 

Then  /  (x)  g"  (x)  dx  =  [f  (x)  g'  (x)]“  -  fg  f  (x)  g'  (x)  dx  =  f  (a)  g'  (a)  -  f  (x)  g'  (x)  dx. 

Now  let  U  =  f  (x),  dV  =  g'  (x)  dx  =>  dU  =  /"  (x)  dx  and  V  =  g  (x),  so 

fo  f  M  g'  (x)dx  =  [/'  (x)  g  (x)K  -  fo  /"  «  g  to  dx  =  /'  (a)  g  (a)  -  /“  /"  (x)  g  (x)  dx.  Combining  the 
two  results,  we  get  fg  f  (x)  g"  (x)  dx  =  /  (a)  g'  (a)  -  /'  (a)  g  (a)  +  /0“  /"  (x)  g  (x)  dx. 

59.  Take  g  (x)  =  x  and  g'  (x)  =  1  in  Equation  1 . 

60.  By  Exercise  59,  /*  /  (x)  dx  =  bf(b)-af  (a)  -  /*  x  /'  (x)  dx.  Now  let  y  =  f  (x),  so  that  x  =  g  (y)  and 
dy  =  /'  (x)dx.  Then  /*  x  /'  (x)dx  =  J^®g(y)dy.  The  result  follows. 

61.  By  Exercise  60,  fe  lnx  dx  =  elne  -  1  In  1  -  Jjjj1,1'  ey  dy  —  e-  fg1  ey  dy  =  e  -  [e^o  =  e  —  (e  —  1)  =  1. 

62.  Exercise  60  says  that  the  area  of  region  A  B  FC  is 

(area  of  rectangle  OBFE )  -  (area  of  rectangle  OACD)  —  (area  of  region  DCFE) 


556  □  CHAPTER  8  TECHNIQUES  OF  INTEGRATION 


63.  Using  the  formula  for  volumes  of  rotation  and  the  figure,  we  see  that 

Volume  =  itb2  dy  —  /0C  na2  dy  —  /crf  it  [g  ( y )]2  dy  =  itb2d  —  ita2c  —  ff  it  lg  (y)]2  dy.  Let  y  =  /  ( x ),  which 
gives  dy  =  f  (x)  dx  and  g  (y)  =  x,  so  that  V  =  itb2d  —  ita2c  -  it  x2f  (at)  dx.  Now  integrate 
by  parts  with  u  =  x2,  and  dv  =  /'  ( x )  dx  =>  du  =  lx  dx,  v  =  f  ( x ),  and 

fa  x2  f  (*) dx  =  [x2  f  (x)fa  -  lx  f  (*)  dx  =  b2  f  ( b )  -a2  f  (a)  -  $  lx  f  (x)  dx,  but  f(a)=c  and 
f  (b)  =  d  =y  V  =  itb2d  —  ita2c  —  it  [ b2d  —  a2c  —  lx f  ( x )  dx J  =  litxf  (ac)  dx. 

64.  (a)  We  note  that  for  0  <  x  <  0  <  sinAr  <  1,  so  sin2”+2A:  <  sin2"+1  x  <  sin2nAc.  So  by  the  second  Comparison 

Property  of  the  Integral,  hn+2  <  hn+\  <  hr,- 

(b)  Substituting  directly  into  the  result  from  Exercise  39,  we  get 

1-3-5 . [2(n  +  1)-  1]  it 

hnyl  =  2-4-6 . [2 (n  +  1)]  2  =  2(n+  1)  -  1  =  In  +  l 

hn  1-3-5 . (In  -  1)  it  ~  2  (n  +  1)  2n  +  2 

2-4-6 . (In)  2 

(c)  We  divide  the  result  from  part  (a)  by  h „■  The  inequalities  are  preserved  since  hr,  is  positive: 

h^+2  <  hn+i  <  j^ow  ^.om  ^  tj,e  |elfj  term  js  equa)  t0  ~t_l  so  tbe  eXpressjon  becomes 

*2  n  d2n  *2n  2/7  2 

^  <  ^2"+1  <  1.  Now  lim  *  =  lim  1  =  1,  so  by  the  Squeeze  Theorem,  lim  -”+1  =  1. 

2/1+2  hr,  n-foo  2/1  +  2  /i->°o  b-»oo  I2n 

(d)  We  substitute  the  results  from  Exercises  39  and  40  into  the  result  from  part  (c): 


2-4-6 . (2/i) 

hn+\  ..  3-5-7 . (2/i  +  1) 

lim  — —  =  hm  - x - 

n — /oo  hn  n-/oo  1  •  J  •  A . (In  —  \)  It 

2-4-6 . (In)  1 


-  2  •  4  •  6  •  ■ 

•■■(2/i)  1 

■  2  ■  4  •  6  •  • 

-  ■  ■  (2/i) 

3.5.7...- 

•  (2/i  +  1 )  J 

I.3-5.... 

-  (2/1  -  1) 

„  it  224466  2n  In  it 

Rearranging  the  terms  and  multiplying  by  — ,  we  get  lim  . . . - =  — ,  as 

2  n->  oo  133557  2/1  -1  2/1  +  1  2 

required. 


(e)  The  area  of  the  kth  rectangle  is  k.  At  the  2/ith  step,  the  area  is  increased  from  2n  —  1  to  In  by  multiplying  the 
In 

width  by  - - -,  and  at  the  (In  +  l)th  step,  the  area  is  increased  from  In  to  In  +  1  by  multiplying  the  height 

by  * .  These  two  steps  multiply  the  ratio  of  width  to  height  by  — — —  and  — - 7 — — —  =  ---  --- 

In  y  2  6  2  In  -  1  (In  +  1)  /  (In)  In  +  1 


respectively.  So,  by  part  (d),  the  limiting  ratio  is 


2  2  4  4  6  6 
T  '  3  '  3  '  5  '  5  '  7 


it 

1' 
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Trigonometric  Integrals 


1.  /  sin3  x  cos2  x  dx  =  f  sin2  x  cos2  x  sin  x  dx  =  f  (1  —  cos2  x)  cos2  x  sin  xdx  =  f  (1  —  a2)  u 2  (— du ) 

=  J  (u2  —  l)  u2  du  =  /  (a4  —  U 2)  du  =  \u5  —  jM3  +  C  =  J  COS5  X  —  j  cos3  X  +  C 

2.  f  sin6  x  cos3  x  dx  =  f  sin6  x  cos2  x  cost  dx  =  f  sin6  x  (l  —  sin2  xj  cosx  dx  =  f  u6  ( 1  —  a2)  du 

=  /  (u6  —  us)  du  =  ^a7  —  |a9  +  C  =  ^  sin7x  —  5  sin9x  +  C 

3.  /3J274  sin5x  cos2  xdx  =  J-3^4  sin5  x  cos2  x  cos  x  dx  =  /3*274  sin5x  (l  —  sin2x)  cosx  dx  =  J f222  u5  (l  —  a2)  du 

=  /^2  (a5  -  a7)  du  =  [I«6  -  ^]f2  =  -  ( i  -  I)  =  -  & 

4.  /q*72  cos5  x  dx  =  Jg/2  (cos2x)2  cosx  dx  =  jg22  (1  -  sin2  x)2  cosx  dx  =  /0*  (l  —  a2)2  da 

=  Jo  0  -  2"2  +  “4)  du  =  [u-  fa3  +  |a5]’  =  (l  —  §  +  5)— 0=^ 

5.  / cos5 x  sin4 xdx  =  f  cos4 x  sin4 x  cosx  dx  =  J  (1  -  sin2 x)2  sin4 x  cosx  dx  =  /  (1  —  a2)2  a4 da 

=  /  (1  -  2a2  +  a4)  a4  du  =  f  (a4  -  2a6  +  a8)  du  =  \u5  -  fa7  +  5a9  +  C 
=  j  sin5  x  -  j  sin7  x  +  |  sin9  x  +  C 

6.  / sin3  mx  dx  =  f  ( I  -  cos2  mx)  sinmx  dx  =  f  ( 1  —  a2)  da  [a  =  cosmx,  da  =  — m  sinmx  dx] 

=  — ^  ^a  —  ja3^  +  C  =  —  ^cosmx  —  5  cos3  +  C  =  ^  cos3  mx  —  ^  cosmx  +  C 

7.  /J172  sin2  3x  dx  =  Jg22  5  (1  -  cos6x)dx  =  £jx  —  ^  sin6xj  ^  =  f 

8.  J'g  72  cos2  x  dx  =  /o'7”  j  ( 1  +  cos  2x)  dx  =  |^x  +  |  sin  2x  j  ^  ^ 

9.  /  cos4  7  dL  =  /  [5  (1  +  cos2r)J  dL  =  I  f  (1  +  2cos2(  +  cos2  2 1)  dt 

=  \  sin2<  +  j  /  j  (1  +  cos4/)d«  =  j  |J  +  sin2L  +  \t  +  |  sin4?j  +  C 


10.  /  sin6  it  xdx  =  f  (sin2  itx)2  dx  =  J  (1  —  cos27tx)J  dx 

=  j  /  (1  —  3cos27tx  +  3cos22ttx  —  cos3  2nx)  dx 
=  g  /  jJ  —  3  cos2irx  +  j  (1  +  cos47tx)  —  (1  —  sin2  27tx)  cos2;rxJ  dx 
=  5  /  (l  —  4  cos  2nx  +  j  cos  4zrx  +  sin2  2>rx  cos  2;rx^  dx 
=  |  [fx  —  sin2^x  +  ^  sin4;rx  +  sin3  2ttxJ  +  C 
=  il-*  ~  4?  sin2irx  +  sin  4^x  +  sin327rx  +  C 

11.  /  (1  —  sin2x)2dx  =  /  (1  -  2sin2x  +  sin2  2x)  dx  =  /  |^1  —  2sin2x  +  \  (1  -  cos4x)j  dx 

=  /  —  2sin2x  —  j  cos4xj  dx  =  |x  +  cos2x  —  |  sin4x  +  C 
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12.  f  sin  (#  +  f )  cos 8  dd  =  /  ^sin#  ■  ^  +  cos#  ■  cos 8  dd 

=  ^  Jsin2#d#  +  |  /(I  +  cos 2 #)d#  =  cos 2#  +  *#  +  |  sin 2#  +  C 

13.  /0r^4  sin4 x  cos2 *  dx  =  j^4  sin2  a:  (sinx  cosx)2  dx  =  f^4  j  (1  —  cos2x)  ^5  sin2x^  dx 

=  g  J(JT/4  (1  —  cos2x)  sin2  2 x  dx  =  \  f(* /4  sin2  2x  dx  —  |  J^''  4  sin2  2x  cos2x  dx 
=  T6  /o^4  0  -  cos4x)dx  -  ^  [i  sin3  2x]q/4  =  ^  [*  ~  1  sin4x  -  ±  sin3  2^]^ 

=  ‘re(f_®_5)  =  T52  (3,r  _  4) 

14.  /0*^2  sin2  x  cos2  x  dx  =  |  J^2  sin2  2x  dx  =  |  J^2  (1  -  cos  4x)  dx  =  |  |x  -  \  sin  4x j  =  j  (y)  = 

15.  f  sin 2  x ^/cosxdx  =  /  (1  —  cos2x)  Vcosx  sinx  dx  =  f  (1  —  u2)  a1/2  (-du)  =  /  (a5/2  —  «1/2)  du 

=  ijU1!2  -  | U3/2  +  C  =  7  (cosx)7/2  -  J  (cosx)3/2  +  C  =  cos3x  -  §  cosxj  ,/cosx  +  C 

16.  Let  u  ~  x2  =>  du  —  2x  dx.  Then 

f  x  sin3  (x2)  dx  =  /  sin3  u  ■  \du  =  j  (-cos  a  +  j  cos3  +  C  (by  Exercise  6  with  m  =  1) 

=  — j  cos  (x2^  +  j  cos3  (x2^  +  C 


17.  f  cos2  x  tan3  x  dx  =  /  ^dx  £  /  (l  ~  ^  ^  =  / 
7  cosx  J  u  J 


-  +  u 


du 


=  —  ln|a|  +  j«2  +  C  =  \  cos2x  -  In  |cosx|  +  C 

cos4# 
sin# 


f  s  d 

f  COS5  6  .4 

f  cos5#  f 

/  cot5  0  sin4  8  dd  =  i 

f  — -j —  sin4  6  dO  =  i 

f  .  .  dO  -  / 

J  J 

sin5  #  J 

sin#  J 

cos  #  <7# 


■/ 

s  /■  (1  —  M2)2  f  1  —  2u2  +  U4  ,  r  (\  „  3\  , 

=  /  - - —  da  =  /  - da  =  /  ( - 2  a  +  a3  Ida 


(1  -  sin  2#): 


cos  9  d9 


197 


=  In  |a|  —  a2  +  ^a4  +  C  =  In  |sin #|  —  sin2#  +  |  sin4#  +  C 

by  (1)  and  the  boxed 
formula  above  it 


- — dx  =  f  (secx  -  tanx)dx  =  In  |secx  4-  tanx|  -  In  |secx|  +  C 
cosx 

=  In  |  (secx  +  tanx)cosx|  +  C  =  In  |1  +  sinx|  +  C 


■■  In  (1  +  sinx)  +  C  since  1  +  sinx  >0 


/I  —  sinx  ,  f  1  -  sinx  1+smx  ,  f 

- dx  =  /  - -  - - : —  dx  = 

cosx  J  cosx  1  +  sinx  J 


(1  —  sin2x)dx  r  cosxdx 
cosx  (1  +  sinx)  J  1 


+  sinx 


.  dm 


=  f  —  (where  w  =  1  +  sinx,  dw  -  cosxdx) 

10 

=  ln|tu|  +  C  =  In  1 1  +  sinx|  +  C  =  In  (1  +  sinx)  +  C 


20'  f  — ~~ — f  =  / 

J  cosx  -  1  J  i 


1 


cosx  +  1 
1  cosx  +  1 


,  f  COS  X  +  1  f  CO! 

dx=  — 5 - -  dx  =  /  — 

J  COS^  X  -  1  J  - 


COS  X  +  1 


dx 


=  f  (—  cotx  cscx  —  CSC2  x)  dx  =  CSCX  +  cotx  +  C 

21.  f  tan 2  x  dx  =  f  (sec2x  -  l)  dx  =  tanx  —x  +  C 

22.  /  tan4  x  dx  =  J  tan2  x  (sec2  x  —  l)  dx  =  f  tan2  x  sec2  xdx  —  f  tan2  xdx  =  \  tan3  x  —  tanx  +  x  +  C 
(Set  u  =  tanx  in  the  first  integral  and  use  Exercise  21  for  the  second.) 
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23.  /  sec4  xdx  =  f  (tan2  x  +  l)  sec2  xdx  =  /  tan2  *  sec2  xdx  +  J  sec2  x  dx  =  \  tan3  x  +  tan*  +  C 

24.  /  sec6  xdx  -  J  (tan2  *  +  l)2  sec2  *  dx  =  f  tan4  *  sec2  xdx  +  2  /  tan2  *  sec2  x  dx  +  f  sec2  *  dx 

=  ^  tan5  *  +  §  tan3  *  +  tan*  +  C  (Set  u  =  tan*  in  the  first  two  integrals.) 

Thus,  Jg/4  sec6*  dx  =  (jtan5*  +  §tan3*  +tan*J^  =  5  +  f  +  '  =  ff- 

25. Letw  =  tanf  =>  du  =  sec2tdt.  Then  tan4 1  sec2 1  dt  =  fj  uA  du  —  (jw5  j  =  5. 

26.  Let  u  —  tan*  =>  du  =  sec2 xdx.  Then 

tan2*  sec4*  of*  =  /„*  u 2  ( u 2  +  l)  du  =  /0*  (uA  +  u2)du  =  j^n5  +  j«3]o  =  5  +  j  =  -r. 

27.  f  tan3*sec*</*  =  /  tan2  *  sec*  tan*  dx  =  f  (sec2*  -  l)sec*tan*rf* 

=  J  (u2  —  l)  du  [ u  =  sec*,  du  =  sec*  tan*  dx]  =  \u3  —  k  +  C  =  j  sec3  *  —  sec*  +  C 

28.  Let  u  =  sec*  =>  du  =  sec* tan*  dx.  Then 

f  tan3*  sec3  x  dx  =  f  sec2*  tan2*  sec*  tan  xdx  =  f  u2  (u2  -  l)  du  =  f  (n4  -  u2)du 
—  \us  -  \u3  +  C  =  5  sec5*  -  J  sec3*  +  C 

29.  Let  u  =  sec*  =>  du  —  sec*  tan*  dx.  Then 

/0*/3  tan5*  sec*  dx  =  f^3  (sec2*  —  l)“  sec*  tan*  dx  =  J2  («2  —  l)2  du  =  ff  (w4  -  2u2  +  1)  du 

=  [K-l«3  +  «];  =  (f-f  +  2)-(i-f  +  i)  =  ff 


30.  /0I/3  tan5  *  sec6  *  dx  =  f^/3  tan5  *  sec4  *  sec2  xdx  =  f^3  tan5  *  (1  +  tan2  xf  sec2  *  dx 

=  f/3  u5  (1  +  u2)2  du  [ u  =  tan*,  du  =  sec2  *  dx]  =  f/3  u5  (1  +  2u2  +  u4)  du 

rV3  /  5  ,  1  7  ,  9\  J  n  6  ,  1  8  ,  1  lol'73  27  ,  81  .  243  981 

=  Jo  (u  +  2u  +  u  )  du  —  j  gU  +  ju  +  jqU  —  6  +  4  +  10  —  20 

31.  f  tan5  xdx  =  f  (sec2  *  —  l)2  tan  x  dx  —  f  sec4  *  tan  *  dx  —  2  f  sec2*  tan*  dx  +  f  tan*  dx 

=  /  sec3  *  sec*  tanxrf*  —  2  f  tan*  sec2  xdx  +  f  tan*  dx 
=  \  sec4  *  -  tan2  *  +  In  |sec*|  +  C  [or  J  sec4  *  -  sec2  *  +  In  |sec*|  +  C] 

32.  f  tan6  ay  dy  =  f  tan4  ay  (sec2  ay  —  l)  dy  =  f  tan4  ay  sec2  ay  dy  —  f  tan4  ay  dy 

=  jL  tan5  ay  —  f  tan2  ay  (sec2  ay  —  l)  dy 
=  jL  tan5  ay  —  f  tan2  ay  sec2  ay  dy  +  f  (sec2  ay  -  1  )dy 
=  ^  tan5  ay  -  ^  tan3  ay  +  \tmay  -  y +  C 

33.  Let  u  =  tan*  =>  du  —  sec2 xdx.  Then 

[  S£C  X-  dx  =  [  tan*  sec2  xdx  =  f  1 idu  =  iu2  +  C  =  k  tan2  *  +  C. 

J  cot*  J  J  2 

34.  /tan2*  sec*  dx  =  f  (sec2*  —  l)  sec*  dx  =  /  sec3  *  dx  —  f  sec*  dx 

=  5  (sec*  tan*  +  In |sec*  +  tan*|)  —  In |sec*  +  tan*|  +  C  [by  Example  8  and  (1)] 

=  j  (sec*  tan*  —  In  |sec*  +  tanx|)  +  C 

35.  /;£  cot2  xdx  =  Ik/6  (csc2  x  -  1  )dx  =  [-  cot*  -  xfjjf  =  (0  -  § )  -  (->/3  -  f )  =  a/3  -  f 
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36-  Inj- I cot3  *  dx  =  rJH  cotjc  (“c2*  -  1  )dx  =  H'il cot*  ^c2xdx  -  gff  dx 


7T  /4 

=  (-  j  cot2 x  —  In  |sin jc | J  ^  =  (0  -  In  1)  —  (—  j  —  In  j  +  In  ^-J=  =  5(1  —  ln2) 


37.  /  cot2  w  esc4  wdio  =  J  cot2  in  esc2  10  esc2  wdw  =  J  cot2  w  (l  +  cot2  id)  esc2  lodto 

=  / u2  (l  +  ir)  (— du)  [«  =  cot u),  du  =  —  esc2  wdw]  =  —  f  (a2  +  h4)  du 
=  -  j u3  -  jii5  +  C  =  — 5  cot3  w  -  j  cot5  w  +  C 

38.  Let  h  =  cot*  =>  du  =  —  esc2  x  dx.  Then 

f  cot3  *  esc4  x  dx  =  J  cot3  x  (cot2  x  +  1)  esc2  x  dx  =  J  u 3  (a2  +  l)  (—du) 

=  -Ah6  -  |h4  +  C  =  —  A  cot6  x  —  4  cot4*  +  C 


39.  /  =  J  esc  x  dx  =  J 


esex  (esc*  -  cot*) 
esc*  —  cot* 


dx  = 


f 


—  esex  cot*  +  csc^x 
esc*  —  cot* 


dx.  Let  u  =  esc*  —  cot* 


du  =  (—  esc*  cot*  +  esc2*)  dx.  Then  /  =  f  duju  =  ln|«|  =  In  |csc*  —  cot*|  +  C. 

40.  Let  u  =  esc*,  dv  =  esc2  *  dx.  Then  du  —  —  esc*  cot*  dx,  v  =  —  cot*  => 

J  esc3  *  dx  =  —  esc  *  cot  *  —  f  esc*  cot2  *  dx  =  —  esc*  cot*  —  J  esc*  (esc2  *  —  1)  dx 
=  —  esc*  cot*  +  f  esc*  dx  —  f  esc3  *  dx 
Solving  for  J  esc3*  dx  and  using  Exercise  39,  we  get 

j  esc3  *  dx  —  esc*  cot*  +  j  /  esc*  dx  =  —  |  esc*  cot*  +  5  In  jesex  —  cotx|  -f  C.  Thus, 

I/c/6  csc3 x  dx  =  |^— j  esc*  cot*  4-  j  In  (esc*  —  cotxjj  ^ 

=  _5'73 '73  +  5lnb_7f|  +  l'2,'/5_2lnl2_V^l 

=  -j  +  V3+  jln-L  -  A  In  (2-  Vfj  »  1.7825 

41.  /  sin  5*  sin  2x  dx  =  /  A  [cos  (5x  —  2x)  —  cos  (5x  +  2x)]  dx  =  j  f  (cos  3*  —  cos  7x)  dx 

=  g  sin  lx  -  sin  lx  +  C 

«■/  sin  3jc  cos*  dx  =/j  [sin  (3.x  +  x)  -f  sin  (3*  -*)]<iv  =  A  /  (sin  4*  +  sin2*)rf* 

=  —  |  cos  4*  -  \  cos  2x  +  C 

43.  f  cos  10  cos  50  dO  =  f  A  [cos  (70  -  50)  +  cos  (10  +  5(9)]  dO  =  \  f  (cos  20  +  cos  120)  dO 
=  |  (4  sin 20  +  sin  120^  +  C  =  ^  sin 20  +  Aj  sin  120  +  C 

'■/ 

I 

46.  f  ex  cos7  (ex )  dx  =  f  cos7  u  du  [u  =  ex ,  du  —  ex  dx\  =J(cos2u)  cos  u  du  =  |(1  —  sin2  u)  cos  u 
=  f  (1  —  t>2)3  dv  [v  =  sin  h,  dv  =  cos  u  du]  =  /  ( 1  -  3u2  +  3«4  —  o6)  dv 
—  v  —  u3  +  |i>5  —  yn7  +  C  =  sin  h  —  sin3  h  +  |  sin5  h  —  |  sin7  u  +  C 
=  sin  ex  —  sin3  ex  +  |  sin5  ex  —  ^  sin7  ex  +  C 


44. 


45. 


cosx  +  sinx  ,  1  f  cos*  +  sin* 

dx  —  —  /  - dx 

2  J  si: 


sin  2* 

1  -  tan2  * 


sin*  cos* 

=  A  /  (esc*  +  sec x)dx  =  j  (In  |csc*  —  cot* |  +  In  |sec*  +  tan*|)  +  C 


-dx 


=  /(cos2*-sin2*)rf*  =  / 


cos  2*  dx  =  i  sin  2*  +  C 
2 
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47.  Let  u  =  cos x  =>  du  —  —sinxdx.  Then 

f  sin 5  xdx  =  J  (1  -  cos2  x)2  sin*  dx  =  /  ( 1  —  u2)2  (— du ) 

=  /  (-1  +  2u2  -  k4)  du  =  -\u5  +  fa3  -  u  +  C 

=  —  3  cos5*  +  j  cos3*  —  cos*  +  C 

Notice  that  F  is  increasing  when  /  (*)  >  0,  so  the  graphs  serve  as  a 
check  on  our  work. 


48.  /  sin4  *  cos4  xdx  =  /  (j  sin  2x)  dx  =  J  sin4  2*  dx  =  ^  /  [j  (1  —  cos  4*)  j  dx 

=  55  /  (1  —  2  cos  4*  +  cos2  4*)  dx 
=  ^  (*  —  3  sin  4*^  +  f58  /  (1  +  cos  8*)  dx 
=  S?  (*  ~  1  sin  4*)  +  158  (■*  +  |  sin  &*)  + <- 

=  mx  ~  la sin4;c  +  Tm sin8jt  +  c 

Notice  that  /  (*)  =  0  whenever  F  has  a  horizontal  tangent. 

49.  f  sin  3x  sin  6xdx  =  f  j  [cos  (3*  ~  6*)  —  cos  (3*  +  6x )]  dx 

=  \  f  (cos  3*  —  cos  9*)  dx 
=  $  sin  3*  —  sin  9x  4*  C 

Notice  that  /  (*)  =  0  whenever  F  has  a  horizontal  tangent. 


A 

'\ 

A',  A 

mnL.  i 

/\\// 

50.  /  sec4  |  dx  ~  f  (tan2  f  +  l)  sec2  §  dx 

=  J  (u2  +  l)  2 du  [m  =  tan  du  =  ^  sec2  |  dx] 

=  | m3  +2 u  +  C  —  |  tan3  |  +  2  tan  |  +  C 
Notice  that  F  is  increasing  and  /  is  positive  on  the  intervals  on  which 
they  are  defined.  Also,  F  has  no  horizontal  tangent  and  /  is  never 


-l 

20 


J 

51.  /ave  =  2~  sin2  x  cos3  *  dx  —  ^  f*x  sin2 x  (l  —  sin2*)  cos*  dx  =  ^  J0°  a2  (l  -  u2)  du  (where  u  = 

sin*)  =  0 

52.  (a)  Let  u  —  cos*.  Then  du  —  —  sin*  dx  =>  f  sin*  cos*  dx  —  f  u  (—du)  =  —ju2  +  C  =  —5  cos2*  -f  C\. 

(b)  Let  u  =  sin*.  Then  du  —  cos*  dx  ==>  f  sin*  cos*  dx  =  f udu  =  5 u 2  +  C  =  5  sin2*  +  C2. 

(c)  f  sin*  cos*  cf*  =  /  j  sin 2*  J*  =  —  |  cos 2*  +  C3 

(d)  Let  u  =  sin*,  dv  =  cos*  d*.  Then  du  =  cos*  nf*,  «  =  sin*,  so  / sin*  cos*  dx  =  sin2  *  —  / sin*  cos*  </*, 
by  Equation  2,  so  f  sin*  cos*  J*  =  5  sin2 *  +  C4. 


The  answers  differ  from  one  another  by  constants.  Since  cos  2*  =  1  —  2  sin2  *  =  2  cos2  *  —  1,  we  find  that 
—  \ cos 2*  =  j  sin2*  —  \  —  —  \  cos2*  +  J. 
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53.  For  0  <  x  <  we  have  0  <  sinx  <  1,  so  sin3  x  <  sinx.  Hence  the  area  is 

fg^2  (sinx  —  sin3x)  dx  =  fg^2  sinx  (1  -  sin2x)  dx  —  J^2  cos2  x  sin  xdx.  Now  let  u  =  cos  x  => 
du  =  —  sinx  dx.  Then  area  =  /j°  n2  (—du)  =  fg  u2du  =  |^m3Jo  =  j- 

54.  sinx  >  0  for  0  <  x  <  J,  so  the  sign  of  2 sin2  x  —  sinx  [which  equals  2 sinx  [sinx  -  j)]  is  the  same  as  that  of 
sinx  —  j.  Thus  2sin2x  -  sinx  is  positive  on  (|-,  |)  and  negative  on  (0,  |).  The  desired  area  is 

ff/6  (sinx  —  2 sin2x)  dx  +  f*j£  (2 sin2 x  —  sinx)  dx  =  ff  /6  (sinx  —  1  +  cos2x) dx 

+  (1  -  cos2x  —  sinx)rfx 

=  cosx  —  x  +  j  sin2xj^  +  [x  —  j  sin2x  +  cosx j 
_  xd  _  *  +  xd . 


55. 


56. 


T-  6  +^-(-D  +  f  -(!-#  +  #)  =1  +  1- 


*5 

2 


It  seems  from  the  graph  that  fg n  cos3  xdx  =  0,  since  the  area  below  the 
x-axis  and  above  the  graph  looks  about  equal  to  the  area  above  the  axis 
and  below  the  graph.  By  Example  1,  the  integral  is 


sinx  —  1  sin3  x 


—  0.  Note  that  due  to  symmetry,  the  integral  of  any 
0  ... 

odd  power  of  sinx  or  cosx  between  limits  which  differ  by  2 nit  (n  any 

integer)  is  0. 

It  seems  from  the  graph  that  fg  sin  2nx  cos  5nx  dx  =  0,  since  each  bulge 
above  the  x-axis  seems  to  have  a  corresponding  depression  below  the 
x-axis.  To  evaluate  the  integral,  we  use  a  trigonometric  identity: 

fg  sin  2nx  cos  5'trx  dx  =  \  fg  [sin  (2 nx  —  5zrx)  +  sin  (2;rx  +  5zrx)]  dx 

—  j  fg  [sin  (-3xx)  +  sin7irx]rfx 

=  \  [37cos(-3,r:l)-  ’kcosl,cx\ 

=  j[s(‘-1)-SE(1-,)]=0 


57.  V  =  f*i 2  it  sin2 x  dx  —  n  ff:,2  j  (1  —  cos  2x )  dx  =  n  [jx  —  |  sin2xj  ^  =  ^  (§  —  0  —  f  +  0)  =  ^- 

58.  Volume  =  JJj^4  n  (tan2  x)2  dx  =  n  f^4  tan2 x  (sec2  x  —  \)dx  —  n  j^4  tan2  x  sec2  x  dx  —  k  Jq^4  tan2  x  dx 

=  %  tf/4  u2du  —  n  Jq^4  (sec2  x  —  l)  dx  [where  u  =  tan*  and  du  =  sec2  x  dx ] 

=  ?r  ^  —  it  [tanx  —  x]J^4  =  n  ^  tan3x  -  tan*  +  xj^  =  n  ^  —  1  +  f  j  =  it  —  |) 

59.  Volume  =  n  [(1  -f  cosx)2  —  l2]  dx  =  n  JJj^2  (2 cosx  +  cos2x)  dx 

=  it  |^2 sinx  +  5X  +  |  sin2xj^  —  n  (2  +  f-)  =  2tt  + 


SECTION  8.2  TRIGONOMETRIC  INTEGRALS  □  563 


60.  Volume  =  it  f^2  [l2  —  (1  —  cos*)2]  dx  —  it  f^2  (2cosx  —  cos2  x)  dx 

=  it  |^2 sin jc  ~  \x  ~  \  sin2xj^  =  it  [(2  —  ^  —  0)  —  0]  =  2n  — 

61.  s  =  /  (f)  —  Jq  sin  cou  cos2  cou  du.  Lety  =  coso>w  dy  =  —co  sin  cou  du.  Then 

1  rcosof  2j  1  f  1  3lC0Sft,/  3  t<  3  \ 

5  =  =  J1  =  -cosa}t)- 

62.  (a)  We  want  to  calculate  the  square  root  of  the  average  value  of  [E  (Z)]2  =  [155  sin  (120ttZ)]2  ==  1552  sin2  (120*0- 

First,  we  calculate  the  average  value  itself,  by  integrating  [E  (z)]2  over  one  cycle  (between  t  —  0  and  t  = 
since  there  are  60  cycles  per  second)  and  dividing  by  ^  —  0^ : 

[E  (z)]2ve  =  f01/60  [I552  sin2  (120*0]  dt  =  60  •  1552  /03/6°  \  [1  -  2cos  (240*  0]  dt 

(1)  ['  -  2  •  245?  sin  (240*o]‘/6°  =  60  •  1552  ($)  [(&  -  o)  -  (0  -  0)]  =  • 


’  60  •  155 


1551 

2 


The  RMS  value  is  just  the  square  root  of  this  quantity,  which  is  1 10  V. 


(b)  220  =■  ,J[E  (Olave  => 

2202  =  [E  (/)]2ve  =  -pij  fgl/6°  A2  sin2  (120®/)  dt  =  60 A2  /01/60  \  [1  -  2  cos  (240®/)]  dt 

=  30Al  [‘-X  sin  (240®/)]^/60  =  30A2  [(i  -  0)  -  (0  -  0)]  =  ±A2 

Thus,  2202  =  \  A2  =>  A  =  220^2  as  31 1  V. 

63.  Just  note  that  the  integrand  is  odd  [/  (— x)  =  —/(*)]. 

Or:  If  m  ^  n,  calculate 

sinmx  cos«x  dx  =  J^x  \  [sin  (m  —  n)x  +  sin  (m  +  n)x]dx 


cos  (m  —  n)  x  cos  (m  4-  n)  x 


m  —  n 

If  m  —  n,  then  the  first  term  in  each  set  of  brackets  is  zero, 
r*  1  i 


m  -\-n 


=  0 


64./:  \K  sinmx  sin nx  dx  =  J^x  \  [cos(/n  —  n)x  —  cos  ( m  +  n)x]dx.  If  m  ^  n, 


this  is  equal  to  • 


1 


sin  (m  —  n)  x  sin  (m  +  n)  x 


m  +  n 


=  0.  If  m  —  n,  we  get 


J-„  2  [1  —  cos(m  +  ri)x\dx  =  jx  — 


sin  (m  +  n)  x 


2  (m  +  n)  J 


=  *  —  0  =  it. 


65./:  \n  cos  mx  cos  nx  dx  —  f*x  ^  [cos  (m  —  n)  x  +  cos  ( m  +  n)  x]  dx.  If  m  ^  n. 


this  is  equal  to  - 


sin  (w  —  n)  x  sin  (m  +  n)  x 


m  -\-n 


=  0.  If  m  =  n,  we  get 


J-n  \  [1  +  cos  (m  +  n)  *]  dx  =  \x  4- 


sin  (m  +  n)  x 


=  it  +  0  —  it. 


66. 


1  fit  m  a  fn 

—  /  /’(x)sinwx  dx  ~  >  —  /  si; 
K  J~n  “ j  X  J —n 

and  that  term  is  —  •  *  —  am . 


2 (m+n)  \_n 

sin  mx  sin  nx  dx .  By  Exercise  64,  every  term  is  zero  except  the  mth  one, 
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Trigonometric  Substitution _ 

1 .  Let  x  =  3  sec  8,  where  0  <  t?  <  §  or  it  <  t?  <  .  Then 

dx  =  3  sec  9  tan  6  dO  and 

J x  -  —  9  =  \/ 9  sec2  8  —  9  =  9  (sec2  8  —  l)  =  \/ 9  tan2  8 

=  3  |tan  6\  =  3  tan  9  for  the  relevant  values  of  0. 


f - -j - dx=  [ 

J  x2~Jx2  —  9  J 


i  j  J x2  —  9 

- x - 3  sec 8  tan 8  d9  =  5  f  cos  E?  dt?  =  5  sin  t?  +  C  =  - - h  C 

9  sec2  9  ■  3  tan  8  9J  9  9 


’  9  x 


x2x/x2  —  9 

Note  that  -  sec  (0  +  it)  =  sect?,  so  the  figure  is  sufficient  for  the  case  x  <  9  < 

2.  Let  x  =  3  sin  8,  where  —  §■  <  9  <  § .  Then  dx  =  3  cos  0  d8  and 

x/9  -  x2  =  \A?  -  9s\d20  =  9  (1  -  sin2<?)  =  J 9  cos2  8 
=  3  |cost?|  =  3  cos  0  for  the  relevant  values  oft?. 

J *3V9  —  x2  dx  =  f  33  sin3  0  ■  3  cos E?  ■  3  cos  8  d 8  —  35  f  sin3  0  cos 2  9d9 

=  3 5  /  sin2  0  cos2  0  sin 8d8  =  35  /  (l  -  cos2  9)  cos2  9  sin 61  dd 
=  35  f  (1  —  u2)  u2  (-du)  [m  =  cos 8,  du  =  -  sin 9  d9] 

=  3 5  f  ( u 4  -  m2)  du  =  35  (  j«5  -  5H3)  +  C  =  35  (5  cos5  8  cos3  6>)  +  C 


=  3; 


1  (9 — x2y 2  1  (9 — x2) 

5  i5  3 

s5/2  .  /.  x\ 3/2 


.2/3/2 


+  c 


=  i  (9  -  x2)5/2  -  3  (9  -  *2)3/2  +  C  or  - 1  (x2  +  6)  (9  -  xf'2  +  C 


3.  Let*  =  3  tanE?,  where  —  §■  <  E?  <  §.  Then  dx  =  3  sec2  8  d9  and 

V*2  +  9  =  V9tan20  +  9  =  yj9(tan20  +  1)  =  \/  9  sec2  8 
=  3  |sec<?|  =  3  sec  6?  for  the  relevant  values  of  8. 


f  *3  dx=f 

J  V?T9  J 


i  dx  —  f  \ tan  ®  3  sec2  9  d8  =  33  J  tan3  0  sec  8d8  =  33  J  tan2  6?  tan  9  sec  8  dd 


■Jx2  +  9  J  3  sect? 

=  3 3  /  (sec2  0  -  1)  tan0sec0rf(?  =  3 3  /  («2  -  1)  rfu  [h  =  sec0,  =  sec 6?  tan 0  rft?] 

, ,  x  ,  T 1  (*2  +  9)3/2  V*2!^ 

=  33  (±«3 -«)  +  C  =  33(|  sec3 E?  -  sec  (?  j  +  C  =  33  ^ - - - 

=  \{x2  +  9 )3/2  -  9V*2  +  9  +  C  or  i  (*2  -  18)  \/*2  +  9  +  C 


+  C 


3 
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4.  Let*  =  4  sin#.  Then  dx  =  4 cos ddO,  so 


L 


2V3 


yi6 


dx  =  j  n  g  4  cos  Odd  =  43  ^  sin3  #  dd  =  43  1/3  ( 1  -  cos2  #)  sin  G  dd 


=  — 43  (l  —  «2)  du  [u  =  cosG,  du  =  —  sinO d9]  =  —  64 

Or:  Let  u  =  16  —  x2,  x2  —  16  —  w,  du  =  —2* 

5.  Let  t  —  see#,  so  dt  =  stcOtwOdO,  t  =  y/l  =>  0  —  and  /  =  2  =4>  ^  —  y.  Then 

/*2  1  /'ff/3  \  fn/3  fx/3 

/  — -==dt=  /  — r~ - sec0tan0</0  =  /  cos 20d0=  /  i  (1 +  cos20)tf0 

7  A/4  sec3  0 tan 6/  A/4  A/4  2 

=  7  +  2  sin20]^4  =  5  [(f  +  5#)  -  (f  +  2  '  ')] 

—  2  ^  12  +  4  2  y  24  '  8  4 

6.  Let  x  =  2  tan#,  so  dx  —  2  sec2  9  d9,x  =  0  =>  #  =  0,  and  x  =  2 

/02*3V*2  +  4dx  =  J0’r/4  23  tan3  0  •  2 sec#  ■  2 sec 29d9 
P24  sin3  # 


=25  r^ide=2sr^± 

Jo  cos6  (9  Jo  cos6  0 


sin0  dO  = 


=27 

Jo 


1  -  cos2  0 
cos6  # 


-  sin  #  rf# 


=  23 


H/V2  1  _  „2  T1  /  \ 

J  - j — du  [u  =  cos  #,  du  =  —  sin  9  d9]  —  25  j  ^_\u~6  —  u~*j 


du 


=25(A  +  ¥)  =  S(V2+i) 

Or:  Let  u  =  x2  +  4,  x2  =  w  —  4,  dw  =  2*  #*. 

7.  Let  *  =  5  sin#,  so  dx  =  5  cos  #  dG.  Then 

[  . ■==  dx  =  [  — - ^ - 5cos  G  dG 

J  *2V25  —  x2  J  52  sin2  #  ■  5  cos  # 

=  j;  f  esc 2GdG  =  —  jj  cot#  +  C 


1  V25-*2 
"25  * 


+  C 


8.  Let  «  =  *2  +  4  du  —  2x  dx.  Then 

/  ppp  -  5  -l(-l)  +  c  -  (-0  ■'1,!  +  c  ‘  (-0  P  +  4)'W +  c 
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19.  Let  *  =  3  tan  0,  where -f  <0<f.  Then  dx  =  3  sec2  8  dd  and  V9  +  x2  =  3  sec  8. 


f 3  t^==( 

Jo  ~/9  +  x2  Jo 


* 24  3  sec2  8 dd  r */4 
3  sec  0  jo 


I”  secddd  =  [In  |sec0  +  tan0|]J/4 

Jo 


=  In  (a/2  +  l)  -  In  1  =  In  (a/2  +  l) 

20.  Let  u  =  9  -  x2,  so  =  -2*  Then  J03  W 9  -  x2  rfx  =  -j  /9°  V“  =  ~5  [§“3/2]9  =  ~5  -  27)  =  9- 

21.  Let  u  =  4  —  9x2  =>  du  =  -\8xdx.  Then x2  =  5  (4  —  «)  and 

/02/3  xW4-9x2dx  =  /4°  |  (4  -  «)  «1/2  (-^)  So4  (4“’/2  -  »3/2) du 

-  J_  fs „3/2  _  2  5/2"]4  _  J_  [M  _  64l  _  , 

-  162  [3“  5k  Jo  -  162  L  3  5  J 


64 

1215 


Or:  Let  3x  =  2  sin  8,  where  —  §■  <  0  <  | . 

22.  Let  *  =  tan  8,  where  -  §  <  0  <  f .  Then  dx  =  sec2  0  dd, 

•Jx2  +  1  =  sec 0  and x  =  0  =>  0  =  0,  *  =  1  =>  0  =  ,  so 

fo  -Jx2  +  1  rf*  =  /J^4  sec  8  sec2  8d0  =  J0’r/4  sec3  8  dd 

=  5  [sec0tan0  +  In  |sec0  +  tan0|]J/4  (by  Example  8.2.8) 

=  i  •  1  +  In  (l  +  75)  -  0  -  In  (1  +  0)]  =  i  [V2  +  In  (l  +  V2)] 


23.  2x  -  x2  =  -  (x2  -  2x  +  1)  +  1  =  1  -  (x  -  l)2.  Let  u  =  x  —  1.  Then  du  =  dx  and 

/  V2x  -  x2dx  =  J  a/1  -  «2rf«  =  f  cos2  8d8  (where  n  =  sin0,  -f  <  0  <  §) 

=  i  /  (1  +  cos  20)  d0  =  i  (0  +  \  sin  20^  +  C  =  \  (sin-1  u  +  wa/1  -  n2)  +  C 

=  5  (sin-1  (x  —  1)  +  (x  —  1)  -Jlx  —  ;t2j  +  C 

24.  r2  -  6r  +  13  =  (r2  -  6t  +  9)  +  4  =  (t  -  3)2  +  22.  Let  t  -  3  =  2tan0,  so 


dt  =  2  sec2  0  dd.  Then 
dt 


/ 


/: 


1  o  f  2  sec2  $ 

2 sec2  OdO  =  j  —  ■  ■  dO 


V/2  -  67  +  13  J  yj (2 tan 0)2  +  22  J  2sqc0 

—  JsecOdO—  lnjsec#  +  tan0|  +  Ci  (by  Formula  8.2.1) 


r-3 


=  In 


y/t2  -6t  4-  13  t  -  3 
2  +  2 


-4*  Cj  =  In  \/^2  —  6/  +  13  + 1  —  3  -H  C 


where  C  =  Ci  —  In  2 
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25.  9x 2  +  6.x  —  8  =  (3*  4*  l)2  —  9,  so  let  u  =  3*  -f  1,  du  =  3 dx.  Then 


/ 


dx 


y/9x2  +  6*  —  8  J  a/m2  —  9 


/ 


i  du 

— -  Now  let 


;  3  seed,  where  0  <  0  <  |  or  n  <9  Then  du  =  3  sec0  tan0  d9  and  V«2  —  9  =  3  tan0,  so 


«+v»2-  9 
3 


+  Ci 


f  kdu  f  sec0tan0d0  .  .  ,  .  ,  „  , 

J  J  — — ==  5  /  sec  QdQ  =  |  In  |sec 0  +  tan 0 1  +  Ci  =  3  In 

=  ^  In  |w  +  \/m2  —  9|  +  C  —  j  In  |3jc  +  1  +  y/9x2  +  6*  —  8 1  +  C 

26.  4.x  —  x2  =  —  (x2  —  4jc  +  4)  +  4  =  4  —  (x  —  2)2,  so  let  u  =  x  —  2.  Then  x  —  u  +  2  and  dx  —  du,  so 

f  x2  dx  f  (w  -f  2)2  du  f  (2 sin#  4- 2)2 

/  _  r  =  /  — _  =  /  — - - — 2  cos  #  rf#  (Put  u  —  2  sin#) 

J  \ fifaT—  x 2  J  a 1 4— •  m2  J  2 cos 0 

=  4  f  (sin2  #  4-  2  sin#  +  l)  d9  =  2  /  (1  —  cos2#)cf#  +  8  /  sin  QdQ  4f  dO 
—  20-  sin 20  —  8  cos#  4-  4#  -f  C  =  6#  —  8  cos#  ~  2  sin#  cos#  4-  C 


=  6 sin  1  ~  4V4  —  u2  —  ^ma/4  -  m2  +  C 

=  6  sin-1  (;-y^)  -  4V 4.x  -  j2  -  (4^) 


V4x  -  x2  +  C 


27.  .x2  4-  2x  +  2  =  (x  4-  l)2  +  1.  Let  m  =  jc  4-  1,  du  =  iix.  Then 


[  dx  - 1 

r  du 

r  sec 2  000 

/  where  u  =  tam9,  du  =  sec2  6  dQ\ 

J  (x2  +  2x  +  2) 2  J 

(u2  +  l)2 

J  sec4  6 

\  and  m2  +  1  =  sec2  0  ) 

=  f  cos2  0d9  =  5  f  (1  +  cos29)  d9  —  \  (9  +  sin 0  cos 9)  +  C 


tan  1  u  + 


1  +u2 


+  C=- 


tan-1  (x  +  1)  + 


X  +  1 


x2  +  2x  +  2 


+  C 


28.  5  —  4x  —  x2  =  -  (x2  +  4x  +  4)  -f  9  =  9  -  {x  +  2)2.  Let  w  =  x  +  2  =>  du  =  dx.  Then 


f  dx 

f  du 

f  3  cos  0  00 

/where  u  =  3  sin0,  du  =  3  cos^J^A 

T3T 

1 

-p* 

! 

1 

'  (9-u2f/2  ~  J 

(3cos0)5 

\  and  V9  -  rr2  =  3  cos0  / 

=  jj-  /  sec 4  0  00  =  jf  /  (tan20  +  1)  sec 2  9d9  =  jf  [5  tan30  +  tan0  +  C 


243 


3  u 


(9  —  u2)3/2  V9^?J 


+  C  = 


243 


(*  +  2)3 


3  (jc  +  2) 


L  (5  —  4 x-x2)3/2  V5  -  43:  -  x2  J 


+  C 


29.  Let«=e'  =>  du=e‘dt.  Then 

/  e'V9  —  e2'  0f  =  /  V9  —  u20u  =  /  (3  cos  0)3  cos9d9  (where  «  =  3  sin0,  —  §  <  0  <  f-) 
=  9  /  cos2  0  00  =  |  J  (1  +  cos  20)  d9  =  5  (0  +  sin  0  cos  0)  +  C 


sin-Q). 


u  -J¥- 


+  C  —  \  sin  1  ( je<)  +  \/9  —  e2'  +  C 
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30. 


I.  Let  u  =  e' .  Then  t  =  Inn  and  dt  =  du/u.  Hence  1  =  /  Ve2'  —  9d(  =  /  (Vw2  —  9/n^  rfw.  Now  let 
u  =  3sec0,  where  0  <  6»<fora:<6l<^.  Then  -Ju2  -  9  =  3  tan0  and  du  =  3  sec9tan6d9,  so 

j  _  f  3  tang  ^  sec<j  tan0d$  =  3  f  tan2  $ d9  =  3  /  (sec2  0  —  l)  dd  =  3  (tan 9  —  9)  +  C 
J  3  sec  6 

—  3  %/ w2  —  9  —  sec-1  +  C  =  \Ie2'  —  9  -  3  sec-1  (j®*)  +  C 


31.  (a)  Let*  =  atan#,  where  <  9  <  §.  Then  V*2  +  a2  =  asec#  and 

f  —  =  f  aS£C  =  f  sec9d9  =  In  |sec0  +  tan0|  +  Ci  =  In 

J  V*2  +  a2  J  a  sec  0  J 


-■  In 


a  sec  6? 

^*  +  \/x2  +  a2^  +  C  where  C  =  CT  -  In  |a| 


V*2  +  a2  * 


+  Ci 


(b)  Let  x  =  a  sinh  t,  so  that  dx  =  a  cosh  t  dt  and  V*2  +  a2  =  a  cosh  t.  Then 

f  _g_  =  f  amshtdl  =  t  +  C  =  sinh-'  *  +  C. 

J  -Jx1  +  a 2  J  acoshr  a 


32.  (a)  Let*  =  atan0,  -f  <  9  <  Then 


'-l 


r  dx 


f  a 2  tan2  6>  2  [  ta°2  ®  [ 

J  a3  sec3  9  J  sec  9  J 


’  sec2  9  —  1 
sec0 


(*2  +  a2)3/2  J  ai  sec3  0 

=  f  (sec 9  —  cos 9)  d9  =  In  |sec0  +  tanS|  -  sin#  +  C 

,  *  +  C  =  In  (*  +  \/x2  +  a2\ - .  -  t 

V*2  +  a2  V  '  V*2+a2 


=  In 


V*2  +  a2  x 

a  a 


+  C, 


(b)  Let  x  =  a  sinh  t.  Then 

a2  sinh2 1 
a3  cosh3 1 


I. 


■/ 


a  cosh  t  dt  =  f  tanh2  t  dt  —  J  (1  —  sech2  t)dt  —  t  —  tanh  t  -f  C 


-  sinh - 


a  VaZ+x* 


+  C 


33.  /  (*)  =  (4  —  *2)3/2  on  [0, 2]  =>  /ave  =  ^  J02  (4  -  *2)3/2  r/*.  Let  *  =  2  sind  =>  dx  =  2  cos 9  dO  and 
(4  —  *2)3/2  =  (2  cos#)3.  So 

/ave  =  i  /*/2  (2  cos#)3  2  cos  #  d#  =  8  J*/2  cos4  0  d9 

=  8  j^|#  +  j  sin2#  +  sin46>jo ^  [by  Exercise  8.2.9]  =  8  +  0  +  o)  -  (0  +  0  +  0)j  = 
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34.  9x2  -  4y2  =  36  =>  y  =  ±§V*2  -4  => 
area  =  2  f2 1  \/jc2  —  4  dx  =  3  -Jx2  —  4  dx 

where  jc  =  2  sec  0, 

=  3  /0“  2  tan  0  2  sec  dtanOdO  dx  =  2  sec  0  tan  0  ##, 

a  =  sec-1  j 

=  12  /0“  (sec2  9  —  1)  sec  9d9  =  12  J0“  (sec3  0  —  sec  9)  dB 
=  12  (sec 0 tan#  +  ln|sec#  +  tan#|)  —  In  |sec#  +  tan#|J^ 
=  6  [sec#  tan#  —  In  |sec#  +  tan#|](( 

=  6[¥-‘"(!  +  #)]  =  ¥-61n(^) 


35.  Area  of  A  POQ  =  j  (r  cos  #)  {r  sin  #)  =  jr2  sin#  cos#.  Area  of  region  PQR  =  f^cos0  -Jr2  —  x2  dx. 
Let  x  =  r  cos  u  =>  dx  —  —  r  sin  u  du  for  #  <  u  <  | .  Then  we  obtain 

/  Vr2  -  x2dx  =  Jr  sin u  (—r  sin u)du  =  —r2  J  sin2  udu  =  —  j r2  (u  —  sinn  cosh)  +  C 
=  -jr2cos~’  (x/r)  +  \xyjr2  -  x2  +  C 


so 


area  of  region  PQR  =  j  |^— r2  cos  1  (x/r)  +  x\Jr2  —  x 2J  =  j  |o  —  r29  +  r  cos9r  sin#^J 

=  \r29  —  \r2  sin#  cos# 

and  thus,  (area  of  sector  POR)  =  (area  of  AP  OQ)  +  (area  of  region  PQR)  =  \r29. 


36.  Let  x  =  -y/2  sec  9,  where  0  <  0  or  n  <  0  <  .  so  dx  =  V2  sec  9  tan  9d9.  Then 

'  ~Jl  sec  #  tan  #  dB 


[  *=['■ 
J  x^~Jx2  —  2  J 


4  sec4  9-Jl  tan  # 

=  l  f  cos3  9  dB  =  j  f  (1  —  sin2  #)  cos  BdO 

=  j  |^sin  #  —  j  sin3  #  j  +  C  (substitute  u  =  sin  #) 
c2-2)3/21 


3*3 


+  C 


E 

1 

- ''i 

F 

From  the  graph,  it  appears  that  our  answer  is  reasonable.  [Notice  that 
/  ( x )  is  large  when  F  increases  rapidly  and  small  when  F  levels  out.] 
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37,  From  the  graph,  it  appears  that  the  curve  y  =  x2V4  -  x2  and  the  line 

y  —  2  —  x  intersect  at  about  x  =  0,81  and  x  =  2,  withx2\/4  —  x2  >  2  —  x  on 
(0,81,  2).  So  the  area  bounded  by  the  curve  and  the  line  is 

A  =“  fo.si  V4  -  x2  -  (2  -  x)]  dx  =  f02sl  x2y/4-x2dx  -  [2x  -  J^2]0  g]- 
To  evaluate  the  integral,  we  put*  —  2 sin (9,  where  —f  <  0  <  j.  Then 
dx  =  2cosOdO,  x  =  2  =>  6  —  sin-1  1  =  y,  and  x  =  0.81  =>  9  =  sin-1  0.405  ^  0.417.  So 

f02sl  x2xT4^72dx  «  fo.4i7  4  sin2  0  (2  cos  <?)  (2  cos  0  d0)  =  4  sin2  20d0  =  4  J^,2,  4  (1  -  cos  40)  d0 
=  2  [0  -  I  sin  40^  =  2  [(§  -  0)  -  (o,417  -  I  (0.995))]  «  2.81 

Thus,  A  s*  2.81  -  [(2  •  2  -  4  .  22)  -  (2  ■  0.81  -  \  ■  0.812)]  %  2.10. 


38.  Let  x  =  b  tan  0,  so  that  dx  =  b  sec2  0  dO  and  Vx2  +  b2  =  b  sec  0 
'■A-"  26  ,  26  f6*  1 


£(?) 


'I 

J  —a 


Ansa  (*2  +  b2) 


3/2  dx  ~  4xeo 


J 

J6\ 


(b  sec  0y 


b  sec 1 6  dO 


fe  2  1  X 

-  /  - dd  = - 

47r£o6  Ja,  sec#  47reo^> 


f 


cos#  <9#  =  t— r  [sin#]#2 


47T£o& 


A 


4tT£o6 


I.— a 


L  —  a 


'/x2  +  b2  J  4tt£o6  y  t/(Z,  —  a)2  -f  62 


39.  Let  the  equation  of  the  large  circle  be  x2  +  y2  =  R2.  Then  the  equation  of  the  small  circle  is  x2  +  (y  —  6)2  —  r2 


dx 


where  6  =  y/R2  —  r2  is  the  distance  between  the  centers  of  the  circtes.The  desired  area  is 

A  =  f_r  [^6  +  -Jr2  -  x2)  -  x/R2  -x2]  dx  =  2  ^6  +  Vr2  -x2  -  x/R 2  -  x2) 

=  2  Jq  b  dx  +  2  Jg  -Jr2  —  x2dx  —  2  JJ  -J R2  -  x2  dx 

The  first  integral  is  just  2br  =  2rxjR2  —r2.  To  evaluate  the  other  two  integrals,  note  that 

f  Vo2  —  x2dx  =  f  a2  cos2  Odd  (x  =  a  sin0,  dx  =  a  cos  0d0)  =  j  (j°2)  /  (1  +  cos  20) 

=  j«2  (0  +  j  sin 20)  +  C  =  jo2  (0  +  sin0cos0)  +  C 

a2  .  /x\  a2  /x\  Va2  -  x2  a2  .  /x\  x  1-7. - r 

=  —  arcsin  (-)  +  —  (-) - 1-  C  =  —  arcsin  {-)  +  -x/a2  -  x2  +  C 

2  \aJ  2  Va/  o  2  \a>  2 


so  the  desired  area  is 

A  =  2 rx! R 2  —  r2  +  J)-2  arcsin(x//-)  +  x\Jr2  —  x2]^  —  \^R2  arcsin(x/7?)  +  xx/ R2  —  x2]^ 

=  2 ry/R2  -r2  +  r2  (§ )  -  [/J2  arcsin  (r/77)  +  ry/R2  -r2  =  rV R2  -  r2  +  |r2  -  R2  arcsin  (r/R) 
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40.  Note  that  the  circular  cross-sections  of  the  tank  are  the  same  everywhere,  so  the 
percentage  of  the  total  capacity  that  is  being  used  is  equal  to  the  percentage  of  any 
cross-section  that  is  under  water.  The  underwater  area  is 

A  =  2j25^25^y2dy 


25 


arcsin  0/5)  + 


(substitute  y  =  5  sin0) 


=  25  arcsin  f  +  2-Jl\  +  &  58.72  ft2 


so  the  fraction  of  the  total  capacity  in  use  is 


%  (5)2 


58.72 

25ir 


<  0.748  or  74.8%. 


41.  We  use  cylindrical  shells  and  assume  that  R  >  r.  x2  =  r2  -  (y  -  R)2 
g(y)  =  2\/ 'r2  -(y-  R)2  and 


x  =  ±^fr2 


(y  —  R)2,  so 


^  —  fu-r  ■  2 ^r2  —  (y  —  R)2  dy  =  Jr_r  An  (u  +  R)  a Jr 2  —  u2du  (where  u  =  y  —  R) 

ruVP^?du  +  4nRf  Vr^du  (' "bm  “  =  r  Sin  °>  du  =  r  cos  0  d0\ 
r  \  in  the  second  integral  / 

-J  (r2  -  "2)3/2]  +  4rr  R  $*J2j2  r2  cos2  6  d9  =  (0  -  0)  +  AnRr2  J^2/2  cos2  0  d0 


=  4  K 


=  2n  Rr2  j*^22  (1  +cos2  9)d0  =  2  nRr2  \o  +  \sm29T12  =  2i t2Rr2 

L  J—Tr/2 

Another  Method:  Use  washers  instead  of  shells,  so  F  =  8 nR  /„  Jr2  -  y2dy  as  in  Exercise  6.2.59(a),  but  evaluate 
the  integral  using  y  =  r  sin  0. 


E*  Integration  of  Rational  Functions  by  Partial  Fractions 


A  B 
■  +  ■ 


(2x  +3)  (x  —  1)  2x  +  3  x-l 

5 _ 5 _ A  B 

2x2  —  3x  —  2  (2x +  !)(*- 2)  ~  2x  +  1  +x-2 


x2  +  9x-  12 


ABC 


(3jc  —  l)(x  +  6)2  3x  —  1  x+6  (x+6)2 


z z  —  4 z 


_  A  B  C  D 

(3 z  +  5)3  (z  +  2)  3z  +  5  (3z  +  5)2  +  (3z  +  5)3  +  z  +  2 

1  1  A  B_  C  D 

X4  -X3  X3  (x  -  1)  ~  X  +  X2  +  X3  +  X  -  1 
v4  ,  v3  _  2 


c  x‘t+x1~x2-x  +  \  ...  1  .  A  B  C 

0.  - 5 -  =  X  +  1  -| - =  X  +  1  -I - 1 - 1 - 

x(x+ l)(x- 1)  x  jr  +  1  *-l 


x2  +  l 
x2-\ 


=  J  2 _ A  B 

(x  -  1)  (x  +  1)  +x-i+x  +  l 
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a3  -  4a2  +  2  Ax  +  B  Cx  +_D 

8-  (,2 +  !)(,*  + 2)-  ,2  +  1  *2  +  2 


t*  +  t2  +  1  At  +  B  Ct  +  D  Et  +  F 
9'  (f2  +  l)(f2  +  4)2  ~  1 2  +  >  +  (2  +  4  (f2  +  4)2 


3  —  1 1-v 

10.  - -— - rj 

(.i  -  2)3  (a:2  +  1)  (2a2  +  5a  +  7) 


A  B  C  Dx  +  E 

a -2  +  (a  -  2)2  +  (a  -  2)3  +  *2  +  1 

Fa:  +  G _ Hx  +  / 

+  2a2  +  5a  +  7  +  (2A2  +  5a  +  7)2 


a4  _  .4a  +  B  Cx  +  D  Ex  +  F 

(a2  +  9)3  ~~  2(2  +  9  +  (a2  +  9)2  (a2  +  9)3 

^  1  1  1  A  B  C  j  £>  +  £*  +  F 

12‘  *6  _^3  =  ^3  (*3  _  1)  =  A3  (A  -  1)  (A2  +  A  +  1)  “  A  +  ^  A3  A-l  A2  +  A  +  1 


13.  J  —^dx  =  J  (■*  _  1  +  (^Ti)  dx  =  J*2  ~x  +  ln I*  +  'I  +  c 
14'  /  ^ 2dy  =  J  (l-^)^  =  .v-21nb  +  2|  +  C 


15. 


a  -9 


- — - - 1 - ?— .  Multiply  both  sides  by  (a  +  5)  (a  —  2)  to  get  a  —  9  —  A  (x  -  2)  +  B  (a  +  5). 

(a  +  5)  (a  -  2)  a  +  5  a  -  2 

Substituting  2  for  a  gives  -7  =  1B  <=>  B  =  -1.  Substituting  —5  for  a  gives  -14  =  —1 A  <=>  ^  =  2.  Thus, 


/ 


a  -9 


16. 


1 


(A  +  5)  (A  -2) 

A  B 
:  + 


-  dx 


dx  =  2  ln  |a  +  5|  —  ln  \x  —  2|  +  C 


0  +  4)  (f-1)  t  +  4  f-1 

=>  1  =  -5 A  =*  A  =  -\.  Thus, 


/ 


1 


0  +  4)0-  1) 


1  =  A  0  -  1)  +  B  0  +  4).  t  =  1  =*  1  =  5B  =»  B  =  i.t  =  -4 

rff  =  J  A  =  -i  In  |t  +  4|  +  i  ln|/  -  1|  +  C  or  ^ 


-  ln 


f-1 


t  +  4 


+  C 


A2  +  1  A  +  1  1  2 

17.  -7= -  =  1  +  — - 77  =  1  -  -  +  - SO 

A2  -  A  A  (A  -  1)  A  A-l 


/ 


X 2  +-~  dx  =  x  -  ln  |a|  +  21n  |a  -  1|  +  C  =  x  +  ln  - — ,  ,  ^  +  C 


A*1  —  A 


|a| 


I  If  dj=b  - - - =  — 5 — ( — - !—Yso  ifa^i, 

^  ’(x  +  a)(x  +  b)  b  —  a  \x  +  a  x  +  b) 

! 


then 


dx 


- -  — ! —  (ln  |a  +  a|  —  ln  |a  +  6|)  +  C  =  - - In 

(x+a)(x  +  b)  b~ay  b-a 


x  +  a 


x  +  b 


+  C 


If  a  =  b,  then  f 


dx 


1 


(a  +  a)2  x  +  a 


+  C. 
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19.  2x  +  3  _  _A - 1 - i =>  2x  +  3  =  A  (*  +  1)  +  B.  Take  *  =  -1  to  get  5  =  1,  and  equate 

(x  +  \f  *  +  1  (x  +  l)2 

coefficients  of  x  to  get  A  —  2.  Now 


i: 


2x  +  3 

(x  +  l)2 


dx  = 


f 


1 


X  +  1 

1 

2  ' 


(x  + 1  y 


dx  = 


2  In  (x  +  1)  - 


*  +  l 


20. 


*3  +x2  -  12x  +  1 
x2  +x  -  12 


■  =  *  + 


=  21n2  —  j  —  (21n  1  —  1)  =  21n2  +  j 
1 


x2  +  x  —  12 


1  1 

=  *  +  (*-3)(*  +4)  ~X  +  7 


u _ u 

V*-3  x+4) 


So 


21. 


f2  *3  +  x2  -  I2x  +  1  , 

/  - = - dx 

Jo  x2  +  x  -  12 


\x2  +  i  (In  I*  -  3|  -  In  \x  +  4|)]*  =  2  +  ±  In  § 


4y2  7y  12  _  =  A  +  _g_  +  _C_  ^  -ly  -  i2  =  A  (y +  2)(y  -  3)  +  By  (y  -  3)  +  Cy  (y +  2). 

y  {y  +  2)(y  —  3)  y  y  +  2  y-3 


Setting y  =  Ogives  -12  =  -6 A,  so  A  =2.  Setting y  =  -2  gives  18  =  105,  so  5  =  f.  Setting^  =  3  gives 
3  =  15C,  so  C  =  j.  Now 


f2  4y2  -  7y  -  12  =  /2  /2  9/5 

1  tC>’  +  2)0-3)  y  7i  Vt  T  +  2 


+  ^)^  =  [21nM  +  f1nb  +  2|  +  iln|^-3|]' 


=  2  In  2+|  In  4+j  In  1— 2  In  1  —  |  In  3  —  5  In  2 

=  21n2+^ln2-iln2— fln3  =  f  ln2-f  In 3  =  |  (3 In 2  —  In 3)  =  |  Inf 

1 _ 1  +  5  C 

* 3  +  x2  -  2*  jc  (jr  +  2)  (x  —  1)  *"*"*  +  2  +  *-  l 

1  =  A(x  +  2)(x  -  1)  +  Bx(x  -  l)  +  C*(*  +  2).  Setting*  =  0  gives  1  =  -2A,soA  =  Setting*  =  -2 
gives  1  =  6 5,  so  B  =  j.  Setting  *  =  1  gives  1  =  3 C,  so  C  =  |.  Now 


=  —  jln3  +  gl 


23.  - ^ -  =  — + - +  =*  1  =  /l  (*  +  5)  (*  —  1)  +  5  (*  —  1)  +  C  (*  +  5)2.  Setting 

(*  +  5)2  (*  —  1)  *  +  5  (*  +  5)2  *-l 

*  =  -5  gives  1  =  —65,  so  5  =  -£.  Setting*  =  1  gives  1  =  36C,  so  C  =  ^.  Setting*  =  -2  gives 

1  =  +  (3)  (-3)  +  5  (-3)  +  C  (32)  =  -9 A  -  35  +  9C  =  -9 A  +  \  +  j  =  -9 A  +  so  9 A  =  and  A  = 

Now 


/ 


(*  +  5)2  (*  -  1) 


•  dx  — 


/ 


-1/36 


x  +  5 


=  -iln  l*  +  5|  + 


1/6 

(*  +  5)2 
1 


1/36 

*-l 


dx 


6  (x  +  5) 


+  A  In  |*  -  1 1  +  C 
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24. 


A  B 
■  +  — — r  +  - 


*2  =  A  (*  +  2)2  +  B  (*  -  3)  (*  +  2)  +  C  (*  -  3).  Setting 


(*-3)(*  +  2)2  x  -3  '  x  +  2  ’  (x  +  2)2 
x  =  3  gives  A  =  £.  Take*  =  -2  to  get  C  =  -f,  and  equate  the  coefficients  of  x2  to  get  1  =  A  +  B 


B  =  \ §.  Then 


[  f-  f 

'  9/25  ,  16/25  4/5  ' 

J  (*_3)(*  +  2)2  J 

_*  -  3  +  *  +  2  (*  +  2)2 . 

dx  =  £  In  \x  -  3|  +  $  In  |*  +  2|  + 


5  (x  +  2) 


+  C 


25. 


A  B  C 

—  +  -r-  + - .  Multiply  by  x2  (x  +  2)  to  get 

x  xl  x  +  2 


5x2  +  3x  —  2  5x2  +  3x  —  2 

*3+2*2  =  x2  (x  +  2) 

5x2  +  3x  -2  =  Ax  (x  +  2)  +  B  (x  +  2.)  +  Cx2.  Set*  =  -2  to  get  C  =  3,  and  take*  =  0  to  get 
B  =  —  1.  Equating  the  coefficients  of  * 2  gives  5  =  A  +  C  =>  A  =  2.  So 


/ 


5x2  4-  3x  —  2 
x 3  +  2x2 


dx  ■■ 


rf*  =2  In  |*|  +  -  +3  In  |*  +2|  +  C. 

* 


26. 


ABC 
— - 1 — o  4 - r  4-  ■ 


1  =  As  (s  -  l)2  +  B  (s  -  l)2  +  Cs 2  (s  -  1)  +  Ds2.  Set 


s2  (s  -  l)2  s  '  s2  '  *  -  1  (s  -  l)2 
s  =  0,  giving  B  =  1 .  Then  set  s  =  1  to  get  D  =  1 .  Equate  the  coefficients  of  s3  to  get  0  =  A  +  C  or 
A  —  —C,  and  finally  set  s  =  2  to  get  1  =  2 A  4-  1  —  4A  4-  4  or  A  =2.  Now 


f —± _ =  f ' 

J  s2  (s  —  l)2  J  . 


27. 


s2  (s  —  l)2 
*2  A 


-  +  -x  - 


*-l  (s  -  l)2  J 


ds  =  21n|j|  -  -  -2 In  |s-  1| - +  C. 

s  s  —  1 


■  +  ■ 


B 


■  +  - 


C 


Multiply  by  (*  +  l)3  to  get  *2  =  A  (*  +  l)2  +  B  (*  +  1)  +  C. 


(*  +  l)3  *  +  l  '  (*  +  l)2  (*  +  l)3' 

Setting*  =  —1  gives  C  =  1.  Equating  the  coefficients  of*2  gives  A  =  1,  and  setting*  =  0  gives  B  =  —2.  Now 

2  1 

dx  =  In  |*  +  1 1  +  - 


r  x2  dx  f 

'  1  2  1  ' 

J  (*  + 1  f-J 

.*  +  1  (*  +  l)2  (*  +  l)3J 

28. 


29. 


*  _  (*  +  1)  —  1 
*  +  1  *  +  1 

f  — — - — j  dx  =  f 

J  (*  +  l)3  J 

*3  _  (*3  +*)  - 
*2  +  1 


=  1 

1 


1  *3 

*  + 1  (*  + 1)3 

3  3 

+ 


1 

^TT 


*  +  1  2  (*  +  !)' 


:  1  - 


+  c. 


1 


*  +  1  (*  +  l)2  (*  +  1) 


r.  Thus, 


*  +  1  (*  +  l)2  (*  +  l)3  J 


dx  =  *  —  3  In  |*  +  1 1  — 


1 


*  +  l  2  (*  +  1)' 


+  C. 


c2  +  1 


*2  +  1 


[  — dx  -  [  xdx-  f  yd* -  =  [4*21  -  J  f  -  du  (where  u  =x2  +  1,  du  =  2xdx) 

Jo  *2  +  l  Jo  Jo  *2  +  l  L2  J\  « 

=  5  —  [l  *n“]]  =  5  ~  5  ln2  =  j  (1  —  ln2) 


30. 


*2  +  3 


*2  +  3 


_  A  +  Bx+C 


-  ,  -  ,  .  x2  +  3  =  A(x2  +  2)  +  (Bx  +  C)x  =  (A  +  B)x2  +  Cx  +  2A 

x3  +  2x  x(x2 +  2)  x  x2 +  2 

=>  A  +  B  =  1,  C  =  0,  and  2A  =  3  =>  A  =  \,  B  =  and  C  =  0.  Now 

=r  (v-TO)d;c=^in^_^in^2+2)]i=^in2~^n6_^ini+^in3 


l 


*2  4-  3 


4-  2x 


dx  - 


ln2-iln2-Iln3-0+iln3  =  (|-i)ln2=| 


In  2 
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3jc2  —  Ax  +  5  A  Bx  +  C  ,  ,  ,  . 

7 - —7-5 - -r  = - -  H - 5—  =>  3x2  -  4x  +  5  =  A(x2  +  \)  +  (Bx  +  C)  (.*  -  1).  Take  x  =  1  to  get 

(x  -  1)  (x2  + 1)  *  -  1  xl  + 1  '  ' 

4  =  2A  or  A  =  2.  Now  (Bx  +  C)  (x  —  1)  =  3*2  -  4x  +  5  —  2  (x2  +  l)  =  x2  —  4x  +  3.  Equating  coefficients  of 
x2  and  then  comparing  the  constant  terms,  we  get  B  =  1  and  C  =  -3.  Hence, 


/ 


3*  2 


-4* +  5 


(x  -  1)  (x2  +  1) 


dx  = 


J 


2  *  —  3  "I  ,  ,,  f  xdx 

- -  +  2  1  1  dx  =  2\n\x  -\  + 

X  -  1  X2  +  1 


7: 


+  1 


=  2  In  I*  —  1 1  +  j  In  ^2  +  1^  -  3  tan  1  x  +  C 
=  In  (x  —  l)2  +  ln\7c2  +  1  —  3  tan-1  x  +  C 


dx 

x2  +  1 


x2  —  2x  -\  _  A  B  Cx  +  D 

(x  -  l)2  (x2  +  1)  x  -  1  +  (x  -  l)2  +  x2  +  1  ^ 

x2  —  2x  —  1  =  A  (x  —  1)  (x2  +  1)  +  B  (x2  +  1)  +  (Cx  +  D)(x  —  l)2.  Setting  x  =  1  gives  B  =  —  1.  Equating 
the  coefficients  of  x3  gives  A  =  —C.  Equating  the  constant  terms  gives  —1  =  —  A  —  1  +  D,  so  D  =  A,  and  setting 
x  =  2  gives  —]=  5A  —  5  -  2A  +  A  or  A  —  1 .  We  have 


f  — - 22*  1  dx  =  / 

J  (*  -  l)2  (*2  +  l)  J 


(x  -  l)2 


X  —  1 
XT+\ 


dx 


=  In  |jc  —  1H - -  —  5  In  ^jt2  +  1^  +  tan  1  jc  +  C 


33  2(3  ~  +  3t  ~  1  -  At  +  B  Ct  +  D 

( i 2  +  1)  (r2  +  2)  ~  t2  +  1  +  t2  +  2  ^ 

2t3  -/2  +  3(  -  1  =  (At  +  B)  ( t 2  +  2)  +  (Ct  +  D)  (t2  +  I)  =  (A  +  C)t3  +  (B  +  D)t2  +  (2 A  +  C)t  +  (2B  +  D) 
=>■  A  +  C  =  2,  B  +  D  =  -l,2A  +  C  =  3,and2B  +  D  =  -l  =>  A  =  1,  C  =  1,  B  =  0,  and  D  =  -1.  Now 

f  2t3  -  t2  +  3t  -  1  f  /  t  r-1^  1  f  2tdt  1  /■  2  tdt  f  dt 

J  {t2  +  \){t2  +  2)dt- J  \t2  +  \+ t2  +  2)d‘- 2j  t2  +  \+ 2j  t2  +  2~  J  72  +  2 

=  \  In  (r2  +  l)  +  i  In  {t2  +  2)  -  ^  tan-1  +  C 

or  i  In  ((t2  +  l)  (r2  +  2))  -  ^  tan-1  +  C 


x3  —  2x2  +x  +  1  _  jc3  -  2,t2  +  J  +  1  __  Ax  +  B  Cx  +  D 
x4  +  5x2  +  4  (x2  +  1)  (x2  +  4)  ~  x2  +  l  +  x2  +  4  ^ 

x3  —  2x2  +  x  +  1  =  (Ax  +  B)  (x2  +  4)  +  (Cx  +  D)  (x2  +  l).  Equating  coefficients  gives  A  +  C  =  1, 


B  +  D  =  -2,  4A  +  C  =  1,  4B  +  D  = 
3  -  2jc2  +  *  +  1  ,  f  dx 


I 


1  +  5x2  +  4 


■  dx 


_  f  dx  f  x 

J  x2  +  1  +  J  x 


A  =  0,  C  =  1 
-3 


2  +  4 


B  =  1,  D  =  -3.  Now 
dx  =  tan-1  jc  +  j  In  ( x 2  +  4^  —  |  tan”1  (x/2)  +  C. 
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35. 


A  Bx  +  C 


1  =  A  (x2  +x  +  1)  +  (Bx  +  C)  (x  -  1).  Take 


X3  -  1  (x  -  1)  (x2 +x  4- l)  x-l"rx2+x+l 
x  =  1  to  get  A  =  j .  Equating  coefficients  of  x2  and  then  comparing  the  constant  terms,  we  get  0  =  j  +  B, 
1  =  j  —  C,  so  B  =  —  j,  C  =  —  |  => 


JJh=I^dx+J^T7ridx  =  ^nlx-ll-\I 
-l^x-^-lI^T7hdx-U 


x  +  2 
X2  +x  +  1 


dx 


(3/2)  dx 


x2+x  +  l  3  J  (x  +  1/2)2  +  3/4 


=  iln|x-l|-iln(x2+x  +  l)-|(^)tan-1(^-^)+^ 


=  5  In  |x  -  1 1  -  5  In  (x2  +  x  +  l)  -  ^  tan  1  (2x  +  1))  +  K 


36. 


(x3  +  1)  -  1 


=  1  - 


=  1 


/  A  Bx  4-  C  \ 
\x  4-  1  ^  x2  —  x  +  1/ 


x3  +  1  x3  +  l  1  x3  +  1  \x  4-  1  x2  • 

1  =  A  (x2  —  x  +  l)  4-  (Bx  4-  C)  (x  +  1).  Equate  the  terms  of  degree  2,  1  and  0  to  get  0  =  A  4-  B, 
0  =  —A  +  B  4-  C,  1  =  A  4-  C.  Solve  the  three  equations  to  get  A  =  j,  B  =  —  and  C  =  So 


1  1  V  -  2 

l _ +  _ L_ 

X  +  1  X2  —X  +  1 


dx 


iln|x  +  1|  +  7 


2x  -  1 


-  dx 


-u 


dx 


+  1 


-x  +  f  •  2  J  ^_,)2 

=  x  -  j  ln|x  +  1|  +  |  In  (x2  -x  +  l)  -  ^tan-1  (- j-  (2x  -  1))  +  K 


37.  Let  u  =  .x3  +  3x2  4-  4.  Then  du  ~  3  (x2  4-  2.x)  dx 


[  At^T.  d‘  -  5  C  t  -  ’ "" ,c  =  ’ 204  -  '"24)  ■ 5 


1  204  =  1  In  3? 


38.  Let  u  =  x4  +  5x2  +4  =*  du  =  (4x3  +  lOx)  dx  =  2  (2x3  +  5x)  dx,  s 


Jo  x 


2x3  +  5x 


+  5x2  +  4 


dx  = 


=  -  f 
2  A 


du 


j  [In  |n|]4°  =  j  (In  10  —  ln4)  =  j  In  j. 


39. 


1  1  A  B  C  iw  ,  iw  . 

x^  =  X2(,-  1)(x  +  1)  =  I  +  ?  +  ^T  +  ^TT-  Multiply  by  x2  (x  —  1)  (x  +  1)  to  get 

I  =  ^(x~l)(r4-1)  +  S(^“l)(^+1)  +  Cx2  (x  +  1)  4-  Dx 2  (x  -  1).  Setting  x  =  1  gives  C  =  taking 

x  =  —  1  gives  D  —  — J-  Equating  the  coefficients  of  x3  gives  0  =  A+  C  +  D  =  A.  Finally,  setting  x  =  0  yields 


B  =  —  1.  Now 


J&-J 


-1  1/2  1/2 

X2  X  -  1  X  +  1 


dx  —  — h  4  In 


x  +  1 


+  C. 
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x4  1  _1 _ 1 _  A  B  Cx  +  D 

x4  -  1  +  x4  -  1  m  X4  -  1  (*  -  1)  (x  +  1)  (*2  +  1)  X  —  1  *  +  1  X2  +  1 

1  =  A  (x  +  1)  (*2  +  l)  +  B  (x  —  1)  ( x 2  +  l)  +  (Cx  +  D)  (*  —  1)  (x  +  1).  Set 
x  =  1  to  get  A  =  |,  and  set  *  =  —  1  to  get  B  =  —  Now  take  *  =  0  to  get 

1  =  A  -  B  —  D  =  —D  +  |,  so  that  D  =  -  j.  Finally,  equate  the  coefficients  of*3  to  get  C  =  0.  Now 


41. 


f  x4dx  f 

j  ^r=y 

/ 


r+  i/4  _  1/4  _  ,/2  I 

G 

4 

H 

II 

-5 

X  —  1 

*  - 1  *  + 1  *2  + 1  _ 

1 

*  + 1 

x  —  3 


:  dx 


-1* 


x-3 


-  dx  — 


(x2  +  2x  +  4y  J  [(*  +  l)2  +  3]  J  (u2  +  3)' 


=  [^ 
J  {u 


u- 4 


■  j  tan  1  *  +  C. 


du  (with  »=*  +  !) 


f  udu  t  du  1  f  dv  C  V3sec 2  Odd 

J  (u2  +  3)2  J  (u2  +  3)1  ~  2  J  ^  ~  J  9  sec4  6 


(«2  +  3) 

=  J  cos2  9  d9  = 


(u2  +  3) 
-1  A~Jl 

(2o)  9~ 


v  =  u2  +  3  in  the  first  integral;' 
u  =  V3  tan  9  in  the  second 


2  ( u 2  +  3)  9 


2  /T 

— —  (5  +  sin  0  cos  0)  +  C 


-1 

2  (*2  +  2*  +  4) 

-1 

2  (*2  +  2*  +  4) 


2V3 

tan  ] 

1  (x  + 1 

\  V3  (*  + 1) 

9 

V  V3  , 

/  +  *2  +  2*  +  4 

2VJ  -1, 

— — -  tan  | 

2  (*  +  1) 

3  (*2  +  2*  +  4) 


+  C 

+  C 


42. 


*4  +  1 


A  (  Bx  +  C  (  £>*  +  E 

j_  —  |  -  |- 


*4  +  1  =  A  (x2  +  l)2  +  (Bx  +  C)x  (x2  +  1)  +  (Dx  +  E)x. 


X  (*2  +  l)2  *  *2  +  1  (*2  +  1)2 

Setting  *  =  0  gives  A  —  \.  and  equating  the  coefficients  of*4  gives  1  =  A  +  B,  so  B  —  0.  Now 


C  Dx  +  E 


*4  +  1 


1  1 


-2  +  l  (*2  +  l)2  *(*2  + l)2 


D-- 


-2,  and  E  =  0.  Hence, 


J^±L_dx=f 

J  X  (*2  +  l)2  j 


*4  +  1  -  (*4  +  2*2  +  1) 
(*2+l)2 
1  2* 


-2x 


(*2  +  i)2 


(*2+l)2 


dx  = In |*1 + 


,  so  we  can  take  C  =  0, 


+  C. 


*2  +  1 


43.  Let  u  =  V*  +  1.  Then  *  =  w2  —  1,  dx  =  2u  du  => 
f  dx  f  2 udu  ^  f  du 

J  wf+T  =  7  (w2  —  1) u  =  y  ^2iri  = 


u-  1 

vSTT-  1 

K  +  l 

•f  C  —  In 

•Jx  4  1  4  1 

+  c. 


dx 


44.  Let  u  =  V*  +  2.  Then  x  =  u2  —  2,  dx  =  2u  du  =>  1=1  . _ 

J  *-7^+2 

u  =  /I  (a  +  1)  +  B  (m  -  2)  =>  ^  =  |,  B  =  i,  so 


r  2 udu  f  udu 

J  u2  —  2  —  u  J  u2  —  u  —t 


and 


A  B 
■  +  ■ 


u2  —  u  —  2  u  —  2  w  +  1 

/ 

=  j  [2  In  |  V* 


/  =  ? 

3  . 


2  1 
u  —  2  +  u  +  1 


du  =  |  (2  In  |m  —  2|  +  In  \u  +  1 1)  +  C 


■  2  4  In  ( Vx  +  2+1 


1  )]+c 
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45.  Let  u  =  *Jx,  so  u2  =  x  and  dx  =  2u  du.  Thus, 


(i+^)du=2+*L 


du 


=  2  +  8 


J  ^  ^  +  '^2)  (by  partial  fractions)  =2  +  8  —  |  ln|«  +  2|  +  \  In  |«  —  2|j 


(u  +  2 )(u-  2) 
4 
3 


=  2  +  [2  In  |u  -  2|  -  2  In \u  +  2|]|  =  2  +  2 


u  —  2 


u  +  2 


=  2  +  2  (in  j  —  In  j) 


46.  Let  u  =  i/x.  Then  x  =  w3,  rfjf  =  3m2  du 
rl  3u2du 


['  dx=fl^=  /73n-3  +  ^-L«  =  r|«2-3„  +  31n(l  +  U)l1 
Jo  1  +  4^  Jo  l+«  Jo  V  \  +  u)  L2  'Jo 


1  +  •v/S”’”  Jo  1  +  « 

=  3(ln2-  f) 

47.  Let  m  =  4 x2  +  1.  Then  jc2  =  h3  —  1,  2*  dx  =  3«2 

[  (n3  -  1)  | u2du 


f  x6dx  f 

j  wn=J 


=  jJ(u4-u)du  =  -^m5  -  \u2  +  C 


48.  Let  u  —  41.  Then  x  =  u2,  dx  =2 udu  => 

f3  41  ,  /■'/3  u-2udu  ^  du  r  ,  l73  , /*  * 

/  -T - dx  =  /  -j - t  =  2  /  “3 - r  =2  tan  ‘a  =2(f-|)  =  f 

Ji/ix2+x  Ji/V3  «4  +  m2  Ji/V5"2  +  1  L  Ji/V5 

49.  If  we  were  to  substitute  u  =  4x,  then  the  square  root  would  disappear  but  a  cube  root  would  remain.  On  the  other 

hand,  the  substitution  u  =  l/x  would  eliminate  the  cube  root  but  leave  a  square  root.  We  can  eliminate  both  roots 

by  means  of  the  substitution  u  =  tyx.  (Note  that  6  is  the  least  common  multiple  of  2  and  3.) 

Let  u  =  ifx.  Then  x  =  «6,  so  dx  =  6k5  du  and  4x  =  «3,  Ifx  =  u2.  Thus, 

/t^=/^=6/-t?^—  du  =  6[^1du 
J  J  u3-u2  J  u2(u-  1)  J  u-\ 

=  6  J  ^u2  4-  u  +  1  H - — du  (by  long  division) 

=  6  4-  \u2  +  «  +  ln|w  -  1|^  +  C  =  2Vjc  +  3^/x  +  6^  +  6 In  \  fyx  —  l|  +  C 

50.  Let«  =  Then*  =  w12,  t/*  =  12«u  du  => 

f  dx  f  \2uudu  /*  w8rfw  _  f  (  7  *  4  i  2  .  1  \  , 

/  -T7= - 77=  =  /  —T - r-  =  12  /  -  =  12  /  «7-M6+M  -tt4+«  -«2  +  «“H - 7  I 

y^+^yw4  +  M3  /  «  +  l  J  \  a  +  1/ 

=  |w8  —  4~«7  +  2«6  -  j«5+  3m4  —  4w3  +  6m2  —  12«  +  12 In \u  +  1|  +  C 

=  ^2/3  -  -£*7/12  +  _  ^5/12  +  3^  _  4^  +  _  12  12^  +  12  ln  (  +  !)  +  C 
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51.  Let u  —  ex .  Then*  =  In u,dx 

e dx 


du 


/ 


f  u2(dufu)  f  udu  f 

J  u2  +  3w  +  2  J  (w  +  1)  (w  +  2)  J 


-1  2 
u  +  1  w  +  2 


e2*  +  3e*+2  y  w2  +  3w  +  2  j  («  +  1)(m  +  2) 

=  2  In  |w  +  2|  — -  In  \u  +  1 1  +  C  =  In  +  2)  /  (e*  +  1) j  +  C 


du 


52.  Let  u  =  sin*.  Then  du  =  cos xdx 
cos*  dx 


/ 


sin  x  +  sinx 


f  du  _  j"  du  r  '  1  1 

J  u2  +  u  J  u(u  +  \)  J  _u  u  + 1_ 


du  =  In 


u  +  1 


+  C  =  In 


1  +  sinx 


+  C. 


53.  From  the  graph,  we  see  that  the  integral  will  be  negative,  and  we  guess  that 
the  area  is  about  the  same  as  that  of  a  rectangle  with  width  2  and  height 
0.3,  so  we  estimate  the  integral  to  be  -  (2  ■  0.3)  =  —0.6.  Now 

1 _ 1 _ A__  B 

x2  —  2x  —  3  (x  -  3)  (x  +  1)  x  -  3  x  +  1  ^ 

1  =  (A  +  B)x  +  A  —  3 B,  so  A  =  —B  and  A  —  3B  =  \  «  ^  =  1  and 

B  =  —  j,  so  the  integral  becomes 


0.05 


-0.35 


dx 


•2*  -3 


dx 

x  —  3 

*  —  3 

*  +  1 


=  |  [In  1^  ~3|  —  In  |jc  +  l|]jj 
II  =  I  (ini  _in3^  =  —  I  ln3  -0.55 


1 _ 1__  _  A  B_  C 

x3  —  2.x2  x2  (x  —  2)  x  +x2+x-2  ^ 

1  =  (A  +  C)  x2  +  (B  -  2 A)  x  —  2B,  so  A  +  C  =  B  —  2A  =  0  and 

—25  =  1  =>  B  =  —  j,  A  =  —  j,  and  C  =  j.  So  the  general 

antiderivative  of  /  (x)  =  -r— ! — ^  is 
xJ  -  2x2 


F  (x) 


/ 


dx 


*3  -  2* 2 


1  f  dx  1  r  dx  I  f  dx 

A]  ~~2j  ^  +  4j  7^2 


+  Yx+C 


-?  In  1*1  -  j  (-1/*)  +  \  ln|x  -2|  +  C 


We  plot  this  function  with  C  =  0  on  the  same  screen  as  y  =  —= - r- . 

xJ  —  2xl 


f  dx  f  dx  f  du 

'  J  x2  —  2x  ~  J  (x  -  l)2  -  1  ~  J  u2-  1 


(put  U  =  X  —  1) 


u-  1 
U+  1 


+  C  (by  Equation  6)  =  -  In 


x  -2 
x 


+  C 


582  □  CHAPTER  8  TECHNIQUES  OF  INTEGRATION 


r  (2x  +  1)  dx  1  r  (8x  +  12 )dx  f  2  dx 

J  4x2  +  I2x  —  7  _  4  J  4x2  +  12*  -  7  J  ( 2x  +  3)2  -  16 

=  |  In \4x2  +  I2x  -  7|  -  J  tPut  u  =  2x  +  3] 

=  J  In  \4x2  +  12*  -  7|  -  j  In \(u  -  4)  /  («  +  4)|  +  C  (by  Equation  6) 

=  i  In  \4x2  +  12*  -  7|  -  |  In  |(2*  -  l)/(2*  +  7)|  +  C 


(b)  cos*  =  cos  =  2 cos2  —  1 

„/  1  \2  2  1-f2 

-zL/T+T*/  ‘“1  +  t2  1+t2 

sin^=sin(2.i)=2sin0cos(0 
„  t  1 _ 2t 

_2yiTtIViT72  “  i  +  t2 

x  2 

(c) -=arctant  =>  *  =  2arctant  =»  rf*  =  - - r  dt 

'  '  2  1  +  t2 
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61.  Lei  t 


=  tan^^.  Then,  by  Exercise  57, 


/» 


dx 


2sinx  4-  sin2x 


I f - 

2  J  sii 


dx 


2dt/  (1  + 12) 


sinx  +  sinx  cosx 
(1  +  t2)dt 


-u 


2//  (1  +  t2)  +  2r  (l  - 12)  /  (l  + 12) 


2  /  7(1  +r2)  + 1  (1  - 12) 

=  \  ln|r|  +  jt2  +  C  =  |  In  |tan  +  $  tan2  (+)  +  C 


dt 


62.  x2  —  6x  +  8  =  (x  —  3)2  —  1  is  positive  for  5  <  x  <  1 0,  so 


f  dx  f  du  ,  T 1  . 

/  7 - — 7  =  /  1 — T  (put u  =  *-y)  =  9 

J 5  (x  —  3)2  —  1  h  ul-  1  L2 

Alnl  —  llni  =  i  (in  3  —  2  in  2  +  in  3)  =  in  3  —  in  2  =  in  j 


-In 

u  -  1  ' 

.2 

w  +  1 

63.  X  ?  =  1  H - >  0  for  2  <  x  <  3,  so 

X  —  1  X  —  1 


X  -  1 


r/x  =  [x  +2  ln|x  -  1 1]|  =  (3  +  2 In 2)  —  (2  +  2 in  1)  =  1  +  2In2. 


64.  (a)  We  use  disks,  so  the  volume  is  V  =  it  J0' 
integral,  we  use  partial  fractions: 


1 


x2  +  3x  +  2 


1 


rl  dx 

J0  (x  +  1  )2  (x  +  2)2 

ABC 

+  — — r  +  • 


To  evaluate  the 
D 


(x  +  1)2(x+2)2  x  +  1  (x  +  1)2  x  +  2  (x  +  2)2 
l  =  A  (x  +  1)  (x  +  2)2  +  B  (x  +  2)2  +  C  (x  +  l)2  (x  +  2)  +  D  (x  +  l)2.  We  setx  =  -1,  giving  B  =  1,  then 
set  x  =  —2,  giving  D  =  1 .  Now  equating  coefficients  of  x3  gives  A  =  —C,  and  then  equating  constants  gives 
1  =  A  A  +  4  +  2  (—  A)  +  1  =>  A  = —2  =>  C  =  2.  So  the  expression  becomes 


-j£'t 


■  -2 

1  2  11 

j  1  1 

8- 

II 

2  ln 

x+2 

1  1 

_x  +  1 

(x  +  1)2  (x  +  2)  (x  +  2)2. 

X  +  1 

x  +  1  x  +  2  _ 

*  [(21n I  -  5  -  j)  -  (2In2  -  1  -  j)]  =  *  (2In ¥  +  § )  =  *  (l  + ln re) 

X  dx 

isV  =  2n  /  - 

Jo  x 


(b)  In  this  case,  we  use  cylindrical  shells,  so  the  volume  is  V 
We  use  partial  fractions  to  simplify  the  integrand: 


x2  +  3*  +  2 


=  2  it 


f 


x  dx 


(x  +  1)  (x  +  2) 


A  B 

•  +  - 


(x+1)  (x+2)  x  +  l  x  +  2 
x  =  (A  +  B) x  +  2 A  +  B.  So  A  +  B  —  1  and  2 A  +  5  =  0  =s>  A  =  -l  and  5=2.  So  the  volume  is 


2  7t 


a-, ? 


+  1  x  +  2 


c/x  =  2tt  [ —  ln  |x  +  1 1  +  2  ln  |x  +  2|]J 


=  2it  (-  ln2  +  21n3  +  ln  1  -  2  In 2)  =  2k  (21n3  -  3  ln2)  =  2?r  In  f 
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65.  _ _ =  ^  + _ * _ 

P  [(r  -  1)  P  -  5]  P  ( r-\)P-S 


P  +  s  =  A[(r  -  1)  P  -  S]  +  BP  =  [(r  -  1)  A  +  B]  P  -  AS 


-■-! 


(r  -  1)  A  +  B  =  1, -A  =  1 
P  +  S 


A  —  —  B  =r.  Now 


P{{r-\)P-  S] 


-  dP  = 


I[t 


(r  —  \)  P  —  S 


dP  = 


f  dP  r  f 

-/^+— j 


r  -  1 


(r-\)P-S 


-  dP 


-lnP  + - In  |(r  -  1)  P  -  S|  +  C.  Here  r  =  0.10  and  5  =  900,  so 

r  -  1 


/  =  -  In  P  +  In  1—0.9 P  -  900|  +  C  =  -  In  P  -  \  In  (|- 1 1  |0.9P  +  900|)  =  -  In  P  -  |  In  (0.9 P  +  900)  +  C 

When  t  =  0,P  =  10,000,  so  0  =  -  In  10,000  -  \  In  (9900)  +  C.  Thus,  C  =  In  10,000  +  £  In  9900  [«  10.2326], 
so  our  equation  becomes 

,  ,  10,000  1  ,  9900 

t  =  In  10,000  -\nP  +  l  In  9900  -  i  ln(0.9P  +  900)  =  In  — —  +  -  In 

10,000  1,  1100  ,  10,000  1,  11,000 
=  ln  P  +  9  n  0.1  P  +  100  ~  "  P  +9nP  +  1000 

66.  If  we  subtract  and  add  2x2,  we  get 

x4  +  l=x4  +  2x2  +  l-2x2  =  (x2  +  l)2  -2x2  =  (x2  +  l)2  -  (Vic)2 

=  ((x2  +  l)  —  Vic)  ((x2  +  l)  +  Vlxj  =  (x2  -  Vic  +  l)  ( x 2  +  Vic  +  l) 

1  Ax  4-  B  Cx  +  D 

So  we  can  decompose  - -  =  — - ■= - 1 — - 7= -  => 

V  X4  +  \  X2  +  V2x  +  1  .X2  -  y/ix  +  1 

1  =  (Ax  +  B)  (x2  -  -J2x  +  1)  +  (Cx  +  D)  (x2  +  Vic  +  l).  Setting  the  constant  terms  equal  gives 
B  +  D  =  1,  then  from  the  coefficients  of  x3  we  get  A  +  C  =  0.  Now  from  the  coefficients  of  *  we  get 
A  +  C  +  (B-  £>)V2  =  0  <=>  [(1  -D)-D\  V2  =  0  =>  D  =  \  =>  B  =  and  finally,  from  the 
coefficients  of  x2  we  get  V2  (C  -  ,4 )  +  .6  +  D  =  0  =>  C  —  A  =  —-j =  =>  C  =  —  ^  and  A  =  ^ .  So  we 

rewrite  the  integrand,  splitting  the  terms  into  forms  which  we  know  how  to  integrate: 


4X  +  : 


-&x+x- 

d  x  '  -> 


x4  +  1  x2  +  V5x  +  1  x2-j2x  +  \  4V2 


2x  +  2V2 


2x  —  2\/2 


x2  +  Vic  +  1  x2  -  Vic  +  1 


V2 

2x  +  V2  2x  -  V2 

1 

1  1 

8 

x2  +  \/2x  4*  1  x2  —  V2x  4-  1 

+  _ 

.( x  +  72)  +5  (x“^)  +5. 

Now  we  integrate: 


V 


dx  V2  /  x2  +  Vic  +  1  \  V2 
^TT  =  T]n\x2-V2x  +  i  /  +  T' 


tan  1  (Vic  +  1  j  +  tan  1  (Vic  -  l)J  +  C. 
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67.  (a)  In  Maple,  we  define  /  ( * ),  and  then  use  convert  {f ,  parfrac,  x)  ;  to  obtain 
Mt)_24’110/4879  668/323  9438/80,155  (22,098*  +  48,935)/260,0 15 

X  ~  5x  +  2  2x  +  1  3*  —  7  +  12+7+1  ' 

In  Mathematica,  we  use  the  command  Apart,  and  in  Derive,  we  use  Expand. 

(b)  J  f(x)dx  =  ^.iln|5r  +  2|-|f.Iln|2r  +  l|-^.Iln|3x-7| 

]  r  22,098  (*  +  +)  +  37,886 
0,015  J 


260, ( 


-  dx  +  C 


(*  +  j)  +T 

■^•$ln|5*  +  2|-fg.$In|2*  +  l|-^.$ln|3*-7| 


260,015 


22. 


’098  ■  i  In  (*2  +  at  +  5)  +  37,886  •  /7tan-l  (_J_  +  l )) 

=  g|ht|5*  +  2|-|ghi|2*  +  l|-^hr|3*-7|  +  ^ln(*2+*  +  5) 

+  260,01757yi9tan~'  [tH  (2*  +  '>]  +  C- 
Using  a  CAS,  we  get 

4822 In (5*  +  2)  334 In (2x  +  1)  31461n(3*-7) 


+  C 


4879 


323 


80,155 


1 1,049  In  (oc2  +  jc  +  5)  3988^19 

260,015  +  260,115 


719 

19 


(2x  +  1) 


The  main  difference  in  this  answer  is  that  the  absolute  value  signs  and  the  constant  of  integration  have  been 
omitted.  Also,  the  fractions  have  been  reduced  and  the  denominators  rationalized. 

68.  (a)  In  Maple,  we  define  f  (x),  and  then  use  convert  (f,  parfrac,  x}  ;  to  get 

5828/18J5  59,096/19,965  2(2843jc  +  816)/3993  (313cc  —  251)/363 

1  X  (5x  —  2)2  5*  —  2  +  2*2  +  1  +  (2*2  +  1)2 

In  Mathematica,  we  use  the  command  Apart,  and  in  Derive,  we  use  Expand. 

(b)  As  we  saw  in  Exercise  67,  computer  algebra  systems  omit  the  absolute 
value  signs  in  /  (1  /y)  dy  =  In  \y\.  So  we  use  the  CAS  to  integrate  the 
expression  in  part  (a)  and  add  the  necessary  absolute  value  signs  and 
constant  of  integration  to  get 


/ 


f  (x)  dx  = 


5828  59,096 In  1 5* -2|  ,  2843  In  (2*2  +  l) 

’  9075  (5*  -  2)  99,825  +  7986 


+t 


1  1004*  +  626 

2904  2*2  +  1 


+  C 


(c)  From  the  graph,  we  see  that  /  goes  from  negative  to  positive  at  *  -0.78,  then  back  to  negative  at  *  0.8, 

and  finally  back  to  positive  at  *  =  1 .  Also,  lim  /  (*)  =  oo.  So  we  see  (by  the  First  Derivative  Test)  that 

x->0.4 

/  /  (x)dx  has  minima  at  *  —0.78  and  *  =  1,  and  a  maximum  at  *  =»  0.80,  and  that  /  /  (*)  dx  is 

unbounded  as  *  ->  0.4.  Note  also  that  just  to  the  right  of  *  =  0.4,  /  has  large  values,  so  f  f  (x)dx  increases 
rapidly,  but  slows  down  as  /  drops  toward  0 .  /  /  (*)  dx  decreases  from  about  0.8  to  1,  then  increases  slowly 
since  /  stays  small  and  positive. 
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69.  There  are  only  finitely  many  values  of  *  where  Q(x)  =  0  (assuming  that  Q  is  not  the  zero  polynomial).  At  all 
other  values  of*,  F  (*) /0  (*)  =  G  (*) /Q  (*) ,  so  F  (*)  =  G  (x).  In  other  words,  the  values  of  F  and  G  agree 
at  all  except  perhaps  finitely  many  values  of*.  By  continuity  of  F  and  G,  the  polynomials  F  and  G  must  agree  at 
those  values  of  x  too. 

More  explicitly:  if  a  is  a  value  of*  such  that  Q  (a)  =  0,  then  Q  (*)  ^  0  for  all  *  sufficiently  close  to  a.  Thus, 

F  (a)  =  lim  F  (*)  (by  continuity  of  F)  =  lim  G  (*)  [whenever  Q  (*)  #  0] 

'  x—>a  x—>a 

=  G  (a)  (by  continuity  of  G). 


/(*) 

70.  Let  /  (*)  =  ax 2  +  bx  +  c.  We  calculate  the  partial  fraction  decomposition  of  ^2^TjTj)3 '  ®'nce  =  we 
/  (*)  ax2  +  bx  + 1  A  B  C  D  E 


must  have  c  =  1,  so  ■ 


ax 2  +  bx  +  l_A  B  - _ 

'  r2Tr-l.n3  ~  *  X2  *  +  l  (*  +  l)2 


(*  +  1)3 


.  Now  in  order  for 


*2(*  +  l)3  x2  (*  +  l)3 
the  integral  not  to  contain  any  logarithms  (that  is,  in  order  for  it  to  be  a  rational  function),  we  must  have 
A  =  C  =  0,  so  ax2  +  bx  +  1  =  B  (*  +  l)3  +  Dx2  (*  +  1)  +  Ex2.  Equating  constant  terms  gives  B  =  1,  then 
equating  coefficients  of*  gives  3B  =  b  =>  6  =  3.  This  is  the  quantity  we  are  looking  for,  since  /  (0)  —  b. 


Strategy  for  Integration 


1.  Let«  =  sin* 
h  cos* 


Then  [  C°SX  =  /  — -r  =  tan  1  u  +  C  =  tan  1  (sin*)  +  C. 
J  1  +  sin2*  J  \  +  u2 


f  ljTcos*  ^  _  f  (csc;c  cot*)  dx  =  In  |csc*  —  cot*|  +  In  |sin*|  +  C  —  In  |1  cos*|  +  C. 
J  sin*  J 

f  1  +  cos  *  f  1-cos2*  ,  f  sin  x  dx  .  _ 

Or:  /  +  dx  =  /  - - - - -  dx  =  /  - - =  ln|l  -  cos*|  +  C. 

J  sin*  J  sin*  (1- cos*)  J  1-cos* 


dy  fi  earc,an'v  ,  r/4  „  ,  _  r  „r/4  _  ir/4  _  .-*/4 

3.  Let  u  =  arctany.  Then  du  =  ^  J  ,  T+yT  dy  ~  j  du  ~  le  J-<r/4  —  e  e 

4.  Integrate  by  parts  with  u  =  In*,  dv  =  *3  dx  =>  du  =  dx/x,  v  =  *4/4: 
fix3  In*  dx  =  [|*4  In*]'  -  J  fix3  dx  =  4 In 2  -  ^  [*4]2  =  4 In 2  -  |f . 

5.  /  sin2  *  cos3  *  dx  =  f  sin2*  (1  -  sin2*)  cos*  dx  =  j  u2  (1  -  u2)du  (put  u  =  sin*) 

=  J  (u2  -  u4)  du  =  \u3  -  \us  +  C  =  ^  sin3  x-\  sin5  x  +  C 

6.  Let  u  =  cos*.  Then  du  =  -  sin x  dx  => 

f  sin*  cos  (cos*)  dx  =  —  f  cos  u  du  —  —  sin  n  +  C  =  —  sin  (cos*)  -f  C. 

7.  Let  u  =  V9  -*2.  Then  u2  =  9  -  x2,udu  =  -*  d*  => 

■sl9^7i 


/  ^T^  =  /  ^?xdx  =  l  ^2(-“)d"  =  / 


9  —  w2 


f  du  9 

=  “  +  9/^=“  +  yn 


M  —  3 


M  +  3 


+  C  =  \/9-*2  +  -ln 


V9  -  *2  -  3 


=  <J9  —  x2  +  |  In 


3|n(VCT-3f+c  =  vr^  +  3m 


3  -  V9  -  *2 


V9  -  *2  +  3 

+  C 


+  C 


Or:  Put*  =  3 sin 0. 
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8.  Let  u  —  x2.  Then  du  —  2x  dx 


x  dx  If  du  1  .  _i  u  ^  1  .  _i  ..  _ 

.  =  -  /  —7==  =  -  sin  1  —7=  -f  C  =  -  sin  1  —7=  +  C. 

V3  —  x 4  2  J  V3  —  m2  2  V3  2  V3 


9.  Let  u  =  1  • 


=  —2.x  <Yjc.  Then 


10. 


r  ^ = -\r  Tudu=\  t  m_i/2  = *  [2“i/2^4 = = 1  • 

fj2/2  x2  rn/s,  sin2  0 

7o  7^dx=h 


^3 

2 


COS0 


cosO  dd  [x  =  sin£),  rf*  =  cos#rf0] 


=  JoT/4  5  (1  -  cos2<?)  de  =  i  [0  -  I  sin20]*  =  3  [(f  -  2)  -  (0  -  0)] 

"'I  -^dt=L  2J^du[u  =  t-3,du  =  dl]  =/_3  (§  +  £)'“  =  [2 m l-l- 


ll 


x  -  1 


=  (2 In  1  +  6)  -  (2  In 3  +  2)  =  4  -  21n3  or  4  -  ln9 
x  -  1 


_ _ _  A  B 

x2  —  4x  —  5  (*  —  5)  (*  +  1)  x  —  5  x  +  1 


a:  —  1  =  A  (x  +  1)  +  B  (x  -  5).  Setting  x  —  - 1  gives 


—2  =  — 6B ,  so  B  =  3.  Setting*  =  5  gives  4  =  6A,  so  A  —  \.  Now 
/*4  v  _  1  ^4 


L  ?-u-5dx-.l,  (S  +  irr)^  =  [jln|"-5l  +  5ln^  +  11] 

=  f  In  1  +  i  In  5  -  3  In 5  -  j  In  1  =  In  5 


11  / 
147 


*  —  i 


,  dx  =  f  — - —  dx  =  f  ( - 1 — r - 'i  du  [u  =  x  —  2,  du  =  dx] 

t2-4x+5  J  {x_  2)2 +1  J  ^„2  +  l  T  U2  +  \J  1  J 

=  j  In  ( u 2  +  1)  +  tan-1  m  +  C  =  j  In  (x2  -  4x  +  5)  +  tan-1  (x  -  2)  +  C 


x4  +x2  +  1 


-  rfx  — 


=  [  '2dU 
J  U2  +  U  + 


+  1 


\u  —  x2,  du  =  2x  </*] 


u 


du 


M) 

V3  4 


!  +  l) 


dv 

TT 


=  tan  'o  +  C^tan  1  ( ^  (*2  +  $))  +  C 

15.  Let  u  =  ex.  Then  /  dx  =  f  e“x  ex  dx  =  f  eu  du  =  eu  +  C  =  ee*  +  C. 

16.  Let  u  =  l/x.  Then  x  =  k3  =>  f  dx  =  J e“  ■  3u2  du.  Now  use  parts:  let  to  =  k2,  dv  =  eu  du  =» 

dm  =  2u  du,  v  =  eu  =>  3  J  euu2  du  =  3  ( u2eu  —  2  f  ue“  du ).  Now  use  parts  again  with  w  =  u,  dv  =  eu  du 

to  get  /  eu  3u2  du  =  eu  (3k2  —  6u  +  6)  +  C  =  3e^  (x2/3  —  2lfx  +  2)  +  C. 

2x 

17.  Use  integration  by  parts:  u  =  in  (l  +  jc2),  dv  =  rfx  =>  du  =  -  — dx,v  =x,  so 


J  in  ^1  +x2^  dx  —x  in  ^1  +x2^  -  J  x  ■  =  x  in  ^1  +x2^  -  2  J  1  — 


1  +x2 

—  x  in  ^1  +x2^  -  2x  +  2tan_1  x  +  C 


l+x2 


dx 
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18.  Let  u  =  In*.  Then  du  =  dx/x 
f  Vl  +  In*  ,  f  Vl  +  u 


-  _  f  — Li tii  du  —  f  - - 2v  dv  [put  v  =  Vl  +  u,  u  =  v2  —  1,  du  —  2v  dv ] 

J  u  J  vL  -  1 

/*  /  1  \  n  —  l  , -  ( Vl  +  in*  —  1 > 

=  2/  (1  +  ^rT)rfo  =  2o  +  ,n  FT!  +c  =  2'/™+ln(^TCTT> 


19.  Integrate  by  parts  three  times,  first  with  a  =  t3,  dt>  —e  2'  dt: 

Jt3e ~2>  dt  =  -i(V2'  +  i  /3tV2'dt  =  — itV2'  -  |tV2'  +  i  /3t<r2'  dt 

=  -^2'  [j'3  +  !'2]  -  !'^2'  +  I  /  ^~2'  ^  =  -e-2'  [|t3  +  +  \t  +  I]  +  C 

=  -gc"2r  (4;3  +  6/2  +  6t  +  3)  +  C 

20.  Integrate  by  parts:  u  —  sin“l  *,  dv  =  *  dx  =>  du  =  ( 1  / —  x2\  dx,v  —  ^x2,  so 


*  sin  1  xdx  =  j*2  sin  1  * 


1  f  x2dx 


-  =  A* 2  sin' 
2  2 


'-t/ 


1  /  sin2# cos# d#  f  where  x  =  sin  # 


where  a:  =  sin  # 
for  -  f  <  #  <  f . 


ix2  sin  1  x  -  \  /  (1  —  cos 29)  dO  =  \x2  sin  1  x  -  j  (#  -  sin#  cos#)  +  C 


1  -  x2]  +  C  =  i  [(2x2  -  l)  sin'1  *  +  xVl  -x2]  +  C 


21.  Let  a  =  1  +  V*-  Then  a:  =  (a  -  l)2,  dx  =  2  (a  -  1)  du 


Jo1  (1  +  V^)8  dx  =  J2  a8  •  2  («  -  1)  da  =  2  J2  (a9  -  a8)  du  =  [ju10  -  2  ■  la9]' 


1024  1024  i  ,  2  _  4092 

5  9  5  9  45 


22.  yfi  (z  +  Vz)  dz  =  /o  a3  («6  +  «2)  6«5  du  [a  =  Vz,  u6  =  z,  dz  =  6a5  du]  =  6  J0'  (a14  +  a10)  du 

_ A  l  „15  ,  X„nl'  -t/ii  J.)  —  .  2L  —  51 

—  6[T3“  +  TT“  J0  -  °  ^15  +  11  j  _  0  165-55 

(Note  that  this  integral  can  also  be  evaluated  without  substitution.) 


23  3*2  -2  fa+22_=3  +  _i_  +  _g_ 

x2-2x-8  (zc  -  4)  (zc  +  2)  x-4  x+2 


6x  +  22  =  A  (x  +  2)  +  B  (x  -  4).  Setting 


a:  =  4  gives  46  =  6^4,  so  A  =  y.  Setting  a  =  -2  gives  10  =  -6B,  so  B  =  -  j .  Now 


f  3x2  -  2  J  f  /  ,  23/3  5/3  \ 

j  x2-2x-zdx  =  jV  +  —*-7T2)dx  = 


=  3a  +  22  In  \x  -  4|  -  f  In  |x  +  2\  +  C. 


24.  [  V~2  Ja=  [  —  [a  =  a3  —  2a  —  8,  du  =  (3a2  —  2)  o!a]  =  In  |a|  +  C  =  In  |a3  -  2a  -  8|  +  C 
J  *3  —  2*  —  8  J  u 

25.  Let  a  =  In  (sin  a).  Then  du  =  cotA  dx  ^  J  cotA  In  (sinA)  dx  =  /  a  du  =  ju2  +  C  =  j  [In  (sin  a)]2  +  C. 


26.  /  sin  Vat  dt  =  /  sin  a  ■  judu  [u  =  V«t>  2a  da  =  adt,  u2  =  at]  =  \  J  usinudu 

=  |  [— u  cosu  +  sinu]  +  C  [integration  by  parts]  =  — 2 V^t  cos  V«t  +  2  s'n  Vat  +  C 

=  —2 .^2  cos  +  I  s*n  Vat  +  C 
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27.  f*3  |x3  +x2  —  2x|  dx  =  f3 j  |(x  +  2)x(x  —  1)|  rfx 

=  —  f_3  (x3  +  x2  —  2x)  dx  +  2  ( x 3  +  x2  —  2x)  dx  —  fg  ( x 3  +  x2  —  2x)  dx  +  J3  (x3  +  x2  —  2x )  dx 

Let  f  (x)  =  ^x4  +  jx3  —  x2.  Then  /'  (x)  =  x3  +  x2  -  2x,  so 

fl3\x3+x2-2x\dx  =  —  f  (—2)  +  /  (—3)  +  /  (0)  —  /  (—2)  —  /  (1)  +  /  (0)  +  /  (3)  —  /  (1) 

=  / (-3) -2/ (-2) +  2/(0) -2/(1)  +  / (3)  =  |  -  2  (-§)  +  2  •  0  -  2  (-^)  +  ^  =  f 

28.  Let  x  —  j  =  ^ u .  Then  dx  =  ^  du,  u  =  {2x  -  1)  => 


f  Vl  +  x  —  x2  dx  =  J  J |  -  (*  ~  i)  dx  =  f  /  Vl  —  u 2  du  =  |  f  cos&cos 9dd 

1^) 


:  |  (S  +  sin  9  cos  8)  +  C  =  - 
8 


2*  —  1  2  r - - 

+  — = - =  Vl  +  x  -x2 


V5  V5 

=  |  sin”1  (-L  (2x  -  1))  +  1  (2x  -  1)  Vl  +x-x2  +  C 


+  C 


29.  As  in  Example  5, 


im*-j 


Vl  +*  Vi  +* 


dx 


■-! 


1+* 

VT— T 


”■/ 


:  vm 

=  sin-1  x  -  Vl  -x2  +  C 

Another  Method:  Substitute  u  =  V(1  +  x) /(I  —  x). 

u  =  -J2x  —  1,  2x  +  3  =  u2  +  4. 


dx  — 


IvT^  +  I 


x  dx 


VT 


•J2x  -  1 
2x  +  3 


flfjc 


■/ 


u-udii 
u2  +  4 


«2  =  2*  —  1 ,  w  tiw  =  dx 


=  h  — 4-jtan  1  ^  +  C  =  V2x  —  1  —  2  tan  1  (jV2x  —  l)  +  C 

31./  W~'dw=  /  (3 - -  )  dw  =  [3io  —  71n  |u)  +  2|ln  =  15  —  7  In  7  +  7  In  2  =  15  —  7  In  J 

/o  in  +  2  Jo  \  io  +  2/  JU  2 


32. 


d* 


__  [ 

‘  1/12 

x/12+  1/3  " 

dx  =  ^( 

12  J 

'  1 

x  +  4 

8  J 

_x  -2  " 

x2  +  2x  +  4  _ 

.x  -2  " 

x2  +  2x  +  4_ 

df* 


=  tV  In  |jc  -  2|  - 


24 


h 


2x  +  2 


2  +  2*  +  4 


d* 


j/ 


d* 


(*  +  l)z +3 


=  -r  in  |x  -  2|  -  i  In  (x2  +  2x  +  4)  -  tan  1  [75  (*  +  I)]  +  c 

u  =  e2* ,  dv  =  sin3x  dx. 


33.  /  =  f  e2*  sin  3*  dx  =  —  cos  3*  +  §  /  e2x  cos  3x  dx 


du  —  2e2x,  v  =  —  ^  cos  3* 


-\e2x  cos  3*  4-  §  (|e2xsin3*  -  |  f  e2*  sin3*d*^ 


"{/  —  e2x,dV  =  cos  3*  d*,‘ 

_df/  =  2e2x,  K  =  |  sin3*  _ 

So  /  =  —  ^e2*  cos3*  4-  |e2x  sin3*  —  |/  =>  -^/ =  (2sin3*  —  3  cos3*) -{- Ci  and 

/  =  (2 sin 3*  —  3  cos  3*)  4-  C,  where  C  =  j^C\. 

34.  Let  u  =  cos2*  =>  du  =  —  2 cos*  sin*cf*  —  —sin2*<jf*  => 

/  vS^ = /  VCT  =  -  sin~'  (1“) + c  =  - sin_’  (1  cosV + c- 

35.  Because  f  (x)  =  x8  sinx  is  the  product  of  an  even  function  and  an  odd  function,  it  is  odd.  Therefore, 
/2j  x8  sinx  dx  =  0  [by  (5.5.6)(b)]. 
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36.  sin  4*  cos  3*  =  \  (sin*  +  sin  7*)  by  Formula  8.2.2(a),  so 

/  sin  4*  cos  3*  dx  =  j  f  (sin*  +  sin  7*)  <7*  =  j  [-cos*  -  \  cos7*j  +  C  =  -jcos*  -  yj  cos  7*  +  C. 

37.  f*/4  cos2  8  tan2  8  dd  =  f*/4  sin2  8  dd  =  f*/4  £  (1  -  cos  20)  d0  =  [\0-\  sin26»]^/4 

=  (f  -  i)  - (0  -  °)  =  f  -  i 

38.  Let u  =  tan*.  Then 

/0'r/4  tan 3*  sec4  *  dx  =  J^4  tan3  *  (tan2  *  +  1)  sec2  *  dx  =  f0‘  u3  (u2  +  1)  du  =  /J  («5  +  u3)du 

_  r i„6 .  _  i ,  i  _  ± 

-  [6U  +  4M  J0  “  6  +  4  —  12 

39.  Let  u  =  1  —  *2.  Then  du  —  —  2x  dx  => 


/- 


*  rf* 


:2  +  n/T 


=  -i  [  — =  -  f  ■  -  (w  =  »  =  u2>  du  =  2u  do) 

2  J  u  +  ^t  J  v2  +  u 

=  —  J — -p-j-  =  —  In  |u  -T-  1|  +  C  =  —  In  1  —  *2  +  1^  +  C 


40.  4>’2  —  Ay  —  3  =  (2y  —  l)2  —  22,  so  let  u  =  2y  —  1  =5  du  =  2 dy.  Thus, 

dy  f  dy 


/ 


\/4y2-4y-3  /  ^/(2y  -  l)2  -  2: 


22 


=  i  In  ]«  +  */k2  -  22j  (by  Formula  20  in  the  table  in  this  section) 


=  *  In 


2y  —  1  +  i/ 4y2  -  4y  -  3 


+  C 


41.  Let  u  =  8,dv  =  tan2 8d9  =  (sec2  <9  —  1)  =>  du  =  dO  and  v  =  tanO  -  0.  So 

JO  tan2  0  rffl  =  0  (tan0  -  6>)  -  f  (tan#  -  0)  dO  =  8  tan0  -  02  -  In  |sec0|  +  \d2  +  C 
=  8\m8  -  \8 2  -  ln|sec0|  +  C 

42.  /  tan2  4 xdx  —  f  (sec2  4*  -  1)  dx  =  j  tan  4*  -  *  +  C 

43.  Let  t  -  X3.  Then  dt  =  3x2dx  =>  I  =  J x5e~x3  dx  =  \  J  te~‘  dt.  Now  integrate  by  parts  with  u  =  t, 

du  =  e~‘  dt'.  I  =  -ife-'  +  i  /e"'  dt  =  -\te~‘  -  ±e"'  +  C  =  (*3  +  1)  +  C. 

44.  Let  u  =  ex.  Then  *  =  In  u,  dx  =  du/u  => 

=  r {l+u)d* =-[  = _  f  (^__ru 

J  \-ex  J  (\  —  u)u  J  (u-\)u  J  \u  -  \  u) 

=  In |u|  —  2 In |«  —  1|  +  C  =  lne*  —  21n  |e*  —  1 1  +  C  =  *  —  21n  le*  —  l|  +  C 

45.  f  X2+a2  dx  =  i  f  'f—'j  +  a  f  2dX-j  =  \  In  (*2  +  a2\  +  a  T  tan"1  +  C 

J  x2  +  a2  2  J  x2  + a2  J  x2  +  a2  1  V  >  a  W 

=  InV*2  +  a2  +tan_1  (x/a)  +  C 

46.  Let  u  =  x 2.  Then  du  =  2x  dx  =$ 


f  x  dx  f  \du  _  1 

j  x4-a*~  J\2  _~(a2f  ~  4^2 


In 


u  +  a2 


+  C-- 


4  a2 


x^+a' 


+  C. 
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47.  /  sin2  kx  cos4  kx  dx  =  /  j  (1  —  cos2!rx)  ^  (1  +  cos2ttjc)]  dx, 

=  |  f  (1  —  cos  2 kx)  (1  +  2  cos  2ir x  +  cos2  2n x)  dx 

=  j  f  (1  +  2cos2jrx  +  cos22)rx  —  cos27rx  -  2  cos2  2k x  -  cos3  2k x)  dx 

=  j  J  (1  +  cos  2k x  —  cos2  2k x  —  cos3  2kx)  dx 

=  i  f  [  1  +  cos  ^-Kx  —  \  (1  +  cos  4k x)  J  dx  —  |  /  cos3  2k x  dx 

=  5  /  (t  +  zos2kx  —  j  cos4;r;t)  dx  -  j  /  (l  —  sin22irx)  cos2kx  dx 

=  |  sin 2ir  x  -  jj-  sin4>r;ii)  -  |  /  (l  -  «2)  ^  [w  =  sin2?r:t,  =  2;r  cos2ffxrfjc] 

=  n*  +  m  s™2mx  ~  vs sin47r3t  -  m  (“  ~  5“3)  +  c 

—  sin  2®*  +  sin3  2k  x  +  C 


eh  sin  4k x 
46?  sin3  2*- 

48.  Integrate  by  parts  with  u  =  tan-1  x,  do  =  x2  dx 


=  TSx  +  m  sin2KX  ~  64?  -  16? 

=  16^-64?  sin4jrjc  +  46?  sin3  2**  +  C 


du  =  rfx/  (1  +  x2),  v  =  jjc3 


/ 


j:2  tan  1  a:  dx  —  jx3  tan’ 


j-/t 


dx 


3  1  +x2  3 


=  {x  tan' 


■'-5/ 


*2  +  1 


dx 


=  |.x3  tan  1  x  -  gjc2  +  5  In  {x2  +  l)  +  C 


49.  Let  K  =  V4x  +  1  =>  u2  =  4x  +  1  =>  2udu  =4  dx 

J 77^Tfdx  =  J  \  (l2-i)u  =2h^ T  =  2(2) 

IV4F+T-  l 


dx  =  du.  So 


u-  1 


H+l 


+  C  (by  Formula  19) 


=  In 


|V47+T+  l 

50.  As  in  Exercise  49,  let  u  —  -J4x  +  1.  Then 
1  1  A 


+  C 


f  dx  —  [  \udu  _  R  f  du 

J  x2V4x  + 1  J  |j(u2_i)j2u  J  (»2-l)2 


Now 


C 

■  +  - 7  +  ’ 


(«2  -  l)2  (u  +  l)2  (u  -  l)2  «  +  l  («  +  l)2  U-1  (u-  l)2 

l=A(u+l)(u-l)2  +  B(u-l)2  +  C(u-l)(u  +  l)2  +  D(u  +  l)2.u  =  \  =>  D  =  \,u  =  - 1  => 

B  =  \.  Equating  coefficients  of  «3  gives  A  +  C  =  0,  and  equating  coefficients  of  1  gives  l  =  A  +  B  —  C  +  D 


J 


'  4 

dx 


1  _  A  , 

2  —  A 


-  C.  So  A  =  T  and  C  =  -i.  Therefore, 


jc2V4x  +  1 


■/ 


1/4 


1/4 


-1/4 


+  ■ 


1/4 


■/ 


L«  +  i  («  +  i)2  «-i  («-i)  J 

— —  +  2  («  +  1)  2 - -  +  2  («  —  1) 

u  +  1  u  —  1 


du 


du 


=  21n|«  +  11 - — 

u  +  1 

=  21n(V4x  +  l-Fl)- 


-  2  In  | «  —  1 1 - -  +  C 

u  —  1 


V5FTT+1 


—  21n  V4x  +  1  -  1  - 


■J4x  +  1  —  1 


+  C 
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51.  Let  2.x  —  tan# 
dx 


x  —  i  tan  0,  dx  —  \  sec2  0  dO,  V4x2  4-  1  =  sec  0, 


d0=  esc  QdQ 


r  dx  =fi^ede=r?cc0M=t 
J  xV4x2  +  1  J  jtanSsecS  J  tan#  J 

=  —  In  |csc#  +  cot#|  +  C  [or  In  |csc#  —  cot#|  +  C] 


=  -  In 


52.  Let  u  =  x2.  Then  du  =  2x  dx 


'/4i!+i  + 1  Lc 

or  In 

V4x2  +  1 

i 

+  C 

2x  2x  | 

2x 

~  2x 

J  x(x4  +  l)  J  x2(x4  +  l)  2J  u(u2  +  \)  2J  [u  h2  +  1J  2  4  V  / 

=  2 ln  (*2)  -  Un  (*4  +  0 + c  =  ?  [in  (*4)  - ln  (*“  +  !)] + C  =  \  !n  ( Vn) + C 


+  C 


Or:  Write  I  — 


ite/  =  /. 


x3  dx 


and  let  u  =  x4. 


(x4  +  1) 

53.  J x2  sinh  (mx)  dx  =  ^-x2  cosh  (mx)  —  J  f  x  cosh  (mx)  dx 


u  =  x2,  dv  =  sinh  (mx)  c/x, 

[_dw  =  2x  dx,  v  =  ^  cosh  (mx)J 

L7  —  x,dV  —  cosh  (mx)  dx. 


\_dU  =  <7x,  F  =  —  sinh  (mx)  J 


=  ^x2  cosh  (mx)  —  ^  sinh  (mx)  —  ^  f  sinh  (mx)  dx^j 

=  ~x2  cosh  (mx)  —  ~^x  sinh  (mx)  4-  cosh  (mx)  4-  C 
54.  /  (x  4-  sinx)2  dx  —  /  (x2  4-  2x  sinx  4-  sin2x)  afx  =  jx3  4-  2  (sinx  —  x  cosx)  4-  =r  (x  —  sinx  cosx)  4-  C 
=  |x3  4-  jx  4-  2 sinx  —  j  sinx  cosx  —  2x  cosx  4-  C 


55.  Let  u  =  Vx  4-  L  Then  x  —  «2 

-  1  => 

f  dx  -  [ 

2u  du  f  , 

'  -1  3  ' 

J  x  +  4  +  4-v/x  +  1  J 

«2  +  3  +  4«  J 

_ w  4"  1  h  + 

du 

=  3  In  |u  +  3|  -  ln  \u  +  1|  +  C  =  3  ln  (Vx  +  1  +  3)  -  ln  (Vx  +  1  +  l)  +  C 
56.  Let  t  =  Vx2  —  1.  Then  dt  =  (x  j Vx2  —  1  ^  dx,  x2  —  1  =  I2,  x  =  Vt2  +  1,  so 

/  =  J  *  *n X  dx  =  J  ln\/t2  +  \dt  =  1 J  ln  (t2  +  l)  dt.  Now  use  parts  with  u  =  ln  (t2  +  l),  dv  =  dt: 


I  =  \t\n(t2  +  \)- j  i^-jdt  =  \t  In  ( f2  +  l)-/ 


t2  +  1. 


dt 


=  In  ^/2  +  1^  —  t  4-  tan  1 1  +  C  =  Vx2  —  1  lnx  —  \/x2  —  14-  tan  1  \/x2  —  1  4-  C 
Another  Method:  First  integrate  by  parts  with  u  =  lnx,  —  ^x  j  Vx2  —  ij  sfx  and  then  use  substitution 
^x  —  sec#  or  w  —  Vx2  —  1^. 

57.  Let u  =  V*  4- c.  Then x  =  w3  —  c  => 

f  x  1/x  4 -cdx  =  /  (m3  —  c)  m  *  3a2  du  —  3  f  (u6  —  c«3)  c/w  =  —  |cm4  4-  C 

=  f  (x4-c)?/3-|c(x4-c)4/3  +  C 
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58.  Integrate  by  parts  with  u  =  In  (1  +  x),  dv  =  x2  dx  =»  du  =  dx/  (1  +  x),  v  =  j*3: 

J  x2  In  (1  +  x)  dx  =  ±x3  In  (1  +  x)  -  J  ^  =  |jc3  In  (1  +  x)  -  j  J  (x2  -  x  +  1  -  dx 


J*3  1 

59.  Let  u  =  ex .  Then  *  =  In  u,  dx  =  dw/w 
dx  /*  da/w 


i v-3  ,  lY2  _  i, 
6* 


f  dx  f  du/u  C  du  f 

J  e3x  —  ex  J  u3—u  J  (u  —  l)w2(w+l)  J 


u  -  1 


w  +  1 


+  C  —  e  x  +  —  In 


1/2  _  J_  _  1/2 

W  —  1  W2  W+1 

ex  -  1 


dw 


ex  +  1 


+  C 


60.  Let  w  =  4/jc.  Then  x  =  w3,  rta  =  3w2  du 
'  3u2  du  3  f  2u  du 


w2  +  1  2 

61.  Let  u  =  *5.  Then  rfw  =  5 x*  dx  => 


rfw 


62.  Let  w  =  *  +  1.  Then  du  =  dx  => 

/  uTW5dx=l(1^Ldu  =  I  (“~7-3““8+3“~9-“~10)‘ 

=  -|w”6  +  |w-7  -  |«-8  +  |w-9  +  C 
=  (x  +  I)-9  (x  +  l)3  +  3  (.*  +  l)2  -§(*  +  l)  +  $]  +  C. 

63.  Let «  =  esc 2x.  Then  du  =  —2  cot 2*  csc2*  d*  => 

/  cot3  2*  esc3  2 x  dx  =  f  csc22x  (esc2  2*  -  l)  cot2x  esc  2 xdx  =  J  u2  (u2  —  l)  j  duj 


-l/(w<-w2)rfw  =  -i[l„3-i«3]- 


64.  Letw  =  tan*.  Then 


m.j- 


dx 


f*/3  In  (tan  x)dx  fn^3  ln(tan*)  9  H*  lnw 

/  — : - =  /  -  sec  *  d*  =  /  —  du 

Jnj  4  sin*  cos*  Jjtf  4  tan*  7i  w 

=  [l(lnw)2]^=i(lnV3)2  =  |(ln3)2 

--J  (v^-v^)rf*  =  y[(*  +  i)3/2-*3/2]  +  c 


67^irf“=/[1  + 


w2  +  l 


(m  —  1)  U2 


du  — 


f  r  2  1  1  1  1 

u  T  / - =■  dw  =  w -{- 21n|w  -  1|  —  In  |«|  +  - 

J  [m  —  1  w  wz J  M 


Thus, 


J2  ^3-u2  du=  w  +  2  In  (w  —  1)  —  In  w  +  y  =  (3  +  2  In  2  -  In  3  +  j)  -  (2  +  2  In  1  -  In  2  + 


=  l+31n2-ln3- 


I  +  ln| 


+  C. 
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67.  Let  u  =  ~Jt-  Then  du  =  dt/  (2 -ft) 
'  arctan  -Jt 


J 


41 


-  dt  = 


/»■' 


m2  du  =  2m  tan 


,  f  2m  du  .,  . 

'u-  (by parts) 

J  1  +  ul 


=  2utan  1  u  —  In  (l  +  w2^  +  C  =  2V?tan  1  4t  —  In  (1  + 1)  +  C 
68.  Let  u  =  ex .  Then  *  =  In  u,  dx  =  du/u  => 


/ 


dx 


du/u 


f  du  f  2/3 

J  2u2  +  m  —  1  J  2u  —  \  u 


l/3_ 
+  1 


c/m 


l+2e*  -  J  1  +2m  -  1/m 

=  ^  In  |2m  —  1|  —  5  In \u  +  1]  4-  C  =  ^  In  |(2ex  —  l)  /  (ex  +  l)  |  +  C 

69.  Let  m  —  ex .  Then  x  —  In  u,  dx  =  c/m/m  => 

f  ^Ldx=  [  4^d4L  =  f  4^du=  f 

J  \  +  ex  J  1  +  H  u  J  l  +  u  J  \  1  +  “  / 

=  «-ln|l  +  w|  +  C  =  ei-ln(l+eI)  +  C 

70.  Use  parts  with  u  =  In  (x  +  1),  dv  =  dx/x2: 


T  ln(i_H)^  =  _^ln  f  dx  =  i-ln(x  +  l)  +  f 

J  x2  x  J  x(x  +  \)  x  J 


A _ 1_ 

x  x  +  1 


dx 


=  -±  In  (x  +  1)  +  In  |x|  -  In (x  +  1)  +  C  =  -  (l  +  ±)  In  (x  +  1)  +  In  |x|  +  C 


71. 


Ax  4-  5  +  Cx  +  D 


*  +  4*2  +  3  (*2  +  3)  (*2  +  !)  *2  +  3  *2  +  ! 

x  =  (Ax  +  B)  (x2  +  l)  +  (Cx  +  D)  (x2  +  3)  =  (/lx3  +  fix2  +  Ax  +  b)  +  (Cx3  +  Dx 2  +  3 Cx  +  3Z>) 

=  (^  +  C)x3  +  (B  +  D)  x2  +  (A  +  3C)  x  +  (B  +  3D)  => 

A  +  C  =  0,B  +  D  =  0,A  +  3C  =  \,B  +  3D  =  0  =»  /I  =  —  j,  C  =  j,  B  =  0,  £>  =  0.  Thus, 


/: 


4  +  4*2  +  3 


</;c 


=/(to+to)^ 

=  -i  in  (x2  +  3)  +  i  In  (x2  +  l)  +  C  or  j  In  (^3)  +  C 


72.  Let  m  —  %/t.  Then  t  =  m6,  dt  =  6m5  t/M 
r’'3 


f4[dt  =  ru±64du=6r4du  =  6r/e_u  *w_l+'\du 
J  \  + ift  J  i+«2  i«2  +  i  y  v  «2  +  i; 

=  6  (i«7  -  i«5  +  i«3  -  u  +  tan"1  u)+C  =  6  (i t7'6  -  \t 5>6  +  J t1/2  - 1,/6  +  tan"1  46)  +  C 
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73.  - t — - - -  —  - -  H - ~ - —  => 

(jc  —  2)  (jc2  +  4)  x  -  2  x2  +  4 

1  =  A  (x2  +  4)  +  (Bx  +  C)  (x  -  2)  =  (A  +  B)x2  +  (C-2B)x  +  (4  A  -  2  C).  SoO  =  J  +  B  =  C  —  2B, 
1=4/1  —  2 C.  Settings  =  2  gives  A  =  |  =>  B  =  —%  and  C  =  —  |.  So 


/  (jc  -  2)  (jc2  +  4) 


dx  — 


/( 


I  _!v  _ 

8  ,  8-* 

x-2  x2  +  4 


I 

4 


dx 

x  —  2 


1  f  2x  dx 
VeJ  x2  +  4 


=  j  In  |jc  -  2|  -  -j^  In  (x2  +  4^  -  |  tan  1  (x/2)  +  C 


1  f  dx 

4  J  x2  +  4 


74.  Let  u  =  ex . 


Then  x  =  In  n,  dx  =  du/u  - 
r  e*  dx  f  u  du 

J  e2x  —  1  J  u2  —  1  n 


1 

2 


K  ~  1 
M  +  1 


+  c  = 


+  c. 


75.  f  sinx  sin 2x  sin  3x  f/x  =  J  sin  x  ■  j  [cos  (2x  —  3x)  —  cos  (2x  +  3x)]  dx  =  j  /  (sinx  cosx  —  sinx  cos  5x }  dx 
=  \  f  sin  2x  dx  —  j  f  j  [sin  (x  +  5x)  +  sin  (x  -  5x)]  dx 

=  —  |  cos2x  —  |  f  (sin6x  —  sin4x)  dx  =  —  g  cos2x  +  ^  cos6x  —  cos4x  +  C 


76.  f  (x2  —  bx)  sin2x  dx  =  — j  ( x 2  —  bx)  cos2x  +  j  /  (2x  —  b)  cos2x  dx 

[u  =  x2  —  bx,  dv  --  sin2x  dx,  du  =  (2x  —  b)  dx,  v  —  —  5  cos2x] 
=  -  j  (x2  -  bx)  cos2x  +  j  (2 x  -  b)  sin2x  -  f  sin2x  dx  j 

[U  =  2x  —  b,  dV  =  cos 2 x  dx,  dU  -  2 dx,  V  =  j  sin2x] 

=  —  j  (x2  -  bx)  cos  2x  +  |  (2x  -  b)  sin  2x  +  |  cos  2x  +  C 
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Keep  in  mind  that  there  are  several  ways  to  approach  many  of  these  exercises,  and  different  methods  can  lead  to  different  forms  of  the 
answer. 


1.  We  could  make  the  substitution  u  —  *j2x  to  obtain  the  radical  V7  —  w2  and  then  use  Formula  33  with  a  =  -s/7. 
Alternatively,  we  will  factor  V 2  out  of  the  radical  and  use  a  = 


/ 


Y!ZM^=V2 

x 1  J  x 


-  dx  =  V2 


-A- 


-)  .  _J  x 

xL  —  sin  —= 

A 


+  c 


=  —  -  \/7  —  2x2  -  \/2  sin  1  +  C 


2.  f^=dx=  3  f  , _ 

J  73  -2x  J  73  +  (— 2)x 


dx  =3 


L3(-2)- 


(— 2x  -2-3)  73  +  (-2)x 


+  C 


=  i  (— 2x  -  6)  73  -2x  +  C  =  -  (x  +  3)  73 -2x  +  C 
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3.  Let  u  =  nx  =>  du  —  it  dx,  so 

/sec3  (nx)dx  =  ±  f  sec2  udu  =  £  (i  sec  u  tana  +  ±  In  |sec«  +  tan  u|)  +  C 
=  4  sec  k  x  tan  nx  +  4  In  |  sec  tt  jxt  +  tanrcjcl  +  C 

/20 

ew  sin  30  dO  =  ^ ^  ^  (2  sin  30  —  3  cos  30)  +  C  =  j^e20  sin  30  —  ^e2e  cos  30  +  C 

'7': 


5.  /  2x  cos  1  x  dx  ==  2 


2x 2  —  1  ,  x-v/l  —  x2 

-  cos  x  - 


=  2  [(i  -  0  —  0)  -  (-1  •  f  -  0)]  =  2  (f ) 


6.  [  . . . dx  —  2  [  - ==  [u  =  2x,  du  =  2  dx]  = 

h  aV4a2  -  7  A  u2-/^! 

i  3  \  \/29  3 

28^  —  *■ 


■Ju2  —  1 
7n 


7.  By  Formula  99  with  a  —  —3  and  b  =  4, 

/*  _  3a  (j  3  a 

/  e""3*  cos  4a  <7a  =  - = - -  (-3  cos  4a:  +  4  sin  4a)  4-  C  =  - (-3  cos  4a  +  4  sin  4a)  +  C. 

J  (— 3)2  +  42  25 

8.  Let  u  =  x/2,  so  dx  =  2  du,  and  we  use  Formula  72: 

f  esc3  (x /2)dx  =2  f  esc3  u  du  =  —  esc  u  cot  u  4-  In  |csc  u  —  cot  u  |  4-  C 
—  -  csc(x/2)  cot(x/2)  +  In  |csc(x/2)  —  cot(x/2)|  4-  C 

9.  Let  u  =  x2.  Then  du  =  2x  dx,  so 

f  x  sin-1  (x2)  dx  —  \  f  sin-1  u  du  =  \  (u  sin-1  u  +  V 1  —  u2^  4-  C 
=  5  (x2  sin”1  ^x2^  4*  'J  1  —  x4^  +  C 

10.  Let  u  =  x2.  Then  du  =  2x  dx,  so 


3  U 2^  ^  —  I  r  „  ci„-l  „  »  2»2~1  sin-l  „  +  Wl~i'2 


/  a3  sin  1  (a2)  dx  =  j  /  u  sin  1  udu  = 
2a4 


+  C 


8 


■  -\  l  l\  -«2Vl  -  A4 

m  H+ - 8 — +c 


11.  J°  t2e~'dt  = 


0 

2  f°  f°  ! 

- 7  /  te~!  dt  —  e  +  2  /  te~!dt  —  e  +  2 

--T  2  (-<  -  l)e  ' 

-1 

-1 

-1  J- 1  7-1 

L(-i)2  J 

=  e  +  2  [— e°  +  0]  =  e  -  2 
12.  Let  u  =  3x.  Then  du  =3  dx,  so 

/  x2  cos  3x  dx  =  ^  /  w2  cos  m  Jw  =  ^  (w2  sin  w  —  2  /  w  sin  « 

==  jx2  sin  3x  —  Yi  (sin  3x  —  3x  cos  3x)  +  C 
—  ^9x2  —  sin  3x  +  6x  cos3xj  4-  C 

Thus,  JJjT  x2  cos3x  dx  =  ^  [(9x2  —  2)  sin3x  4-  6x  cos  3x]g  =  ^  [(0  +  6tt  (—1))  —  (0  4-  0)]  =  — 
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13.  Let  u  =  3*.  Then  du  =  3  dx,  so 


s^-i 


*Ju2  —  1  du 

h2/9  r 

79a2  -  1 


+  3  In 


3  f  ^fldu^.h^£^l+3]n\u  +  y/^-i\  +  c 

J  u1  u  I  I 

|3a  +  79a2  -  1  +C 


14.  By  Formula  32, 
74  -  3a-2 


7 


J*  - 


f«J\  —  u2du  p-  r-  f  W- 

J  m/V 3  V3  J  u 


u/J 3  V3 

=  \/4  —  a2  —  2  In 


-  du 


2  +  V4  —  u2 


+  Cl  =  \/4  -  3a:2  -  21n  2  +  3*2 

73a 


4 -C, 


=  74  -  3a2  -  2  In 


2  +  74  -  3a2 


+  C 


15.  Let  u  =  ex.  Then  du  =  ex  dx,  so 

/ e*sech  (ex)dx  =  J  sech  udu  '=  tan-1  |sinhi/|  +  C  =  tan-1  [sinh^*)]  +  C 


16. 


/ 


sin0 


1  +  2  cos  9 


dd 


1  f  1 

=  —  -  /  -  du  [«  =  1  +  2 cost?,  du  =  —  2sin0d01  =  —  A  ln]u|  +  C  =  —4  In  1 1  +  2cos0|  +  C 
2j  «  2 


17.  ji2  75  —  4*  —  jc2  c/x  =  f* 2  yj$  “  (*2  +  4x)  Jjc  =  f}_2  tJs  -f  4  —  (jc 2  -f  4*  4-  4)  <fx 

—  J^2  \/9  —  (*  +  2)2  rf*  =  Jq  a/32  —  u2  du  [u  =x  +  2,du  —  dx] 

=  [$79=1?+ §  sin'1  f]’  =  [(o+§-§)- (0  +  0)]  =  ^ 

18.  Let  u  =  x2.  Then  du  =  2x  dx,  so  by  Formula  48, 

/75j7/T3‘'"-->[(-+^-425i-+^+4i"I«+^i]« 

=  i  [V  +  72)2  -  472(a2  +  72)  +  4  In  (x2  +  72)]  +  C  =  \x*  -  =a2  +  ln(A2  +  72 )  +  K 

Or:  Let  «=  a2 +  77 

19.  Let  u  =  sinA.  Then  du  —  cos xdx,  so 

f  sin2  x  cos .X  In  (sin  a)  dx  =  j  u2  In  u  du  71  lu3  (3  lnir  —  1)  +  C  =  5  sin3  x  [3  In  (sin  a)  —  1]  +  C. 

20.  Let  u  =  ex .  Then  x  =  Inn,  dx  =  du/u,  so 

+  C  =  -iT*  +  2  In  (e~x  +  2)  +  C. 


/ 

”7 


dx 


ex  (1  +  2ex) 


r  du/u  r  _ 

J  u  (1  +  2a)  J  u 


dU  5J_I+21n 


1  +2u 


2  (1  +  2u) 


77+  3  cosjc  tan*  dx 


-J 


72  +  3  COSA 


(—  sinA  dx)  ■■ 


J  *J'2  +  3m 


du  (u  —  cosa,  du  =  —  sinA  dx) 


-272+1m-2  [  - 

J  u 


du 


, _ =  -272  +  3m  -  2  ■  -=  In 

V2  +  3  u  72 


72  +  3^-72 


V2  +  3m  +  72 


+  C 


=  —  2V2  +  3  cosa  —  72  In 


72T31 


-75 


V2  +  3  cosa  +  72 


+  C 
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22.  Let  u  =  x  —  2.  Then 


[  x  dx  _  j'  (x  —  2)  +  2  ^  _  f  udu  f  du 

J  Vjc2  —  4jt  J  y/(x  —  2)2  —  4  J  V«2  —  A  J  -Ju2  —  z 


\/(jc  —  2)2  —  4  J  ~Ju2  -  4 

=  -  f  u_1',2  dv  +  2  f  (i >  =  u2  —  4,  do  =  2 u  du) 

2  J  J  -du2  —  4 

2=3  « 1//2  +  2  In  |«  +  \/«2  -  4|  +  C  =  'Jx2~—Ax  +  2  In  |x  —  2  +  V*2  —  4jc|  +  C 

23.  f  sec5  x  dx  =  jtanjtsec3*  +  |/ sec3  xdx  =  |tan;tsec3;c  +  |  ^jtanjcsec*  +  j  /  secx  dx'j 

=  j  tan*  sec3*  +  |  tan*  sec*  +  |  In  |sec*  +  tan*|  +  C 

24.  Let  u  =  2x.  Then  du  =2  dx,  so 

/  sin6  2x  dx  =  j  /  sin6  udu  =  |  —  g  sin5  «  cos  «  +  |  /  sin4  « 

=  —  sin5  u  cos  n  +  ^  |  sin3  n  cos  u  +  \  f  sin2  u  duj 

=  -j2  s‘n5  n  cos«  -  ^  sin3  u  cosm  +  ^  {^u  —  j  sin2«^  +  C 
=  —j2  sin5  2x  cos  2x  —  ^  sin3  2x  cos  lx  —  ^  sin  Ax  +  j^x  +  C 

25.  /Jr/2  cos 5  xdx  =  j  [cos4  x  sin*]^2  +  |  fg/2  cos3  *d*=0+||^j(2  +  cos2*)  sin*^  =  (2  -  0)  =  -jj 

26.  Since 

f x4e~x  dx  =  -x4e~x  +  4/ x3e~x  dx  =  -x4e~x  +  A  [-x3e~x  +3  / x2e~x  dx) 

=  -{x4  +  4*3)  e~x  +  \2  (~x2e~x  +  2  J xe~x  dx) 

=  -  (*4  +  Ax3  +  12jc2)  e~x  +  24  [(— jc  -\)e~x]  +  C 
=  -  (x4  +  Ax3  +  12*2  +  2Ax  +  24)  e~x  +  C 

we  find  that  /„*  x4e~x  dx  =  -  (1  +  4  +  12  +  24  +  24)  e~'  +  2Ae°  =  24  -  65e_1 . 

27.  Let  u  =  ex 


In  u  =  x 
'  y/u2  —  1 


dx  =  — .  Then 


j  -J e2*  —  1  dx  =  J — - - -  du  =  \/«2  -  1  —  cos  1  (1/k)  +  C  =  \! e2x  —  1  -  cos  1  [e  X)  +  C. 


28.  Let  u  =  at  —  3  and  assume  that  a  #  0.  Then  du  =  adt  and 

/  e‘  sin  (at  —  3)  dt  =  A  /  e(“+3)/“  sin  udu  =  Ag3/“  /  el1/"!"  sin  «  du 


(l/a)« 


/!  .  \ 
•  I  —  sinu  —  cos  «  I 


+  C 


«  (1/a)2  +  l2 

a2  / 1  \  1 

- - 1-  (  —  sinn  —  cosu  )  +  C  = - e("+3)/“  (sinw  —  a  cosn)  +  C 

1  +a2  \a  J  1  +a2  ’ 


.  I,3 /«„(!/«)» 


=  —e'e' 


1  +  a2 


el  [sin  (at  -  3)  -  a  cos  (at  —  3)]  +  C 
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29.  Let  u  =  x 5,  du  =  5x 4  dx.  Then 
x4  dx 


f  X  dX  =-  f  — —  =  4  In  u  +  JjZj  +C  =  I  In  x5  +  V*’®"— 2  +C. 

J  5  J  jjr=2  5  5 


30.  Using  Formula  95  with  n  =  2, 


J‘ 


at2  tan  x  xdx- 


1 


=  —  tan' 
3 


,  f  x3  dx  "1  x3  _i  1  f  /  x  \ 

m  X~J  TT^J  =  Ttan  x-3j\x-^T-i) 

_1x  —  +  -  f  —  [a  =  x2  +  1,  so  du  —  2x  dx] 

3  2  6  J  a 


dx 


j*3  tan  1  x  -  |x2  +  j  in  ^1  +  x2^  +  C 


31.  Volume  : 


■/' 


2nx  51  0 

-  ax  =  lit 


(l  +  5xy 

=  t(ln6-|) 


[25  (1  +  5x)  25 


+  j?  In  1 1  +  5x  | 


=  g(i+ln6-l_lnl) 


!.  Volume  =  f^‘/4  n  tan4  x  dx  =  i r  ^  j  tan3  x]^  —  Jq'/4  tan2  x  dx^  =  x  ^  j  tan3  x  —  tanx  +  x]^ 

=  tr(i  — l  +  f)=*(f  — §) 

ba2 


32. 


33'(a)^  vAa  +  bu-^TTu 


jt/4 


d  r  i 


—  2 a  In  4-  bu\  J  4-  C 


) 


b  +  - 


2  ab 


b3 


(b)  Let  t  —a  +  bu 


1  |"  b  (a  +  bu )2  +  ba 2  —  (a  +  fen)  2ai  _  1 

J  ^ 


/ 


M2 


(a  +  feu)2 
>  dt  =  bdu. 

1  /-(t-a): 


(a  +  feu)2  (a  +  feu)J 
fe3U2  I  „2 


(a  +  buy  J  (a  +  bu) 


(a  +  bu f  b3 


+  C 


i(a 


a2  \ 

4-  bu - ; - 2 a  In \a  4-  bu\  I  4-  C 

a  4-  ow  / 


31 


£  (2h2  -  a2)  Va^l?  +  ^  sin"1  -  +  cl 
8  5  Cl  J 

=  [I  (2a2  -  «2)  +  U-  (4a)]  +  J  (2a2  -  a2)  +  y  y=p 

^V^u1 


2a2 -a2  t  a2]  a2  (2a2  -  a2)  |  a4 
8  2  _  8Va2  —  a2  8Va2  —  a2 


=  ifa2-a2)-‘/2 


I  (a2  -  «2)  (2a2  -  a2)  +  a2  (a2  -  a2)  -  \  (2a2  -  a2)  +  ^ 


=  i  (a2  -  a2)“1/2  [2a2a2  -  2a4]  =  =  u2Va^l? 

Va2  —  u2 
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(b)  Let  u  =  a  sin#  =>  du  =  a  cos  Odd.  Then 

J  u2-Ja2  —  u 2  du  =  /  a2  sin2  8  ay/ 1  —  sin2  6  a  cos  9  dd  =  a4  f  sin2  9  cos2  9  d9 

=  a4  J  \  (1  +  cos  261)  \  (1  -  cos  28)  dd  =  ja4  f  ( 1  -  cos2  29)  dd 

=  \a4  f  [l  -  i  (1  +  cos 45)]  d9  =  \a4  (±9  -  j  sin4tf)  +  C 

=  \a4  (j9  —  %2  sin  20  cos 28^  +  C  =  \a4  []j6i  —  j  sin  9  cos 9  (l  —  2sin20^j  +  C 


=  ja4  sin  1  ( u/a )  +  | u\! a2  —  u 2  (2u2  —  a 2^  +  C 


35.  Maple,  Mathematica  and  Derive  all  give  / x2V5  -  x2  dx  =  -\x  (5  -  x2)3/2  +  §x V5  -  x2  +  ^  sin"1 

Using  Formula  31,  we  get  / x2V5  -  x2  dx  =  |x  (2x2  -  5)  V5  -  x2  +  |  (52)sin"1  {j^x3)  +  C.  But 

—  \x  (5  —  x2)3/2  +  |xV5  —  x2  =  jW5  —  x2  [5  -  2  (5  -  x2)]  =  |x  (2x2  -  5)  V5  —  x2,  and  the  sin-1  terms  are 
the  same  in  each  expression,  so  the  answers  are  equivalent. 

36.  Maple  and  Mathematica  both  give  f  x2  (1  +x3)4  dx  =  yjx15  +  3X12  +  jx9  +  |jcs  +  jx3,  while  Derive  gives 
J x2  (1  +  x3)4  dx  =  yg  (x3  +  l)5.  Using  the  substitution  u  =  1  +  x3  =>  du  =  3x2  dx,  we  get 

J x2  (1  +  x3)4  dx  =  f  u4  duj  =  u5  +  C  =  13  (1  +  x3)5  +  C.  We  can  use  the  Binomial  Theorem  or  a  CAS 
to  expand  this  expression,  and  we  get  13  (l  +  x3)5  +  C  =  +  jx3  +  |x6  +  |x9  +  jx12  +  13X15  +  C. 

37.  Maple  and  Derive  both  give  f  sin3  x  cos2  x  dx  =  —\  sin2  x  cos3  x  —  -jy  cos3  x  (although  Derive  factors  the 
expression),  and  Mathematica  gives  /  sin3  x  cos2  xdx  =  - 1  cos  x  -  ^  cos  3x  +  ^  cos  5x .  We  can  use  a  CAS  to 
show  that  both  of  these  expressions  are  equal  to  —3  cos3  x  +  3  cos5  x.  Using  Formula  86,  we  write 


/  sin3  x  cos2  xdx  =  -  3  sin2  x  cos3  x  +  3  f  sin  x  cos2  x  dx  =  - 1  sin2  x  cos3  x  +  3  |  cos3  x)  +C 

=  —  3  sin2  x  cos3  x  —  13  cos3  x  +  C 


38.  Maple  gives  J  tan2  x  sec4  dx  = 


1  sin3  x  2  sin3  x 


5cos5x  15  cos3  x’ 

Mathematica  gives  f  tan2  x  sec4  dx  =  -  ^  sec5  x  (-20  sin  x  +  5  sin  3x  +  sin  5x),  and 


1 5  cos3  x  5  cos5  x 


All  of  these  expressions  can  be  “simplified”  to 


Derive  gives  f  tan2x  sec4  dx  =  —  ^  tanx  — 

1  sinx  (cos2x  —  2cos4x  —  3)  ■ 

—  — - 5 - -  using  Maple.  Using  the  identity  1  +  tan“x  =  sec2x,  we  write 

I  j  COS  X 

f  tan2  X  sec4  xdx  =  f  tan2  x  ( 1  +  tan2  x)  sec2  x  dx  =  f  (tan2  x  +  tan4  x)  sec2  xdx.  Now  we  substitute  u  =  tan  x 
=>  du  =  see2  xdx,  and  the  integral  becomes  J  ( u 2  +  u4)  du  =  \u3  +  \u3  +  C  =  \  tan3x  +  3  tan5x  +  C.  If 
we  write  sin5  x  =  sin3  x  (1  —  cos2  x)  and  substitute  into  the  numerator  of  the  tan5  x  term,  this  becomes 


1  sin3x  1  sin3x  (l  —  cos2x)  1  sin3x 

- +  7 - r~r- - L+C  =  -—^  +  I ---I 


3  cos3  x 

the  same  as  Maple’s  expression. 


5  cos5  x 


/ 1  1  \  sin3  x 

\  3  5  /  cos3  x 


•+C=7 


1  sin3x  2  sin3x 


5  cos5  x  1 5  cos3  x 


+  C,  which  is 
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39.  Maple  gives  J xVl  +  2x  dx  =  (1  +  2x )5(2  —  |  (1  +  2x)322,  Mathematica  gives  Vl  +  2x  (|x2  +  ygx  — 

and  Derive  gives  yy  (1  +  2x)3/'2  (3x  —  1).  The  first  two  expressions  can  be  simplified  to  Derive’s  result.  If  we  use 
Formula  54,  we  get 

/  xVl  +2  xdx  =  (3  ■  2x  -  2  ■  1)  (1  +  2x)3/2  +  C  =  ^  (6x  -  2)  (1  +  2x)3/2  +  C 

=  i(3x-l)(l+2x)3/2 

40.  Maple  and  Derive  both  give  f  sin 4  xdx  =  —  y  sin3  x  cos  x  —  |  cos  x  sin  x  +  jx ,  while  Mathematica  gives 
j2  (12.x  — 8sin2.v  +  sin 4x),  which  can  be  expanded  and  simplified  to  give  the  other  expression.  Now 

/ sin4xrfx  =  —  y  sin3  x  cosx  +  y  / sin 2 xdx  =  —  y  sin3 x cos x  +  y  (yx  —  y  sin2x)  +  C 
=  —  y  sin3  x  cosx  -  |  sinx  cosx  +  |x  +  C  since  sin2x  =  2  sinx  cosx 

41 .  Maple  gives  f  tan5  x  dx  =  \  tan4  x  —  j  tan2  x  +  \  in  ( i  +  tan2  x) ,  Mathematica 
gives  f  tan5 xdx  =  y  [—  1  —  2 cos (2x)] sec4 x  —  in  (cosx),  and  Derive  gives 

f  tan5  x  <Yx  =  y  tan4  x  -  j  tan2  x  -  in  (cosx).  These  expressions  are  equivalent,  and  none  includes  absolute  value 
bars  or  a  constant  of  integration.  Note  that  Mathematica’s  and  Derive’s  expressions  suggest  that  the  integral  is 
undefined  where  cos  x  <  0,  which  is  not  the  case. 

Using  Formula  75,  f  tan5  x  dx  =  tan5  1  x  —  /  tan5-2x  dx  =  y  tan4  x  —  f  tan3  x  dx.  Using  Formula  69, 

/  tan 3  xdx  =  y  tan2x  +  In  |cosx|  +  C,  so  f  tan 5  xdx  =  y  tan4x  -  j  tan2x  —  ln|cosx|  +  C. 

42.  Maple  gives  J  x5Vx2  +  1  dx  =  y,x4Vl  +  x2  —  fjjX2Vl  +x2  +  yjyVl  +x2  +  |x6Vl  +x2.  When  we  use  the 
factor  command  on  this  expression,  it  becomes  (l  +  x2)372  (I5x4  —  12x2  +  8).  Mathematica  gives 

Vl  +  x2  ^  jgj  -  -[ggx2  +  y,x4  +  yx6^,  which  again  factors  to  give  the  above  expression,  and  Derive  gives  the 

factored  form  immediately.  If  we  substitute  u  =  Vx2  +  1  =>  x4  —  (u2  —  I)2,  x  dx  =  u  du,  then  the  integral 

becomes 


f  [tr  —  1)  u  (u  du)  =  f  (n4  —  2 u2  +  l)  u2  du  —  yu7  —  y  w5  +  jtt3  +  C 
,3/2  r,  fe,,  \  2 


:(x2  +  l)  7  I(x2  +  l)  -|(x2  +  l)  +  i  +  C 


=  qfe  (x2  +  l)3/2  15  (x2  +  l)2  -  42  (x2  4-  l) 


+  35 


+  C 


=  yfe  (x2  +  l)3/2  (l5x4  -  12x2  +  8)  +  C 


t _  2^-1  y/2^x  —  1  In  —  1  +  2X\ 

43.  Derive  gives  /  =  f  2X\/4X  —  1  dx  =  — - - - —  immediately.  Neither  Maple  nor 

In  2  2  In  2 

Mathematica  is  able  to  evaluate  1  in  its  given  form.  However,  if  we  instead  write  /  as  J  2X  V ( 2X  )2  —  I  dx ,  both 
systems  give  the  same  answer  as  Derive  (after  minor  simplification).  Our  trick  works  because  the  CAS  now 
recognizes  2X  as  a  promising  substitution. 

44.  None  of  Maple,  Mathematica  and  Derive  is  able  to  evaluate  J  (1  +  lnx)  J 1  +  (x  In*)2  dx .  However,  if  we  let 
u  =  a:  ln^r,  then  du  =  (1  +  In*)  dx  and  the  integral  is  simply  /  Vl  -Yu1  du,  which  any  CAS  can  evaluate.  The 
antiderivative  is  \  In  [x  In*  4-  y/l  +  (x  ln*)2^  +  lnxVl  +  (x  In*)2  +  C. 
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45.  Maple  gives  the  antiderivative 
x2-l 


F(x)  = 


I 


x4+x2  +  l 


-  dx 


=  —  j  In  ( x 2  +x  +  1^  +  j  In  ( x 2  —  x  +  1^. 


We  can  see  that  at  0,  this  antiderivative  is  0.  From  the  graphs,  it  appears 
that  F  has  a  maximum  at  x  =  - 1  and  a  minimum  at  x  =  1  [since 
F'  (x)  =  /  (x)  changes  sign  at  these  x -values],  and  that  F  has  inflection 
points  at  x  as  —  1 .7,  x  =  0  and  x  as  1 .7  [since  /  (x)  has  extrema  at  these 
x-values], 

46.  Maple  gives  the  antiderivative  which,  after  we  use  the  simplify  command,  becomes 

f  xe~x  sinx  dx  =  —  \e~x  (cosx  +  x  cosx  +  x  sinx).  At  x  =  0,  this  antiderivative  has  the  value  ■ 
F  (x)  =  —  \e~x  (cosx  +x  cosx  +x  sinx)  +  j  to  make  F( 0)  =  0. 


■  j,  so  we  use 


20 


From  the  graphs,  it  appears  that  F  has  a  minimum  at  x  =s  -3. 1  and  a  maximum  at  x  as  3. 1  [note  that  /  (x)  =  0  at 
x  =  ±jt],  and  that  F  has  inflection  points  where  /'  changes  sign,  atx  -2.5,  x  =  0,  x  ss  1.3  andx  as  4.1. 

47.  Since  /  is  everywhere  positive,  we  know  that  its  antiderivative  F  is  increasing.  Maple  gives 
/  sin4 x  cos6 x  dx  =  - ^  sin3  x  cos7 x  -  ^  sinx  cos7x  +  cos5  x  sinx 

+yjg  cos3x  sinx  +  cosx  sinx  +  jjgx 

and  this  is  0  at  x  =  0. 


0.04 


48.  From  the  graph  of  /,  we  can  see  that  F  has  a  maximum  at  x  =  0,  and 
minima  at  x  as  ±1.  The  antiderivative  given  by  Maple  is 
F  (x)  =  — |  In  (x2  +  1)  +  i  In  (x4  -  x2  +  l),  and  F  (0)  =  0.  Note  that  / 
is  odd,  and  its  antiderivative  F  is  even. 


-0.4 


DISCOVERY  PROJECT  PATTERNS  IN  INTEGRALS  □  603 


Discovery  Project  o  Patterns  in  Integrals 


1.  (a)  The  CAS  results  are  listed.  Note  that  the  absolute  value  symbols  are  missing,  as  is  the  familiar  “  +  C”. 
1 


(«>/ 

mf 


(x  +  2)  (x  +  3) 

1 

(x  +  1)  (x  +  5)  ‘ 
1 


dx  —  In  (jc  +  2)  —  In  ( x  +  3) 
ln(.x  +  1)  In  (x  +  5) 


■  dx 


■  dx  : 


4  4 

In  (x  —  5)  In  (x  +  2) 


(iv) 


(*  +  2)  (x  -  5)  7 

1 


i  — 

J  (x  + 


— -  dx  —  -  - 
2)2  x+2 


(b)  If  a  #  ft,  it  appears  that  In  (x  +  a)  is  divided  by  ft  —  a  and  In  (jc  +  ft)  is  divided  by  a  —  ft,  so  we  guess  that 

1  ,  In  (x  +  a)  In  (x  +  ft) 


/: 


(x  +  a)  (x  +  b) 
If  a  =  b,  as  in  part  (a)(iv),  it  appears  that 


■  dx  =  • 


b  —  a 


a  —  b 


•+C 


f  — 

J  (x  + 


7  dx  = - 1-  C 

(x  +  a}1  x  +  a 


(c)  The  CAS  verifies  our  guesses.  Now 

1  A 


B 


1  =  A  {x  +  ft)  +  B  (x  +  a) 


(x  +  a)  (x  +  ft)  x  +  a  x  +  ft 
Setting  x  =  —  ft  gives  B  =  1/  (a  —  ft)  and  setting  x  =  —a  gives  ^  =  1/  (ft  —  a).  So 

1 


/ 


(*  +  a)  (x  +  6) 


-/ 


l/(ft-o)  |  1/ (a  —  ft) 
*  +  x  +  b 


,  In  \x  +  a|  ln|x+6| 
dx  =  — : - 1 - ; - h  C 


b  —  a 


and  our  guess  for  a  ^  b  is  correct. 
If  a  —  b,  then  - 


=  (x  +  a)  2.  Letting  u  =  x  +  a 


a  —  b 


du  =  dx,  we  have 


f(x+a)  2  dx  —  f  u  2  du  —  -  -  +  C  = - - - h  C,  and  our  guess  for  a  =  b  is  also  correct. 

w  ^  +  a 
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.  ,  .  ...  r  .  „  ,  cos*  cos3* 

Z.  (a)  (1)  J  sin*  cos  2*  dx  =  — - - — 

2  6 


(ii)  /  sin  3*  cos  lx  dx  = 

(iii)  /  sin  8*  cos  3*  dx  = 


cos  4*  cos  10* 


8  20 
cos  1 1*  cos  5* 


22  10 

(b)  Looking  at  the  sums  and  differences  of  a  and  b  in  part  (a),  we  guess  that 


/ 


cos  ((a  —  b)  *)  cos  (a  +  b)  *  „ 

sinn*  cos  bx  dx  =  — ++, - — - r-r - rr - h  C 


2(b  —  a)  2  (a  +  b) 

Note  that  cos  ((a  —  b)x)  =  cos  ((6  —  n)  *). 

(c)  The  CAS  verifies  our  guess.  To  integrate  directly,  we  can  use  Formula  2(a)  from  Section  8.2. 

/sin  a*  cos  bx  dx  =  /  {j  [sin  (a*  -  bx)  +  sin(a*  +  bx))  J  dx  =  j  /[sin((n  -  b)x)  +  sin  ((a  +  b)x)]dx 


1 

2  “ 


cos  {(a  —  b)x)  cos  ((a  +  b)x)' 


2  |  6-n 

Our  formula  is  valid  for  a  ^  b. 


a  +  b 


,  ^  cos  ({a  —  b)x)  cos  (a +  b)x  ,  „ 

I  ^  —  A  /,  v  /s/.iv  +  ^ 


2  (6 -a) 


2  (a  +  6) 


3.  (a)  (i)  /  In*  dx  =  *  In*  —  * 

(ii)  / *  In*  dx  =  j*2  In*  —  j*2 

(iii)  /*2  In*  dx  =  j*3  In*  —  j*3 

(iv)  / *3  In*  of*  =  ^*4  In*  —  ^*4 

(v)  / *7  In*  dx  =  |*8  In*  -  jj*8 

(b)  We  guess  that  f  x"  In*  dx  =  — - — *"+1  In*  ■ 
n  +  1 

dx 


1 


(«  +  l)2 
1 


rn-t-l 


(c)  Let  u  =  lmc,  dv  —  xndx  =*  du  =  — ,  o  —  — - — xn+i. 

x  n  +  1 

Then 


[ x”  In*  dx  =  — — -xn+l  \nx - ! —  [ xn  dx 

J  n+ 1  w  +  1 J 


: - -*n+1  In* - - - —  x” 

n  + 1  «+!«+! 


which  verifies  our  guess.  We  must  have  H-fl^O  <=>  n  ^  —  1 . 


DISCOVERY  PROJECT  PATTERNS  IN  INTEGRALS  □  605 


4.  (a)  (i)  f  xex  dx  =ex  (x  —  1) 

(ii)  /  x2ex  dx  =  ex  (*2  -2x  +  2) 

(iii)  f x3ex  dx  =  ex  (*3  -  3*2  +  6*  -  6) 

(iv)  Jx4ex  dx  =  ex  (; x 4  -  4*3  +  12*2  -  24*  +  24) 

(v)  Jx5ex  dx  =  ex  (x5  -  5x 4  +  20*3  -  60*2  +  120*  -  120) 

(b)  Notice  from  part  (a)  that  we  can  write 

fx4ex  dx=ex  (x4-  4*3  +  4  •  3*2  -  4  ■  3  ■  2*  +  4  •  3  ■  2  ■  l) 
and 


/*  V  dx  =  ex  (*5  -  Sx4  +  5  ■  4*3  -  5  •  4  •  3*2  +  5  ■  4  ■  3  ■  2x  -  5  •  4  •  3  •  2  •  l) 

So  we  guess  that 

fx6ex  dx=ex  (x6-  6*5  +  6  •  5*4  -  6  •  5  ■  4*3  +  6  •  5  •  4  ■  3*2  -  6  •  5  •  4  •  3  •  2*  +  6  ■  5  ■  4  •  3  ■  2  •  l) 
=  e*  (*6  -  6* 5  +  30* 4  -  120* 3  +  360*2  -  720*  +  720 ) 

The  CAS  verifies  our  guess. 

(c)  From  the  results  in  part  (a),  as  well  as  our  prediction  in  part  (b),  we  speculate  that 

Jxnex  dx  =  e*  [*"  -  n*"-‘  +n(n-  l)*”-2  -  n  (n  -  1)  (n  -  2)xn~ 3  +  ■  •  •  ±  «!*  T  nl] 


(We  have  reversed  the  order  of  the  polynomial’s  terms.) 

"  n\ 

(d)  Let  S„  be  the  statement  that  f  xnex  dx  =  ex  2_,  (- 1)"  '  — *' . 

/=o  ' ' 

S'!  is  true  by  part  (a)(i).  Suppose  5*  is  true  for  some  k ,  and  consider  Sjt+i .  Integrating  by  parts  with  u  =  *4+l , 
do=exdx  =*  du  =  (k+  \)xkdx,  o  =  ex,  we  get 

Jxk+lexdx^xk+lex  ~(k+\)Jxkexdx 


=  xk+lex  -  (L+  1) 


:<T  (-!)*-'■  -x1 


rk+ 1 


-(*  +  l)£  (-!)*“' 77*' 


1=0 


**+i +£(_d*-h-i 

i=0 


i\ 


1=0  1  ■ 

This  verifies  S„  for  n  =  k  +  1 .  Thus,  by  mathematical  induction,  S„  is  true  for  all  n,  where  n  is  a  positive 
integer. 
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Approximate  Integration 


1.  (a)  L2 


Ri 


Mi 


(b) 


2 

E  /(*/-l)  &x  =  f  (x0)  ■  2  +  /(*,)  ■  2  =  2  [/  (0)  +  / (2)]  =  2  (0.5  +  2.5)  =  6 
/  =  1 
2 

Hf(xi)Ax  =  f(xl)'2  +  f(x2)-2=:2[f(2)  +  /(4)]  =  2(2.5  +  3.5)  =  12 

7  =  1 
2 


=  E  /  (*/)  Ax  =  /(?,)•  2  +  f(x2)  •  2  =  2[/(l)  +  /(3)]  =«  2  (1.7  +  3.2)  =  9.8 


L2  is  an  underestimate,  since  the  area  under  the  small  rectangles  is 
less  than  the  area  under  the  curve,  and  R2  is  an  overestimate,  since  the 
area  under  the  large  rectangles  is  greater  than  the  area  under  the 
curve.  It  appears  that  M2  is  an  overestimate,  though  it  is  fairly  close 
to  /.  See  the  solution  to  Exercise  43  for  a  proof  of  the  fact  that  if  /  is 
concave  down  on  (a,  b),  then  the  Midpoint  Rule  is  an  overestimate  of 
/*  f(x)dx. 


(c)  T2  =  (i  A*)  [/  (x0)  +  2/  (x,)  +  /  (x2)]  =  §  [/  (0)  +  If  (2)  +  /  (4)]  =  0.5  +  2  (2.5)  +  3.5  =  9. 

This  approximation  is  an  underestimate,  since  the  graph  is  concave  down.  See  the  solution  to  Exercise  43  for  a 
general  proof  of  this  conclusion. 


(d)  For  any  n,  we  will  have  L„  <  T„  <  I  <  M„  <  R„. 


2. 


The  diagram  shows  that  L4  >  T4  >  /02  /  (x)  dx  >  R4,  and  it  appears 
that  M4  is  a  bit  less  than  /Q2  /  (x)  dx.  In  fact,  for  any  function  that  is 
concave  upward,  it  can  be  shown  that 
L„  >  T„  >  /02  /  (*)  dx  >  M„  >  R„. 

(a)  Since  0.9540  >  0.8675  >  0.8632  >  0.781 1,  it  follows  that 
L„  =  0.9540,  T„  =  0.8675,  M„  =  0.8632,  and  R„  =  0.7811. 

(b)  Since  M„  <  J02  /  (x)  dx  <  T„,  we  have 
0.8632  <  fg  f  (x)  dx  <  0.8675. 


3.  /  (x)  =  cos  (x2),  Ax  =  -L-9  =  \ 

(a)  71,  =  jL  [/  (0)  +  2/  (I)  +  2/  (2)  +  2/  (!)  +  /  (1)]  *  0.895759 

(b)  M4  =  !  [/  (i)  +  /(!)+/(f)  +  /  (7)]  *  0.908907 


1 


The  graph  shows  that  /  is  concave  down  on  [0,  1],  So  74  is  an 
underestimate  and  M4  is  an  overestimate.  We  can  conclude  that 
0.895759  <  Jo1  cos  (x2)  dx  <  0.908907. 


o 


l 
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(a)  Since  f  is  increasing  on  [0,  1],  Li  will  underestimate  1  (since  the 
area  under  the  small  rectangles  is  less  than  the  area  under  the 
curve),  and  R2  will  overestimate  I.  Since  /  is  concave  upward  on 
[0,  1],  M2  will  underestimate  /  and  T2  will  overestimate  1  (the 
area  under  the  straight  line  segments  is  greater  than  the  area 
under  the  curve). 

(b)  For  any  n,  we  will  have  Ln  <  Mn  <  I  <  Tn  <  Rn. 

(C)  is  =  £  f  (*,-i)  A*  =  5  [/  (0.0)  +  /  (0.2)  +  /  (0.4)  +  /  (0.6)  +  /(0.8)]  =«  0.1187 

1  =  1 

Rs  =  ~tf  (*/)  A  x  =  \[f  (0.2)  +  /  (0.4)  +  /  (0.6)  +  /  (0.8)  +  /  (1)]  «  0.2146 
1  =  1 

Ms  =  £/C*/)Ax  =  $[/(0.1)  +  /(0.3)  +  / (0.5)  +  / (0.7)  +  / (0.9)]  ^0.1622 
1  =  1 

r5  =  (i  Ax)  [/  (0)  +  2/  (0.2)  +  2/  (0.4)  +  2/  (0.6)  +  2/  (0.8)  +  /  (1)]  «  0. 1666 

From  the  graph,  it  appears  that  the  Midpoint  Rule  gives  the  best  approximation.  (This  is  in  fact  the  case,  since 
/  0.16371405.) 


u  —  u  ti  —  v  n 

5.  f(x)  =  xzsmx,  Ax  = - =  ——  =  - 

n  o  o 

(a)  =  I  [/  (is)  +  /  (if)  +  f  (if)  +  ■■■  +  /  (l?)]  «  5.932957 

(b)  58  =  5^  [/  (0)  +  4/  (|)  +  2/  (^)  +  4/  (f )  +  2/  ($)  +  4/  (f )  +  2/  (f )  +  4/  (f )  +  /  (*)] 

^  5.869247 


Actual:  JJ  x2  sinx  dx  =  [— x2  cosx]q  +2  Jq  x  cosx  dx  =  [— ?r2  (— 1)  —  0]  +  2  [cosx  +  *  sinx]J 
=  7T2  +  2  [(-1  +  0)  -  (1  +  0)]  =  n2  -  4  Stf  5.869604 
Errors:  Em  =  actual  —  M%  —  JJ  x2  sinx  dx  —  M%^  —0.063353 
Es  =  actual  —  S%  =  JJ  x2  sinx  dx  —  S%  ^  0.000357 

6.  =  Ax  =  — =  i^  =  i 

n  6  6 

(a)  M6  =  \[f  (i)  +  /  (&)  +  /  (E)  +  /  (&)  +  /  (&)  +  /  (U)]  «  0.525100 

(b)  *  =  5^3  [/  (0)  +  4/  (|)  +  2/  (1)  +  4/  (|)  +  2/  (4)  +  4/  (§)  +  /  (1)]  *  0.533979 

Actual:  Jq  e~^  dx  =  J0  1  eu2udu  [u  —  —  *Jx,  u2  =  x,  2u  du  =  dx]  =  2  [(w  —  1)  eu]J 1 
=  2  [-2c-1  -  (-le0)]  =  2  -  4s”1  ss  0.528482 
Errors:  Em  =  actual  —  Me  —  Jq  e~^  dx  —  Me  ^  0.003382 
=  actual  -  56  =  Jq  e~ ^  dx  -  S6  *  -0.005497 
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7.  /(*)  =  vTT7,  Ax  =  J 

(a)  7g  =  [/ (-1)  +  2/  (-|)  +  2/  (-1)  +  •  •  •  +  2/  (i)  +  2/  (|)  +  /  (1)]  »  1 .913972 

(b)  Sg  =  af  [/  (-1)  +  4/  (-1)  +  2/  (-1)  +  4/  (-i)  +  2/(0)  +  4/  (i)  +  2/  (|)  +  4/  (|)  +  /  (1)] 

1.934766 


8.  /  (x)  =  sin  (x2),  Ax  =  ^ 

(a)  r4  =  gij  [/  (0)  +  2/  (I)  +  2/  (|)  +  2/  (|)  +  /  (I)]  «  0.042743 

(b)  54  =  ^  [/  (0)  +  4/  (j)  +  2/  (?)  +  4/  (|)  +  /(!)]«*  0.041478 

a  .  sin  *  .  *  ~  k/2  n 

9.  /  (x)  = - ,  Ax  = - - - =  — 

x  6  12 

(a)  ?6  =  §  [/  (|)  +  If  (7f )  +  2/  (?f )  +  2/  (2f )  +  2/  (f )  +  2/  (^  )  +  /  (*)]  =»  0.481672 

(b)  56  =  §  [/  (|)  +  4/  (7§)  +  2/  (?f )  +  4/  (ff )  +  2/  (f )  +  4/  (^  )  +  /(*)]  »  0.481 172 

71  j  A  —  0  71 

10.  f  (x)  —  x  tan  x.  Ax  = - - - —  — 

(a)  T6  =  i  [/  (0)  +  2/  (i)  +  2/  (i)  +  •  •  •  +  2/  (|f)  +  /  (f )]  =«  0.189445 

(b)  56  =  £  [/  (0)  +  4/  (f;)  +  2/  (ft)  +  4/  (|)  +  2/  (|)  +  4/  (|f)  +  /  (f )]  «  0.185822 


11.  /(x)  = 

(a)  7io  : 

(b)  Mio 

(c)  5io 


,  Ax  = 


1-0 

10 


_1_ 

To 


=  T^2  [/  (°)  +  2/  (0. 1)  +  2/  (0.2)  +  ■  ■  •  +  2/  (0.8)  +  2/  (0.9)  +  /  (1)]  *  0.74621 1 
=  TO  [/ C0-05)  +  /  (0. 15)  +  / (0.25)  +  •••  +  /  (0.75)  +  /  (0.85)  +  /  (0.95)]  »  0.74713 1 
=  TO3  [/  (°)  +  4/ (0.1)  +  2/  (0.2)  +  4/  (0.3)  +  2/  (0.4)  +  4/  (0.5) 

+  2/  (0.6)  +  4/  (0.7)  +  2/  (0.8)  +  4/  (0.9)  +  /(!)]«  0.746825 


12.  /  (x)  = 

(a)  7io 

(b)  Mi  o 

(c)  Sio 


,  Ax  = 


2-0 


VTTT?’ ""  io 

=  5^2  [/(0)  +  2/ (0.2)  +  2/ (0.4)  +  ■  ■  ■  +  2/  (1.6)  +  2/  (1.8)  +  /(2)]  »  1.401435 
i  [/(0.1)  +  / (0.3)  +  /(0.5)  +  ■■•  +  /  (1.7)  +  /(1.9)]  «  1.402558 
rj  [/  (0)  +  4/  (0.2)  +  2/  (0.4)  +  4/  (0.6)  +  2/  (0.8)  +  4/(1) 

+  2/  (1 .2)  +  4/  (1 .4)  +  2/  (1 .6)  +  4/  (1 .8)  +  /  (2)] 


1.402206 


13.  /  (t)  =  sin  (e'/2),  A/ 

(a)  7g  = 

(b)  Mg 

(c)  Sg  : 


1/2-0 

8 


_1_ 

T6 


=  T^[/(0)  +  2/(t^)+2/(^)  +  - 

=  A  [/  (A)  +  /  (A)  +  /  (A)  h 

=  iA3[/(0)  +  4/(A)+2/(^) 


+  2/  (&)  +  /($)]*  0.451948 
-/(i)+/(M)]~  0.451991 

+4/(A)  +  /(0]%a451976 
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14.  /(*)  = 

(a)  7io  : 

(b)  Mo 

(c)  Sio  ■■ 


1  a  3~2 

SI’ A*  =  IT 


r  iu  10 

lfL  [/  (2)  +  2/  (2. 1)  +  2/  (2.2)  +  ■  ■  ■  +  2/  (2.9)  +  /  (3)]  ^  1. 1 19061 
=  tU/  (2-05)  +  /  (2. 15)  +  /  (2.25)  +  ■••  +  /  (2.85)  +  /  (2.95)]  «  1.118107 
=  lhlf  (2)  +  4/  (2. 1)  +  2/  (2.2)  +  4/  (2.3)  +  2/  (2.4)  +  4/  (2.5) 

+  2/  (2.6)  +  4/  (2.7)  +  2/  (2.8)  +  4/  (2.9)  +  /  (3)]  1 . 1 18428 


15.  f(x)  =  e'/x,  Ax  = 

(a)  74  : 

(b)  M 

(c)  S4  : 


2-1  1 


=  h.  [/(!)  +  2/ (1.25)  +  2/ (1.5)  +  2/ (1.75)  +  /(2)]  »  2.031893 
$  [/  (1.125)  +  /  (1.375)  +  /  (1.625)  +  /  (1.875)]  a<  2.014207 
-*3  [/  (1)  +  4/  (1 .25)  +  2/  (1 .5)  +  4/ (1 .75)  +  / (2)]  «  2.02065 1 


=  4.3 

16.  f{x)  =  In  (1  +ex).  Ax  = 
(a)  7s 


1-0  1 


(b)  Mg  : 
(C)  x8  = 

17.  f{x)  = 

(a)  r10  = 

(b)  Mio 

(c)  Sio  ; 

18.  /(*)  = 

(a)  7g  = 

(b)  Ms  = 

(c)  S8  = 

19.  /(y)  = 

(a)  n 

(b)  Mf, 

(c)  S6  ■. 


872  [/  (0)  +  2/  (j)  +  2/  (l)  +  2/  (|)  +  2/  (i)  +  2/  (I)  +  2/  (|)  +  2/  (7)  +  /  (1)] 

0.984120 

:  I  [/  (lli)  +  /  (ts)  +  /  (b)  +  /  (ili)  +  ' '  •  +  /  (it)]  «  0.983669 
SB  [/  (0)  +  4/  (*)  +  2/  (J)  +  4/  (|)  +  2/  (i)  +  4/  (f)  +  2/  (§)  +  4/  (})  +  /(!)] 


;  0.983819 


xsex,  Ax  — 


1  -0 

IF 


10 


=  to4  If  (0)  +  2/  (0. 1)  +  2/  (0.2)  +  •  ■  ■  +  2/  (0.9)  +  /  (1)]  *  0.409140 
=  [/  (0.05)  +  /  (0. 1 5)  +  /  (0.25)  +  •  ■  ■  +  /  (0.95)]  w  0.388849 

=  KT3  [/  (0)  +  4/  (0. 1)  +  2/  (0.2)  +  4/  (0.3)  +  2/  (0.4)  +  4/  (0.5) 

+  2/  (0.6)  +  4/  (0.7)  +  2/  (0.8)  +  4/  (0.9)  +  /  (1)]  »  0.395802 


■>/xsin.x,  Ax  = 


4-0  1 


A  {/  (0)  +  2  [/  (i)  +  /  (1)  +  /  (I)  +  /  (2)  +  /  (I)  +  /  (3)  +  /  (|)]  +  /  (4)}  «  1.732865 

4  [/(?)  +  /(!) +  /(!)  +  /(I)  +  "-  +  /(t)  +  /(t)]^1'787427 

2B  [/  (0)  +  4/  (j)  +  2/  (1)  +  4/  (j)  +  2/ (2)  +  4/  (§)  +  2/  (3)  +  4/  (7)  +  /  (4)]  »  1.772142 


1  ,  3-0  1 

1  +  y!  ’  y  ~  6  —  2 


-  n 


h  [f  (0)  +  2/  (i)  +  2/  (|)  +  2/  (l)  +  If  (|)  +  2/  (|)  +  /  (3)]  *  1.064275 
=  i  [/(?)  +  /  (|)  +/(!)  +  /  (J)  +/(!)  +  /  (t)]  *  1-067416 
=  2B  [/ (0)  +  4/  (l)  +  2/  (I)  +  V  (!)  +  2/  (j)  +  4/  (I )  +  /  (3)]  «  1-074915 
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20.  f(x)  —  — ,  Aa  : 


4-2  _ 

10  -  5 

(a)  7io  =  5^  {/  ( 2)  +  2  [/  (2.2)  +  /  (2.4)  +  /  (2.6)  +  •••  +  /  (3.8)]  +  /  (4))  *  14.704592 

(b)  MW  =  \  [/  (2.1)  +  /  ( 2.3)  +  /  ( 2.5)  +  /(2.7)  +  ■  ■  •  +  /(3.7)  +  /(3.9)]  »  14.662669 

(c)  Sio  =5 ij  [/  (2)  +  4/  (2.2)  +  2/  (2.4)  +  4/  (2.6)  +  ■  ■  ■  +  2/  (3.6)  +  4/  (3.8)  +  /  (4)]  «  14.676696 

21.  f(x)  =  e-*2,&x  =  ^=l- 

(a)  r10  =  5^  if  (0)  +  2  [/  (0.2)  +  /  (0.4)  +  •••  +  /  (1.8)]  +  /  ( 2)}  »  0.881839 

Mw  =  5  [/  (0. 1)  +  /  (0.3)  +  /  (0.5)  +  ■  ■  ■  +  /  (1 .7)  +  /  (1.9)]  0.882202 

(b)  /  (a)  =  e~xl,  f  (x)  =  -2xe~x2,  f"  (a)  =  (4a:2  -  2)  e~xl,  /"'  (a)  =  4a  (3  -  2a2)  e~x2.  /"'  (a)  =  0  «=> 
a  =  0  or  a  =  ±y§  ■  So  to  find  the  maximum  value  of  |  /"  (a)  |  on  [0, 2],  we  need  only  consider  its  values  at 


A  =0,  A  =2,  and  A  =  |/"(0)|  =2,  |/"(2)|  «  0.2564  and  /" 

a  =  0,  b  =  2,  and  n  =  10  in  Theorem  3,  we  get  |£r|  <  2  •  23/ (12  •  102)  =  yj  =  0.013,  and 
\Em\  <  \Et\/2  <  0.006. 


0.8925.  Thus,  taking  K  =  2, 


(c)  Take  K  =  2  [as  in  part  (b)]  in  Theorem  3.  \Er\  < 


K(b-  af 


<  10“ 


2  (2  -  0)3 


<  10“ 


12n2  12n2 

|n2  >  105  »  n>  365.1...  <=>  n  >  366.  Take  n  =  366  for  T„.  For  Em,  again  take  K  =  2  in 

Theorem  3  to  get  \Em\  <  10-5  <=>  \n2  >  10s  o  n  >  258.2  =>  n  >  259.  Take  n  =  259  for  M„. 

22.  (a)  r8  =  glj  {/  (0)  +  2  [/  (i)  +  /  (§)  +  •  ■  •  +  /  (|)]  +  /  (1)}  »  0.902333 

",«  =  *[/U)+/(^)+/(^)  +  -  +  /(il)]=0-5°5620 


(b)  /  (a)  =  cos  (a2),  /'  (a)  =  —2a  sin  (a2),  /"  (a)  =  —2  sin  (a2)  —  4a2  cos  (a2).  For  0  <  a  <  1,  sin  and  cos  are 
positive,  so  |  /"  (a)  j  =2  sin  (a2)  +  4a2  cos  (a2)  <21+4-l-l=6  since  sin  (a2)  <  1  and  cos  (a2)  <  1  for 
all  a,  and  a2  <  1  for  0  <  a  <  1.  So  for  n  =  8,  we  take  K  =  6,  a  =  0,  and  b  =  1  in  Theorem  3,  to  get 

\Et\  <  6  •  1 3 / (12  •  82)  =  =  0.0078125  and  \EM\  <  =  0.00390625.  [A  better  estimate  is  obtained  by 

noting  from  a  graph  of  /"  that  | /"  (a)|  <  4  for  0  <  a  <  1.] 

(c)  Using  K  =  6  as  in  part  (b),  we  have  \Ej\  <  6  ■  l3/(12n2)  =  1/  (2n2)  <  10-5  =>  2 n2  >  105  => 

n  >  ■  105  or  n  >  224.  To  guarantee  that  \Em\  <  0.00001,  we  need  6  •  l3/ (24n2)  <  10-5  =» 

4n2  >  105  =»  n  >  ■  105orn  >  159. 

23.  (a)  7io  =  {/  (0)  +  2  [/  (0. 1)  +  /  (0.2)  +  ■•■  +  /  (0.9)]  +  /  (1)}  «  1.71971349 

Sio  =  TcT3  [/(0)  +  4/ (0.1)  +  2/ (0.2)  +  4/ (0.3)  +  •  •  ■  +  4/ (0.9)  +  /(l)]  w  1.71828278 
Since  I  =  fj  exdx  =  [ex]l0  =  e  -  1  %  1.71828183,  ET  =  I  -  Tw  ^  -0.00143166  and 
ES  =  I-  Sio  w  -0.00000095. 


(b)  /  (j)  =ex  =$  f"  (^)  =  ex  <  e  for  0  <  x  <  1.  Taking  K  =  e,  a  =  0,  b  =  1,  and  n  =  10  in  Theorem  3,  we 
get  \Ej\  <  e  (l)3/ (12  -  102)  0.002265  >  0.00143166  [actual  \Et\  from  (a)].  (^:)  =  ex  <  e  for 

0  <  x  <  1.  Using  Theorem  4,  we  have  \E§\  <  e  (l)5/ (180  ■  104)  ^  0.0000015  >  0.00000095  [actual  |£s| 
from  (a)].  We  see  that  the  actual  errors  are  about  two-thirds  the  size  of  the  error  estimates. 
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(c)  From  part  (b),  we  take  K  =  e  to  get  \ET\  <  K  ^  <  0.00001 

K  (b  -  af 


n  >  150.5.  Take  n  =  151  for  T„.  Now  \Em\  < 

M„.  Finally,  |£s|  <  K  <  0.00001 

(since  n  has  to  be  even  for  Simpson’s  Rule). 


24  n1 


<  0.00001 


>(15) 


180  (0.00001) 


nz  >  -  => 

-  12(0.00001) 

>  n  >  106.4.  Take  n  =  107  for 
=>  n  >  6.23.  Take  n  =  8  for  S„ 


24.  From  Example  7(b),  we  take  K  =  76e  to  get  | Es I  <  76e  (l)5/ (I80n4)  <  0.00001 

n4  >  76e  /[180  (0.00001)]  =>  n  >  18.4.  Take  n  =  20  (since  n  must  be  even.) 

25.  (a)  Using  the  CAS,  we  differentiate  /  (x)  =  eCOSI  twice,  and  find  that  /"  (x)  =  e cosx  (sin2  x  —  cosx).  From  the 

graph,  we  see  that  the  maximum  value  of  \f"  (x)|  occurs  at  the  endpoints  of  the  interval  [0,  In],  Since 
f"  (0)  =  —e,  we  can  use  K  =  e  or  K  =2.8. 


1.2 


(b)  A  CAS  gives  M]o  **  7.954926518.  (In  Maple,  use  student  [middlesum] .) 

(c)  Using  Theorem  3  for  the  Midpoint  Rule,  with  K  =  e,  we  get  \Em\  <  — ^ — [piT-  ^  0.280945995.  With 

2.8  (2jt  -  0)3 

K  =  2.8,  we  get  \EM\  <  ^  )q2  J  =  0. 289391916. 

(d)  A  CAS  gives  I  «  7.954926521. 

(e)  The  actual  error  is  only  about  3  x  10-9,  much  less  than  the  estimate  in  part  (c). 

(f)  We  use  the  CAS  to  differentiate  twice  more,  and  then  graph 

/<4>  (x)  =  ecmx  (sin4  x  -  6  sin2  x  cosx  +  3  -  7sin2x  +cosx).  From  the  graph,  we  see  that  the  maximum 
value  of  |/<4>  (x)|  occurs  at  the  endpoints  of  the  interval  [0, 2n],  Since  (0)  =  4e,  we  can  use  K  =  4e  or 
K  =  10.9. 


(g)  A  CAS  gives  Sio  7.953789422.  (In  Maple,  use  student  [simpson] .) 


(h)  Using  Theorem  4  with  K  =  4e,  we  get  |£s|  < 


4e  {2n  —  0 )5 
180  -  104 


i  0.059153618.  With  K  =  10.9,  we  get 


|£sl  < 


10.9(2®  -0)5 
180-  104 


=  0.059299814. 
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(i)  The  actual  error  is  about  7.954926521  —  7.953789422  0.001 14.  This  is  quite  a  bit  smaller  than  the  estimate 

in  part  (h),  though  the  difference  is  not  nearly  as  great  as  it  was  in  the  case  of  the  Midpoint  Rule. 

4e  (2;rl5  4e  (2?rl3 

(j)  To  ensure  that  |£s|  <  0.0001,  we  use  Theorem  4:  |£y|  <  - T  <  0.0001  =*  .  <  rr  => 

u;  180 -n4  “  180-0.0001  “ 

«4  >  5,915,362  <=>  n  >  49.3.  So  we  must  take  n  >  50  to  ensure  that  \I  —  S„|  <  0.0001.  ( K  =  10.9  leads  to 

the  same  value  of  n.) 


-2.5 


From  the  graph,  we  see  that  | /"  (x)\  <  2.2  on  [—1,  1], 

(b)  A  CAS  gives  M io  «  3.995804152.  (In  Maple,  use  student  [middlesum] .) 

2.211  -  (-1113 

(c)  Using  Theorem  3  for  the  Midpoint  Rule,  with  K  =  2.2,  we  get  \Em\  <  - — — ^ 0.00733. 

(d)  A  CAS  gives  /  =»  3.995487677. 

(e)  The  actual  error  is  about  —0.0003 165,  much  less  than  the  estimate  in  part  (c). 


(f)  We  use  the  CAS  to  differentiate  twice  more,  and  then  graph  /^4)  ( x )  =  ■ 


(4  —  t3)7 


From  the  graph,  we  see  that  |  (x)  [  <  18.1  on  [—1,  1], 

(g)  A  CAS  gives  Sio  3.995449790.  (In  Maple,  use  student  [  simpson] .) 

(h)  Using  Theorem  4  with  K  =  18. 1.  we  get  | Es  <  — — w  0.000322. 

w  6  6  igo .  jo4 

(i)  The  actual  error  is  about  3.995487677  -  3.995449790  0.0000379.  This  is  quite  a  bit  smaller  than  the 

estimate  in  part  (h). 

18  1  (2)5  18  1  (2) 5 

(j)  To  ensure  that  |£^|  <  0.0001, we  use  Theorem  4:  |£s|  <  — : - T  <  0.0001  =>  <  «4  => 

“  180-n4  “  180-0.0001  “ 

n4  >  32,178  =>  n  >  13.4.  So  we  must  take  n  >  14  to  ensure  that  \I  —  S„|  <  0.0001. 
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■  1  =  Jo  x3(ix  —  [t*4]0  =  °'25'  /(■*)  =  *3- 

°*  +  (i)’  +  (i)3  +  (O’ 


n=  4:  i4  =  | 
Ri  =  \ 
T*  =  T2 

ma  =  I 


=  0.140625 


=  0.390625 

3 


(*)+(*)+(*)+' 

03  +  2  (i)3  +  2  (i)3  +  2  (|)3  +  1 

'(i)3  +  (i)3  +  (i)3  +  (i) 


=  0.265625, 
=  0.2421875, 


El  =  /  -  I4  =  \  -  0.140625  =  0.109375,  ER  =  \-  0.390625  =  -0.140625, 
Et  =  \-  0.265625  =  -0.015625,  Eu  =  \-  0.2421875  =  0.0078125 
n  =  8:  Is  =  i  [/  (0)  +  /(£)  +  /(§)+•••  +  /  (l)]  »  0.191406 

R*  =  g  [/  (i)  +  /  (1)  +  ' ' '  +  /  (j)  +  /  0)]  «  °-316406 

T*  =  &  {/  (0)  +  2  [/  (|)  +  /  (|)  +  ■  •  ■  +  /  (1)]  +  / (1)  j  *  0.253906 

=  1  [/  0)  +  / (re)  +  ••'  +  /  (H)  +/ (if)]  =  0-248047 
El  «  \  -  0.191406  %  0.058594,  Er^\-  0.316406  as  -0.066406, 

Et  =»  \  -  0.253906  «  -0.003906,  Eu^\-  0.248047  «  0.001953. 

«  =  16:  Ii6  =  l  [f  (0)  +  /  (tc)  +  /  (b)  +  ' ' '  +  /  (is)]  *  °-219727 

*16  =  To  [f  {te)  +  f  (is)  +  ■•■  +  /  (is)  +  /  (1)]  »  0-282227 

Tit  =  TO  {/(0)  +  2  [/  (b)  +  /  (A)  +  ■  • '  +  /  (if)]  +  /(!)}  *  0.250977 

m16  =  is  [/  (s)  +  f  (A)  +  ■■•  +  /  (S)]  »  0.249512 

El  «  \  -  0.219727  %  0.030273,  Er  =s  \  -  0.282227  «  -0.032227, 

Et^\-  0.250977  w  -0.000977,  £M  as  I  -  0.249512  as  0.000488. 


n 

El 

Er 

Et 

Em 

4 

0.109375 

-0.140625 

-0.015625 

0.007813 

8 

0.058594 

-0.066406 

-0.003906 

0.001953 

16 

0.030273 

-0.032227 

-0.000977 

0.000488 

n 

In 

Rn 

T„ 

Mn 

4 

0.140625 

0.390625 

0.265625 

0.242188 

8 

0.191406 

0.316406 

0.253906 

0.248047 

16 

0.219727 

0.282227 

0.250977 

0.249512 

Observations: 

1.  Er  and  Er  are  always  opposite  in  sign,  as  are  Er  and  Em- 

2.  As  n  is  doubled,  Er  and  Er  are  decreased  by  about  a  factor  of  2,  and  Er  and  Em  are  decreased  by  a  factor  of 
about  4. 

3.  The  Midpoint  approximation  is  about  twice  as  accurate  as  the  Trapezoidal  approximation. 

4.  All  the  approximations  become  more  accurate  as  the  value  of  n  increases. 

5.  The  Midpoint  and  Trapezoidal  approximations  are  much  more  accurate  than  the  endpoint  approximations. 
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28.  J2  ex  dx  =  [ex\l  =  e2  -  1  %  6.389056.  /  (x)  =  ex 
n  =  4:  A*  =  (2  -  0)  /4  =  ± 

L4  =  i  [e°  +  el<2  +  e1  +  e372]  =«  4.924346 
R4  =  j[e1/2  +e'  +  e372  +  e2]  s»  8.118874 
T^  =  T2  [e°  +  2e'/2  +  2e'  +  2e3/2  +  e2]  «  6.521610 
M4  =  \  [eI/4  +  e374  +  e574  +  e7/4]  «  6.322986. 

El  %  6.389056  -  4.924346  1.464710,  ER  «  6.389056  -  8.1 18874  =  -1.729818, 

Et  6.389056  -  6.521610  «  -0.132554,  Eu  «  6.389056  -  6.322986  =  0.0660706. 
n  =  8:  txx  =  (2  -  0)  /8  =  2 

is  =  ?  [e°  +  e,/4  +  e,/2  +  e374  +  e1  +  e574  +  e3/2  +  e7/4]  %  5.623666 
7?8  =  \  [e1/4  +  e1/2  +  e3/4  +  e1  +  e5/4  +  e3/2  +  e7/4  +  e2]  ss  7.220930 
78  =  [e°  +  2e’74  +  2e>72  +  2e374  +  2e'  +  2e574  +  2e372  +  2e724  +  e2]  «  6.422298 

Ms  =  |  [e1/s  +  e3/s  +  e5/s  +  e778  +  e978  +  e1178  +  e1378  +  e15/8]  s»  6.372448 
El  ^  6.389056  -  5.623666  «  0.765390,  ER  %  6.389056  -  7.220930  ss  -0.831874, 
Et  6.389056  -  6.422298  »»  -0.033242,  Em  %  6.389056  -  6.372448  %  0.016608. 
n  =  16:  Ajc  =  (2  —  0) /16  =  j 

ii6  =  1  [/ (0)  +  /  (i)  +  /  (§)  +  ■  •  •  +  /  (M)  +  f  (is)]  5.998057 

*16  =  i  [/  (s)  +  /  (I)  +  /  (1)  +  ' ' '  +  /  (f)  +  /  (2)]  14  6796689 

716  =  gij  (/ (0)  +  2  [/  (i)  +  /  (f )  +  /  (|)  +  . . .  +  /  (Hi)]  +  / (2))  s,  6.397373 

"16  =  f  [f  (ts)  +  /  (tfe)  +  /  (£)  +  •  •  •  +  /  (g)  +  f  (ft)]  *  6.384899 
El  6.389056  -  5.998057  ^  0.390999,  Er  ^  6.389056  -  6.796689  %  -0.407633, 
Et  *  6.389056  -  6.397373  ^  -0.008317,  EM  %  6.389056  -  6.384899  ^  0.004158. 


n 

El 

Er 

Er 

Em 

4 

1.464710 

-1.729818 

-0.132554 

0.066071 

8 

0.765390 

-0.831874 

-0.033242 

0.016608 

16 

0.390999 

-0.407633 

-0.008317 

0.004158 

Observations: 

1.  El  and  Er  are  always  opposite  in  sign,  as  are  Ej  and  Em- 

2.  As  n  is  doubled,  El  and  Er  are  decreased  by  a  factor  of  about  2,  and  Ej  and  Em  are  decreased  by  a  factor  of 
about  4. 

3.  The  Midpoint  approximation  is  about  twice  as  accurate  as  the  Trapezoidal  approximation. 

4.  All  the  approximations  become  more  accurate  as  the  value  of  n  increases. 

5.  The  Midpoint  and  Trapezoidal  approximations  are  much  more  accurate  than  the  endpoint  approximations. 
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29.  \fx  dx  =  [§x3/2]*  =  1  (8  -  1)  =  T  4.666667 
n  =  6:  Ax  =  (4  —  1)  /6  =  j 

T6  =  ^  [VI  +  2s/0  +  2V2  +  2VO  +  2V3  +  2VI5  +  V5]  =»  4.661488 
Mb  =  ±  [vT25  +  VT75  +  y/225  +  V275  +  VT25  +  VI75]  *s  4.669245 
S6  =  ^3  [yi  +  4v20  +  2V2  +  4^5  +  2V3  +  4Vl5  + V5]  =s  4.666563 
Et  =»  ^  -  4.661488  a  0.005178.  »  y  -  4.669245  =s  -0.002578, 

Es  »  ^  -  4.666563  »  0.000104. 

/i  =  12:  Ax  =  (4- 1)/12  =  4 

ri2  =  4^  (/  (1)  +  2  [/ (1.25)  +  / (1.5)  +  ••■  +  /  (3.5)  +  /  (3.75)]  +  /  (4))  as  4.665367 
Mn  =  ?  [/(1. 125)  +  / (1.375)  +  / (1.625)  +  ■•■  +  / (3.875)]  as  4.667316 
Si 2  =  o [/  (1)  +  4  /  (1 .25)  +  2  /  (1.5)  +  4 /  (1.75)  +  •  ■  ■  +  4  /  (3.75)  +  /  (4)]  as  4.666659 
Et  «  y  -  4.665367  %  0.001300,  £m  »  y  -  4.667316  as  -0.000649, 

£s  as  ^  -  4.666659  %  0.000007. 

Note:  These  errors  were  computed  more  precisely  and  then  rounded  to  six  places.  That  is,  they  were  not 
computed  by  comparing  the  rounded  values  of  T„,  M„,  and  S„  with  the  rounded  value  of  the  actual  definite  integral. 


n 

Et 

Em 

Es 

6 

12 

0.005178 

0.001300 

-0.002578 

-0.000649 

0.000104 

0.000007 

n 

Tn 

M„ 

s„ 

6 

12 

4.661488 

4.665367 

4.669245 

4.667316 

4.666563 

4.666659 

Observations: 

1.  Et  and  Em  are  opposite  in  sign  and  decrease  by  a  factor  of  about  4  as  n  is  doubled. 

2.  The  Simpson’s  approximation  is  much  more  accurate  than  the  Midpoint  and  Trapezoidal  approximations,  and 
seems  to  decrease  by  a  factor  of  about  16  as  n  is  doubled. 


30.  /  =  jfj  xexdx  =  [xex  -ex]2_l  =  e2  +  2/e  as  8.124815.  f(x)=xex. 
n  —  6:  Ax  =  [2  —  (—1)]  /6  =  j 

76  =  jij  {/  (- 1)  +  2  [/  (-0.5)  +  / (0)  +  ■■•  +  /  (1.5)]  +  / (2)}  as  8.583514 
Ms  =  j  [/  (-0-75)  +  /  (-0.25)  +  •  ■  ■  +  /  (1-75)]  as  7.896632 

S6  =  [/  (- 1)  +  4/  (-0.5)  +  2/  (0)  +  4/  (0.5)  +  2/  (1)  +  4/  (1 .5)  +  /  (2)]  as  8. 136885 

Et&I-  8.583514  as  -0.458699,  Em  «  /  —  7.896632  as  0.228183, 

£s  as  /  -  8.136885  as  -0.012070. 
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n  =  12:  Ax  =  [2-(-l)]/12  =  £ 

Tn  =  j1!  {/  (- 1)  +  2  [/  (-0.75)  +  /  (-0.5)  +  ■•■  +  /  (1 .75)]  +  /  (2)}  »  8.240073 

M2  =  i  [/  H)  +  /  (-1)  +  -  +  /(¥)+/(¥)] «  8067259 

Sn  =  4^  [/  (- 1)  +  4/  (-0.75)  +  2/  (-0.5)  +  ■  •  •  +  2/  (1 .5)  +  4/  (1.75)  +  /  (2)]  «  8.125593 
8.240073  «  -0.1 15258,  EM  «  /  -  8.067259  w  0.057556, 

Es**  I-  8.125593  »  -0.000778 


Observations: 

1.  £7-  and  Em  are  opposite  in  sign  and  decrease  by  a  factor  of  about  4  as  n  is  doubled. 

2.  The  Simpson’s  approximation  is  much  more  accurate  than  the  Midpoint  and  Trapezoidal  approximations,  and 
seems  to  decrease  by  a  factor  of  about  16  as  n  is  doubled. 


n 

Ej 

Em 

Es 

6 

12 

-0.458699 

-0.115258 

0.228183 

0.057556 

-0.012070 

-0.000778 

n 

T„ 

M„ 

s„ 

6 

8.583514 

7.896632 

8.136885 

12 

8.240073 

8.067259 

8.125593 

31.  Ax  =  (4  —  0)  /4=  1 

(a)  T4  =  I  [/  (0)  4-  2/  (1 )  +  2/  (2)  +  2/  (3)  4-  /  (4)]  «  I  [0  +  2  (3)  +  2  (5)  +  2  (3)  +  1]  =  1 1 .5 

(b)  M4  =  1  •  [/ (0.5)  +  / (1 .5)  +  / (2.5)  +  / (3.5)]  «  1  +  4.5  +  4.5  +  2  =  12 

(c)  S4  =  j  [/(0)  +  4/(1)  +  2/(2)  +  4/ (3)  +  / (4)]  %  |  [0  +  4  (3)  +  2  (5)  +  4  (3)  +  1]  =  1 1.6 


32.  If  x  =  distance  from  left  end  of  pool  and  to  =  w(x)  =  width  at  x,  then  Simpson’s  Rule  with  n  —  8  and  Ax  =  2 
gives  Area  =  /016  to  dx  §[0  +  4  (6.2)  +  2  (7.2)  +  4  (6.8)  +  2  (5.6)  +  4  (5.0)  +  2  (4.8)  4-  4  (4.8)  4-  0]  «  84  m2. 


33.  (a)  /3'2  ydx**¥  [4.9  +  2  (5.4)  +  2  (5.8)  +  2  (6.2)  +  2  (6.7)  +  2  (7.0) 

+  2  (7.3)  +  2  (7.5)  +  2  (8.0)  +  2  (8.2)  +  2  (8.3)  +  8.3]  =  15.4 


(b)  -1  <  /"  (x)  <  3 


|£rl  < 


3(3.2-  l)3 
12(11)2 


| /"  (x)|  <  3,  so  use  K  =  3,  a  —  1,6  =  3.2,  and  n  =  1 1  in  Theorem  3.  So 
0.022. 


34.  We  use  Simpson’s  Rule  with  n  =  10  and  Ax  =  j : 

distance  =  /05  o  (f)  dt  Sio  =  [/  (0)  +  4/  (0.5)  +  2/  (1)  +  •  •  •  +  4/  (4.5)  +  /  (5)] 

=  j  [0  +  4  (4.67)  +  2  (7.34)  +  4  (8.86)  +  2  (9.73)  +  4  (10.22)  +  2  (10.51) 

+  4  (10.67)  +  2  (10.76)  +  4  (10.81)  +  10.81]  =  ±  (268.41)  =  44.735  m 

35.  By  the  Total  Change  Theorem,  the  increase  in  velocity  is  equal  to  /06  a  ( t )  dt.  We  use  Simpson’s  Rule  with  n  =  6 
and  Af  =  1  to  estimate  this  integral: 


Jo6  a  (t)  A  =»  S6  =  [o  (0)  +  4a  (1)  +  2a  (2)  +  4 a  (3)  +  2 a  (4)  +  4 a  (5)  +  a  (6)] 

«  j  [0  +  4  (0.5)  4-  2  (4. 1)  +  4  (9.8)  4-  2  (12.9)  4-  4  (9.5)  +  0]  =  $  (1 13.2)  =  37.73  ft/s 
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36.  By  the  Total  Change  Theorem,  the  amount  of  water  leaked  is  equal  to  J04  r  ( t )  dt.  We  use  Simpson’s  Rule  with 
n  =  4  and  Af  =  1  to  estimate  this  integral: 


Jo4  r  (0  dt  as  S4  =  y±3  [r  (0)  +  Ar  (1)  +  2r  (2)  +  4 r  (3)  +  r  (4)] 

«  5  [6  +  4  (5.7)  +  2(5.1) +  4(4.1)  +  3]  =  ^  (58.4)  =  19.46  L 

37.  By  the  Total  Change  Theorem,  the  total  percentage  increase  is  equal  to  r  (t)  dt.  We  use  Simpson’s  Rule  with 
n  =  10  and  At  —  1  to  estimate  this  integral: 

r  ( t )  dt  as  Sio  =  l  [r  (1987)  +  4r  (1988)  +  2 r  (1989)  +  •  ■  ■  +  4 r  (1996)  +  r  (1997)] 

as  i  [4.0  +  4  (4.1)  +  2  (5.7)  +  4  (5.8)  +  2  (3.6)  +  4  (1.4)  +  2  (2.1)  +  4  (2.3)  +  2  (2.8)  +  4  (3.2)  +  2.6] 
=  i  (102.2)  =  34.06%  %  34.1% 

38.  By  the  Total  Change  Theorem,  the  energy  used  is  equal  to  J012  P  (()  dt.  We  use  Simpson’s  Rule  with  n  =  12  and 
At  =  1  to  estimate  this  integral: 

f0U  P  (t)  dt  as  S12  =  j+j  [P  (0)  +  4P  (1)  +  IP  (2)  +  •  ■  ■  +  2P  (10)  +  4P  (1 1)  +  P  (12)] 
as  i  [4182  +  4  (3856)  +  2  (3640)  +  4  (3558)  +  2  (3547)  +  4  (3679)  +  2  (41 12) 

+  4  (4699)  +  2  (5151)  +  4  (5514)  +  2  (5751)  +  4  (6044)  +  6206] 

=  j  (164,190)  =  54,730  megawatt-hours 

39.  Volume  =  %  J02  +  x 3^  dx  =n  fg  (1  +  jc3)2^3  dx.  V  as  n  ■  ,S'io  where  /  (x)  =  (l  +  jc3)2^3  and 

Ax  =  (2  —  0)  /10  =  i.  Therefore, 

V  as  n  ■  SW  =  X  5^-3  [/  (0)  +  4/  (0.2)  +  2/  (0.4)  +  4/  (0.6)  +  2/  (0.8)  +  4/(1) 

+  2/  (1.2)  +  4/  (1.4)  +  2/  (1.6)  +  4/  (1.8)  +  /  (2)]  as  12.325078 

40.  Using  Simpson’s  Rule  with  n  =  10,  Ax  =  L  —  1,  Oq  =  fgf  radians,  g  =  9.8  m/s2,  k2  =  sin2  and 

/  (x)  =  1  j -J 1  —  k2  sin2  x ,  we  get 


r  =  4 /- 


riz/2 

JO 


dx 


%/ 1  —  k2  sin2  j 


=  4/5  (ts§)  [/(0)  +  4/  (f,)  +  2/  (&)  +  ■  •  ■  +  4/  (§f)  +  /  (f )]  as  2.07665 


41.  /  (0)  =  —  k ,  where  k  =  ltNds,n6 ,  #  =  10,000,  d  =  10~4,  and  2  =  632.8  x  10“9.  So 


i3 

(l04)2sin2A 


2 

rr  (104)  (10“4)  sin6»  10“ 

where  k  =  — 1 — .  Now  n  =  10  and  A#  = - 

632.8  x  10-9 


k 2  ’  . "  632.8  x  10-9  . .  ”  10 

A/,o  =  2  x  10“7  [/  (-0.0000009)  +  I  (-0.0000007)  +  ■■■  +  /  (0.0000009)]  as  59.4. 


=  2x  10" 
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42.  /  ( x )  =  cos  (trx),  Ax  =  =2  => 

Tio  =  \  {/(0)  +  2[/(2)  +  /(4)  +  •  ■  •  +  /(18)]  +  / (20)) 

=  1  [cosO  +  2 (cos 2n  +  cos 4x  H - h cos  18/r)  4-  cos207r] 

=  1+  2(1  +  1  +  1  +  1  +  1  +  1  +  1  +  1  +  1)  +  1=20 

The  actual  value  is  /020  cos  (wx)dx  =  ~  [sin  7rx]g°  =  j  (sin  20tt  —  sin  0)  =  0.  The  discrepancy  is  due  to  the  fact 
that  the  function  is  sampled  only  at  points  of  the  form  2n,  where  its  value  is  /  (2  n)  =  cos  (2«ir)  =  1. 

43.  Since  the  Trapezoidal  and  Midpoint  approximations  on  the  interval  [a,  b\  are  the  sums  of  the  Trapezoidal  and 

Midpoint  approximations  on  the  subintervals  [x,_ \ ,  at,  ],  i  =  1 , 2, . . .  ,  n,  we  can  focus  our  attention  on  one  such 
interval.  The  condition  /"  (x)  <  0  for  a  <  x  <  b  means  that  the  graph  of  /  is  concave  down  as  in  Figure  5.  In  that 
figure,  T„  is  the  area  of  the  trapezoid  AQRD,  f*  f  ( x)dx  is  the  area  of  the  region  AQPRD,  and  M„  is  the  area  of 
the  trapezoid  ABCD,  so  T„  <  /  (x)  dx  <  M„.  In  general,  the  condition  /"  <  0  implies  that  the  graph  of  /  on 

[a,  b ]  lies  above  the  chord  joining  the  points  (a,  f  (a))  and  (b,  f  ( b )).  Thus,  /a*  /  (x)  dx  >  T„.  Since  M„  is  the 
area  under  a  tangent  to  the  graph,  and  since  /"  <  0  implies  that  the  tangent  lies  above  the  graph,  we  also  have 

M"  >  la  f  M  dx-  Thus’  T"  <  fa  f  M  dx  <M«- 

44.  Let  /  be  a  polynomial  of  degree  <  3;  say  /  (x)  =  Ax3  +  Bx 2  +  Cx  +  D.  It  will  suffice  to  show  that  Simpson’s 
estimate  is  exact  when  there  are  two  subintervals  (n  =  2),  because  for  a  larger  even  number  of  subintervals  the  sum 
of  exact  estimates  is  exact.  As  in  the  derivation  of  Simpson’s  Rule,  we  can  assume  that  xo  =  —h,  x\  =  0,  and 

X2  =  h.  Then  Simpson’s  approximation  is 

ffhf(x)dx^\h  [f  ( -h )  +  4/ (0)  +  /  (h)] 

=  \h  [(-zM3  +  Bh1  -  Ch  +  £>)  +  AD  +  ( Ah 3  +  Bh 2  +  Ch  +  £>)] 

=  \h  [2 Bh2  +  6 d]  =  f  Bh3  +  2Dh 
The  exact  value  of  the  integral  is 

f-l,  (4x3  +  Bx 2  +  Cx  +  D)  dx  =  2  /*  ( Bx 2  +  D)  dx  =  2  [ifo3  +  Dx]*  =  \Bh3  +  2 Dh 
Thus,  Simpson’s  Rule  is  exact. 

45.  T„  =  \  Ax  [f  (xo)  +  2/  (x,)  +  •  •  •  4-  2 /(*„_,)  +  /  (x„)]  and 

M„  =  Ax  [f(x\)  +  f  (X2)  H - 1 -  /  (x„_i)  +  /  (x„)],  where  x/  =  ±  (x/_i  +  x,).  Now 

T2„  =  j  (i  Ax)  [/  (x0)  +  2/ (x0  +  2/  (x,)  +  2/  (x2)  +  2/ (x2)  +  •  ■  • 

+  2/  (x„_i)  +  2/  (x„_i)  +  2/  (x„)  +  /  (x„)] 

SO 

5  (Tn  +  Mn)  =  2  Tn  +  \Mn 

=  i  Ax  [/ (xo)  +  2/  (x, )  +  •  ■  •  +  2/  (x„_, )  +  / (x„)] 

+1  Ax  [2/ (x  1 )  +  2/(x2)  +  •  •  ■  +  2/  (x„~i)  +  2/  (x„)] 

=  Tl„ 
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A* 

*r'  =  T 


/  (*o)  +  2  ^  /  (x/)  +  /  (xM) 
/=! 


and  Mn  — 


12  1  Ax 

“  T„  +  -Mi  —  j  (^b  +  2A/„)  =  - — - 


"  =  A-Z/(^-  t)’so 

n-l  n  /  ts.x\ 

+  2V /(.*,)  +  /(*„) +  4^/1  -  —  ) 

/  =  !  i=l  '  ' 


where  Ax  =  - — — .  Let  eix  = - .  Then  Ax  =  2Sx,  so 

n  In 


i  o  (5.x 

jT„+§M„  =  y 


/  (x„)  +  2  £  /  (x,)  +  /  (x„)  +  4  ]T  f  (x,  -  Sx ) 


=  [/  (*o)  +  4/  (x,  -  &r)  +  2/  (xi)  +  4/  (x2  -  Sx) 

+  2/  (*2)  +  ■  ■  •  +  2  f  {Xfj- 1)  +  4_f  ( xn  —  r5x)  4-  f  (xn)j 


Since  xo,xi  -Sx,x\,X2  —Sx,x 2 . x„_i,x„  -  dx,  x„  are  the  subinterval  endpoints  for  S2„,  and  since 

Sx  =  - — -  is  the  width  of  the  subintervals  for  S2„,  the  last  expression  for  \  T„  4-  f  M„  is  the  usual  expression  for 
2  n 

S2„.  Therefore,  \  Tn  +  \Mn  =  Sin. 


Improper  Integrals 


1.  (a)  Since  x4e  *4  dx  has  an  infinite  interval  of  integration,  this  is  an  improper  integral  of  Type  I. 

(b)  Since  y  =  secx  has  an  infinite  discontinuity  at  x  =  J^2  secx  dx  is  a  Type  II  improper  integral. 


(x  -  2)  (x  -  3) 


has  an  infinite  discontinuity  at  x  =2. 


i:^ 


5x  +  6 


dx  is  a  Type  II  improper 


(c)  Since  y  = 
integral. 

1 

(d)  Since  /  -= - dx  has  an  infinite  interval  of  integration,  it  is  an  improper  integral  of  Type  I. 

J- 00  *  +  25 

2.  (a)  Since  y  =  1  /(2x  —  1)  is  defined  and  continuous  on  [1,2],  the  integral  is  proper. 

1  /*!  1 

(b)  Since  v  = - has  an  infinite  discontinuity  at  *  =  4,  /  - - -  dx  is  a  Type  II  improper  integral. 

2x  -  1  Jq  2x  -  1 

sin  x 

- 2  dx  has  an  infinite  interval  of  integration,  it  is  an  improper  integral  of  Type  I. 

-oo  1  4" x 

(d)  Since  y  =  In  (x  —  1)  has  an  infinite  discontinuity  at  x  =  1,  J2  In  (x  —  1)  dx  is  a  Type  II  improper  integral. 

3.  The  area  under  the  graph  of  y  =  1/x3  =  x-3  between  x  =  1  and  x  =  t  is 

A  (r)  =  x-3  dx  =  jx-2j  =  \  -  1  /  (2/ 2 ) .  So  the  area  for  1  <  x  <  10  is  A  (10)  =  0.5  —  0.005  =  0.495, 

the  area  for  1  <  x  <  100  is  A  (100)  =  0.5  -  0.00005  =  0.49995,  and  the  area  for  1  <  x  <  1000  is 
A  (1000)  =  0.5  -  0.0000005  =  0.4999995.  The  total  area  under  the  curve  for  x  >  1  is 
lim  A(t)  =  lim  [  A  —  1  /  (2t2)  1  =  4. 

t — >oo  r-.cc  Lz  '  v  J  z 


620  □  CHAPTER  8  TECHNIQUES  OF  INTEGRATION 


4.  (a) 


w 

■  V. 

' 

/' 

10  D 

(b)  The  area  under  the  graph  of  /  from  jc  =  ltojr=i'is 

F(0  =  f!  f(x)dx  =  J(x-l  'clx  =  [-oT*-01], 

=  -10  (r01  -  l)  =  10  (l  -  r01) 

and  the  area  under  the  graph  of  g  is 

G  (0  =  Ji  g(x)dx  =  //  x~09dx  =  [o1!^0  'jj 

=  10  (r°  1  -  l) 


r 

F(r) 

G(0 

10 

2.06 

2.59 

100 

3.69 

5.85 

104 

6.02 

15.12 

106 

7.49 

29.81 

1010 

9 

90 

1020 

9.9 

990 

(c)  t  ne  total  i 


~  O - 1 - -  J  * 


l  — t  oo 


The  total  area  under  the  graph  of  g  does  not  exist,  since  lim  G  (I)  —  lim  10  (f0-1  —  l)  =  oo. 

7— >00  /—MX)  '  ’ 


*-L 


i 


- *  dx  =  lim  /  - : 

(3x  +  l)2  '-Wi  Qx  +  1) 

-  3/+1  j 

=  r  lim 
3 '-><*> 


*'  1 


j; 

=  1  lim  Li] 

3  /—MX)  U  ^ 


dx  =  lim  [3l+l  4  •  ~ 
t->co  y4  uz  3 


l  l 
~  3t  +  1  +  4 


•  ~du  [u  =  3x  +  1,  du  =  3  dx] 


■  3  (°  +  ?)  =  J2-  Convergent 


f°  1 

6.  /  - - -  dx 


—  lim  [  1  ■■■■  dx  —  lim  [i  In  |2x  -  5|1  —  lim  [i  In 5  —  \  In  |2/  -  5|1  =  ■ 

/  — >  —  oo  Jt  2x  —  5  / — >  —oo  L 2  J/  r->oo  L2  2  'J 

/dm  —  lim  [  , _ dm  =  lim  \—2y/2  —  u)l  [u  =  2  —  w,  du  =  —dw] 

■OO  a/2  —  W  /->-00 Jt  -v/2  —  w  i^-ool  Jt 


67. 

Divergent 

,-i  x 


•oo. 


=  lim 
/— >-00 


-2V3  +  2V2^7  =  oo.  Divergent 


~j; 


!  S'"  ''L  ..llm  /' 

°7  2 


=  lim 

7— >00 


-2  _2_  _ 

ATI  V5  J  "  Vs 


(^  +  3)3/2  A'SJj  (*  +  3)3/2  AIS.Lv^+3j2: 

9.  fn°°  dx  =  lim  fi  e~x  dx  =  lim  f— e~x\n  =  lim  (—e~‘  +  1)  =  1 

i-t ooJU  t~> oo L  Ju  00  v  ’ 

10 .f~J0e~2,dt=  lim  JT"1  e-2' dt  =  lim  [-Ae-2']  =  lim  [—Ae2  +  Ae_2*l  =  oo.  Divergent 

J_0°  i— >-oo A->-oo  L  2  Ji  i — >  — oo  L  2  2  J 


11 


0rJ  rfx  =  f°xx3  dx  +  /0°°*3  dx,  but  f^x3  dx  =  ^  lim  =  (  lim  (—  =  — oo.  Diverger 
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1  ,  „  dw  fb  dw  f10  dm  [d  dw 

12.  I  =  /  . —  dto  =  lim  /  +  lim  /  ■  -  +  lim  /  ■  +  lim  /  . 

J-oo  VU)  -  5  </w-5  b->5-Jo  </m  -  5  c->5+Jc  i/w- 5  d->ooJi0-(/w-5 

(The  values  0  and  10  could  be  any  pair  of  values  surrounding  5.)  If  any  one  of  these  four  integrals  diverges,  then  I 

diverges,  and  (for  example)  Jim  J  ^ W  $  =  Jim  (w  —  5)2^3  j  ^  =  ^lim  ^ |  (d  —  5 )2^  —  |  (5)2^3 J  =  oo. 

Thus,  /  is  divergent. 

13-  $-ooxe~xl  dx  =  I- coxe~xl  dx  +  r xe~l2  dx ■  /- ooxe~xl  dx  =  (-j)  [e~x2], 


lim 


and 


Jo° «  *2  dx  =  (lim  (~±)  [e  x2]'  =  (lim  (-Jr)  (e  '2  -  l)  =  i.  Therefore,  /_“«  *2dx  =  -\  +  \  =  0. 


14.  A-*3  dx  =  J^xh-*3  dx  + 


lloax2e  *3  dx  =  Jimj-ie  *3]°  =  -±  +  ±  ((  Hn^e  '3)  =  oo.  Divergent 

L  f  —  *?—  =  lim  f  [-L-  -  - L-U  =  lim  [in  T  =  lim  L  -  In  }1 

Jo  (x  +  2)(x  +  3)  t-+<»Jo  lx +2  x  +  3_|>  /-»oo[  \x  +  3/ J0  y  +  3/  3_ 


=  In  1  -  In  4  =  —  In  4 


167° 


x  dx 


(a:  +  2)  (x  +  3) 


j: 


'  -2  3 

x  +  2  x  +  3 


dx  =  lim  [3  ln(x  +  3)  -  21n(;t  +  2)][>  = 


lim 

I-*  00 


In 


(t  +  3)3 

( t  +  2)2 


■  In  - 


=  oo.  Divergent 


17-  fn*  ‘cos  x  dx  =  lim  [sin  =  lim  sin/,  which  does  not  exist.  Divergent 

JU  /->00  U  /H>0O 

18.  [*£  sin  20  dQ  =  lim  f^2  sin  20  dO  =  lim  [—A  cos  20~\  ^  =  lim  (\  -f  *  cos  2/) .  This  limit  does  not 
exist,  so  the  integral  is  divergent. 

19.  oo  dx  =  ^  lim  JJ1  xe2*  dx  —  ^  lim  J^xe2*  —  (by  parts) 

=  (ton*  [V  -  K  -  W  +  T«2']  =  y  -  0  +  0  =  \e2 


since  lim  te2'  =  lim  —^7  £  lim 

I  — >  —OO 


.....  — 5-  —  .....  — — T  =  lim  —  ie2'  =  0. 

/— »—  00  e— •*'  /->— 00  ~2e“z/  /— »— 00  z 


20.  xe  x  dx  =  lim  f— xe  *  —  e  *]!,  =  lim  [l  —  (/  +  \)e  M  —  1  —  lim  1  Si-  lim  —  =  1  —  0  —  1 

J{}  ;  — >oo 1  JU  /— » oo L  J  f— ^oo  t—>oo  el 


»■[ 


’  lnx 


dx  =  lim 
/— »  00 


(In  or)2 


,■  (In  T)2 

=  lim  — - —  =  oo.  Divergent 

t->OQ  2 


22-  I-oo  e  1x1  dx  =  /-oo  +  Jo00  e  1  /-OO  d;c  =  ,^00  =  ,-l™oo  (!  -  e')  =  !.  31111 

dx  =  lim  f— =  lim  (I  —  e-t)  =  1.  Therefore,  dx  =  1  4-  1  =  2. 

ju  i—^oo L  JU  t-* oo  v  ’  J_0° 

J°°  x  dx  f°  x  dx  f°°  xdx 

■  J- oo  1  +  X2  i-o O  l+x2  +  Jo  1  +  X2  311 

rS  =  ,4^  [  j  ln  0  +  ^2)]!  =  , JSto  [o  -  1  in  (l  +  t2)]  =  - 


■oo.  Divergent 
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24.  Since  /  (r)  = 


r2  +4 


/OO  /*00  1 

f(r)dr=2  f  (r)  dr  =  2  lim  /  ^ - dr  =  2  Hi 

7o  y  ;  ^°°y0  '-2+4 

/  t  \  n 

I  arctan - 0  I  =  — 

>V  2)2 


lim 

I— >00 


-  arctan  - 
2  2 


lim  I  arctan - 0  )  = 

/->  oo  \  2/2 

25.  Integrate  by  parts  with  w  =  In*,  t/o  =  d*/*2 
1  In* 


r 


d*  —  lim 
xl  I-*  oo 


f1  In 

J  l  * 


~  dx  =  lim 

*  t— »oo 


dw  =  <7*/*,  0  =  — 1/*. 
In*  1 


=  lim  --  +  0+l) 

J  /  >  oo  \  t  t  ) 


-0-0  +  0+  1  =  1 


r  ln(  H  r  */*  n 

since  lim  —  =  lim  — —  =  0. 
/— » oo  f  r— »oo  1 


26.  Integrate  by  parts  with  u  =  in*,  c/r>  =  dx/x3,  du  —  dx/x,v  =  — 1/  (2jc2): 

/■°°  In*  J  ['  \nx  /T  1  ,  T  i  /'  1  J  \ 

/  — dx  =  lim  /  — 5-  rfjc  =  lim  I  — — -7  In*  +  -  /  -j  dx  I 

7i  j:3  '->°°7i  *3  <-»°°\L  2*2  J,  2jx  x3  / 

/  1  inf  1  1\  1 

>r27?+0“52+4j-4  ' 


=  lim 
r-»oo  1 


since,  by  l’Hospital’s  Rule,  lim  ~r  =  lim  —  =  lim  =  0. 

t  — > oo  ^  /->oo  2/  r-»oo  2/2 


27.  [  —=  —  lim  f  —p=  —  lim  [2^*1  f  =  lim  (2V3  —  2v//')  =  2V^ 
y0  ^/*  ^o+y,  *-»o+L  J/  /^o+ V  / 

r3 


dx  f 3  dx  [-2V  —2  2 

I.  /  — —  =  lim  /  — r-^r  =  lim  -7=  =  — —  +  lim  —  —  00.  Divergent 

Jo  *v*  <->0+//  *J/2  /->o+  Lv-xJ,  V3  ?->o+  vr 


r°  dx  /*'  </*  r-iT  T  1  1 

I.  /  “T  =  lim  /  — r  =  lim  —  =  lim - 1 - 

J-l  X2  t-+Q-J-i  *2  /-»0-  L  X  J_|  t-> 0-  [  ?  “1 

fjL==  lira  f  *  lim  [|  _  9)2/3r  =  lim 

J  l  t->  9-L2  Ji  r-»9- 


00.  Divergent 
r  (<  —  9)2/3  —  6 


=  -6 


31.  Jq  ^  esc2 1  dt  —  lim  J+  esc2  tdt  =  lim  [-cotr]+=  lim  [— cot  *  + cot  s]  =  oo.  Divergent 

s->  0+  ‘  ,y-*0+ 


32.  [ 

Jo 


cos*  dx 


f*/4cosxdx  r  r. — *1  >r/4  /  r-p  r — \ 

=  hm  /  —  =  lim  2vsin*  =  lim  2-/+=  —  2vsin/ ) 

sin*  t->o+Jt  vsin*  /-»o+  L  -1 1  /-»o+  V  V  v2 


_  2  /X  _  _  23/4 

~zyJ  V2~  21/4  _z 


=  lim 
_2  >0“ 


j _ i_' 

" 3/3  24 


,,  f  dx  dx  f3  dx  ,  dx 

33.  /  -r  =  /  — r  +  /  -7,  but  /  —  =  hm 

7-2  JC4  7-2  *4  7o  Jt4  7-2  ^4  l-»0~ 

34.  f  (y)  =  1/  (4y  —  1)  has  an  infinite  discontinuity  at  y  =  | . 

f  - - uly'  =  lim  [  - dy  =  lim  [  j  In  |4y  —  1 1] 

7i/4  -  1  <->(l/4)+ 7i  4y  —  1  /_>(i/4)+  L4 

=  lim  [i  ln3  -  I  In  (4r  —  1)]  =  oo 
/— »(l/4)+  L  j 

r}  l  /■'  l 

so  /  - diverges,  and  hence,  /  - dy  diverges. 

7 1/4  4y  -  1  7o  4y  -  1 


:  oo.  Divergent 
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35-  Jo  secxdx  =  Jg  sQcxdx-{-  j^^SQCxdx.  j^2  secx  dx  =  lim  /gsecxtt* 

=  lim  [ln|secA +tanA|]g  =  lim  ln|secf  +  tan/|  =  oo.  Divergent 

t->n/2~  t->n/  2~ 


36.  [ 

Jo 


dx 


f 


dx 


o  x2  +  x  —  6  Jo  (x  4-  3)  (x  -  2) 


r 2  dx  r 4 

Jo  (*  -  2)  (x  +  3)  +  k 


dx 


(x  -  2)  (x  +  3) 


,  and 


f 


dx 


(x  -  2)  (x  +  3)  /-»?- 


'  1/5  1/5  " 

dx  =  lim 

|"-ln 

A  -2  ' 

x  —  2  x  4-  3 

/->  2“ 

.5 

x  +  3 

=  lim  - 
/— >2-  5 


t-2 


t  +  3 


-!n? 


37. 


f2  dx  f  1  djc  T0  dx  fx  dx  f 

J-2  x2  -  1  7-2  a:2  -  1  +  J_i  x2  -  1  +  J0  x2  -  1  +  Ji 

f  dx  f  dx 

30  J  X2  -  1  -  J  (a  -  1)  {x  +  1) 

['  dx 

Jo 


=  —oo.  Divergent 


dx 


i* 


o 

x  —  1 

JC  +  l 


2-  r 


4-  C,  so 


:  lim 
/-»i~ 


riln 

x  —  1 

[2 

A  +  l  . 

=  lim  -  In 
,  t-¥ l-  2 


=  -oo.  Divergent 


-  3  ,  t2!2  x  —  3  t2 

dx  —  I  - - -  ax  + 


f  a-3  ,  1  /•  2jc  —  6  , 

J  2^dx  =  2j  2^3*“ 

X 


2a- -3 


■l 


3/2 


/ 


A  -3 
2a  -3 


r/A  and 


1  -  ■ 


2a -3 


Ja  =  jx  —  |  In  |2a  —  3 1  +  C,  so 


3/2  A  -  3 

- - ~  dx  —  lim  j  [2a  —  3  In  |2a  —  3|]q  =  oo.  Divergent 


39.  /  —  ff  z2  Inzdz  =  lim  if  z2  In zdz  =  lim 
J0  H0+  <-*o+ 


^2  (3  In  z  —  1) 


=  lim  [§  (3  In 2  —  1)  —  if3  (3  In  f  —  1)1  =  |  In 2  —  |  ^  lim  I)3  (3  In/ -  1)1  =  I  In 2 

/->0+  L  J  a  v  *,->0+ 


Now  L  =  lim  [r3  (3  In/  —  1)]  =  lim 

<->o+  1  J  /->o+  t 

/  =  |  In  2  —  | . 


3  In  t  —  1  h 


t-+o+ 

3 // 


=  lim  .  . 

*-»o+  -3/r4  /-»o+ 


=  lim  (— J3)  =  0.  Thus,  L  =  0  and 

.  ,r>- 1-  v  ’ 


40.  Integrate  by  parts  with  u  =  inx,  dv  =  dx  /  Jx,  du  =  dx/x ,  v  =  2yfx\ 

f  — Xr  dx  =  lim  [  dx  =  lim  (  \2yfx  lnAl*  —  2  [  /L  |  =  um  2y/i\nt  —  4  [Vx]1) 

JO  y/x  /->0+J,  V*  H0+^1  J,  yfi )  <-*0+  V  L  J' ' 


—  lim  [  — 2V< lnt  —  4  +  4Vtl  =  — 4 
/->o+  V  / 


since,  by  l’Hospital’s  Rule,  lim  %/7  In  t 
i->  o+ 


In  f  ,.  \/t 

lim  — n=r  —  hm  - r™ — 

/->o+  /  */2  i->o+  —t  3/2/ 2 


=  lim 

l-iO+ 


(-2V?)  =  0. 
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=  e  —  lim  e'  =  e 

I— »—  OO 


-0.1 


We  integrate  by  parts  with  u  =  \nx, 
dv  —  (l / x 2)  dx,  du  —  dx/x,  v  —  —l/x: 


[  hdx) 

(  In'  1  ,\  , 

=  lim  ( - 1- 1 )  =  1 

<->°°\  t  t  ) 


/„*  tan*  sec x  dx  =  J„/2  tan*  sec xdx  +  J*/2  tan*  sec*  dx. 
f„’r/2tan*sec*d*  =  lim  L' tan*  sec*  d* 

=  lim  [sec^cJo  =  lim  (sect-1) 

t— »  (tt/2)  f-»(jr/2) 

=  oo.  Divergent 


lim  \ly/x  —  3] 
/-» 3+  L  h 


=  4  -  lim  2VT^3  =  4-0  =  4 


0 
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47.  (a) 


t 

//  g  (*)  ^ 

2 

0.447453 

5 

0.577101 

10 

0.621306 

100 

0.668479 

1000 

0.672957 

10, 000 

0.673407 

g  (*)  =  — .  It  appears  that  the  integral  is 
xL 

convergent. 


Since  Jj00  /  (*)  dx  is  finite  and  the  area  under  g  (x)  is 
less  than  the  area  under  /  (*)  on  any  interval  [1,  /], 
/i°°  g  00  dx  must  be  finite;  that  is,  the  integral  is 
convergent. 


sin2.*  1  f°°  1 

(b)  -1  <  sin*  <1  =s  0  <  sin2*  <1  =>  0  <  — j—  <  — .  Since  /  dx  is  convergent  (Equation ; 

XL  X  J]  X 

fOO  j-|2  £ 

with  p  =  2  >  1),  /  — r—  dx  is  convergent  by  the  Comparison  Theorem. 

J  i 


48.  (a) 


t 

/2  g  (*)  dx 

5 

3.830327 

10 

6.801200 

100 

23.328769 

1000 

69.023361 

10,  000 

208.124560 

g  0)  = 


1 

■s/x  —  1 


It  appears  that  the  integral 


is  divergent. 


Since  /2°°  f  (x)dx  is  infinite  and  the  area  under  g  (*)  is 
greater  than  the  area  under  /  (*)  on  any  interval  [2,  (], 
J2°°  g  (*)  dx  must  be  infinite;  that  is,  the  integral  is 
divergent. 


(b)  For  *  >  2,  Jx  >  s/x  —  1 

rco  1 


l  l  /'0°  i 

=>  — =  <  — — - .Since  /  —  dx  is  divergent  (Equation  2  with 

■Jx  -s/X  -  1  h  -Jx 

dx  is  divergent  by  the  Comparison  Theorem. 


49.  For*  >  1,  - 


1 


j_  r 

Wi 


1  +x2  ~  1  +*2 
convergent  by  the  Comparison  Theorem. 


— r-  dx  is  convergent  by  Equation  2  with  p  =  2  >  1,  so 


1  +*2 


■  dx  is 


1  1  f00  dx  f°°  dx 

50.  .  <  — on  [1,  oo).  /  — jtt  converges  by  Equation  2  with  p  =  |  >  1,  so  /  converges  by 

V*3  + 1  *3/z  7i  *j/2  2i  V*3  +  1 

the  Comparison  Theorem. 


626  □  CHAPTER  8  TECHNIQUES  OF  INTEGRATION 

1  1  » 

51.  For*  >  l,x  +  e2x  >  e1*  >  0  =*  — — 5-  <  =  e  u  on  [1,  oo). 

"  x  +  e  e 

f°°  e-2*  dx  =  lim  Me”2*!'  =  hm  4e~2(  +  K21  =  \e~2-  Therefore,  /,°°  e“2j:  dx  is  convergent,  and  by 
/  — > oo  L  1  Jl  <->°o  L  z  J 

r  dx. 

the  Comparison  Theorem,  J  j-j-^  IS  als0  convergent. 


52. 


\J  1  +  yfx  1 


1  f°°  dx  ,  ,  -J\+y/x 

—  on  fl ,  oo).  /  — =  is  divergent  by  Equation  2  with  p  =  j  <  1,  so  /  -= 

yB  J 1  V*  V 


dx  is 


yfx  yfx 

divergent  by  the  Comparison  Theorem. 


1  1  /•  7T  /2  Jy  i'/v  7T  /9 

[  -  >  -  on  (0,  f  1  since  0  <  sin*  <  1.  /  —  =  lim  /  —  =  l*m  Dn*]/  • 

xsin;c~.x:  v  2J  ”  Jo  x  ho  +7,  *  >m0+ 

/•ff/2  ^  f 

0+  so  /  —  is  divergent,  and  by  the  Comparison  Theorem, 

Jo  x  Jo 


nf-  dx 


But  In  /  — >  —  oo  as  t  — > 
divergent. 


is  also 


54.  e  x  < 


1  - —  <  —  for  0  <  -v  <  1,  and  f  -^=  dx  =  lim  f  — =  dx  —  lim  (fl  —  2yft\  —  2  is 

yfi  -  yfi  Jo  yfx  mo  +J,  yfi  /mO+V  J 

f  \  e-x 

convergent.  Therefore,  /  —=  dx  is  convergent  by  the  Comparison  Theorem. 

Jo  \/x 


55. 


['  d'—+rnd*  ■=  lim  r_^--+lim  , 

Jo  y/x(\+x)  Jo  y/x(\+x)  Jl  y/x(\+x)  i->o+J,  y/x(l+x)  '^°°J  1  ^(1+Jt) 

/•>  2du 

=  lim  /  - - 5-  +  lint  / 

o-hO+  J  Ji  1  +  n2  <-»oo  7, 


1  +  «• 


(«  =  *  —  U  J 


=  lim  [2 tan-1  «]!/7  +  (hm  [2tan  1  «]^ 


ft 


=  lim  [2  (f)  -  2  tan  1  y/t]  +  lim  [2  tan  1  y/t  -  2  (§)]  =  §  -  0  +  2  (*)  \  —  n 

/_>o+ L  l~*  00 


poo 

Jl  X\ 

[-£==[ 

J  Xyjx2  —  4  J 


f 3  rfx 

f  -j-  J 

r  dX  lim  j 

f3  dx  .. 

f  - -  4-  lim  j 

r  fjJ——,  and 

1  _  J 

2  Wx2  -  4  J 

3  *\/*2  —  4  t^>2+ J 

,  Xy/x-  —  4 

3  W*2  -  4 

-,li"  [’  (’*)]! + ,sa  [1  (HI, 

(i) -0  +  1  (§)  (I)  -  f 


J 
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57.  If  p  =  1,  then 


/' 


dx 

7p 


lim  [lnx],1  =  oo.  Divergent.  If  p  ^  1,  then 
/-» o+ 


/ 


dx 

r  dx 

=  lim 

/  —  ( 

~xP 

h  xP 

r  x-p+I 

=  lim 

- — -t 

—  lim 


1 


*->o+  L  —p  +  1  J,  <->o+l  -p 


1  - 


ip-  1 


If  p  >  1,  then  p  —  1  >  0,  so  — >  oo  as  t  — >  0+,  and  the  integral  diverges.  Finally,  if  p  <  1,  then 


rl  dx  _  1 

Jo  xP  1  -  p 

1 


lim  (\  -r1_p) 
i->o+  V  / 


1-p 


Thus,  the  integral  converges  if  and  only  if  p  <  1,  and  in  that  case 


its  value  is  ■ 


1  -P 


58.  Let  u  —  In  x.  Then  du  =  dx/x 
p  >  1  and  diverges  otherwise. 


dx  du  1 

/  - =  /  —  .By  Example  4,  this  converges  to - -  if 

J,  *(ln  x)P  h  up  y  p-\ 


59.  First  suppose  p  =  —  1 .  Then 


f  xpln  xdx=  f  dx  =  lim  f  dx  =  lim  TjOnx)2]  =  —  A  lim  (lnt)2 
Jo  Jo  x  /->o  +J,  x  >->0+1+  i->  o+ 

the  integral  diverges.  Now  suppose  p  ?=  —  1.  Then  integration  by  parts  gives 

xp+1 


=  — oo, so 


r  XP+ <  r  XP 

/  xp  lnx  dx  = - -  lnx  —  /  - -  dx  = 

J  p+ 1  J  p+ 1 

I'* 


p  In  jc  dx  —  lim 


xp+ 1  ,  xP+l 

-  In  ^  ■ 


m0+|_P+1  (jr>  +  l)2  J,  ( P  + 

If  p  >  —1,  then  p  +  1  >  0  and 


xp+i  xp+ 1 

- lnx - =r  +  C.  If  p  <  -1,  then  p  +  1  <  0,  so 

P  +  1  (p  +  l)2 

'  (  -L.)  ,imU.(lnr-  -L-YL 

1)  \P+ 1/ '->»+ L  V  P+l/J 


/ 


xpln  xdx  =  ■ 


(P+1)‘ 


_(  1  )  lim 

\p  +  1  /  l->0+ 


-1/0  +  1)  H  -1 


-1  ■  +  1  lim  rp+1  = 


t-(p+ 1) 

-1 


(P+  !)• 


-(^t) 


lim 


l/l 


<-»o+  —  (p  +  l)f  (p+2l 


(p+1)2  (p-F  l)2<^o+  (p+1)2 


Thus,  the  integral  converges  to  — 


1 

(P+1)2 


if  p  >  —1  and  diverges  otherwise. 
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60.  For  n  a  nonnegative  integer,  integration  by  parts  with  u  =  x"+l,  do  =  e  x  dx,  gives 
Jx"+le~x  dx  =  -xn+'e~x  +  (n  +  l)fx"e~x  dx,  so 

$™xn+xe-x  dx  =  lim  x"+'e~x  dx  =  ;hm  [-xn+le~x^  +  (n  +  1)  /0°° xne~x  dx 
+n+\ 

=  — } - H  (n  +  1)  /0°°  x"e~x  dx  =  (n  +  1)  /0°°  x”e~x  dx 

Now  fn°° x°e~x  dx  =  lim  fle~xdx  =  lim  \—e~x]'n  =  1,  so  [J°xie~x  dx  =  1-1  =  1, 

Ju  t->  ooJU  /->ooL  Ju 

f0°°  x2e~x  dx  =  2-1=2,  and  J0°°  x2e~x  dx  =  3  •  2  =  6.  In  general,  we  guess  that 

f™xne~x  dx  =  n\  =  1  •  2  •  3 . n,  when  n  is  a  positive  integer.  (Since  0!  =  1,  our  guess  holds  for  n  =  0  too.) 

Our  guess  works  for  n  <  3.  Suppose  that  /0°°  xke~x  dx  =  k\  for  some  positive  integer  k.  Then 

/0°°  xk+ie~x  dx  —  (k  +  1)  Jq°°  xke~x  dx  ~  (k  +  1)  k\  =  (k  +  1)!,  so  the  formula  holds  for  k  4- 1.  By  induction, 

the  formula  holds  for  all  integers  n  >  0. 

61.  (a)  f^xdx  =  jlO0x  dx  +  f£° xdx,  and  x  dx  =  ^lim  JqX  dx  =  ^lim  ^t2  —  j  (02)j  =  oo,  so  the  integral 

is  divergent. 

(b)  f‘,xdx  =  fi*2!  =  \t2  —  \t2  =  0,  so  lim  f! .  x  dx  =  0.  Therefore,  f^x  dx  ^  lim  f‘xdx. 


M  4 

62.  Let  k  — - so  that  v  —  — - 

2RT  Jn 


I  f  00 

U3/2  /  O 

™  JO 


^  r  2 

e  do.  Let  /  denote  the  integral  and  use  parts  to  integrate  I.  Let 


a  =  v2,dfi  =  ve  k"2  do,  da  =2o  do,  B  = — —e  k°2: 

2k 


I  =  lim 

— -v2e-k"2 

+  \  (  ve  kv2  dv  =  lim  (t2e  +  \  lim 

-Lg-^2" 

t— )OQ 

2k 

o  k  Jo  2k  '->oo  V  /  k  i-+ oo 

2k 

Thus,  o  =  -L/t 3/2  ■  =  2 


2V2 -JWf  jSRT 

\!  nM 


■JU  2  k2  {kit)'!2  [kM/(2RT)]'1>2  -JVM 

r°°  / 1  \2  r‘  dx  T  l  T  /  1  \ 

63.  Volume  =/  ir  |  —  )  dx  =  n  lim  /  — ^  =  ir  lim  —  =  it  lim  (  1 - )  = 

J i  \x )  i  x2  atjj  <-»oo\  t) 

=  GMm  lim 


GMm  ,  GMm 

64.  Work  =  /  — z —  dr  —  lim  /  — r —  dr  =  hm  GMm 
Jr  r 2  <^<*>Jr 


R  rx 


-1 


im  (=1  +  I)  = 

-»oo  \  t  R) 


GMm 
R  ’ 


where  M  =  mass  of  earth  =  5.98  x  1024  kg,  m  =  mass  of  satellite  =  103  kg,  R  —  radius  of  earth  =  6.37  x  106  m, 

and  G  =  gravitational  constant  =  6.67  x  10~u  N-m2/kg. 

,  „  6.67  x  KT11  ■  5.98  x  1024  ■  103 

Therefore,  Work  = - r -  6.26  x  1010  J. 

6.37  x  106 

65.  Work  =  f  F dr  =  lim  [  dr  —  lim  GmMl- — ]\_Gmk£  -phc  initial  kinetie  energy  provides 

Jr  <->™Jr  r2  \R  t)  R 


the  work,  so  \mo^  = 


GmM 


2GM 
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66.  y  (s)  = 


?R  2r 

/  ,  ,  -  X  ( r )  dr  and  *  (r)  =  \  (R  -  r) 

Js  +Jrl  —  sz 

/'"''C*-'-)2 


|=  lim  f 
1->S+  Jt 


fR  r 3  -  2Rr2  +  R2r  , 

dr  =  lim  /  -  ■■■== - dr 

i->s+Jt  +Jrl—sl 


Jr1  —  sl  /->. 


=  lim  /  ,  -  2tf  / 

/-»j+  LJ/  Vr2  —  s2  Jt 

=  lim  f/i  -2^/2  +  tf2/3)  =  1 
/-*j+  V  / 


rrJL=  +  R2 
ji  Z  T3 


rR  r  dr  ' 
Jt  ~Jr2  —  s2 . 


For  /i :  Let u  =  Vr2  -  s2  =>  m2  =  r2  -  s2,  r2  =  n2  +  s2,  2r  dr  =  2m  d«,  so,  omitting  limits  and  constant  of 
integration, 

I  \=  J  ^  +  ^  )  M  _  j  t/w  =  ±«3  +  s2w  =  (w 2  +  3s2  j 

=  |Vr2  -  s2  (r2  -  s2  +  3s2^  =  ^Vr2  —  s2  (r2  +  2s2^ 

For  /2:  Using  Formula  44,  /2  =  -  Vr2  —  s2  +  —  In  |r  +  Vr2  —  V  . 


For  73:  Let  u  =  r2  —  s2  du  —  2r  dr.  Then  h 


=  I  j  241  =  1 
2  7  >  2 


Thus, 

L  =  lim 

/-»s+ 

i\/r2-s2(r2  +  2S2) 

-2*G 

=  lim 

t->s+ 

l^R2-s2  (r2  +  2s2 

)-2«(- 

—  lim  4  \!t2  —  s 2  (V 

/->5+|3  V 

i  +  2,2)- 

i2  +  y  In  |«  +  \/«2  -s2^  +  R2Vr2-s 2 


-lnlt  +  Vt2-^  )  +  /?Vf2-i2l 


=  i^f?2  -  s2  (tf2  +  2.s2)  -  /?J2  In  7J  +  Vr2  -  s2  -  —Rs2  In  |s| 


Ur2-*2 


(«2  +  2i2)  -ft?2ln^ 


r  +  V/;2  -  s2  j 

(b)  r  (/)  =  F'  ( t )  is  the  rate  at  which  the  fraction  F  (t)  of 
bumt-out  bulbs  increases  as  t  increases.  This  could  be 
interpreted  as  a  fractional  burnout  rate. 

(c)  f„°°  r  (i)  dt  —  lim  F  (x)  =  1,  since  all  of  the  bulbs  will 

JU  X->00 

eventually  bum  out. 


7  =  i  r/'d/=^m  [1(^-1)^  (Formula  96,  or  parts)  =  jj”  [(^  "  “  ("p)} 

Since  k  <  0  the  first  two  terms  approach  0  (you  can  verify  that  the  first  term  does  so  with  THospitaTs  Rule)  so  the 
whole  expression  is  equal  to  \/k2.  Thus,  M  =  —kl  =  —  k(\/k2)  =  —  l/£  =  —1/  (—0.000121)  «  8264.5  years. 
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,oo  I  ft  \  r  V  \ 

69 .1=  /  -= - dx  =  lim  /  -= - dx  =  lim  tan-1*  =  lim  ( tan-1  (  —  tan-1  a )  =  f  —  tan-1  a. 

Ja  X2  +  1  <-»ooyo  x2+\  mooL  Jo  <->°o  V  )  2 

I  <  0.001  =>  I  -  tan-'  a  <  0.01  =>  tan"1  a>  f  -  0.001  =>  a>  tan  (f  -  0.001)  a*  1000. 

70.  /(*)  =  e~xl  and  A*  =  ^ 

Jo  f  (a:)  dx  «  Sg  =  5I3  [/  (0)  +  4/  (0.5)  +  2/  (1)  +  •  •  •  +  2/  (3)  +  4/  (3.5)  +  /  (4)] 

=«£  (5.31717808)  «  0.8862 

Now*  >4  =>  -x  ■  x  <  -x  -4  =>  e-*2  <  e-41  =>  J4°°  e~xl  dx  <  fj°e~4xdx. 

J4°°  e~4x  dx  =  (lim  (0  -  e"16)  =  1  /(4<?16)  »  0.0000000281  <  0.0000001,  as  desired. 


71.  (a)  F  (s)  =  /  f(t)e  si  dt  =  /  e  51  dt  =  lim 

Vo  "-*00 


=  lim 

n— >co 


[°°  f{t)  e~stdt=  f 

Jo  Jo 

if  5  >  0.  Therefore  F  (s)  =  -  with  domain  {s  |  j  >  0). 
s 

rOO  pOO  rn 

(b)F(s)=  /  f(t)e~5tdt  =  /  e‘e~sl  dt  =  lim  /  e{^~s^  dt  =  lim 

Jo  Jo  n^°°V  o  "->oc 

n-»oo  y  1  —  s  1  —  s  / 

1 

This  converges  only  if  1  —  5  <  0  =>  j  >  1,  in  which  case  F  (s)  = 


(e~sn  1\ 

(— +  7j-  Th,s 


converges  to  -  only 


s  —  1 


1—5 


with  domain  {s  \  s  >  1). 


(c)  F  (5)  =  Jq°  f(t)e  st  dt  =  lim  /0”  te  st  dt.  Use  integration  by  parts:  let  u  =  t,dv  =  e  st  dt 


du  —  dt,  »  =  — - 


Then  F  (s)  =  lim 

n— »oo 

1 


t 

— e 


—  lim 


/  -H _ 1_  _1_\  _1_ 

\5e5”  s^esn  5^/  5^ 


only  if  5  >  0.  Therefore,  F  (5)  =  -=■  and  the  domain  of  F  is  {5  |  s  >  0}. 


72.  0  <  /  (/)  <  Meat  =>  0  <  f  (t)e  st  <  Meale  st  for  t  >  0.  Now  use  the  Comparison  Theorem: 


r 

Jo 


fn 

Meate~st  dt  =  lim  M  /  el^a~s^  dt  =  M  •  lim 

ns  00  J  q  nsoo 


J(a~s) 


—  M  ■  lim 


Ma-s) 


nscc  a  —  5  I 


-*] 


This  is  convergent  only  when  a  —  s  <  0  =>  s  >  a.  Therefore,  by  the  Comparison  Theorem, 
F  (5)  =  /0°°  /  (?)  e~st  dt  is  also  convergent  for  s  >  a. 


73.  G  (5)  =  /0°°  f  (r)  e  s*  dt.  Integrate  by  parts  with  u  =  e  sl,  dv  —  f  ( t )  dt  =>  du  =  —se  st ,  d  =  /  (/): 

G(s)  =  lim  [f(t)e~s%+sj™  f(t)e~s'dt  =  lim  /Wr’"-/(0)  +  Sf(S) 

But  0  <  f  (t)  <  Meat  =>  0  <  /  (()  e~sl  <  Mea'e~sl  and  (lim  Me'(a~ =  0  for  s  >  a.  So  by  the  Squeeze 

Theorem,  lim  /  (t)  e~sl  =  0  for  s  >  a  =*  G  (s)  =  0  —  /  (0)  +  sF  (s)  =  s F  ( s )  —  /  (0)  for  s  >  a. 

t~*  OO 
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74.  Assume  without  loss  of  generality  that  a  <  b.  Then 

/“ oo  f(x)dx  +  /a°°  f(x)dx  =  (Jim^ /“  /  (x)  dx  +  jim,  /"  / (x)  dx 

=  ,4?oo  f  ^  dx  +  |/«  f(x)dx  +  /4“  f{x)d> r] 

=  lim  J“  f  (x)  dx  +  f  (x)  dx  +  lim  fjj  /  (x)  dx 

=  ,4?oo  [f“  f  ^  dx  +  ^  dx ]  +  ^  f^dx 

= ,  J,™*,  //  f  M  dx  +  /*”  f(x)dx  =  /*„ o  /  (x)  dx  +  /”  /(*)£/* 


75.  We  use  integration  by  parts:  let  u  =  x,  dv  =  xe  xl  dx,  du  —  dx,  d  =  —  *2.  So 

r  *2e~*2  dx = ,!“  [-'2xe~x\ + j  r  e~*2  = ,1™, -*/  i2e>2) + 1  r e_*2  dx = \  nr « 

(The  limit  is  0  by  l’Hospital’s  Rule.) 


.2 


«■  r«-  "*2  rf*  is  the  area  under  the  curve  y  —  e  *2  for  0  <  x  <  oo  and  0  <  y  <  1 .  Solving  y  =  e  xl  for  x,  we  get 
y  =  e-*2  =>  lny  =  —  x2  =>  -  lny  =  x2  =>  *  =  ±V—  lny.  Since  x  is  positive,  choose  x  =  V-  lny, 

and  the  area  is  represented  by  /„'  V-  lny  rfy.  Therefore,  each  integral  represents  the  same  area,  so  the  integrals  are 
equal. 


77.  For  the  first  part  of  the  integral,  let  x  =  2  tan  9  =>  dx  =  2  sec2  6  dQ. 

/■■■  dr  =  f  sect?  =  In  |sec0  +  tan$|.  But  tan#  =  \x,  and 
V*2  +  4  7 

sect?  =  V 1  +  tan2  0  =  ^1  +  let2  =  j\/*2  +  4.  So 


nl _ C_\ 

V*2  +  4  cc  +  2/ 


•\A:2  4-  4  r 

d*  =  lim  t  In  I - - - h  -  -  C  In  |*  4-  2| 

t—>cQ  ||2  2 


=  lim  In 
/— >  00 


/  Vt2  +  4  +  t\ 

V  2  (f  +  2)c  / 

=  m(  lim  f  + 

(t  +  2)c  / 


(In  1  —  C  In  2) 


+  In  2C_1 


By  l’Hospital’s  Rule,  lim 
/— >00 


t  +  Vt2  +  4 

(t  +  2)c 


lim 

/— >oo 


1  4-  t/Vt2  +  4 
C(f  +  2)c-' 


2 

C  lim  (f  +  2) 

/— >oo 


C-l  ' 


If  C  <  1,  we  get  oo  and  the  interval  diverges.  If  C  =  1,  we  get  2,  so  the  original  integral  converges  to 
In  2  +  In  2°  =  in  2.  If  C  >  1  ,  we  get  0,  so  the  original  integral  diverges  to  — oo. 
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78. 


=  lirn^  [in  (l2  +  l)1'2  -  In  (3 1  +  l)c/3j 


Clearly  the  integral  diverges  for  C  <  0.  For  C  >  0,  we  use  I'Hospital's  Rule  and  get 


,/V^Ti  \ 


For  C/3  <  I  o  C  <  3,  the  integral  diverges.  For  C  =  3,  In  [j  lim  =  In  |.  For  C  >  3,  the  limit  is  0,  so  the 
integral  diverges  to  — oo. 


SS®  Review 


CONCEPT  CHECK 


1 .  See  Formula  8.1.1  or  8. 1 .2.  We  try  to  choose  u  =  /  (x )  to  be  a  function  that  becomes  simpler  when  differentiated 
(or  at  least  not  more  complicated)  as  long  as  do  —  g'  (x)  dx  can  be  readily  integrated  to  give  u. 

2.  See  the  Strategy  for  Evaluating  /  sin”  x  cos”  x  dx  on  page  514. 

3.  If  •Ja2  —  x2  occurs,  try  x  =  a  sin  0\  if  Va1  +.t:  occurs,  try  x  =  a  tanfl,  and  if  -Jx2  —  a2  occurs,  try  at  =  a  sect?. 
See  the  Table  of  Trigonometric  Substitutions  on  page  518. 

4.  Sec  Equation  2  and  Expressions  7,  9,  and  1 1  in  Section  8.4. 

5.  See  the  Midpoint  Rule,  the  Trapezoidal  Rule,  and  Simpson’s  Rule,  as  well  as  their  associated  error  bounds,  all  in 
Section  8.7.  We  would  expect  the  best  estimate  to  be  given  by  Simpson’s  Rule. 

6.  See  Definitions  1(a),  (b),  and  (c)  in  Section  8.8. 

7.  See  Definitions  3(b),  (a),  and  (c)  in  Section  8.8. 

8.  See  the  Comparison  Theorem  on  page  564. 


TRUE-FALSE  QUIZ 


1.  False.  Since  the  numerator  has  a  higher  degree  than  the  denominator, 


2.  True.  In  fact,  A  =  —  I ,  B  =  C  =  I . 


.  r  r  .  A  Bx  +C 

4.  False.  The  form  is - 1 - ^ - . 

X  x2  +  4 
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5.  False.  This  is  an  improper  integral,  since  the  denominator  vanishes  at  jc  =  1 . 


So  the  integral  diverges. 

6.  True  by  Theorem  8.8.2  with  p  =  -J2  >  1. 

7.  False.  See  Exercise  61  in  Section  8.8. 

8.  False.  For  example,  with  n  =  1  the  Trapezoidal  Rule  is  much  more  accurate 

than  the  Midpoint  Rule  for  the  function  in  the  diagram. 


lim  A  In  f2  —  1  =  oo 

Hi" 


9.  False.  Examples  include  the  functions  /  (x)  =  e*2 ,  g  (x)  =  sin  (x2),  and  h  (x)  = 

x 

10.  False.  /0°°  /  (x)  dx  could  converge  or  diverge.  For  example,  if  g  (x)  =  1,  then  /0°°  /  (x)  dx  diverges  if  f  (x)  =  1 
and  converges  if  /  (x  )  =  0. 


EXERCISES 


1.  J  fx  +  l2  dx  =  J  (2-  dx  =  2x  -  3  •  |  In  |3x  +  2|  +  C  =  2x  -  In  |3x  +  2|  +  C 

2.  Let  u  =  *,  dv  =  cos  3*  dx  =s>  du  =  dx,  v  =  ^  sin  3*.  Then 

f  *  cos  3x  dx  =  |*  sin  3x  —  ^  f  sin  3*  dx  =  ^*  sin  3*  +  ^  cos  3x  +  C 

3.  f  cot2  x  dx  =  J  (esc2  .x  —  l)  dx  =  —  cot*  —  *  -f  C 
‘  sec2  0  dO 


4.  Let  u  =  tan  0.  Then 


=  [ =  —  in  f  1  -u\  +  C  =  —  In  |1  -tan0|  +  C. 

J  1  -  u 

du  —  dx /x ,  v  =  x5/5: 


1  -  tan  0 

5.  Use  integration  by  parts  with  u  =  lnx,  dn  =  x4  dx 

f  x4  lnx  dx  =  |x5  In x  —  ^  J x4  dx  =  |x5  lnx  —  jjx5  +  C  =  jjx5  (5  lnx  —  1)  +  C 

1  1 


_ _  A  B 

y2  -  4^_12  (>-6)(v  +  2)  y-6^y+2 


I  =  A  {y  2)  -f  B  (y  —  6).  Letting  y  =  —2 


B  =  —  ^  and  letting  y  =  6  =>  A  =  $.  So 

J  y2_l_ndy  =  J(~-6  +  y£)dy='S  ln|y-6|-iln|y  +  2|  +  C 

7.  Let  u  —  sec*.  Then  du  —  sec*  tan*  dx,  so 

/ tan7*  sec3*  dx  =  / tan6*  sec2*  sec*  tan*  d*  =  /  (w2  -  l)3  w2  du  ~  f  («8  —  3w6  +  3m4  -  w2)  du 
=  ^«9  —  ^m7  +  |«5  —  ^«3  +  C  =  |  sec9*  —  ^  sec7*  +  j  sec5*  —  j  sec3*  +  C 
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8.  Let  x  =  tan  9,  —  f  <  9  <  Then 


f  dx  f  sec 2  Odd  f  seed  dO  f  cos9d9  [du  . 

1  ■TTTTP'/  =ras»‘/  W/  W/ 7 

,_l+c  '  +c,-^  +  c 

u  sin  0  x 

9.  Let  u  =  x2.  Then  du  =  2x  dx,  so  f  x  sin  (x2)  dx  =  j  J  sin  u  du  =  —  j  cos  u  4-  C  =  —  5  cos  (a:2)  4-  C. 

10.  Integrate  by  parts  twice,  first  with  u  =  x2,  du  =  e_3jc  dx  =>  dw  =  2x  dx,  0  =  —  |e-3*: 

f  x2e~3x  dx  =  -^x2*-"3*  +  \  f  xe~3x  dx  =  -\x2e~3x  dx  4-  |  (-^xe-3*  +  3  / e-3*  dx) 

=  -  (i*2  +  lx  +  tj)  e~3x  +  c 


11'  /  IFTx  =  J  (x~  J^Tl)  = ln  ,jc|  -  t  ln  (*2  +  >)  +  c 

12.  J  X  +  2  dx  =  J  (x  —  2  H - ^2^  =  jx2  _  2x  +  6  In  |x  +  2|  +  C 


13.  f  sir?  9  cos5  9  d9  =  f  sin2  9  (cos2  9)2  cos 9  d9  =  f  sin2  ( 1  -  sin2  9)  cos 9d9 

=  f  u2  (1  —  u2)2  du  [u  =  sin9,  du  =  cos9  d9]  =  f  u2  (l  —  2u2  +  u4)  du 
=  f  (u2  -  2u4  +  u6)du  =  |h3  -  jK5  +  hi1  +  C  =  5  sin3  9  -  \  sin50  +  \  sax?  9  +  C 


14.  Let  u  =  cosx.  Then 


[ sin3jt  j  _  f 
J  cosx  X  J 


(I  -  cos2*)  sin* 


dx  =  —  J - du  =  J  - ^  du  =  — —  In  |u|  +  C 


=  \  cos2  x  —  In  |cosx|  4-  C 


15.  Integrate  by  parts  with  u  =  x,  dv  =  sec x  tan x  dx  =>  du  ~  dx,  u  =  sqcx: 

f  x  sec*  tan x  dx  =  *  sec*  —  f  sec*  dx  =  x  sec*  —  In  |sec*  ■+■  tan*|  +  C 


-1  1  1 

-  4- 


dx  =  ■ 


+  In  I - -  +  C 


f  dx  _  f  dx  _  f 

'■  J  *3  -2*24-*  -J  (*  -  l)2  *  J  [x  -  1  '  (x  -  l)2  '  *  J”"  *  -  1  '  "‘I*  -  I  | 

— -  J-  dx  ,so  J  ^  dx  —  J  u5  du  =  |w6  4-  C  =  g  (arctanx)6  4-  C. 

18.  f  — j — — - =[  -r~-A - -r  =  fA-=  /sec3t*  =  tant  +  C 

J  sin2  r  4-  cos  2r  J  sin2  r  4-  (cos2 1  —  sin2  n  J  cos2 1  J 
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h^s-i 

-J 


dx 


<J(x2  —  4x +  4)  —  4  J  \/ (x  —  2)' 


/: 


-  22 


2  sec  9  tan  Odd 
2  tan  9 


x  -  2  =  2  sec  6, 
dx  =  2  sec  0  tan  9  dO 


■J 


=  /  sec OdO  =  In  |sec$  +  tan#|  +  C\ 


x  —  2  -> Jx 2  —  4x 

2  +  2 


+  Ci  =  In  pc  —  2  +  Vx 2  —  4x  +  C,  where  C  =  C i  —  In  2 


20.  Let  u  =  x  +  1 .  Then 


u3  —  3u2  +  3«  —  1 


du 


=  f  (it  7  —  3 u  8  +  3«  9  —  u  l0)  du  =  —\u  6  +  ju  7  -  | u  8  +  9  +  C 


-1  3 

■  +  ■ 


3  +^,  +  c 


6  (x  +  l)6  7  (x  +  l)7  8  (x  +  l)8  9  (x  +  l)9 

21.  Let  w  =  cot4x.  Then  =  — 4csc2  4x  c/x  => 


/  esc4  4x  dx  =  /  (cot2  4x  +  l)  esc2  4 xdx  =  f  (w2  +  l)  j 

=  —  j  ^j«3  +  H)  +  £'  —  — (c°t3  4x  +  3  cot4x^  4-  C 


22.  Let  u  =  2x.  Then 

J x  sin2  x  dx  =  j  Jx  (1  —  cos2x)  dx  =  jx2  —  j  J  2x  cos 2x2  dx  =  jx2  —  j  f  u  cos udu 

=  jx2  -  |  (u  sinw  +  cosw)  +  C  =  jx2  -  jx  sin2x  -  j  cos2x  +  C 

23.  Letu  —  lnx.  Then  J — - - -dx  =  J  Inudu.  Now  use  parts  with  w  =  In  u,  dv  =  du  dw  =  du/u , 

u  =  u  =>  /In  wdw  =  u  lnw  —  u  4-  C  =  (lnx)  [In  (lnx)  —  1]  -f  C. 

24.  Let  u  =  cosx,  dv  —  ex  dx  =>  du  =  —  sinx  dx,  v  —  ex:  (*)  I  =  f  ex  cosx  dx  =  ex  cosx  +  f  ex  sinx  dx.  To 

integrate  f  ex  sinx  dx,  let  V  =  sinx,  dV  =  ex  dx  =$  dU  —  cosx  dx,  V  =  ex .  Then 

/ ex  sinx  dx  =  ex  sinx  —  f ex  cosx  dx  =  ex  sinx  —  I .  By  substitution  in  (*),  /  =  ex  cosx  4-  ex  sinx  —  /  => 

21  —  ex  (cosx  +  sinx)  I  =  jex  (cosx  +  sinx)  +  C. 
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3* 3  —  x2  +  6x  —  4  Ax  +  B  Cx  +  D 
25.  — - - —  =  ,  ■■  + - 


- =  -^ - - r -  _  3jc3  —  *2  +  6*  —  4  =  (Ax  +  B)  (*2  +  2)  +  (Cx  +  D)  (*2  +  l). 

(*2  +  l)  (*2  +  2)  X^  +  1  x2  +  2  ^ 

Equating  the  coefficients  gives  A  +  C  =  3,  B  +  D  =  —  l,2A  +  C  —  6,  and  2B  +  £>  =  — 4  =>  A  =  3,  C  —  0. 


B  =  -3,  and  D  =  2.  Now 

'  3*3  —  x2  +  6*  —  4 


/ 


(*2  +  1)  (*2  +  2) 


dx  =  3Jjr^dx  +  2J 

=  |  In  [*2  4-  1^  —  3  tan-1  x  +  V2tan  1(^2JC)+^' 


dx 

x2  +  2 


26.  Let u  =  ex .  Then x  —  Inu,  dx 


du 


f  dx  f  du/u  _  f 

J  1  +  ex=  J  \+u~J 


27.  Let  u  =  i 


M _ 1_ 

u  u  +  1 

=  x  —  In  (1  +  ex)  +  C 

$  du  =  2e2r  dr. 

„2r 


du  =  Inu  —  In  («  +  1)  +  C  =  lne*  —  In  (l  +  ex'j  -f-  C 


f  e2r  ,  1  f  du  1  f 

J  7^ridr  =  2j  u^l  =  ij 


1 


1 


=  -  In 
4 


u  —  1 


u  -f  1 


+  C  =  -  In 
4 


2  (a  —  1)  2  (a  +  1) 

e2r  -  1 


du 


e2r  +  1 


+  C 


28.  Let  u  =  l/x.  Then  x  =  u2 ,  dx  =  3u2du  => 

i§^dx=r^3u2du=3j{ui+2u+2+^)du 

=  m3  +  3w2  +  6w  +  6  In  |u  —  1 1  +  C  =  x  +  3.x2/3  +  6-^/x  +  6  In  |  v'x  —  1 1  +  C 

29.  Let  *  =  2  sin  9  =>  (4  -  x2)3/2  =  (2cos#)3,  dx  =  2cos8  d6,  so 

=  tan#  —  0  +  C  =  *  —  sin-1  (-)  +  C 

„/d.  _  y2  V  2  / 


30.  Integrate  by  parts  twice,  first  with  u  =  (arcsin x)2,  dv  =  dx: 

I  =  [  (arcsin*)2  dx  =  x  (arcsin*)2  - 


J  2*  arcsin* 


Now  let  U  =  arcsin*,  dV  =  d*  ^  dt/  =  .  — -  dx,  V  = — Vl  —  *2 .  So 

Vl  -*2  Vl  -*2 

/  =  *  (arcsin*)2  -  2  [arcsin*  (-■ s/l  -*2)  +  }  dx  ]  =  *  (arcsin*)2  +  2%/l  -*2  arcsin*  -  2*  +  C 

31.  /  (cos*  +  sin*)2  cos 2*  dx  =  f  (cos2 *  +  2  sin*  cos*  +  sin2 *)  cos 2*  dx 

=  f  (1  +  sin  2*)  cos  2*  d*  =  f  cos  2*  J*  +  j  f  sin  4*  d*  =  j  sin  2*  —  j  cos  4*  +  C 
Or:  /  (cos*  +  sin*)2  cos  2*  dx  =  f  (cos*  +sin*)2  (cos2*  -sin2*)d* 

=  f  (cos*  +  sin*)3  (cos*  —  sin*)d*  =  3  (cos*  +  sin*)4  +  C 1 
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32.  Let  u  =  (tan  1  x)  ,  dv  =  x  dx  =>  du  =  2  (tan  1  x)  /  (l  +  x1)  dx,  v  =  \x2.  Then 

\2  ,  ,  /  \ 2  fx2tan~1x  , 

tan  x J  dx  =  jx  |tan  xj  —  I  \  +x2  “ x 

Now  let  to  =  tan-1  x,  dw  =  1/  (1  +  x 2)  dx,  and  x2  =  tan2  to.  So 

I  =  jx2  (tan-1  xj  —  f  to  tan2  wdw  —  \x2  (tan-1  x )2  -  /  to  sec2  to  dw  +  f  wdw 

=  \x2  (tan-1  x )2  -  (x  tan-1*  -  In  A2  +  l)  +  j  (tan-1  xj  [parts  with  it  =  w,dv  =  sec2  wdw] 

=  j  (jc2  +  l)  (tan-1  —  x  tan-1  x  +  lnV x2  +  1  +  C 

or  j  ( x 2  +  l)  (tan-1  jc)  —  x  tan-1  x  +  j  In  ( ' x 2  +  l)  +  C 

33.  /  - xdx=  lim  /  - t  dx  =  lim  /  i  (2jc  +  1)— 3  2  rfoc 

7i  (2jc  +  l)3  <->°°7 l  (2*  +  l)3  <^°°7i  2 


lim 


1  1 

'=-1  lim 

i  r 

4  (2x  +  l)2  j 

j  4  i-> oo 

.  (2t  +  l)2  9. 

34. 


r 

Jo 


dx 


=  lim 


/' 


1 


1 


(x  +  l)2  (jc  +  2)  L^+2  jc  +  1  (x  +  1) 

=  1  -ln2 


=  -1(0-1)  =  ! 
4\  9/  36 

=  lim  [in  - l—l" 

l_l)2J  \*  +  l7  2t  +  lJo 


35.  f  1^!  dx  =  lim  /  1^  dx  =  lim  [2A  lnrc  —  4All 

7o  -A  t^o+7,  A  t-»o+l  11 


=  lim  [(2  ■  2  In  4  —  4  •  2)  —  (2  A  In  t  —  4  A)1  ==  (4  In  4  —  8)  —  (0  —  0)  =  4  In  4  —  8 
t->o+ 

(*)  Let  u  =  lnor,  rfo  =  -)=  dx  =>  rftt  =  -  dx,  v  =  2A-  Then 

A  X 


[  l^J  dx  =  2Alnot  -  2  f  — =r  =  2 A In*  -  4 A  +  C 

7  A  7  A 

(**)  lim  (2 A  hu)  =  lim  !!!■  S  lim  — =  lim  (-4 A  =0 
t->o+v  2  ,_>o+  t-1/2  ,->o+  -ir-3/2  /->o+v  2 

l  dx  p4  ^1  /x  t*  1 

36.  Let  u  =  —.  Then  dw  = - j,  so  /  — —  dx  —  eu  du  —  [ew]  =  c  —  e1^4. 

JC  .X  ,/ 1  -X  J 1/4 


38  t2  +  l  _  (t2-l)+2  2 

t2-l  t2-l  (t  +  l)(t-l) 


.  Now  - 


A  B 
■  +  ■ 


(t  +  1)  (t  -  1)  t  +  1  t  -  1 
2  =  /l  (t  -  1)  +  B  (t  +  1).  Letting  t  =  1  =>  B  =  1  and  letting  t  =  —  1  =>  +  =  -l.So 


JO  /2  —  1  b->\~  Jo  \  t  +  1  t  —  \ ) 


lim  [t  -  In  [/  +  1 1  +  In \t  -  1 1]§ 
6->i- 


1*  r/ 

b  ~  1  \  I 

=  lim  [  b  +  In 

— —  1-0  +  0 

Jo  L\ 

b  +  1  7  J 

-oo.  Divergent 
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=  lim  [l  -  3  -  ll2/i  +  3t  1/31  =  00.  Divergent 

<-»o+  lz  L  J 


CHAPTER  8  REVIEW  □  639 


47.  J^4  tan2  6  sec2 8 d6  —  /0'  u2du  [u  =  tan 0,  du  =  sec2 0 dO\  --  =  j  —  0  =  j 


«•  f-3  x\/\  +  .? dx  —  0,  since  the  integrand  is  an  odd  function. 


,  Let  u  =  2x  +  1 .  Then 


dx 


_  r°°  \du  _l  du  l  [°°  _ 
J- oo  M2  +  4  2  /_ oo  u2  +  4  +  2  Jo  u '■ 


du 


I-x  4*2  +  4J(  +  5  y_ oo  w2  +  4  2  y_ oo  M2  +  4  T  2  7o  a2  +  4 

=  i  ,  [5 tan_1  (!“)],  +  i  ,1™  [i ton_1  (i“)]o 

=  ?[°-(-f)]  +  Hf -°]  =  f 


„  r°°  tan  1  x  ,  T'  tan  1  x 

50.  /  - ; —  dx  =  lim  /  - = —  dx 

J 1  jc2  7i  x2 


J 


tan  1  x 


dx  =  - 


Integrate  by  parts: 
tan-1  x  f  1  dx 


7: 


tan 


a:  1  +  x2  x 

■  +  In  |a:|  —  j  In  (x2  +  l)  +  C 


J  L* 


+  1 


dx 


-  tan  1 *  1  ,  x2 

—r~  +  2ln?n 


+  c 


Thus, 


j: 


tan 


-  dx  ■■ 


■■  lim 
00 


tan" 


lx  1  , 

- 1-  -  In 

2  x2 


+  1 


=  lim 

00 


tan" 


1  /  1 ,  t2 

-+2{nim 


=  0+  ilnl  +  f  +  iln2  —  t  +  5  In  2 


51.  We  first  make  the  substitution  I  —  x  +  1,  so  In  [x2  +  2x  +  2)  =  In  [(*  +  l)2  +  l]  =  In  (r2  +■  1).  Then  we  use 
parts  with  u  =  In  (f2  +  1),  dv  =  df. 


|ln(t2+l)rfr  =  rln(r2  +  l)-|i^=rln(r2  +  l)-2y'7-^ 

=  t  ln(/2  +  l)  -  2  j  ^1  -  j2- dt  =t  In  (t2  + l)  -  2r  +  2arctanr  +  C 
=  (x  +  1)  In  (x2  +  2x  +  2^  —  2jc  +  2  arctan  (x  +  1)  +  K,  where  K  =  C  —  2 


[Alternatively,  we  could  have  integrated  by  parts  immediately  with 
u  =  In  (x2  +  2ac  +  2) .]  Notice  from  the  graph  that  /  =  0  where  F  has  a 
horizontal  tangent.  Also,  F  is  always  increasing,  and  /  >  0. 


-2 
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52.  u  =  x2  +  1  =>  x2  =  u  —  1  and  x  dx  =  j  du,  so 

/  ^  rf“H  /  (“1/2  -  M'1/2) 

=  $  (|a3/2  -  2«‘/2)  +  C  =  |  (x2  +  if2  -  (x2  +  1)1/2  +  C 
=  i  (x2  -  2)  +  C 


53.  From  the  graph,  it  seems  that  /02,r  cos2  a:  sin3  xdx  —  0.  To  evaluate  the 
integral,  we  write  the  integral  as  I  =  fg”  cos2  x  (l  —  cos2  a)  sin  a  dx  and 
let  «  =  cos*  =>  du  =  —  sin*  dx.  Thus, 

1  =  //  “2  (*  -  “2)  =  ° 


54.  (a)  To  evaluate  /  x5e  2x  dx  by  hand,  we  would  integrate  by  parts  repeatedly,  always  taking  dv  =  e  2x  and  starting 
with  u  =  a5.  Each  time  we  would  reduce  by  1  the  degree  of  the  a -factor. 


(b)  To  evaluate  the  integral  using  tables,  we  would  use  Formula  97  (d) 

(which  is  proved  using  integration  by  parts)  until  the  exponent  of 
a  was  reduced  to  1,  and  then  we  would  use  Formula  96. 

(c)  / x5e~2x  dx  =  —  je-2*  (4a5  +  10a4  +  20a3 

+30x2  +  30a  +  15)  +  C 

-2 

55.  u  =  ex  =>  du  =ex  dx,  so 

/ e*Vl  —  e2*  dx  =  f  Vl  —  u2du  =  j«Vl  -  u2  +  j  sin-1  u  +  C  =  j  jVVl  —  e2*  +  sin-1  (e*)j  +  C 

56.  / esc5  r  dt  =  —  |  cottcsc3 1  +  |  / esc3  tdt  =  -  j  cot  t  esc3  f  +  |  j^—  j  eset  cott  +  |  In  |csct  —  cott|j  +  C 

=  —  |  cot  I  esc3 1  —  |  esc  t  cot  t  +  |  In  |csc  /  -  cot  / 1  +  C 

57.  u  =  a  +  j  =>  du  =  dx,  so 


58.  u  =  sin  a  =>  du  =  cosxdx,so 


J 


/I  +  2  sin* 


57  with  - -  , - ; — 

/  du  a=i,ft=2l  vl  +  2«-l  ^  ,  vl+2sin*-l  ^ 

/  — ■  ■  =  In  .  -  -f  C  —  In  ■■■  = -  +  C 

J  wVl  4"  2w  vf+2w  -{- 1  >/l  -j-  2  sin*  -I-  1 
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59.  (a) 

du 


— —y/a2  —  u2  —  sin  1  ( 

“)+C 

u  V 

a) 

1  - —  1  1  1 

=  — r  V<32  “  M2  H - .  - - 7 . ~  •  ~ 

W2  -\/<32  —  W2  y  1  —  «2/tf2 


=  (a2  —  m2)-1/2 


■  (a2  -  u2)  +  1  -  1 


Va2  —  u2 


(b)  Let  u  —  a  sin  0  =>  du  =  a  cost?  dd,  a2  —  u2  =  a2  (l  —  sin2  (?)  =  a2  cos2  0. 


f  Va2  -  u 2  ,  f  a 2  cos2  0  f  1  -  sin2  0  V  /  ,  „  \  „  „  „ 

/  - 5 - du  =  — - = —  d8  —  - r - d8  =  (esc 2 8  —  1 )  d8  =  -  cot#  —  8  +  C 

}  u2  J  a2  sin2 8  J  sin 28  J  V  J 


sin 2  8 


a 2  sin2  9 
~J  a2  —  u2  . 


sin2  8 


60.  Work  backward,  and  use  integration  by  parts  with  U  =  u  ■"  lf  and  d  V  =  (a  +  bit)  1;/2  du 


dU  =  — — — an(j  y  =  \ -Ja  +  bu ,  to  get 
u"  b  6 


/ - ,  .  =  f  UdV  =  UV-  [  VdU  = 

J  un  ly/a  +  bu  J  J 


2 *Ja  +  bu  2  (n  —  1)  f  +Ja-Vbu 


bun  1 

2*Ja  4-  bu  2{n  —  1)  f  a  +  bu 


f  Va  +  t 

J  u” 


-  du 


bun 


+  ■ 


7- 

y 


•s/7  +  bu 


du 


2 */a  +  bu  ^  f  du  2a(n  —  \)f  du 

=  bu"-'  +2("-1)y  J  ^v5+ 


+ 


Rearranging  the  equation  gives 
du 


2a  ( n  —  1) 


2v7  + 


/? 


"V«  +  bu  bu""1 
-Vo  +  bu  b  (2n  —  3) 


Vo  +  bu  a(n— l)u"  1  2o  (n  —  1) 


(2^-3) 

du 


f  du 

J 


+  bu 


=  r1  r”  Wv  _L  f°°v«/ 


61.  For  n  >  0,  /q°°;c”  dx  —  ^lim^  [x”+1/  (/7  +  1)]0  =  oo.  For  n  <  0,  xn  dx  =  f0l  xn  dx  4-  xn  dx.  Both 
integrals  are  improper.  By  (8.8.2),  the  second  integral  diverges  if  —  1  <  n  <  0.  By  Exercise  8.8.57,  the  first 
integral  diverges  if  n  <  —  1 .  Thus,  /0°°  xn  dx  is  divergent  for  all  values  of  n. 


62.  / 


■  r 

Jo 


■  lim 

?— xx> 


t  99  with 

r  i 

[  eax  cos  x  dx  lim 

Jo 

e 

— -  {a  cosx  +  sin^) 
_aL  +  1 

•  (a cost  +  sin/)  ■ 


(o) 


-r -  lim  \eat  (a cos t  +  sin t)  —  a]. 

a 2  +  1  /-> oo  L  J 


|_<ar  +  1  aL  +  1 

For  a  >  0,  the  limit  does  not  exist  due  to  oscillation.  For  a  <  0,  lim  \eat  ( a  cos  t  +  sin  /)]  =  0  by  the  Squeeze 

/-.oo L  J 

Theorem,  because  \eal  (a  cos  /  +  sin r) I  <  ea'  (|o|  +  1),  so  I  =  — r-i —  (— a )  =  — - . 

a1  +  1  a2  +  1 


63.  /  (jc)  =  Vl  +  tc4,A.r 


i  1 

«  -  io  =  To 


(a)  7io  =  ^  {/(0)  +  2[/(0.1)  +  /  (0.2)  +  ■  •  ■  +  /(0.9)]  +  /(l)}  1.090608 

(b)  M10  =  tJj  [/  (A)  +  /  (&)  +  /  (^)  +  •  •  •  +  /  (§)]  *  1-088840 

(c)  5,0  =  Tob  [/  (0)  +  4/  (0.1)  +  2/ (0.2)  +  ■  •  •  +  4/  (0.9)  +  /  (1)]  «  1.089429 

/  is  concave  upward,  so  the  Trapezoidal  Rule  gives  us  an  overestimate,  the  Midpoint  Rule  gives  an  underestimate, 
and  we  cannot  tell  whether  Simpson’s  Rule  gives  us  an  overestimate  or  an  underestimate. 
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7T  Q 

64.  f(x)  =  VsinI,  Ax  =  ^ 

(a)  7i„  =  jfa  {/(O)  +  2  [/  (ft)  +  /  (If)  +  ■  ■  •  +  /  (ft)]  +  /(§)}*  U85197 

(b)  o  =  §s  [/  (fc)  +  /  (ft)  +  /  (f  )  +  •••  +  /  (W)  +  /  {%)]  *  1-201932 

(c)  S10  =  j^3  [/(O)  +  4/  (§)  +  2/  (i)  +  •  ■  ■  +  4/  (H)  +  /  (f )]  »  1.193089 


/  is  concave  downward,  so  the  Trapezoidal  Rule  gives  us  an  underestimate,  the  Midpoint  Rule  gives  an 
overestimate,  and  we  cannot  tell  whether  Simpson’s  Rule  gives  us  an  overestimate  or  an  underestimate. 

65.  /(x)  =  (1  +  x4)‘/2,  f(x)  =  i  (1  +  x4)~'/2  (4x3)  =  2x3  (1  +  x4)“’/2,  f"(x)  =  (2x6  +  6.x2)  (l  +  x4)“3/2.  A 
graph  of  /"  on  [0,  1]  shows  that  it  has  its  maximum  at  x  =  1,  so  \  f"  (x)|  <  /"  (1)  =  V8  on  [0,  1],  By  taking 

K  =  V8,  we  find  that  the  error  in  Exercise  63(a)  is  bounded  by  «s  0.0024,  and  in  (b)  by  about 

3  12 n2  1200  w  3 

\  (0.0024)  =  0.0012. 

Note:  Another  way  to  estimate  K  is  to  let  x  =  1  in  the  factor  2x6  +  6x2  (maximizing  the  numerator)  and  let  x  =  0 
in  the  factor  (l  4-  x4)  3^2  (minimizing  the  denominator).  Doing  so  gives  us  K  =  8  and  errors  of  0.0067  and  0.003. 


Using  K  =  8  for  the  Trapezoidal  Rule,  we  have  |£/  |  < 


K  (b  -  af 


12  n2 


<  0.00001  o 


8(1  -0)3 
12n2 


1 


100,000 


n  > 


800,000 
12 


o  n  >  258.2,  so  we  should  take  n  =  259. 


For  the  Midpoint  Rule,  \Em\  <  ^  <  0.00001 


24n2 


,  800,000  .  ,  „„  ,  ,  ,  J  , 
n  >  -  <=>  n  >  182.6,  so  we  should  take 

_  24  ~ 


n  =  183. 


66.  J,4  £  rfx  «  Sg  =  [/  (1)  +  4/  (1 .5)  +  2/  (2)  +  4/  (2.5)  +  2/  (3)  +  4/  (3.5)  +  /  (4)]  «  17.739438 

67.  A»=  (12— 0)/l0  =  i. 

Distance  traveled  =  f0W  odt  Sio  =  [40  +  4  (42)  +  2  (45)  +  4  (49)  +  2  (52) 

+  4  (54)  +  2  (56)  +  4  (57)  +  2  (57)  +  4  (55)  +  56] 

=  T5o  (1544)  =  8.57  mi 

68.  We  use  Simpson’s  Rule  with  n  =  6  and  At  =  =  4: 

Increase  in  bee  population  =  /024  r  (t)dl  Sg 

=  f  [r  (0)  +  4 r  (4)  +  2 r  (8)  +  4r  (12)  +  2 r  (16)  +  4 r  (20)  +  r  (24)] 

=  |  [0  +  4  (300)  +  2  (3000)  +  4(1 1,000)  +  2  (4000)  +  4  (400)  +  0] 

=  f  (60,800)  =»  81,067  bees 
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69.  (a)  /  (*)  =  sin  (sin*).  A  CAS  gives 

/*4'  (*)  =  sin  (sin  *)  j^cos4  x  +  1  cos2  *  —  3  J 

+  cos  (sin*)  |^6  cos2*  sin*  +  sin  *  J 

From  the  graph,  we  see  that  |  /60  (*)|  <  3.8  for*  e  [0,  jt]. 

(b)  We  use  Simpson’s  Rule  with  /  (*)  =  sin  (sin*)  and  A*  =  : 

Jo*  f  (*)  dx  *  ^  [/  (0)  +  4/  (i)  +  2/  (2|)  +  •  •  •  +  4/  (2|)  +  /  (*)]  «  1.786721 

From  part  (a),  we  know  that  /(4)  (*)  <  3.8  on  [0, 7r],  so  we  use  Theorem  8.7.4  with  K  =  3.8,  and  estimate  the 
error  as  |£s|  <  «  0.000646. 

(c)  If  we  want  the  error  to  be  less  than  0.00001,  we  must  have  |£,s|  <  <  0.00001,  so 

n4  —  i80(o8oooo'i)  **  646,041 .6  =>  n  >  28.35.  Since  n  must  be  even  for  Simpson’s  Rule,  we  must  have 
n  >  30  to  ensure  the  desired  accuracy. 

70.  With  an  *-axis  in  the  normal  position,  at  *  =  7  we  have  C  =  2 nr  =  45  =>  r  (7)  =  ^ .  Using  Simpson’s  Rule 
with  n  =  4  and  A*  =  7,  we  have 


v  =  Jo8  71 \.r  Ml2 dx  &  St  =  l 


0  +  Ait  (f  )2  +  2n  (|1)2  +  4,  (H)2  +  ol  =  J  (^)  «  4051  cm2 


X2  1  £00  J 

71.  — — r  <  — r  =  — r  for  x  in  [1,  oo).  /  dx  is  convergent  by  (8.8.2)  with  p  =  2  >  1.  Therefore, 

J\ 


x5  +2  x 5  v2 
fOO  v3 

-  dx  is  convergent  by  the  Comparison  Theorem. 


2V2 

0 


72.  The  line  y  =  3  intersects  the  hyperbola  y2  —  x2  =  1  at  two  points  on  its  upper  branch,  namely  3^  and 

(2^/2, 3^ .  The  desired  area  is 

A  =  f2^J -  ^3  —  Vx2  +  I'j  dx  —  2  ^3  -  y/x2  +  1^  dx  =  2  ^3x  -  jx+Jx2  +  1  —  \  In  (x  +  Vx2  +  l^j 

2\/2 

=  [6*  -  *%/*2  +  1  -  In  (*  +  \/*2  +  l)]  =  12V2  -  2^2  ■  3  -  In  (2V2  +  3)  =  6^2  -  In  (3  +  2V2) 

Another  Method:  A  =  2  /2  ,/y2  —  1  rfy  and  use  Formula  39. 

73.  For*  in  [0,  0  <  cos2*  <  cos*.  For*  in  [y,  ],  cos*  <  0  <  cos2*.  Thus, 

area  =  J^2  (cos x  —  cos2  *)  dx  4-  /*^2  (cos2 x  “  cos*)  t/* 

=  ^sinjc  —  jx  —  |  sin2*j^  +  |  sin2*  —  sin jc J 

=  [(1  “  f )  “  0]  +  [f  -  (f  “  Ol  =  2 
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1  1 
74.  The  curves  y  =  — — —  are  defined  for  *  >  0.  For  x  >  0. 


2  ±  yfx 


2  —  y/x  2  +  yfx 


Thus,  the  required  area  is 


/'  ( - - - '—)dx=  ['  (— ! - — — )  2u  du  (put  u  =  yfx)  =2  f  ( - 

Jo  \2  —  y/x  2  +  y/xJ  Jo  \2  —  u  2  +  u)  Jo  \  u  — 2  u  +  2j 

=  2  ['  (-l-  —  -\  +  ^—)du=2\2ln  I  —  2m1'  =  4  In  3  —  4 
Jo  \  u  —  2  u  +  2J  l  u  —  2 1  J0 

75.  Using  the  formula  for  disks,  the  volume  is 

V  =  Jq/2  n  [f  (jc)]2  dx  =  7r  £/2  (cos2  x)2  dx  =  7t  f^2  (1  +  cos2x)J  dx 

=  j  JJ/2  (1  +  cos2  2*  +  2  cos  2*)  dx  =  f  J^2  j^l  +  j  (1  +  cos  4.x)  +  2  cos  2x J  dx 

=  j\\x  +  \{\  sin4jc)  +  2  ($  sin  2*)]^  =  f  [(x  +  S  ■  0  +  °)  -  °]  = 

76.  Using  the  formula  for  cylindrical  shells,  the  volume  is 

V  =  [J /2  2k x f  (x)  dx  —  2 it  Jo^x  cos2  x  dx  =  2it  [J  2  x  ^  11  +  cos2x)J  dx  =  2  ^5)  n  JJ':  2  (x  +x  cos2x)  dx 

=  <r(j^2*2j  ^  +  jx  ^5  sin2x)  ^sm2x  dx^j  (parts  with  u  =  x,  dv  =  cos  2x  dx) 

=  n  [5  (I)2  +  0  -  3  [-5  cos2r]()/  =  £  +  f  (- 1  -  1)  =  £  (<r3  -  4ir) 

77.  By  the  Fundamental  Theorem  of  Calculus, 

f  (x)dx=  lim  /'  (x)dx=  lim  [f  (t)  -  f  (0)]  =  lim  /  (t)  -  f  (0)  =  0  -  /  (0)  =  -/  (0) 

Jyj  ?— >00  u  /— >00  t— >00 

78.  (a)  (tan-1  x)  =  lim  — 1 —  f  tan ~lxdx=  lim  |  -  \x  tan”1  x  —  A  In  ( 1  +  x2)l 

V  /ave  /— >00  t  —  0  Jo  / — >co  [  t  L  2  V  /  Jo 


=  lim 

t  — >  00 


y  ^  tan  1 1  -  j  In  (l  +  f2)^  =  (lim 


tan  1  /  • 


In  (l  + 12) 


2 1 


H  <r  2r/(l  +t2)  it  it 

=  —  -  lim  — t-A— - -  =  —  -  0  =  — 

2  t — >oo  2  2  2 

(b)  /  CO  >  0  and  f  CO  dx  is  divergent  =>  liin^  /J  /  (x)  dx  —  oo. 

/ave=  lim  dx  =  lim  (byFTCl)  =  lim  /  (x),  if  this  limit  exists. 

/ — >oo  t  —  a  f->O0  1  X  — >00 

(c)  Suppose  f  (x)dx  converges;  that  is,  lim  /J  f  (x)dx  =  L  <  oo.  Then 


/ave  =  lim 


(d) 


— - —  [  f  (x)  dx  \  =  lim  — ! —  -  lim  [  f  (x)dx  =  0  ■  L  =  0 
t-aJaJy  J  t->oot-a  <->oo Ja 

1  / 1  A  /  cost  1\  1— cost 

(sinjt)aVe  =  lim  -  /  sin*  dx  =  lim  I  -  [-  cos*ln  I  =  lim  I - F  -  I  =  hm  - =  0 

v  7ave  l  — > oo  1  Jo  <->oo  \t  L  10 J  /-> oo\  t  t)  '->00  t 
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79.  Let  u  —  1  /x 


x  —  l/u  =>  dx  =  —  (1/m2)  du. 


r  =  /°  f _  * ) ,  f  zpL  (_*)  _  /°  * = _  r 

Jo  l+x2  Joe  1  +  1/h2  \  u2  )  7oo«2  +  l  7ool+“2  Jo  l+u2 


Therefore 


r 

Jo 


in* 


r  dx  : 


pOO 

Jo  T 


In  jc 


;  dx  =  0. 


Jo  1  +  *2  Jo  1  +  xl 

.  If  the  distance  between  P  and  the  point  charge  is  d,  then  the  potential  V  at  P  is 


V  =  W  =  [  Fdr=[  dr  =  lim 

y oo  yoo  4neor2  '-> oo 


9 

4^eo 


-|J 


-3-  Hm 
4tt£o 


im 

->oo  \  d  t  / 


9 


Aneod 
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By  symmetry,  the  problem  can  be  reduced  to  finding  the  line  x  =  c  such 
that  the  shaded  area  is  one-third  of  the  area  of  the  quarter-circle.  The 
equation  of  the  circle  is  y  —  V49  —  x2,  so  we  require  that 
fo  sfW^dx  =  |  ■  \n  (if  O 

^jjc-\/49  —  x2  +  y  sin-1  (jc /7)J  =  (by  Formula  30)  o 
jc\/49  —  c2  +  y  sin-1  (c/7)  =  jjir. 

This  equation  would  be  difficult  to  solve  exactly,  so  we  plot  the  left-hand 
side  as  a  function  of  c,  and  find  that  the  equation  holds  for  c  1.85.  So 
the  cuts  should  be  made  at  distances  of  about  1.85  inches  from  the  center 
of  the  pizza. 


f  1  f  dx  f  x 5  1  [du  , 

J  x7-x  J  x  (x6  -  1)  J  x6  (x6  -  1)  6  J  u(u  —  \) 

=  2  [  {— -  du  =  2  (lnl“  “  II  —  In  |u|)  +  C  =  2  In  I- - - 

6  J  \u  —  1  u /  6  6  j  u 


1,  x6-l 

=  -  In  — 7— 

6  x6 


+  C 


Alternate  Method: 


—  dx  =  [  — ^ - 7  dx  [u  =  1  -  x  6,  du  =  6x  1  dx] 

J  X1  -X  J  1  -X-6 

=  7  f—  =  i  ln|ii|  +  C  =  I  In  |l  —  x_6|-t-C 
6  J  u  0  !  I 

Ot/ier  Methods:  Substitute  «  =  x3  or  x3  =  sec  0. 


+  C 


3.  The  given  integral  represents  the  difference  of  the  shaded  areas,  which  appears  to 
be  0.  It  can  be  calculated  by  integrating  with  respect  to  either  x  or  y,  so  we  find  x 
in  terms  of  y  for  each  curve:  y  —  V\  —  x1  =>  x  =  /J\  —  y3  and  y  =  s/l  —  x3 
=*  x  =  N3/ 1  —  y7,  so 

Jo  -y1  ~  v'1  -y3) dy  =  Jo1  -*3  -  -^i  -x7) dx 
But  this  equation  is  of  the  form  z  =  -z.  So 

/0*  -  x7  -  -J7!  -  x3^  dx  =  0 
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4.  (a)  The  tangent  to  the  curve  y  =  f  (jc)  at  jc  =  jco  has  the  equation  y  -  f  (jco)  =  /'  C*o)  (jc  -  jco).  The  y-intercept 
of  this  tangent  line  is  /  (xo)  -  f  (xo)  jco-  Thus,  L  is  the  distance  from  the  point  (0,  /  (jco)  -  /'  (jco)  xo)  to  the 


point  (xo,  /'  (jco))-  That  is,  L2  =  xj  +  [/'  (jco)]2  JCo,  so  [/'  (jco)]2  = - -  and  /'  C*o)  : 

xo 


for 


each  0  <  jco  <  L . 


dy 


{h)fx 


4T?- 


>=!{-^y=i- 

=  L  f  Sm2  °  ~  1  dd  =  L  f  (sinf?  - 
J  sin  0  J 


—LcosOLcosOdO 


(where  jc  =  L  sin0) 


L  sinO 

esc  0)  d0  =  —L  cos  9  +  L  In  |csc  9  +  cot  0|  +  C 


=  -Vl2-x2  +  L  ln^  +  '/Ll-x . 


+  C 


When  *  =  L,  0  =  y  =  -0  +  L  In  (1  +  0)  +  C,  so  C  =  0.  Therefore, 


>  =  —y/ L2  —  x2  +  L  In 


(^) 


5.  Recall  that  cos  A  cos  B  =  j  [cos  (A  +  B)  +  cos  (A  —  B)].  So 

/  (x)  =  /„*  cos  t  cos  (jc  -  t)  dt  =  j  fg  [cos  (t  +  jc  -  /)  +  cos  (t  -  x  +  f)]  dt 
=  \  ft  [cos  JC  +  cos  (2 1  -  jc)]  dt  =  J  cos  jc  +  j  sin  (2 1  -  jc)J^ 

=  |  cos  jc  +  j  sin  (2 n  —  x)  —  \  sin  (-jc)  =  cos  j:  +  j  sin  (— jc)  —  \  sin  (-jc) 

=  j  COSJC 

The  minimum  of  cosjc  on  this  domain  is  -1,  so  the  minimum  value  of  /  (jc)  is  /  (it)  =  —  | . 

6.  n  is  a  positive  integer,  so 

/  (In  jc)"  rfjc  =  jc  (In  jc)"  -  /  jc  ■  n  (In  jc)"-1  (dx/x)  (by  parts)  =  jc  (In  jc)"  —  nj  (lnjc)"-1  dx 

Thus, 

fd  (lnjc)"  dx  =  lim+  j'  (lnjc)"  dx  =  lim+  [j;  (hue)"]'  -  n^lim+  //  (lnjc)"-1  dx 
=  —  lim  ^ - n  f  (lnjc)”-1  dx  =  —n  f  (lnjc)”-1  dx 

i->  o+  1/f  Jo  Jo 

by  repeated  application  of  l’Hospital’s  Rule.  We  want  to  prove  that  /J  (lnjc)"  dx  =  (-1)"  n\  for  every  positive 
integer  n.  For  n  =  1,  we  have 

f0l  (In  jc)1  dx  =  (-1)  fd  (lnjc)0  dx  =  -  fd  dx  =  -1  ^or  /J  In  jc  dx  =  ^Um+  [jc  lnjc  -  jc],1  =  -1^ 

Assuming  that  the  formula  holds  for  n,  we  find  that 

fd  (lnjc)"+1  dx  =  -(n+l)  fd  (lnjc)"  dx  =  -  (n  +  1)  (-1)"  n\  =  (-1)"+1  («  +  1)! 

This  is  the  formula  for  n  +  1 .  Thus,  the  formula  holds  for  all  positive  integers  n  by  induction. 


PROBLEMS  PLUS  □  649 


7.  In  accordance  with  the  hint,  we  let  Ik  =  ff  (l  —  x2  f  dx,  and  we  find  an  expression  for  4+1  in  terms  of  Ik-  We 

integrate  4+1  by  parts  with  u  =  (1  -  x2f+'  =>  du  =  (4  +  1)  (l  -  x2)k  (~2x),  do  =  dx  =>  v=x,  and 

then  split  the  remaining  integral  into  identifiable  quantities: 

4+t  =  x  (l  -  x2)M  ^  +  2  (4  +  1)  /„*  x2  (1  -  x2)k  dx  =  (2 4  +  2)  /J  (1  -  x2f  [1  -  (1  -  x2)]  dx 
=  ( 24  +  2)  (4  -  4+0 

So  4+1  [1  +  (24  +  2)]  =  (2k  +  2)  4  =>  4+i  =  Now  to  complete  the  proof,  we  use  induction: 

2°  (0!)2 

=  1  =  — j"j — >  so  the  formula  holds  for  n  =  0.  Now  suppose  it  holds  for  n  =  k.  Then 

h  ,  =  2k  +  2  i,.  _  2k  +  1  ("  lU  (*!)2  1  _  2Ak  +  1)  22k  (4!)2  _2(k+\)  2  (k  +  1) 22*  (*!)2 
+  2k +  2  k  2k +  2  (2k+\)\  ~  (2k  +  3)  (2k  +  1)!  ~  24  +  2  '  (2k  +  3)  (2k  +  1)! 

_  [2(4+  l)]2  2?k  (4!)2  22<4+»  [(4  +  l)!]2 

(24  +  3)  (24  +  2)  (24  +  1)!  —  [2(4+l)  +  l]! 

So  by  induction,  the  formula  holds  for  all  integers  n  >  0. 

8.  (a)  Since  —  1  <  sin  <  1 ,  we  have  8 

-/  M  <  /  (*)  sin  nx  <  /  (x),  and  the  graph  of 
y  =  f  (x)  sin nx  oscillates  between  f  (x)  and -f(x).  (The 
diagram  shows  the  case  /  (x)  =  ex  and  n  =  10.)  As  n  ->  oo, 
the  graph  oscillates  more  and  more  frequently;  see  the  graphs 
in  part  (b). 

(b)  From  the  graphs  of  the  integrand,  it  seems 

that  lim  [}  f  (x)  sin  nx  dx  =  0,  since  as  n 
n->oo 

increases,  the  integrand  oscillates  more  and 
more  rapidly,  and  thus  (since  f  is 
continuous)  it  makes  sense  that  the  areas 
above  the  x-axis  and  below  it  during  each 
oscillation  approach  equality. 

(c)  We  integrate  by  parts  with  «  =  /  (x)  =>  du  =  f  (x)  dx,  do  =  sinnx  dx  =>  n  =  -  — 

n 

/'l  ,,  .  .  ,  r  /(x)cosnx]1  [l  cos  nx  „ 

/  f(x)smnxdx=  -  +  /  - f  (x)dx 

Jo  L  «  Jo  2o  n 

=  n  (fo  oosnxf  (x)dx  -  [/  (x)  cosnxjj) 

=  «  [/o  cos nxf  (x)  dx  +  f(0)-f  (1)  cosn] 

Taking  absolute  values  of  the  first  and  last  terms  in  this  equality,  and  using  the  facts  that  \a  ±  p\  <  |a|  +  |^|, 
fo  f(x)dx  <  f0l  |/ (x)\dx,  1/ (0)|  =  / (0)  (/ is  positive),  |  f  (x)j  <  A/forO  <  x  <  1,  and  |cosnx|  <  1, 

|/o  /(^)sinnxrfxj  <  1  [|/0'  M dx |  +  |/(0)|  +  |/(1)|]  =  (M  +  |/(0)|  +  |/(1)|] 
which  approaches  0  as  n  — >  oo.  The  result  follows  by  the  Squeeze  Theorem. 
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9.  0  <  a  <  b.  Now 


/■'  fb  it' 

/  [bx  +  a  (1  -  x)]'  dx  =  — - -  du  [put  u  =  bx  +  a  (1  —  x)[  = 

Jo  Ja  ( b  -  a) 


„i+l 


(t  +  \){b-a) 
b‘+'  _a<+l  1 


b'+x 


„/+l 


■  (t  +  i)  (b-ay 


f  bt+x  —  a!+x  fl 

Nowlety  =  lim  - - — - - -  .  Then  In  v  =  lim  -In  , 

no[(t  +  l)(6-a)J  '  /->0  [_  /  (t  +  1)  (6  —  a)  J 

is  of  the  form  0/0,  so  we  can  apply  l’Hospital’s  Rule  to  get 


This  limit 


Iny  =  lim 
»->o 


bl+>  In  b  —  a'+l  in  c 


b'+l  —  a'+l 

(fob\  !/(*— a) 

—  I 

a"  / 


1 

'  t  +  1 


b  In  6  —  a  In  a 


-  1  = 


b\nb 
b  —  a 


a  In  a 
b  —  a 


-  In  e  ~  In 


ybUb-a) 


10. 


1.2 


From  the  graph,  it  appears  that  the  area  under  the  graph  of  /  (x)  =  sin  (ex)  on 
the  interval  [t,  t  +  1  ]  is  greatest  when  t  ss  —0.2.  To  find  the  exact  value,  we 
write  the  integral  as  /  =  /,,+1  /  (x)  dx  =  J0<+1  /  (x)  dx  —  /J  /  (x)  dx,  and 
use  FTC1  to  find  dl /dt  —  f  (t  +  1)  -  /  (t)  =  sin  (e,+1)  —  sin  (e')  =  0  when 
sin  (e'+l)  =  sin  (e‘). 


Now  we  have  sinx  =  sin  y  whenever  x  —  y  =  2 kn  and  also  whenever  x  and  y  are  the  same  distance  from 

(k  +  ir,  k  any  integer,  since  sinx  is  symmetric  about  the  line  x  =  (k  +  n.  The  first  possibility  is  the  more 

obvious  one,  but  if  we  calculate  e,+x  —  e'  =  2  kn,  we  get  t  =  In  (2  kn  /  (e  —  1)),  which  is  about  1 .3  for  k  =  1  (the 
least  possible  value  of  k).  From  the  graph,  this  looks  unlikely  to  give  the  maximum  we  are  looking  for.  So  instead 
we  set  e'+>  -  (k  +  n  =  (k  +  n  -  e'  <=>  e'+>  +  e1  =  (2k  +  1)  n  o  e‘  (e  +  1)  =  (2k  +  1)  n  <t=> 
t  =  In  ((2k  +  1)  n  j  (e  +  1)).  Now  k  =■  0  =s>  /  =  In  {n  /  (e  +  1))  — 0. 16853,  which  does  give  the  maximum 

value,  as  we  have  seen  from  the  graph  of  /. 


11.  We  integrate  by  parts  with  u  ■■ 


In  (1  4-  *  4-  0 
v  ~  —  cos  t.  The  integral  becomes 


dv  —  sin  t  dt,  so  du  =  - 


-1 


(i+^+o  [in(i+*  +  or 


and 


f00  sin  tdt 

I  =  - — - -  =  lim 

J  o  In  (1  4-  x  4-  r)  b—*oo 


■f 


cos  t  dt 


—  cos  b 

b  — y  oo  In  (1  +x  +  b)  in  (1 


ln(l+x+t)Jo  Jo  (1  +x  + 1)  [In (1  +  x  +  i)]2, 
—  cos  t  dt  1 


1 _  r 

+  ■*)  Jo 


(1  +  x  +  t)  [In  (1  +  x  + 1)]2  In  (1  +  x) 


4-  d 


where  J 


-f 

Jo 


-  cos  tdt 


(1  4-  x  4-  t)  [In  (1  4"  x  4“  0] 
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Now  —  1  <  -  cos  /  <  1  for  all  t  ;  in  fact,  the  inequality  is  strict  except  at  isolated  points.  So 
dt  .  r°°  dt 


-r 

Jo 


(l+*+0  [ln(l  +JC  +  or 
1  „  1 


<  J  < 


J 


<  J  < 


o  0  <  I  < 


(1+x+r)  [ln(l+x  +  t)r 
2 


In  (1  +  jc)  In  (1  +  "  ln(l+x) 

12.  (a)  T„  (x)  =  cos  («  arccosx).  The  domain  of  arccos  is  [— 1,  1],  and  the  domain  of  cos  is  R,  so  the  domain  of  T„  (x) 
is  [—1,  1],  As  for  the  range,  7o  (x)  =  cosO  =  1,  so  the  range  of  7o  (x)  is  {1}.  But  since  the  range  of  «  arccosx 
is  at  least  [0, n]  for  n  >  0,  and  since  cosy  takes  on  all  values  in  [—1,  1]  for  y  e  [0,  n],  the  range  of  T„  (x)  is 
[-1,  1]  forn  >  0. 


(b)  Using  the  usual  trigonometric  identities,  7b  (x)  =  cos  (2  arccos  x)  =  2  [cos  (arccosx)]2  —  1  =  2x2 

7b  (x)  =  cos  (3  arccosx)  =  cos  (arccosx  +  2  arccosx) 

=  cos  (arccosx)  cos  (2  arccosx)  —  sin  (arccosx)  sin  (2  arccosx) 

=  x  ^2x2  —  1^  —  sin(arccosx)  [2  sin  (arccosx)  cos  (arccosx)] 

=  2x3  -  x  -  2  j^sin2  (arccosx)j  x  =  2x3  —  x  —  2x  |^1  —  cos2  (arccosx) j 
=  2x3  —  x  -  2x  ^1  —  x2^  =  4x3  —  3x 

(c)  Lety  =  arccosx.  Then 


1,  and 


7b+i  (x)  =  cos  [(n  +  1)  y]  =  cos  (y  +  ny)  =  cosy  cos ny  —  siny  sinny 

=  2  cosy  cos  ny  —  (cosy  cos  ny  +  siny  sin  ny)  =  2x  T„  (x)  —  cos  (ny  —  y) 
=  2x7’„(x)-7'„_I(x) 


(d)  Here  we  use  induction.  7o  (x)  =  1,  a  polynomial  of  degree  0.  Now  assume  that  7b  (x)  is  a  polynomial  of 
degree  k.  Then  7h+i  (x)  =  2x7h  (x)  —  7b_i  (x).  By  assumption,  the  leading  term  of  7*  is  aicXk,  say,  so  the 
leading  term  of  7i+i  is  2xa*x*  =  2 Oix*+1,  and  so  Tk+\  has  degree  k  +  1. 

(e)  7)  (x)  =  2x7)  (x)  —  7b  (x)  =  2x  (4x3  —  3x)  —  (2x2  —  l)  =  8x4  —  8x2  +  1, 

Ts  (x)  =  2x7b  (x)  -  7b  (x)  =  2x  (8x4  -  8x2  +  l)  -  (4x3  -  3x)  =  16x5  -  20x3  +  5x, 

7b  (x)  =  2x75  (x)  -  74  (x)  =  2x  (l6x5  -  20x3  +  5x)  -  (8x4  -  8x2  +  l)  =  32x6  -  48x4  +  18x2  -  1, 

7)  (x)  =  2x7b  (x)  -  T5  (x)  =  2x  (32x6  -  48x4  +  18x2  -  l)  -  (16x5  -  20x3  +  5x) 

=  64x7  -  1  12x5  +  56x3  -  7x 


(f)  The  zeros  of  T„  (x)  =  cos  (n  arccosx)  occur  where  n  arccosx  =  h r  +  |  for  some  integer  k,  since  then 
cos  (n  arccosx)  =  cos  (kn  +  §)  =  0.  Note  that  there  will  be  restrictions  on  k,  since  0  <  arccosx  <  n.  We 


continue:  n  arccosx  —kn  +  j  <=>  arccosx  = 


kn  +  f  kit  +  j 

- — .  This  only  has  solutions  for  0  <  - —  <  it 


polynomial  of  degree  «.]  So,  taking  cosines  of  both  sides  of  the  last  equation,  we  find  that  the  zeros  of  Tn  (x) 


kn  +  j 

occur  at  x  =  cos - -,  k  an  integer  with  0  <  k  <  n.  To  find  the  values  of  x  at  which  T„  (x)  has  local 

n 

—n  n  sin  (n  arccosx) 

<=>  sm  (n  arccosx)  =  0  <=> 


extrema,  we  set  0  =  T'n  (x)  =  —  sin  (n  arccosx) 


-JV- 


n  arccos*  =  kit,  k  some  integer  <=>  arccos*  =  kn/n.  This  has  solutions  for  0  <  k  <  n,  but  we  disallow 
the  cases  k  =  0  and  k  =  n,  since  these  give  *  =  1  and  *  =  —  1  respectively.  So  the  local  extrema  of  Tn  (*) 
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occur  at  x  —  cos  (kn  / n),  k  an  integer  with  0  <  k  <  n.  [Again,  this  seems  reasonable,  since  a  polynomial  of 
degree  n  has  at  most  (n  —  1)  extrema.]  By  the  First  Derivative  Test,  the  cases  where  k  is  even  give  maxima  of 
T„  (x),  since  then  n  arccos  [cos  (kn  j  n)\  =  kn  is  an  even  multiple  of  n,  so  sin  (n  arccosx)  goes  from  negative 
to  positive  at  x  —  cos  (kn/n).  Similarly,  the  cases  where  k  is  odd  represent  minima  of  T„  ( x ). 


(i)  From  the  graphs,  it  seems  that  the  zeros  of  T„  and  T„+\  alternate;  that  is,  between  two  adjacent  zeros  of  T„, 
there  is  a  zero  of  T„+ 1,  and  vice  versa.  The  same  is  true  of  the  x -coordinates  of  the  extrema  of  T„  and  T„+\ ; 
between  the  x  -coordinates  of  any  two  adjacent  extrema  of  one,  there  is  the  x -coordinate  of  an  extremum  of  the 
other. 

0)  When  n  is  odd,  the  function  T„  (x)  is  odd,  since  all  of  its  terms  have  odd  degree,  and  so  x  T„  (x)  dx  =  0. 
When  n  is  even,  T„  (x)  is  even,  and  it  appears  that  the  integral  is  negative,  but  decreases  in  absolute  value  as  n 
gets  larger. 

(k )  fl1T„(x)dx  =  f\  cos  (n arccosx) dx.  We  substitute  u  =  arccosx  =>  x  =  cos u  =>  dx  =  —siaudu, 
x  =  — 1  =>  w  =  7r ,  and  x  ~  1  =>  u  =  0.  So  the  integral  becomes 


cos  ( nu )  sin  u  du 


-  /  i  [sin  (u  —  n 

Jo 


u )  +  sin  («  +  nu)]  du 


1  cos  [(1  —  n)  u ]  cos[(l  +  n)  u]'  m 

2  [  « -  1  n  +  1  _  0 

pr/-1  -1  \  /  1  1  \1  . 

-  I - - - r  I  -  | - II  if  n  is  even  2  .  „  . 

2  I  \n  —  1  n  +  1/  \n-l  n  +  l!\  — = -  if  n  is  even 

=  =  n1  —  l 

—  — — -r - - —'ll  if  n  is  odd  0  if  n  is  odd 

2  L\n  —  1  n  +  \)  \n  —  1  n  +  \) J 

(1)  From  the  graph,  we  see  that  as  c  increases  through  an  integer,  the  graph  of  /  gains  a  local  extremum,  which 
starts  at  x  =  —  1  and  moves  rightward,  compressing  the  graph  of  /  as  c  continues  to  increase. 


Further  Applications  of  Integration 


Arc  Length 


1,y  =  2-3.x  =>  L  =  +  (dy/dx)2dx  =  ,  yj\  +  (-3  )2dx  =  VlO|l  -  (-2)]  =  37l0. 

The  arc  length  can  be  calculated  using  the  distance  formula,  since  the  curve  is  a  line  segment,  so 


L  =  [distance  from  (-2,8)  to  (|,-1)]  =  >/[I  -  (-2)]2  +  [(-1)  -  8]2  =  790  =  3^10 

,  we  get 


2.  Using  the  arc  length  formula  with  y  =  n/4  -  jc- 


dy_ 

dx 


=  2  lim+  ^sin-1  (jc/2)J^  =  2  lim^  [sin-1  I  —  sin"1  (// 2)j  =  2  (y  -  0)  =  n 
The  curve  is  a  quarter  of  a  circle  with  radius  2,  so  the  length  of  the  arc  is  |  (2*  •  2)  =  n,  as  above. 


3.^  =  (r-l)].>  =  (r-l)]/J  =>  g  =  §(x-l)'/J 


'+(2)  =  H-  |  U  -  1)  So 


/-  =  /,V  !  +  ?(*-.)«/*  =  SU\^idX  =  [H  (I*  -  l)3^  =  i&#=* 


dx 


ti!W.V+j.,.c.  +  rr  =  - 


-  Mi)' 


r2 


From  the  figure,  the  length  of  the  curve  is  slightly  larger  than  the 
hypotenuse  of  the  triangle  formed  by  the  points  ( 1 , 0).  (3, 0),  and 

-U  (3, /(3))  (3,  15),  wherey  =  f  (x)  =  j  (x2  —  l)3/‘.  This  length  is 

about  Vl52  +  22  w  15,  so  we  might  estimate  the  length  to  be  1 5.5. 


y  =  2  (,2  _  l)3/2 


/  =  (x2-|),/J(2x) 


I  +  (y)  =  1  +  4a2  (x2  -  l)  =  4.x4  -  4.x2  -f  1  =  (2jt2  —  I)  ,  so,  using  the  fact  that  2.x2  —  1  >  0  for  I  <  x  <  3, 
L  =  Jj*  J(2xl-lfdx  =  /3  |2x2 -  l| rfx  =  J?  (2x2  -  I )dx  =  [|x3  -x]’  =  (18  -  3)  -  ($  -  l)  =  f  =  15.3 
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From  the  figure,  the  length  of  the  curve  is  slightly  larger  than  the 
hypotenuse,  whieh  is  about  J +  (y)  25  0.6.  so  we  might  estimate 


the  length  to  be  about  0.7.  y  =  —  +  — 
6  2x 


-v  2  2 


i  +  (/)2  =  j  +  5  +  V  =  (t  +  ¥)-so'us 


using  the  fact  that  the 


parenthetical  expression  is  positive. 

=  (s -  j)  -  (4?  _  ')  =  Is 85  0  646 
7.  y  =  }  (x2  +  2) 3/2  =>  dy/dx  =  |  (x2  +  2) 1/2  (2r)  =  xV.r!  +  2  => 

1  +  (dy/dx)2  =  I  +  x2  (x2  +  2)  =  (x2  +  I)2.  So  L  =  (x2  +  I) dx  =  [}x}  +  x]^  =  j. 

O  ..  _  X2  !"■*  _  dy  _  _  1  _  ,  ,  (dy\2  _  ,  1  ,  1 


8v=  2~—  “»  Tx=*~Tx  m  l  +  U)  “Jf+2  +  15?'So 

f4/  1\,  r*2  Inx"]4  /  2ln2\  /  In2\  ,  ln2 

l=L  h^)d-[T+~\r(s+— )-(2+-)=6+- 


„  X4  I  dv  ,  I 

9  >,  =  T  +  i?  =* 


=  1  +  x6  -  i  +  ~~  T  =  X6  +  ^  +  -j-r.  So 
2  16x6  2  16x6 


i  =  /,3  (x2  +  ix-’) dx  =  [ix4  -  ix-2]’  =  (V  -  *)  -  0  -  0  =  V- 

10.  x  =  ^yy(y-3)  =  fv3/2  -  yl/2  =»  dx/dy  =  \y'!2  -  \y~''2  =» 

1  +  (dx/dy)2  =  I  +  |(.v  -  2  +  y-')  =  }  (y  +  2  +  y-')  =  [i  (y,/2  +  y"‘/2)]2,  so 

i  =  fo  vA  +  (dx/dy)2  dy  =  {{  (y,/:  +  >~l/2)  </>•  =  Mm  /’  5  (yl/2  +  y“l/2)  dy 

=  ,!&  +  =  ,]&  [<9  +  3>  "  (i'3/2  +  'l/2)j  =  >2  -  0  =  >2 


11.  y  =  In  (sec  x)  =»  —  = 


sec  x  Ian  x 


dx  seex 


=  tanx  =5  1  +  ( -p- )  =  1  +  tan2x  =  sec2x,  t 


i  =  /0*/4  V sec2 x  c/x  =  /0*'4  secxrfx  =  [ln(secx  +  tanx)|J/4  =  In  (\/2  +  l)  —  In  (I  +  0)  =  In  ^>/2  +  l) 

12.  v  =  In (sinx)  =>  —■  =  =  cotx  =*  I  +  f =  1  +  cot2x  =  csc2x.  So 

dx  sinx  \dx ) 

’■  =  fx/b  cscxdx  =  [I"  (esex  -  cotx)]'/’  =  I"  (75  -  73)  -  In  (2  -  Vt)  =  In 
=  ln^  =  ln(l  +  ^) 
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13.,  =  g  =  ^ 


,  f'r-  |+.t-’  f'/2  r 

L=  — Zidx=  “■  + 

Jo  l  —x‘  Jo  L 


1  +  m  =1  + 


4*2  (I  4-x2)2 

- 7  =  - zr.  SO 

(i  ~x2)  O-*2)2 


(1  -x)(l  4-x) 


l  r'n 

Jx=  - 

J  40 


i  +  — !—  +  —!— 
I  4-x  I  -.X 


—  [ — x  4-  In  ( 1  +  v)  —  In  (1  -x)]i/2  =  -^4-ln§-ln^-0  =  ln3-2 


14.  ,  —  Inx 


dy  _  1 

dx  x 


i  +  m-  Hr 


'l\2  v/l  +X2 


dx  x  v  \  dx  7  V 
v  =  V I  +  x-.  so  n2  =  1  +  x2  and  n  do  =  x  dx.  Thus 


=  ri+il.  So  /.  =  f 

X  J 1 


•  dx .  Now  let 


1  ‘L  ~£n’d" "  L  (l  +  -  ^n)  + s  ln  tol"+ "£i 

Or:  Use  Formula  23  in  ihe  table  of  integrals. 

15.  ,  =  coshx  =»  ,'  =  sinhx  =>  1  +  (,')"  =  I  +  sinh2x  =  cosh2  x.  So 

I.  =  Jo  cosh  .x  dx  =  [sinhxjg  =  sinh  I  =  |  (e  —  l/e) 

16.  ,2  =  4.x,  x  =  J,2  =>  %  =  {y  =4  I  +  (£)2  =  I  +  i,2.  So 

/.  =  Jo  Jl  +  j v2 dy  =  Jg  dl  +  ii 2  ■  2t/u  (it  =  j,. rf,  =  2du) 

=  ^«yi  +  u 2  +  In  |m  4-  %/ 1  +  1,2 1]0  =  >/2  4-  In  ^1  4-  >/2^ 

17.  y  =  ex  =>  =  c"  =i  14-  (,')2  =  I  +  e2' .  So 

I.  —  J  \/l  +e2x  dx  =  J  \/ 1  4-  u2  —  [u  =  ex,  sox  =  Inn,  dx  =  rfu/uj 

f1'  Vl  +«2  f'/i+Ti  „  r  . - -  ,  -i 

7|  U2  7>/2  l>2  -  1  L  J 

_  __r  , 

445  V  O-I  » +  I  /  L  2  « +  I J  42 
=ynv-y2+i,„2^il 

2  /iT?+l  2  V2+I 
=  x/l  4- e2  -  -Jl  4-  In  (v/T+72  -  l)  —  I  —  In  (V2  —  l) 


Or:  Use  Formula  23  for  J  (Vl  4-  u2/uj  du.  or  substitute  u  =  tan  0. 


656  a  CHAPTERS  FURTHER  APPIICATIONS  OF  INTEGRATION 


18.  y  =  In  =  ln(e*  +  I)  —  ln(«* 


I) 


-2e* 


•  +  (/)2=*+  ^ 


(e1'  +  »r 


e*  +  1  e*  —  I  e1'  -  1 

r  "  7  e2*  +  1  e*+e~*  coshx  „ 

v  I  +  O-')2  =  -57 — r  =  -7 - 17  =  — r—  •  So 

V  pLX  _  1  gX  __  p  X  <11 


L=fhs^ldx  =  ,nsinhjt|*  =  ,n  ( «!**)  = 

Ja  smhx  a  \sinh a /  \e“  -  e~a ) 

19.  y  =  x3  =>  y  =  3.x2  =>  I  +  (/)2  =  1  +  9x4.  So  L  =  fg  Vl  +  9x4  dx. 

20.  >■  =  2V  =>  dy/dx  =  (2X )  In  2  =>  i.  =  yT+’(ln2)222‘  c/x 

21.  ^  =  r4  cosx  =>  y  =  e*  (cosx  —  sinx)  =» 

I  +  (y')2  =  1  +  e2t  (cos2x  —  2cos.x  sin  x  +  sin2x)  =  I  +  e2*  (1  —  sin  2x ) 
So  i=  f;'2  Jl  +  e2t  (1  -  sin2 x)dx. 


sinhx 


22. 


V" 

y  +  y 


=  \,y  =  ±E>v/l  —  x2/ a2  =  ±- Va2  -x2.  +  =  -  Ja1  -  x 
v  a  a 


■x  av 

*  =3  — 


dy 

dx 


-bx 


ay/a1  —  x2 


rfyV  />2x2  „  ,  .  [a 

dx)  ~  a1(a1-x1Y  80  -  j-a 


1  + 


b2x2 


1*/2 


a2  (a2  -  x2) 


dx 


=  ir 

a  7o 


(b1  -  a1)  x 


a2  —  x2 


n4' 


1/2 


rfx. 


23.  y  =  xJ  =»  1  +  (y')2  =  1  +  (3x2)2  =  1  +  9x4  =»  /.  =  /0'  Vl  +  9x4dx. 

Let  /  (x)  =  V I  -f  9jc4.  Then  by  Simpson's  Rule  with  n  =  10, 

£  %  [/  (0)  +  4/  (0. 1 )  +  2/  (0.2)  +  4/  (0.3)  + - \-2f  (0.8)  +  4/  (0.9)  +  /(!)]%  1.548. 


1  dv  I  { dy\“  1  /  f 

24.  v  =  -  =>  -f-  =  — ~  =*  1  +  (  —  )  =  I  —r.  Therefore,  with  f  (x)  =  ./ 1  +  —j, 

x  dx  xz  \dx )  x*  V  x* 

L  =  /2yi  +  \/x*  dx  =»S|0 

=  STS  I/O +  4/(1. l)  +  2/(l.2)  +  4/(l.3)  +  2/(I.4)  +  4/(l.5)  +  2/(1.6) 
+  4/ (1.7)  +  2/(1. 8)  +  4/(1.9)  +  /(2)J  *s  1.132104 


25.  y  =  sinx.  I  +  (dy/dx)1  =  1  +  cos2 x,  L  =  J*  V I  +  cos2 x  dx.  Let  g  (x)  =  / 1  +  cos2 x .  Then 

t*  ^  [g  (0)  +  4g  (i)  +  2 g  (f )  +  4g  (ft)  +  2g  (^)  +  4g  (f ) 

+  2g(2r)  +4S  (to)  +  2#(t)  +  4#(ts)  +  *(*)]  48  3  820 

26.  v  =  tan.*  =>  1  +  ( y')~  =  I  +  sec4  x.  So  L  —  /0*/4  V I  +  sec4  x  dx.  Let  g  ( x )  =  y/\  +  sec4  x.  Then 

L  =»  ^  [« <°)  +  4«  (is)  +  2«  (t§)  +  4»  (is)  +  2#  (is)  +  4s  (is) 

+  2«(is)  +  4«(is)  +  2£  (is)  +  4«(is)  +x  (t)]  34  1  278 
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27. 


Let  /  (x)  —  y  —  Iv'4  -7  T  he  polygon  with  one  side  is  just  the  line  segment  joining  the  points 

(0,  /  (0))  =  (0,  0)  and  (4,  /  (4))  =  (4,  0),  and  its  length  is  4.  The  polygon  with  two  sides  joins  the  points 

(0, 0),  (2,  /  (2))  =  (2,  24/2)  and  (4, 0).  Its  length  is 


y<2  -  0)2  +  (2^2  -  o)2  4-  y(4  -  2)2  +  (0  -  2^) 2  =  2\J 4  +  2*/3 


6.43 


Similarly,  the  inscribed  polygon  with  four  sides  joins  the  points  (0, 0),  (l,  \/3j,  ^2, 2V2j,  (3,  3),  and  (4, 0), 
so  its  length  is 


yi+(^+y.+(2^-^)2+yi+(3-2^)2+yrT9 


7.50 


(c)  Using  the  arc  length  formula  with  -J-  =  x  —  x)  2/3 (—  l)j  +  \/4  —  x  =  — — x)2^  * 
curvc  isL=Jo  J'+{i)dx = Jo  J'+[w^k\  dx- 


(d)  According  to  a  CAS.  the  length  of  the  curve  is  L  w  7.7988.  The  actual  value  is  larger  than  any  of  the 

approximations  in  part  (b).  This  is  always  true,  since  any  approximating  straight  line  between  two  points  on  the 
curve  is  shorter  than  the  length  of  the  curve  between  the  two  points. 
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Let  f  (x)  =  y  =  x  +  sin*.  The  polygon  with  one  side  is  just  the  line  segment  joining  the  points 

(0,  /  (0))  =  (0, 0)  and  (2*,  /(2*))  =  (2*,  2,t),  and  its  length  is  7(2*  -  0)’  +  (2*  -  0)2  =  275*  =»  8.9. 

The  polygon  with  two  sides  joins  the  points  (0, 0),  (*,/(*))  =  (*,*),  and  (2*,  2*).  Its  length  is 

yj(x  -  0)2  +  (*  -  0)2  +  7(2 *  -  *)2  +  (2*  -  *)2  =  72*  +  -Jilt  =275*  =»  8.9 

Note  from  the  diagram  that  the  two  approximations  are  the  same  because  the  sides  of  the  2-sidcd  polygon  are  in 
fact  on  the  same  line,  since  /(*)  =  *  =  j / (2*). 

The  four-sided  polygon  joins  the  points  (0, 0),  (|,  ^  +  I),  (*,  *),  (2* ,  ^  ~  l)-  and  (2*.  2  *),  so  its  length  is 

7(!)2  +  ($  +  o2 + 7(f)2 + (f  -  o2 + 7(f)2  +  (f  - 1)2 + 7(f)2 + (f  +  >)2 * 9.4 

(c)  Using  the  arc  length  formula  with  dy/dx  =  1  +  cosx,  the  length  of  the  curve  is 

l.  =  fg*  7l  +  (1  +  cosx)2  dx  =  fg*  ~J2  +  2 cos x  +  cos2 x dx 

(d)  The  CAS  approximates  the  integral  as  9.5076.  T  he  actual  length  is  larger  than  the  approximations  in  part  (b). 


dx 


29.  x  =  In  (I  -y2)  =>  —  = 


-2  y 


-r 


dy  I  —  y1 

il+z2)' 


\J  (i -y2)2<iy  Jo  •  -y2 

30.  y  =  x*!}  =>  dy/dx  =  \xxri  =>  I  +  (dy/dx)1  =  I  +  ^x2/3  =» 

r  .  t  -r VTRV*  l  J 

=  U  [s"  0  +  2"2)  7TT?  -  I  In  («  +  ■/]  +  n2)]^ 

=  S[K,  +  T)y¥-i'n(!+y¥)]  =  H0V!-i'"3) 

=  fg  -  ^!n3«  1.4277586 


-  ■♦($)  - 

_  f1'2  1  +  y2 

Jo 


1  + 


4y2 


_  («+>2r 

O-T'2)2  (i->-2)2 


.  So 


dy  =  In  3  -  \  [from  a  CAS]  0.599 
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31.  y2'3  =  I  -*2'3  =»  y  =  (  l-*2'3)3'2  =» 

g  =  |(1  -*2/3)l/2(-^-,/3)  =  -*-''3(l  -*2/3)'/2  => 

(gV  =*-2'3  (1  _^)=i-2/3  _  ,  Thus 

L  =  4/0‘v/l  +  (x-2/J-  i)rfx  =  4 =  4  lim  [§*2/3]'  =  6 


32.  (a) 


(b)  y  =  *2/3  =>  I  +  (£)2  =  1  +  (§x-«/3)2  =  1  +  ^-2/3.  So 
L  =  fj  +  7,x~2f}  dx  (an  improper  integral),  x  =  y3/2  => 

i+(^)2='+0>',/2)2=i+^ 

So  i  =  So  /TTfyrfy.  The  second  integral  equals  5  •  j  |^(l  +  |y)  j  =  $  -  l)  =  ■l3vj3-!t. 

The  first  integral  can  be  evaluated  as  follows: 


(c)  L  =  length  of  the  arc  of  this  curve  from  (—  1 ,  1 )  to  (8, 4) 

=  So  y> +  1  ydy  +  So  ft^bdy  =  l3vs?~8  +  $[('  +  J.v)  I  from  part  (b)] 

=  12^5  +  £  (10VT0-  1)  =  + 


33.  y  =  2x3/2 


y'  =  3jt  1/2  =•  1  +  (y')2  =  I  +  9x.  The  arc  length  function  with  starting  point  I’o  ( 1 , 2)  is 

s  (jt)  =  Sf  7TT97  Ji  =  (1  +  9/)3/2T  =  ^  [(I  +  9x))/2  -  loTlo] 

(b),+(sy=^4+i+i' 

r(jt)=/i'['2  +  l/(4r2)]rfr 

=  [jiJ-l/<*)]j 

=  }.x3-l/(4.x) -(}-}) 

=  fx3-  l/(4.x)-  ±  for*  >  I 
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35.  The  prey  hits  (he  ground  when  y  =  0  <=>  180  —  ~^x2  =  0  «=>  x2  =  45  180  =*  x  =  V8KK)  =  90.  since 

x  must  be  positive,  y'  =  —  j$x  =>  1  +  (y1)'  =  1  +  so  the  distance  traveled  by  the  prey  is 

L  =  fo°  \J'  +  jfz x2dx  =  fijl+u2($du)  [«  =  &x.  du  =  ±dx] 

y  f  [}«yrr^+  j  m  (« + vnr^)]*  =  f  [2  yr?+ \  m  (4+ yr?)] 

=  45VT7  +  £  In  (4  +  -/n)  *  209. 1  m 

36.  y  =  150  —  35  (.r  -  50)2  =>  y'  =  —  (x  -  50)  =>  I  +  (y')‘  =  I  +  (x  —  50)2,  so  the  distance  traveled 

by  the  kite  is 

L  =  fo°  /l  +  20*  (*  -  5°)2  dx  =  /-V2  v/|  +  “2  120 du)  [u  =  Si  (*  -  50) ,  du  -  ^  d.x] 

=  2ojj«yi + u2  +  j in («  +  yr+n1)]  5 ^ 

- |o  [yy? + |n(? + y?) + ?\/?~ ,n  (“i + y?) 

=  £,/!!  +  £y29  +  lOh^  H/TI)  «  122.8ft 

37.  The  sine  wave  has  amplitude  I  and  period  14,  since  it  goes  through  two  periods  in  a  distance  of  28  in.,  so  its 
equation  is  y  =  1  sin  ^  jyv  j  =  sin  (yx).  The  width  to  of  the  flat  metal  sheet  needed  to  make  the  panel  is  the  arc 
length  of  the  sine  curve  from  jr  =  0  to  x  =  28.  We  set  up  the  integral  to  evaluate  to  using  the  arc  length  formula 

with  =  y  cos  (yJt):  /.  =  /028  /l  +  [y  cos(yx)]2  dx  =2  fg14  J I  +  [y  cos  (yx)]2  dx.  This  integral  would  be 
very  difficult  to  evaluate  exactly,  so  wc  use  a  CAS,  and  find  that  L  ar  29.36  inches. 

38.  (a)  y  =  c  +  acosh(i)  =>  y' =  sinh  (|)  =>  I  +  (y')2  =  I  +  sinh2  {i)  =  cosh2  (j).  So 

'■  =  th  y-h2  (5)  dx  =  2  /„*  cosh  (i)  dx  =  2  [a  sinh  (*)]£  =  2 a  sinh  (£) 

(b)  At  x  =  0,  v  =  c  4-  a,  so  c  +  a  =  20.  The  poles  arc  50  ft  apart  so 
b  =  25,  and  L  =  51  =>  51=2 a  sinh  ( b/a )  (from  part  (a)|.  From 

the  figure,  we  see  that  y  —  5 1  intersects  y  =  2x  sinh  (25/x)  at 
x  %  72.3843  forjr  >  0.  So  a  ^  72.3843  and  the  wire  should  be 
attached  at  a  distance  of 

v  =  c  +  a  cosh  (25 /a)  =  20  —  a  +  a  cosh  (25/a)  ^  24.36  ft  above 
the  ground. 


too 


=>  %  =  (byFTCl)  =»  \  +  $f  =\  +  (V?^\)2  =x*  =» 

l.  =  /4  s[x*dx  =  fix^dx  =  \  [x5'2]4  =  |  (32  -  I)  =  £  =  12.4 


39.  y  =  /'  V(2  -  I  dl 
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40.  By  symmetry,  the  length  of  the  curve  in  each  quadrant  is  the  same, 
so  we  find  the  length  in  the  first  quadrant  and  multiply  by  4. 

x2*  +  .v2*  =  I  =>  y2*  =  1  —  x2*  =>  y  =  (I  —  x2*)1 
(in  the  first  quadrant),  so  we  use  the  arc  length  formula  with 

dx  =  2*(  “  )  (— 2ix  *  ') 

_  _t2*-l  _  v2*y/«2*)-l 

The  total  length  is  therefore 


l.l 


Lu  =4  jf'  ^1  +  [-x2*-'  (1  -x2*)I/C*)_I]2</x  =  4 jf '  ^1  +x2<2*-'>  (I  -x2*),/*-2r/x 

Now  from  the  graph,  we  see  that  as  *  increases,  the  “comers"  of  these  fat  circles  get  closer  to  the  points  (±1,  ±1), 
and  the  “edges”  of  the  fat  circles  approach  the  lines  joining  these  four  points.  It  seems  plausible  that  as  k  -»  oo,  the 
total  length  of  the  fat  circle  with  n  =  2k  will  approach  the  length  of  the  perimeter  of  the  square  with  sides  of 
length  2.  This  is  supported  by  taking  the  limit  as  k  — >  oo  of  the  equation  of  the  fat  circle  in  the  first  quadrant: 

lim  (l  —  x2*) 1  =  I  for  0  <  x  <  I .  So  we  guess  that  lim  Lu  —  4-2  =  8. 

k-toc  '  A— +oo 


S3-2  Area  of  a  Surface  of  Revolution _ 

1.  y  =  Inx  =>  ds  =  +  ( dy/dx )2 dx  =  J I  +  ( I /x)2  dx  =>  S  =  f2  2n  (Inx)  J 1  +  (1/x)2  dx  (by  (7)] 

2.  y  =  sin2x  =»  ds  —  +  (dy/dx)2  dx  —  -J I  +  (2  sin  x  cos  x)2  dx  => 

S  =  fj‘  2ir  sin2 x^i  +  (2 sin x  cos x)2  dx  [by  (7)) 

3.  y  =  seex  =s  ds  —  J I  +  (dy/dx)2  dx  —  / I  +  (see x  tan x)2  dx  =» 

•S  =  /J1'4  2trx\/l  +  (seextanx)2 dx  [by  (8)[ 

4.  y  =  e*  =>  ds  =  J I  +  (dy/dx)2  dx  =  -J  I  +  e2‘  dx  => 

S  =  /pn22irx>/l  +e-x  dx  [by  (8)]  or  J2  2*  (Iny)  J I  +  (l/y)2  dy  [by  (6)| 

5.  y  =  x5  =s  y'  =  3x2.  So 

S  =  /02  2nyyJ\  +  (y‘)2 dx  =  2x  /02 xVl  +9x4rfx  (u  =  I  +  9x4,  du  =  36x3 dx) 

=  35  /i"5  '/"du  =  i  [j«5/2]i  =  yj  (l45/l45-  l) 
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6.  The  curve  v'  =  4x  +  4  is  symmetric  about  the  x-axis,  which  is  the  axis  of  rotation,  so  wc  need  only 
consider  the  upper  half  of  the  curve,  given  by  y  =  V4x  +  4  =  2 Vx  +  1 .  Then 

I 


dy 

dx 


VTTT 


l  +  (^V  =  /,+  '  so 

\dx )  V  x  +  I 


^8  I  j  i>8  g 

S  =  2n  J  2Vx  +  I  y'  I  +  j-j-j-  dx  =  4a  J  Vx  +  2t/x  =  4a  (x  +  2)3/2]o  =  *§■  (lOVlO  -  2V2) 
Another  Method:  Use  S  =  /26  2ttyJ\  +  (dx/dy)2  dy.  where  x  =  |  v2  —  I . 


7.  y  =  v^r  =>  I  +  (dy/dx)2  =  I  +  [1/  (2-Vx)]2  =  1  +  1/  (4x).  So 


2jt>'/1  +  (^)  dx=l  2*V^/l"+ 

—  t/x  =  2a 
4* 

l  Jx  +  \dX 

=  2/r 

[K'+irl-’f  [1 

r- 

r*> 

Kl-o 

II 

-  l7Vn) 

ln.v 

—  =» 

dy_i_  J.  /Vv\2_x2 

dx  2  2x  ^  \t/x  /  4 

1  1 

f2  +  4?' 

So 

-/'(  T 

-¥)(!♦=)*- 1  jT(t- 

mx)(x  +  i 

)t/x 

§jT(x 

x  lnx\  a  fx4  x2 

2  x  /  2  [  8  4 

-  y  Inx  + 

r2  "I4 

"4  2  (lnx)2]i 

f  [(32  +  4 

-8ln4  +  4-  J(ln4)2)-(±  +  |-0  + 

}-°)H 

'  [tj  —  8  In 2  —  (In 2)2] 

9.  v  =  sinx  =»  I  +  ( dy/dx )2  =  1  +  cos2x.  So 

5  =  2jt  Jq  sin x Vl  +  cos-x  dx  =  2a  Vl  +  u~  du  (u  =  —  cosx,  du  =  sinx  dx) 

=  4a  fg  Vl  +  it2  du  =  4a  f^4  sec3  0  dt)  (u  =  tan  0.  du  =  sec2  Odt)) 

=  2a  | sec 0 tan 0  +  In  |sectf  +  tanfl|]J/4  =  2a  [s/2  +  In  (V2  +  l)] 

10.  y  =  cos2x  =>  ds  —  y  I  +  (dy/dx)2  dx  =  V I  +  (-2  sin  2a)7  dx  => 

S  =  Jq1'  lit  cos2xVl  +  4sin22x  dx  =  2a  f^2  Vl  +  i/2  du )  (it  =  2sin2x,  du  =  4cos2x  dx] 

=  f  [|«Vl  +It2  +  4  In  (it  +  Vl  +  it5)]^  =  f  •  2  +  5  In  (V3  +  2)]  =  ^3  +  ’  |n  (2  +  Vi) 

11.  v  =  coshx  =s  I  +  (dy/dx)2  =  I  +sinh2x  =  cosh2x.  So 


S  —  lit  fg  coshx  coshx  dx  =  2a  fj  j  (1  +  cosh  2x)  t/x  =  a  j^x  +  |  sinh2x 
=  a  (l  +  5  sinh2^  or  a  (l  +  3  (e2  —  e"2^  j 
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12.  2y  =  3jr2/3,y  =  \x2ti  =*  dy/dx  =  x  1/3  =>  1  +  (dy/dx)2  =  1  So 

S'  =  2»r  ft*  ix2/37l  +  x~*'}  dx  —  3n  J2  u27 I  +  1/u2  3 u2  du  (u  =  jr'/3,  x  =  u3,  dx  =  3u2  rfu) 

=  ft2  u 37h2  +  I  du  =  /2  u2V«TTT 2udu  =  (>’  —  1 )  -v/V <^>'  (y  =  «2  +  l.dy  =  2urfu) 

=  ¥  £  (y3/2  -  y ,/2)  rfy  =  ¥  [§y5/2  -  ?y3/2]’  -«*[(*■  s5/2  - 1  •  s3/2)  -  (i  •  25/2  -  i  •  23/2)] 
=  9.t  [575  -  ^-  ^  +  ^2]  =  ^-  (5075  -  272 ) 

13.  .V  =  J  (y2  +  2)3/2  =>  dx/dy  =  5  (y2  +  2) 1/2  (2y)  =  yTp  +  2  => 

I  +  (dx/dy)2  =  1  +  y2  (y2  +  2)  =  (y2  +  I)2.  So 

S  =  2*/,2y(y2+l)<iy  =  2Jr[j/+Jy2]]  =  2*(4  +  2--J-j)  =  ^ 

14.  x  =  1  +  2y2  =*  1  +  (dx/dy)2  =  I  +  (4y)2  =  I  +  16y2.  So 

5  =  2n  fiyj\  +  I6y2rfy  =  ft  J2  (I6y2  +  l),/232yrfy  =  ft  [j  (I6y2  +  l)3/2]] 

=  ft  (65755-  I77n) 

15.  y  =  i/x  =>  x  =  y3  =»  I  +  (dx/dy)2  =  I  +  9y4.  So 

S  =  2k  J2  jrv/l  +  (dx/dy)2 dy  =  2*  /2 y37l+9y4dy  =  %  fi  7l  +  9y436y3  rfy 

«  ft  [§  (i  +9y4)V2]'  =  ft  (1457145  —  loTTo) 

16.  y  =  1  - 12  =»  I  +  (dy/dx)2  =  1+  4x2  => 

■S  =  2*  *VT  +  *?*  =  f  8.x74^TTrfx  -  }  [}  (4x2  +  l)3/2]^  =  f  (575  -  l) 


17.  x=e2y  =»  1  +  (dx/dy)2  =  1  +  4e4>\  So 

S  =  2n  f0,/2  e2yy/l  +  (2c2v)2  dy  =  2n  J2'  7l  +  7  ]  du  (u  -  2e2y,  du  =  4e2y  dy) 

=  ?J  7 1  +u2du  =  §  [j«7l  +b2+  jln|«  +  7l  +“2|]2  (h  =tan0  or  use  Formula  21) 
=  \  [c7l  +4e2+  $  ln(2e  +  7l  +  4e2)  -  75-  }  In  (2  +  75)] 


2e7TT4^  -  275  +  ln(2*  + 


18.  x  =  <j2y  —  j 


dx 


I  -  v 


dy  72 y  -  y2 


=»  1  +  (  —  )  =  I  + 

\dy  t 


I  —  2y  +  y2  _  _ l_ 

2 y  -  y2  2y  -  y: 


;.  So 


1  =  2*  l'j2y-y2(j=LT^dy  =  2*  [dy  = 


In 
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19-  *  =  ( y 2  -  M 


X  ~  d/l  (1’'  >')  " 


So 


S  =  2"l  Ta  (y2~'ny)l^{2y  +  j)dy  =  ll  (iy}  +  y-2y'ny-'f)<iy 

=  f  [l/  +  JT'2  -  P2  InT'  +  \y2  -  5  (Iny)2]*  =  I  [y4  +  2 y2  -  2 y2  In.v  -  (In^)2]^ 

=  f  [l6  +  8-81n2-(ln2)2-  I  -  2]  =  |  [21  —  8 In 2  —  (In2)2] 

20.  x  =  a  cosh  (y/a)  I  +  (d.x/dy)2  =  1  -f  sinh2  iy/a)  =  cosh2  (y/a ).  So 


S  =  2n  J  a  cosh  cosh  dy  =  Ana  J  cosh2  dy  =  2na  J  +  cosh  </y 

=  2,o  [y  +  I  sinh  (£)]'  =  2,o  [o  +  sinh 2]  =  2,o2  [l  +  J  sinh 2]  or  *-*' ^  +  ' 4  ~ ^ 

21.  With  f(x)  =  jrVl6*A  +  I, 

5  =  In  fd  x*yf  I  +  (4,3)2  dx  =  2,  fd  x4y/l6x6  +  I  dx 
as  2,  ^  [/  (0)  +  4/  (0. 1 )  +  2/  (0.2)  +  4/  (0.3)  +  2/  (0.4) 

+  4/ (0.5)  +  2/ (0.6)  +  4/ (0.7)  +  2/ (0.8)  +  4/ (0.9)  +  /(!)]  as  3.44 


22.  With  f  (x)  =  tan  x  V I  T-  sec*  x, 

5  =  2,  fd ' '  tan  t  y/ 1  +  (see2  x)'  i/.r 
as  2,  ^1/(0)  +  4/  (35)  +  2/(jj)  +  4/ (ft)  +2/(ft) 

+  4/  (|)  +  2/ (ft)  +  4/  (ft)  +  2/ (f )  +  4/  (ft)  +  / (f)]  as  3.84 

23.  v  =  1/Jt  =>  ds  =  J\ I  +  (dy/dx)2  dx  =  ^/l  +  (-1  /x2)2  dx  =  ,/l  +  \/x4dx  =» 


5  =  J  2,  •  -  y,  +  l  dx  =  In  j’ 

f 4  V\  +  u 2  ,  24 

=  ,  /  - 7 

Jl  u- 


2  V,4  +  1 


dx  =  2n  J  — “  y-  -  (|  s/«)  [u  =  jt2,  du  =  2,  dx] 


■  du  as  jr 


_^L±z+ln(„+/n^) 


=  ,  [-^2  +  In  (4  +  VT?)  +  ^  -  In  (l  +  V5)]  =  ,  [V5  -  ^  +  In  (7^) 


24.^%/PTT  =»  ±  = 
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dx  => 


ds=f+W)  dx=f+jh r 


dx  y/x 2  +  I 

5  =  J  2xjx1  +  j-  rfx  =  2ff  J  \/lx2  +  1  dx  =  2 Sin  J  Jx2  +  ( ^.)  rfx 

=  2jU  [ix/J+T  +  *  in  (x  +  /?  +  ])]* 

=  2%/2>r  +  |  In  ^3  +  ^9  +  -  3  In  j  =  2%/2jt  j^j^y  +  j  In  ^3  +  +  |  In  v^2 

=  2s!2k  [5  ^  +  i  In  (3%/2  +  719)]  =  3%/T9>r  +  ^  In  ( 3%/2  +  /I9) 


25.  y  —  a3  and  0  <  y  <  1 


’  =  3jc2  and  0  <  x  <  I. 


5  =  To  2kx-J\  +  (3x2)2 dx  =  2k  fg  %/l  +  u2g  du  [u  =  3.x2.  du  =  6x dx] 
—  7  Jo  J 1  +  1,2  du  =  f  [)h%/I  +  u2  +  J  In  +  %/l  +  "2)]0 
=  f  %/TO  +  |  in  (3  +  %/To)]  =  |  [3%/TO  +  In  (3  +  %/To)] 


26.  y  =  ln(x  +  I). 0  <  x  <  1.  ds  =  ,/l  +  (  —  )  dx  =  J I  +  | 


2xxl\  + 


7-dx=l  2* {u~'))I'  +  ^ 


du  [m  =  a  4-  I ,  du  =  dx] 

2  %/i + u2 


■-/: 

=  2k  [\lSL±Zdu-2x  f2^±^-du=2K  [1ST^«2du-2n  f  ^ 

7i  «  7l  «  7i  Ji  « 

^ju%/ 1  +  u2  +  £ln(«  +  %/l  +“2)](  ~2k  yi  +  u2  -  In ^ 1  --  ^ j 


du 


■'=K2k 


=  2x  [y5  +  I  In  (2  +  %/T)  -  \</2  -  \  In  (l  +  %/5)]  -  2k  [%/5  -  In  (•LV^)  -  %/2  +  In  (l  +  %/5)] 
=  2k  [|  In  (2  +  %/s)  +  In  ^  |  In  (l  +  %/2)]  =»  3.694990 


/■°°  /  / dy\ 2  r00  I  /  r  r°°  %/x4  +  1 

27.  S  =  2x  J  y^j  \  +  ^— J  dx  =  2k  J  -  ^  I  +  -y  dx  =  2k  J  - 5 — dx .  Rather  than  trying  to  evaluate 

this  integral,  note  that  %/x4  +  I  >  %/x4  =  x2  forx  >  0.  Thus,  if  the  area  is  finite. 

[<*>  %/x4  +  I  r°°  x2  rx  I 

S  =  2k  J  ■  ^  dx  >  2k  J  -j  dx  =2k  J  -  dx 


But  we  know  that  this  integral  diverges,  so  the  area  S  is  infinite. 


666  □  CHAPTER  9  FURTHER  APPLICATIONS  Of  INTEGRATION 


28.  S  =  2k  f£°  y,J I  +  (dv/d.x)2  dx  =  2n  /0°° e ~x  Vl  +  e-2*  dx  =  2n  fg  Vl  +  u2du  ^  ^  j 

—  2tt  |^(mV1  +  M"  +  j  In  |m  +  VI  4-  n2|j^  =  2?r  V2  +  (  In  ^1  +  V2^j  *r  ^V2  4-  In  ^1  +  V2^J 


29.  The  curve  8 y2  =  x2  (l  -  x2)  actually  consists  of  two  loops  in  the  region  described  by  the  inequalities  |x|  <  I, 
lyl  <  (The  maximum  value  of  |y|  is  attained  when  |.v|  =  -^.)  If  we  consider  the  loop  in  the  region  x  >  0,  the 

surface  area  S  it  generates  when  rotated  about  the  x-axis  is  calculated  as  follows:  1 6y  —  =  2x  —  4x3,  so 

dx 

( dy\ 2  (x  —  2x3\2  x2(I-2x2)2  x2(I-2x2)2  (1-2x2)2 

(  ~r~  )  =  I  — - - )  = - Tpi - =  —  7 - rr-  =  — - r-  for  x  y i  0,  ±1.  The  formula  also  holds 

\dx)  \  8y  /  64y2  8x2(l-x2)  8(1—  x2) 


for*  =  0  by  continuity.  I  + 


64y2  8x2  (I  —  x2)  8(1—  x2)  7  . 

<dy\2  (I  -  2x2)2  9  —  lit2  4-  4x4  (3  -  2x2)2 

Kdx)  ~  +  8(l-x2)~  8(1  —  x2)  ~  8(1 -x2)  S° 


5  =  2*  f'y/l2('-^2)  3-2x2  ^ 

Jo  2V2  2V2vn^ 

=  f  /o'  X  (3  -  2x2)dx  =  f  |j*2  -  ±x*]'o  =  f  (5  -  5)  =  f 


30.  In  general,  if  the  parabola  y  =  ox2,  —  c  <  x  <  c,  is  rotated  about  the  y-axis,  the  surface  area  it  generates  is 

2 '1  Vi+<w*-2»^  Lr.Z'i,)  (' + 

Here  2c  =  10  ft  and  ac 2  =  2  ft,  so  c  =  5  and  a  —  Thus,  the  surface  area  is 

5=l^[(>+4.^.25)1/J-.]  =  ^[(.  +  ^)3/J-l]  =  ^(^-.) 

=  fj-  (41  V5T  -  125)  =»  90.01  ft2 
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x 2  y2  y(dy/dx)  x  dy  b2x 

31 -^  +  P  =  1  =»  p  -~a2  =*  dx~  a2y 


/ dy\ 2  _  b4x2  _  h4x2  +  a4y2  _  bAx2  4-  a4b2  ( I  -  x2/a2)  _  g4b2  +  b*x2  -  a2b2x 2 
^  \  dx )  ^  uAy~  a4y2  a*b2  (I  —  x2/a2)  a4b2—a2b2  x2 

_  a 4  +  h2x 2  -  a2x2  _  a 4  -  (a2  -  b2)  x2 
~  a4-  a2x2  a2  ( a 2  -  x2) 

The  ellipsoid’s  surface  area  is  twice  the  area  generated  by  rotating  the  first  quadrant  portion  of  the  ellipse  about  the 
x-axis.  Thus. 

f°  I  (dy\2  f  b  /—> - -/a4-(a2-b2)x2  j 

S  =  2/  2xy.  l  +  (-p)  dx  =  4*  /  -y/a2-x2- -  , — r - dx 

Jo  V  \dx  J  Jo  a  ay/a2—x2 

=  pr  [  J“4  -  (°2  -  b2)xidx  =  i£J  VJrT- <«  =  '£rr**> 


4 nb  ra  r. — — — .  4*a  f'v"  "  n — r  d„ 

— y0  - (a  - = -?■  I  (u  - 

.  .  r  _  4  -.ay/a^-h- 

30  4 xb  I  u  r~A - x  a  .  _i  h 

= - =====  -s/a4  ~  “2  +  —  sin  1  =r 

a2y/a2  —  i>2  L-  2  o- Jo 

4 Tib  r gy/a2  —  b 2  {~a  !  ,  .  o4  .  -i  s/a2  —  b2 

=  ■ - .  _  - Ja4  -  a2  (a2  -  b2)  +  —  sin1 -  =2 ir  i 

g2V^V-  [  2  V  '  ’  2  o  J 


.  y/a2  —  h2 

sin  - 


32.  The  upper  half  of  the  torus  is  generated  by  rotating  the  curve  (x  —  R)2  +  y2  =  r2,y  >  0,  about  the  y-axis. 


yfx=-(x~R)  ~  '+\fx)  =l  +  — 


dy\  i ,  <*  -  R>~  -  y +  (x  -  *>  _ 


r2  -  (x  -  R)2 


f  u  +  R 

J-r  ' Jr 2  —  U 2 


[«+'  JdyV  .  .  /■«+'•  rx  .  .  r  »  +  R 

S  =  2/  2xx.  / 1  +  ( -f-  )  rfx  =  4ar  /  - =  rfx  =  4irr  /  - ^ 

7/;-r  V  V‘W  J  R-r  y/r2  -  (x  -  «)3  J-,y/r2-u2 

f  udu  [r  du 

=  *"<■  /  /  s  —  +  4 irRr 

J-r  y/r2  -  U1  J-r  y/r - U2 

=  4xr  ■  0  +  8x  «/•  [  d“-  (since  the  first  integrand  is  odd  and  the  second  is  even) 

Jo  y/r2  —  u2 

=  8ir  Rr  j^sin-1  («/'')]0  =  8*  Rr  (§)  =  4x2«r 
33.  The  analogue  of  /  (x*)  in  the  derivation  of  (4)  is  now  c  -  /  (x* ).  so 


du  (w  =  x  —  R) 


S=  lim  V  2ir  [c  -  /  (x,*)]  J  l  +  [/'  (x*)l2  Ax  =  f  In  [c  -  /(x)|  J I  +  ,/'  (x)]2  dx 

n— >oo  1  jj/ 
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34.  y  =  x,/2  =»  y  =  =>  1  +  (y')“  =  1  +  l/4x.  so  by  Exercise  33, 

S  =  /q  2*  (4  —  y?)  y  I  +  \/ (4x)  dx .  Using  a  CAS.  we  gel 

5  =  2jt  ln(/l7  +  4)  +  §  (31s/i7  +  l)  as  80.6095 


35.  For  the  upper  semicircle,  /  (.v)  =  Jr-  —  x2,  /'  (x)  —  —x/Jr-  —  x2.  The  surface  area  generated  is 


5,  =  £  2n  (r  -  v/y -y)v/l  +  At  =4 xj  (r-Jr*-x>)  ~^^dx 

For  the  lower  semicircle.  /  (x )  =  -Vr2  -x2  and  f  (x)  —  .  so  &  =  4ir  /  j  +  r )  dx. 

Jr2  -  x2  JO  \Jr--x 2  / 

Thus,  the  total  area  is  S  =  S'i  +  .Si  =  8 it  J  _ ^  dx  =  8a  [r2  sin-1  (~)]o  —  8>r/-2  (4)  =  4x2r2. 


r2-x2  ,  I 


Thus,  the  total  area  is 


36.  Take  the  sphere  x2  +  y2  +  z2  =  \d2  and  let  the  intersecting 
planes  be  y  =  c  and  y  =  c  +  h,  where  -\d  <  c  <  \d  -  h. 
The  sphere  intersects  the  xy-plane  in  the  circle 


x2  +  y2  =  \d2 .  From  this  equation,  we  get  x  —  +  y  =  0, 

dy 


The  desired  surface  area  is 


■S  =  2jt  fxds  =  2n  ^l'xJT+  (dx/dy)2dy  =  2a  ft*1'  x -J\  +  y2/x2  dy  =  2a  £+A  Jx2  +  y2  dy 
=  2,t  J‘  +h  \ddy  =  ttd  JJ+*  dy  =  ,t dh 

yt-\  +  yi 

37.  In  the  derivation  of  (4),  we  computed  a  typical  contribution  to  the  surface  area  to  be  2n - - - \P,-iPt\,  the  area 

of  a  frustum  of  a  cone.  When  /  (x)  is  not  necessarily  positive,  the  approximations  yt  =  f  (x,)  ^  f  (.**)  and 

yi- 1  =  /(X,-|)  «  /(x,*)  must  he  replaced  by  y,  =  |/(x,)|  =»  |/(x;)|  andy,_i  =  | / (x,-i)|  =  |/(x(*)|.  Thus, 

2a'-~'2+  -■  \P,-\Pt\  2a  \f  (x*)|  +  [/'  (x*)|*  Ax.  Continuing  with  the  rest  of  the  derivation  as  before,  we 

obtain  S  =  J *  2it  | /  (x)|  \/ 1  +  [/'  (x)]2  dx. 

38.  Since  g  (x )  =  /  (x)  +  c,  we  have  g’  (x)  =  /'  (x).  Thus, 


Sg  =  /*  2trg  (x)  J I  +  [g'  (x)]2  dx  =  j£  2ff  [/  (x)  +  c)  v'l  +  (/'  (x)]2  dx 
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Discovery  Project  □ 


Rotating  on  a  Slant 


In  the  figure,  the  segment  a  lying  above  the  interval  [x,  —  Ax,  x,  ]  along  the  tangent  to  C  has  length 

Ax  sec «  =  AxVl  +  tan2  a  =  J I  +  [/'(x,)l2Ax.  The  segment  from  (x, ,  /(x,))  drawn  perpendicular  to  the  line 

y  =  mx  +  b  has  length 


g(-<i)  =  [/(*<)  -  mxt  ~  b]  cos  ft  = 


/  (x, )  -  mx, 
sec  ft 


h 


f  (x,)  -  mx,  -  ft  _  /  (x, )  -  mx,  -  b 

7l  +tan2/?  Vl  +  m2 


Also,  cos  (ft  —  a) 


&u 


Ax  sec  « 


A«  =  Ax  sec  a  cos  (ft  —  a)  =  Ax 


f  1  m  w 

=  A.v  ■  ■  -  +  (.V,)  = 

Lv/1  +  m2  >/l  +  m 2  J 


cos  ft  cos  a  +  sin  ft  sin  « 
cos  a 

1  +mf'(x/) 

•JT+n? 


=  Ax  (cos  ft  +  sin  ft  tan  a ) 
Ax 


Thus, 


..  ■v1-'  /  (x;)  -  mx,  —  b  I  +  m/'(x,) 

Area (9ft)  =  Inn  Vg(x,)A«=  lint  V -  - Ax 

Vl  +  m2  Vl+m2 


I 


1  +  nr 


[  U (*)  -  mx  -  6]  [l  +  mf  (x)]  t/x 
Jn 
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2.  From  Problem  I . 

Area  =  f„*  [x  +  sin  x  -  (x  -  2)J  (I  +  I  (1  +  cosx)]s/x  =  j  (sinx  +  2)  (2  +  cos  x)dx 

=  4  Q’  (2  sinx  +  sinx  cosx  +  4  +  2 cosx )dx  =  j  £—2  cosx  +  j  sin2x  +  4x  +  2sinxj^ 
=  {  |(-2  +  0  +  8*  +  0)  -  (-2  +  0  +  0  +  0)1  =  ^  (8* )  =  4x 


3.  V  —  lim  S'  ,t  It’  (x,)]2  Am  =  lim  S  ir 

77-4  00  * 


/(.T/)  -  mx, 


I  +  mf  (x, ) 


■JTV> 


Ax 


[  [/(x)  -mx  -fc]2  [l  +mf  (x)\dx 
Wl  JP 


4.  V  = 


(1  +m2)  '  Jr 
n 


)3/2  Jo 


(*  -f  sin*  —  *  +  2)2  (1  4-  1  4-  cos*)  dx 


-5>r- 


(sin  x  +  2)2  (cos  x  +  2)  dx 


O  +  'T 

=  pp  fu*  (sin’ x  +  4sinx  +  4)  (cosx  +  2 )dx 

--  p-p  Jg"  (sin2 x cosx  +  4  sinx  cosx  +  4  cosx  +  2sin2x  +  8sinx  +  8) dx 
=  sin3x  +  2sin2x  +  4sinx  +  x  -  j  sin2x  -  8 cosx  +  8xj^  (since  2 sin2 x  =  I  —  cos2x] 

-  [(2ir  —  8  +  16 x)  —  (—8)|  -  -^=x2 

5.  S  =  J*  2xg  (x)y]\  +  \f’(x)\2dx  =  y=x  f  I /(X)  -  mx  -  b]  J\  +  \f  (x)|2  dx 

6.  From  Problem  5  with  /  (*)  =  y/x,  p  =  0,  p  =  4.  m  =  \,  and  6  =  0, 

2  K 


5  = 


/' +  G) 


f  J4^-*x)f^6^dx  =  7i 


ln(^  +  4)  37VT7  I 


32 


24 


(from  CAS) 


s  8.554 


3  Applications  to  Physics  and  Engineering 

1.  The  weight  density  of  water  is  A  =  62.5  lb/ft3. 

(a)  P  =  Ad  =s  (62.5  lb/ft3)  (3  ft)  =  187.5  lb/ft2 

(b)  F  —  PA  as  ( 1 87.5  lb/ft2)  (5  ft)  (2  ft)  =  1875  lb,  (A  is  the  area  of  the  bottom  of  the  tank.) 

(c)  As  in  Example  I ,  the  area  of  the  i th  strip  is  2  ( Ax )  and  the  pressure  is  Ad  =  Ax, .  Thus, 

F  =  fg  Ax  - 2 dx  w  (62.5)  (2)  /03  x  dx  =  125  [jx2]*  =  125  (|)  =  562.5  lb 

2.  (a)  P  =  I>gd  =  1030(9.8)  (2.5)  =  25.235  as  2.52  x  IQ-1  Pa  =  25.2  kPa 

(b)  h  =  PA  as  (2.52  x  I01  N/m2)  (50  m2)  =  1.26  x  I06  N 

(c)  F  =  J25  ,igx  5 dx  =  (1030)  (9.8)  (5)  5  xdx  as  2.52  x  I04[x2]„5  as  1.58  x  I05N 


SECTION  9.3  APPLICATIONS  TO  PHYSICS  AND  ENGINEERING  □  671 


In  Exercises  3-9,  n  is  the  number  of  subintervals  of  length  Ax  and  x'  is  a  sample  point  in  the  /th  subinterval  [x, - 1 ,  x,]. 


3.  In  the  middle  of  the  figure  in  the  text,  draw  a  vertical  x-axis  that  increases  in  the  downward  direction.  The  area  of 


the  x th  rectangular  strip  is  2^/100  —  (;c*)2  Ax  and  the  pressure  on  the  strip  is  pgx’  |/i  =  1000  kg/m1  and 
g  =  9.8  m/s2].  Thus,  the  hydrostatic  force  on  the  /th  strip  is  the  product  pgx’iJ  100  —  (x*)2  Ax. 


h  =  Jjrn^  X  pgx‘2yjm  -  (x;)2  Ax  =  f0'°  pgx  •  2s/ 1 00  —  x^  dx  =  9.8  x  I03  /„  >/IOO-x-2x  dx 


=  9.8  x  103  /“oo  «,/2  (—dii)  (u  =  100  -  x2)  =  9.8  x  I03  /0100  «l/2  du 
=  9.8  x  103  [jx^2]^00  =  |  -9.8  x  106  =»  6.5  x  I06  N 

4.  This  is  like  Exercise  3,  except  that  the  pressure  on  the  strip  is  pg  (x"  —  5). 


F  =  firn^  X  I’S  (x*  -  5)  2 y  100  -  (x,*)*  Ax  =  j}°  pg  (x  -  5)  ■  2v/l00  -  x2  dx 
=  pg  J,10  2x s/100  -  x2  dx  —  1 0 pg  /j  0  V 1 00  —  x *  dx 
=  —  PS  [3  (lOO  —  x2y  j  —  10 pg  ^x\/l00  — xJ  +  50sin-1  (x/IO)j5 
=  |/>g  (75)}/2  -  10 pg  [50  (f )  -  5  >/75  -  50  (|)]  =  250/, g  (*#  -  %)  *  123  x  I06  N 

.  .  4  0  wide  u,  ft  wide  .  .  ,  ,  ,  . 

5.  Place  an  x-axis  as  in  Exercise  3.  Using  similar  triangles.  ,  „  . .  ,  =  ■  ■  —  .  .  so  10  =  g.x,  and  the  area  of  the 

6  ft  high  x*  ft  high 

/th  rectangular  strip  is  |x'Ax.  The  pressure  on  the  strip  is  <i  (x  *  -  2)  [A  =  pg  —  62.5  lb/ft3 1  and  the  hydrostatic 
force  is  ri  (x*  —  2)  gx’  Ax. 

F  m nljm^  X  (x*  -  2)  gx*  Ax  =  J? 'f  (X  -  2)  ]x  dx  =  fdj,6  (x2  -  2.x)  dx  =  §<s[fx3  -x2]^ 

=  §d>[36  —  (—5)]  =  ^<5=  1.56  x  I03  lb 

6.  I  his  is  like  Exercise  5,  except  that  the  area  of  the  /  th  rectangular  strip  is  o  4-  /v 

jx*  A.t  and  the  pressure  on  the  strip  is  dx* .  x  4*  r  h 


F=  lim  X  7*,*  Ax  =  f  pgx  ■  jx  dx  =  [  'g’x'l 

h  Jo  h  L  3A  J0 


=  \pgbh 
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,  . . . 4ft  wide  a  ft  wide  , . 

7.  Using  similar  triangles,  — =  — — — — -,soo  =  4x,  and  the  width 
6  6  8  ft  high  jt*  ft  high  2' 

of  the  ith  rectangular  strip  is  12  +  2o  =  12  +  x*.  The  area  of  the  strip  is 

(12  +  x")  Ax.  The  pressure  on  the  strip  is  Ax". 


F  =  lirn^  jr  Ax*  (12  +  x")  A.x  =  J"08  Ax  ■  (12  +  x)  Ax 


=  A  Jg  (12.x  +  x2)  dx  =  A  j^6.x2  +  y =  A  (384  +  ^) 
=  (62.5)  as  3.47  x  I04  lb 


8.  In  the  figure,  deleting  a  b  x  h  rectangle  leaves  a  triangle  with  base  a  —  b 

...  ,  (a  —  b)  ft  wide  d  ft  wide 

and  height  It.  By  similar  triangles, 


so  the  width  of  the  triangle  is 


h  ft  high  ( h  —  x")  ft  high  ’ 

h  —  X*  /  r*\  x* 

d  =  — (a  -  b)  =  (l  -  -j-  J  (o  -  h)  =  a  -  b  +  -4-  (o  -  I 


■b) 


a  +  (b  —  a) 


and  the  width  of  the  trapezoid  is  b  +  d  =  a  +  -j-  (a  —  b).  The  area  of  the  /ih  rectangular  strip  is 


a+  -j- (a- b) 
h 


Ax  and  the  pressure  on  it  is  pgx' . 


F  =  Jim,  ^ )>gx"  ja  +  y  (fl  *  b) j  Ax  =  J  pgx  [a  +  X-(b-a)]dx 

fh  ,  ,  pg(b-a )  [h  ,  ,  h1  .  b-ah 3 

=  Pga  x  dx  H - - - J  x  dx  =  pga—  + 1 


h  3 


,  j  (a  b  —  a\  . , a  +  2b  500  , , ,  _ , 

=  Pg>‘~  ^2  +  — J~  j  =  /’S*2 — £ —  w  —  £*2  (a  +  2b)  N 


9.  From  the  figure,  the  area  of  the  ith  rectangular  strip  is  2  Jr2  —  ( x *)2  Ax 
and  the  pressure  on  it  is  pg  (jr*  +  r). 

F  =  X  (**  + r)  2Vr2  -  (O2  Ajc 

7  =  1 

=  fl,pg(x  +r)  -2y/r2  -x2dx 
=  pg  J-r  Vr2  -  x22x  A.x  +  2/>gr  s/r2  -x2  Ax 

The  first  integral  is  0  because  the  integrand  is  an  odd  function.  The  second 
integral  can  be  interpreted  as  the  area  of  a  semicircular  disk  with  radius  r% 
or  we  could  make  the  trigonometric  substitution  x  =  r  sin  0.  Continuing: 
F  =  pg  •  0  +  2 pgr  ■  \jcr2  =  pgnr 3  =  lOOOgffr3  N  (SI  units  assumed). 
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10.  The  area  of  the  ith  rectangular  strip  is  ijiy]  A  v  and  the  pressure  on 
it  is  Sd,  =  A  (8  -  yj). 

F  =  f0‘d(X  -y)2y/Tydy  =  42  •  2  •  -J2  (8  -  y)yl/2dy 

=  84^2  /08  (8 y''2  -  y3'2)  dy  =  84s/2  [s  ^y3'2  - 
=  84s/5[8-  J  •  l6s/2  —  |  ■  12875] 

=  84,/2  •  256s/2  =  43.008  ^  =  5734.4  lb 


f 4v'5  /  r  s  2x  f4^3  2 pg  [>j3  , 

11  F  =  l  re{^-x)-/=dx  =  sPgJo  ** 

=  4/'g  =  I92pg  -  ^64  ■  3 s/3 

=  \92pg  -  128/ig  =  64/jg  ss  64  (840)  (9.8)  =  5.27  x  !05  N 


12.  F  =  pg(iO-x)2V4-x2dx 

=  20/>g  /02  ~JA  -  x- dx  -  pg  /02  s/4  -x22x  dx 
=  20/igJtr  (22)  -pg  ul/2du  (u  =  4  ~x2.du  =  -2 x  dx) 

=  20 JT/>g  -  \pg  [«3/2]J  =  20npg  -  y pg  =  pg  (20t  -  y) 

as  5.63  x  10s  N 


2  m 

0 1 


13.  (a)  F  =  pgdA  «  (1000)  (9.8)  (0.8)  (0.2)2  =s  314N 

(b)  F  =  pgx  (0.2)  dx  =  0.2/ig  [j.t2]^  =  (02/, g)  (0. 1 8)  =  0.036/>g  a*  353  N 


14.  The  height  of  the  dam  is  h  =  15s/l9  so 


2  ,  200A  /•'’ 

s/3  s/3  Jo 


X  dx  — 


lOOA  rh 

hy/3  Jo 


x2dx 


200.5 /12  100(5  h3  200(562  200(62.5)  12,825 

s/3  2  As/3  3  -  3s/3  3s/3 


=»  7.71  x  I06  lb 


4 
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15.  Assume  that  the  pool  is  filled  with  water. 

(a)  F  =  Jo  <5.v20, lx  =  20,5  =  20A  •  ?  =  90rf  %  5625  lb  =  5.63  x  I03  lb 


•ton 


(b)  F  =  Jo  AxlOdx  =  2<w[jjt2]’  =  8I(W  a=  50,625  lb  as  5.06  x  I04  lb. 

(c)  For  the  first  3  ft,  the  length  of  the  side  is  constant  at  40  ft.  For  3  <  jr  <  9.  we  can  use  similar  triangles  to  find 

9  —  AT 


O  9  —  X 
the  length  ci:  —  =  — - — 
4(1  6 


a  =  40  • 


F  =  Jg  Ax40dx  +  /j9At  (40)  pp  dx  =  40A  ^  5 ^ 2 ] 0  +  y  (9*  —x2)dx 

=  I80A  +  =  180,1+  ^[(t2  -  24.l)  -  (y  -  9)] 

=  780,5  %  48,  750  lb  4.88  x  I04  lb 


(d)  For  any  right  triangle  with  hypotenuse  on  the  bottom. 
Ax 


esc  0  =  - 


hypotenuse 


.  ,  A  '/402  +  63  7409  . 

hypotenuse  =  Ax  esc//  =  Ax - - - =  — - — Ax. 

6  3 


F  =  j'JlixlO^dx  =  j  ^207409^  i)  J 

=  }  107409,5(81  -9) 

=s  303,  356  lb  a;  3.03  x  10s  lb 


16.  Partition  the  interval  [a,  6)  by  points  x,  as  usual  and  choose  x*  e  [jc/_i  ,  jr,  j  for  each  i.  The  /th  horizontal  strip  of 
the  immersed  plate  is  approximated  by  a  rectangle  of  height  Ax,  and  width  w  (*•),  so  its  area  is  A,  as  w  (x*)  Ax,. 
For  small  Ax,,  the  pressure  P,  on  the  /  th  strip  is  almost  constant  and  P,  as  pgx*  by  Equation  1.  The  hydrostatic 
force  F,  acting  on  the  /th  strip  is  F,  —  P>  A,  ^ s  pgx* w  (x* )  Ax, .  Adding  these  forces  and  taking  the  limit  as 

n  — >  oo,  we  obtain  the  hydrostatic  force  on  the  immersed  plate: 

n  a  . 

F  ~  S  F>  =  Jim,  Z  (•*,’)  A.t,  =  X,  Pgxu,  (x)dx 

17.  x  =  JjXw  (x)dx  (F.qualion  8)  =>  ,4x  =  J*  x  m  (x )  dx  =>  (pgx)  A  =  f*  pgxw  (x)dx  =  F  by 

Exercise  16. 

18.  F  =  (j>gx)  A  —  (/>gr)  nr~  —  pgicr2.  Note  that  x  —  r  because  the  centroid  of  a  circle  is  its  center,  which  in  this 
case  is  at  a  depth  of  r  meters. 
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2  2 

19.  ni]  =  4,  mi  =  8;  f>)  (-1,2),  Pi  (2, 4).  m  =  X  «.  -m  +  »>2  =  12.  A/,  =  X  n>i.>7  =  4 ' 2  +  8  4  =  4°: 

i=l  /= 1 

A/..  =  y  m,x,  =  4  •  (— 1)  +  8  ■  2  =  12;  x  =  A/,,/m  =  I  and  y  =  Mx/m  =  y,  so  the  center  of  mass  of  the  system 


1=1 

is(?.y)=(l.^). 

20.  A/,  =  X  m,y,  =  6  (-2)  +  5  (4)  +  I  (—7)  +  4  (- 1 )  =  - 

IS =| 

4 

and  m  =  £  m,  s=  16,  so  x  =  My/m  =  y|  =  ^  and  J? 
#=1 

(?.3;)  =  (t-'r)- 

21.  A  =  fix2  dx  =  [j*3]o=  f- 

*  =  /f"1  Io  x  x2dx  =  S  [H0  =  S  ■  4  =  2- 

?  =  '4~‘  Jo  5  (•’f2)2  dx  =  l  l  [V]o  =  TS  T  =  l 
Centroid  (x,y)  =  f)  =  (1.5,  1.2). 


22.  A  §-27=18. 

§  243  =  §2, 

y  -  7  fo  i  (^)2  dx  =  Ti  •  5  [jx2]0  =  75  =  8- 
Centroid  (x.y)  —  =  (5.4.  1.125) 


4 

3,  Alv  =  X«4i  =  6(1)  +  5  (3) +  1  (-3) +  4(6)  =  42, 

i=t 

iV/j/m  =  — the  center  of  mass  is 


23.  A  =  ^exdx  =  lexH,  =  e-l, 

1  =  7/0'  re*  rfj  =  [.re*  -  e'Jo  (by  Parts) 

=  ST*T  1°  —  <— I)]  =  s4t* 

?=^/o'i(02rf.v  =  rLTiP]i  =  4<2JrTi(^-')  =  i^- 

Centroid  (x.y)  =  „  (0.58.0.93). 
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24.  A  =  dx  =  [In*];  =  In 2,  *  =  ^  /,2  *  •  dx  =  i  [*]?  =  £  =  |fj, 

=  Tib  (-5  +  ')  =  Tib 
Centroid  ( x.y )  =  (jfj,  as  (1.44.0.36) 


25.  From  Ihc  Figure  we  see  lhat  *  =  J  (halfway  from  *  =  0  to  y).  Now 
A  =  Jq/2  sin  2*  dx  =  —  j  [cos2*]J'/“  =  — j(— 1  —  l)=l,so 
y  =  7  Jo*'2  2  sin2  2.x  </*  =  {  /0*/2  2-5(1-  cos4*)</* 

=  i[*-isin4.v];/2=l. 

Centroid  (*,J0  =  (7,  f  )• 

26.  .4  =  /,e  ln.x  </*  =  [.x  In.x  —  *]*  =  0  —  (—  1)  =  I, 

*  =  1  [x  In*  rf*  =  in*  -  i*’J  =  -  Je2)  -(-*)-  ^±1. 

y  —  —  f  ^n‘  ^  dx  =  ^  f  (In  Jr)2  dx.  To  evaluate  J  (In*)2  dx ,  take  w  =  In*  and  do  —  In x  dxs  so  that 
A  Ji  2  2  J\ 

du  =  l/.x  dx  and  0  =  x  In  jc  —  .x.  Then 


/  (In.x)2  dx  =  .x  (In*)2  —  x  (In.x)  —  f  (x  In.x  —  .x)  J  dx  =  x  (In*)2  —  *  (In*)  —  J  (In*  —  1  )dx 
=  *  (In*)2  —  *  In*  —  *  In*  +*+*+C=*  (In*)2  —  2*  In*  +  2*  +  C 

Thus,  y  =  |  [*  (In*)2  —  2*  In.x  +  2*]‘  —  5  \{e  —  2e  +  2e)  —  (0  -  0  +  2)]  =  So 


( x,y )  = 


27.  A  =  /*'  (cos*  —  s\nx)dx  =  |sin*  +  cos*]q  =  >/2  —  I, 


*  =  A~]  Jq  x  (cos*  —  sin*)*/*  =  A  1  [*  (sin*  +  cos*)  +  cos*  —  sin*]J'  [integration  by  parts) 


=  /r'(fv^-i)  = 


bv/2-  I 

•Ji  —  1 


y  =  A~'  fo  4  5  (cos2*  -sin2*) dx  =  jL  /O‘r/4cos2 xdx  =  ±  [sin2jr]„  4  =  jL  = 

/»•./?_  ,1  I  \ 

(*.?) 


/  ar  >/2  —  4  I  \ 

■  '  _  \4  ('/^  _  l)  4  (n/2  —  l)  y 
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•  A  =  /„'  x  dx  +  /,J  i  dx  =  [Jjc2]o  +  lln.xlf  =  5  +  In2, 

I  =  \  [/o'  X2dx  +  /,2  I  dx]  =  i  +  M?)  =  7  (j  +  ')  = 


1  +21n2 


y=A 


Jo  dx  +  f!  5*  ‘ dx]  =  s?  ([Hi + [-;],) = n  G  +  0 


4  8 

'  3  “  3(1  +2ln2)’ 

5  5 

“  12/1  -  6  +  12  In  2 


(x,y)  =  ( - — ; - ,  - ^ ■  7  Y  The  principle  used  in  this  problem  is  slated  after  Example  3:  the 

\3  (1  +  2ln2)  6(1  +  2  In 2) /  v  v 

moment  of  the  union  of  two  non-overlapping  regions  is  the  sum  of  the  moments  of  the  individual  regions. 


29.  From  the  figure  we  see  that  y  =  0.  Now 

^  =  fo  2>/5~—~x  dx  =  2  ^  (5  —  x)3/2J3 

=  2(0+  |  -53/2)  =  f  s/5 

SO 

X  —  7  Jo*  [v/5  _  X  ~  ( — s/5  -x)]  dx  =  Jf  /05  2x./5  -xdx 
—  -jj  /yj  2  (5  —  u2)  u  (—2 11)  du  ( u  —  s/5  —  x,  x  =  5  -  it2.  u2  =  5  —  x.  dx  =  —2 u  du ) 

=  7  /o^"2  (5 -»2)du  =  *  [J«}  "  =  5$,  (^s/5- 5V5)  =  5  -  3  =  2 

Thus,  the  centroid  is  (J,  y)  =  (2, 0). 


30.  By  symmetry,  Mv  =  0  and  x  =  0;  A  =  ■  I2  +  4,  so  m  =  />A  =  5  (y  +  4)  =  |  (*r  -f  8); 


3  (it  +  8)  / 


at,  =  /i'2/0'  *  [(Vnr?)  -  ( — 2>2 

y  =  ^ K<*  =  soA*>  •  =  “TfiFtS)-  <*• y)  =  (°’ 

31.  By  symmetry,  A1V  =  0  and  x  =  0.  A  —  \bh  =  \  ■  2  -  2  =  2. 

Mx  =  2/i  /„'  i  (2  —  Zv )2  rfjt  =  (2  •  I  •  j  •  22)  /0'  (I  -  x)2  dx 
=  4[-j(l-x)^  =  4.|  =  | 


dx  =  5  /0'  (-x2  -  3) dx  =  -5  [|x3  +  3x]'o  =  -5  •  f  =  -f : 


?  =  ~  FT  '  3  =  i  “  (°-  j) 


32.  By  symmetry'  about  the  line  y  =  we  expect  that  .r  =  y.  A  =  so  »i  =  />/!  —2A—  ^jrr2. 

A/s  =  /i  /o'  i  (s4^P)2  rfx  =  Jf  (r2  -  x2)  </x  =  [r2x  -  =  §r3. 

A/y  =  ,,  /'  xV^4x  =  £  (r2  -  x2)l/2  Zx  </x  =  /0'2  i,1'2  </«  («  =  r2  -  x2)  =  [§■*/*£  =  \r\ 

1  =  l,  =  7P-  (H  =  y  ”  ^  (H  =  (x,y)  =  (£r.  £r). 
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.7  =H2*  (2*  -  *2)  d,  =  1  f2  (x2x -x')dx  =  i,  J2  [xe^*  -  *3]  dx 
=  2)7  ~  l)«<ln2,T  _  3*4j  (or  use  parts) 


\(x  1  W  i,tlJ  1^2* 

2”  *4] 

L \to2  (In 2)2  /  "  4  Jo  A[\n2 

(In 2)2  4  J, 

_  i  r  8  4  t  i  i  i  r  8  3 

_/(Lln2  (In 2)2  +  (in 2)2 J  ~  A  [ In 2  (|n2)2 

(1.297453)  «  0.781 


y=lJ ol  [(21)2  -  (J(2)2]  dx  =  7  fo  5  (21'  -  *4) dx  =  ^  Y\ 


2  In  2 


(— 

32  1  \ 

l-ifJL- 

\2  In  2 

5  2  In  2  J 

A  \4 In2 

s) 

(2.210106)  1.330 

A 


34.  The  curves  y  =  *  +  In  x  and  y  =  *3  —  *  intersect  at 

(a,  c )  (0.447141,  -0.357742)  and  (b,  cl)  =»  (1.507397, 1.917782). 

A  =  /*  (*  +  In*  -  .v3  +  x) dx  =  J*  (2jc  +  Injc  —  *3) dx 

’=  [*2  +  .x  In  v  -  *  -  J.t4]A  ss  0.70978 1 


2.5 


x  =  1  Sa  x  (2*  +  In*  —  *3)  dx  =  jj  f*  (2x~  +  *  In*  —  *4)  dx 
=  7  [ij*3  +  ^jc2  (2  In.v  -  I)  -  J*5J*  %  i  (0.699489)  w  0.985501 
y  =  7  Ju  5  [(*  +  to*)2  -  (*3  -  *)2]  dx  =  JA  S*  [2*  to*  +  (In*)2  -  *6  +  2*4J  dx 

101  and  h 

**=  jL  [*2  In*  -  j*2  +  *  (In*)2  -  2*  In*  +  2*  -  i*7  +  j*5]  as  jL  (0.765092)  as  0  538964 


So  (7,7)  =s  (0.986, 0.539). 
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35.  Choose  x-  and  y-axes  so  that  the  base  (one  side  of  the  triangle)  lies  along 
the  x-axis  with  the  other  vertex  along  the  positive  y-axis  as  shown.  From 
geometry,  we  know  the  medians  intersect  at  a  point  \  of  the  way  from  each 
vertex  (along  the  median)  to  the  opposite  side.  The  median  from  B  goes  to 
the  midpoint  ^  i  (o  +  c) ,  0^  of  side  AC,  so  the  point  of  intersection  of  the 

medians  is  (j  •  j  (a  +  c) ,  \bj  =  (;(o+c),  j  (>).  This  can  also  be  verified  by  finding  the  equations  of  two 
medians,  and  solving  them  simultaneously  to  find  their  point  of  intersection.  Now  let  us  compute  the  location  of 
the  centroid  of  the  triangle.  The  area  is  A  —  5  (c  -  a)  b. 

x  =  7  [l?  v  i  (fl  “  *) dx  +  fo  *  '  7  “  *) dx]  =  IT  [s  fa  (<**  -  *2) dx  +  *  Jo  («  “  *2) dx] 

=  £  [k2  -  +  £  [  k2  -  k3I  =  £  [-k  +  k3]  +  £  [k  -  k] 

1  2  c3  I  /  .2  _2\  (H-t- 

6  +  c(c  —  a)  *  6  “  3 (c  -a)  \C  °  )  “  '  3 


<i(c  -  a) 


and 


7  =  Jr  [/„°  5  (ka  - J())2  dx  +  Jo  5  (kc  -  *))2  <*•'] 

=  i  [  £  X?  k  -  2«  +  *2)  *  +  |r  £  (c2  -  2c*  +  *2)  rfx] 

=  i[^p*-n*= ,  +  ki  +  ^[A-«,  +  k];] 

=  *  [s?  H + “3  -  k3)  +  £  (<3  -  ^  +  k)]  =  7  [t  (-+-)]  =  ^ 


^  =  t 


(a  -F  c  b\ 

— - — ,  -  I  as  claimed. 

Remarks:  Actually  the  computation  ofy  is  all  that  is  needed.  By  considering  each  side  of  the  triangle  in  turn  to  be 
the  base,  we  see  that  the  centroid  is  j  of  the  way  from  each  side  to  the  opposite  vertex  and  must  therefore  be  the 
intersection  of  the  medians. 

The  computation  ofy  in  this  problem  (and  many  others)  can  be  simplified 
by  using  horizontal  rather  than  vertical  approximating  rectangles.  If  the 
length  of  a  thin  rectangle  at  coordinate  y  is  f  (y).  then  its  area  is  C  (y)  Ay, 
its  mass  is  />(  (y)  Ay.  and  its  moment  about  the  x-axis  is 
A  Mx  =  pyt  (y)  Ay.  Thus, 

Mx  =  J  pyt O') dy  and  y  =  *  d~ 


b 

| 

1 


=  7fyt(y)dy 


c  —  a 

In  this  problem,  t  (y)  =  — - —  (b  —  y)  by  similar  triangles,  so 
b 


;=il  c-ry{b-y)dy=hL  [by-yl)dy=i[)tbyl-^l  =  h  jm 


b 3  b 

3 


Notice  that  only  one  integral  is  needed  when  this  method  is  used. 
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Since  the  position  of  a  centroid  is  independent  of  density  when  the  density  is  constant,  we  will  assume  for  convenience  that  p  =  1  in 
Exercises  36  and  37. 


36.  Divide  the  lamina  into  three  rectangles  with  masses  2,  2  and  6,  with  centroids  j,  l),  (o,  5)  and  ^2, 
respectively.  The  total  mass  of  the  lamina  is  10.  So.  using  Formulas  5,  6,  and  7,  we  have 

*  =  =  A  (~l)  +  TC  (°)+  TO  ( 2 )  =  TO'andT  =  ~~  ~  A  C)+  FI  (j)  +  TO  (j)  =  3- 

Therefore  (x,y)  =  (^,  f). 


37.  Divide  the  lamina  into  two  triangles  and  one  rectangle  with  respective  masses  of  2,  2  and  4,  so  that  the  total  mass  is 
8.  Using  the  result  of  Exercise  35.  the  triangles  have  centroids  f)  and  ('>  ?)  The  centroid  of  the  rectangle 

(its  center)  is  (0,  —5)  So,  using  Formulas  5  and  7,  we  havey  =  _  |  +  2  -y  | 

and  x  =  0,  since  the  lamina  is  symmetric  about  the  lincx  =  0.  Therefore  (x, y)  =  ^0, 


38.  A  sphere  can  be  generated  by  rotating  a  semicircle  about  its  diameter.  By  Example  4.  the  center  of  mass  travels  a 
distance  2try  =  2rr  —  y,  so  by  the  Theorem  of  Pappus,  the  volume  of  the  sphere  is 

1/  <  1  nrl  8r  4  3 

l'  =  Ad=  —  ■  —  =  Jitr3. 


39.  A  cone  of  height  h  and  radius  r  can  be  generated  by  rotating  a  right 

triangle  about  one  of  its  legs  as  shown.  By  Exercise  35.  x  =  j/\  so  by  the 
Theorem  of  Pappus,  the  volume  of  the  cone  is 


V  —  Ad  —  ir/t  •  2 it  ^  jrj  =  jtr/-2(i. 


40.  From  the  symmetry  in  the  figure,  y  =  4.  So  the  distance  traveled  by  the 
centroid  when  rotating  the  triangle  about  the  x-axis  is  d  =  2jt  ■  4  =  8a . 
The  area  of  the  triangle  is  A  =  \hli  =  j  (2)  (3)  =  3.  By  (he  Theorem  of 
Pappus,  the  volume  of  the  resulting  solid  is  Ad  =  3  (8x )  =  24rr 
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41.  Suppose  the  region  lies  between  two  curves  y  —  /(x)  and  y  —  g  (x)  where  /  (x)  >  g  (x).  as  illustrated  in 
Figure  13.  Choose  points  x,  with  a  =  x o  <  Jt|  <  ■  ■  •  <  x„  —  b  and  choose  x*  to  be  the  midpoint  of  the  tth 
subinterval;  that  is.  x,‘  =  x,  =  j  (x,_i  +  x, ).  Then  the  centroid  of  the  ith  approximating  rectangle  R,  is  its  center 
C,  =  (x, ,  jl/(x,)  +  g(x,)]).  Its  area  is  [/(*<)  —  g(x/)J  Ax,  so  its  mass  isp  |/(x/)  —  g  (x/))  Ax. 

Thus.  My  (/?,)  =  t>\f  (x,)  -g(x,)]  Ax  x,  =  fix,  [/(x,)  -g(x,)]  Ax  and 

Mx  (R,)  =  />I/(x,)  -g(x,)]  Ax  •  j  |/(x,)  +  g(x,)]  =P-  3  [/(xy)2  -g(x,)2]  Ax.  Summing  over  /  and  taking 
the  limit  as  n  — >  oo,  we  get  My  =  lim  px,  |  /  (x , )  —  g (x, )]  Ax  =  p  J"  x  [/  (x)  —  g  (x)]rfx  and 

Mx  =„li™0Z,P  ■  5  [/(*<)2  -g(x,)2]  Ax  =p/‘  J  [/(x)2  -g(x)2]rfx.  Thus, 


(b)  Using  Formula  9  and  the  fact  that  the  area  of  9k  is 

1  m  —  n 


A.  fa  tg -L.- 


m  +  1  (m  +  1)  (m  +  1) 


,  we  get 


('i+l )  (m 


!L±i>  f'x  \x"-x"'Ux=(n+')(m±V-  \— - — 1 

n  Jo  1  m-n  \_n  +  2  m  +  2] 


and 


_  (n  +  I )  (m  +  1) 
(n  +  2  )(m  +  2) 

=  (»+  l)(m  +  1) 

"  (2n+t)(2w  +  l) 

(c)  If  we  take  n  =  3  and  m  —  4,  then 


(n  +  1 )  (m  +  1 ) 
2  (m-n) 


~  I _ I  ' 

2n  +  I  2m  +  1  _ 


which  lies  outside  ‘31  since  ^2j  =  jjj  <  This  is  the  simplest  of  many 
possibilities. 
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=£,4 


Applications  to  Economics  and  Biology 


4«  »rnr 


1.  C  (2000)  =  C  (0)  +  =  1,500.000+  /020<l0  (0.006x2  -  1.5x  +  8)rfx 

=  1,500,000  +  [0.002a3  -  0.75.x2  +  Sx]*000  =  $14,516,000 


2.  S'  (x)  =  90  -  0.02x  and  S  ( 1 00)  =  $8800,  so 

S  (200)  =  S  ( 100)  +  S'  (x)  dx  =  8800  +  (90  -  0.02 x)  rfx  =  8800  +  [90x  -  0.01x2],“ 

=  8800  +  ( 1 8,000  -  400)  -  (9000  -  100)  =  $1 7,500 


3.  C  (x)  =  74  +  I .  lx  —  0.002.x2  +  0.00004.x3,  so  the  increase  in  cost  is 


C  (1600)  -  C  (1200)  =  (74  +  I  .lx  -  0.002x2  +  0.00004x3)  dx 


=  [74x  +  0.55x2  -  ^x3  +  0.00001x“ 

=  64,331,733.33  -  20,464,800  =  $43,866,933.33 


■  1 1600 
x4 

J  1200 


4.  Consumer  surplus  =  Jq°  \p  (x)  -  p  (30)]  dx 

-  fo°  [5  “  TSX  -  (5  -  Ts)]  dx 
=  [3x-^,xJf  =90-45  =  $45 


5.  p  (x)  =  10  =  =>  x  +  8  =  45  =i  x  =  37. 

x  +  8 

P( 

60l 

T37  T37  /  450  \ 

Consumer  surplus  =  [p  (x)  —  10]</x  =  /  I - -  —  10  1  dx 

Jo  Jo  \*  + »  / 

50' 

40- 

30* 

consumer 

Sfic  surplus 

=  [450  In  (x  +  8)-  I0x]jj7 

20* 

10 

=  450ln(f)  —  370  as  $407.25 

“oj 

10  20  30  40  x 

6.  ps  (x)  =  3  +  0.01.x2.  P  —  ps  (10)  =  3  +  1=4. 

4 

P,(X)  ^ 

Producer  surplus  =  fg°  [S  —  ps  (x)]  dx 

3 

producer 

=  /0IO[4-3-0.01x2]</x  =  [x-2fx3f 

2' 

surplus 

1 

=s  10  -  3.33  =  $6.67 

"o’ 

2  4  6  8  10  * 
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7.  P  =  ps(x)  =  10  =  5  +  =*  50  =  y/x  =>  x  =  2500. 


Producer  surplus  =  /02500  [ P  —  ps  C*)l  dx 

=  So (I0 - 5  -  rev'7)'/* 

r  ,  ,,,12500 

=  [5,r  -  tV*  /:jo  **  $4166.67 


,t  and  p  =  20  +  intersect  at  p  =  40  and  x  =  200, 

P 

consumer 

surplus 

Consumer  surplus  =  /0200  ^50  -  ^x  —  40^  dx 

r  ,  -.I200 

50- 

demand 

40 

30 

^(X.P) 

=  [l0-v  -  55l']0  =S'000 

20- 

supply 

producer 

Producer  surplus  =  fg00  (40  —  20  —  dx 

10 

surplus 

0 

_50 

150  *  250 

r  .  ii-00 

=  [20a  -  jj*2J  =  $2000 

„  800,000c -r;5000 

9.  p  (x)  = - =  16  =>  x  =  X|  =»  3727.04. 

‘  v  + 20.000 

Consumer  surplus  =  fg'  [p  (x)  —  1 6]  t ix  as  $37,753.01 


10.  The  demand  function  is  linear  with  slope  -jfi  =  —  75  and  p  (400)  =  7.5,  so  an  equation  is 
p  —  7.5  =  —  (.*  —  400)  or  p  =  —j^x  +  A  selling  price  of  $6  implies  that  6  =  -jgX  + 


75- 


185  84  _  101 

—  14  14  —  14 


,t  =  505. 


Consumer  surplus  =  /0505  (-55.x  +  ^pp  -  6)  dx  =  ^-pjg.*2  +  tSt*]0  **  $1821.61 

11.  / (8)  -  /( 4)  =  /48  f  (/)<*  =  /48  y/idl  =  [|'J/2]*  =  3  (l6v^  -  8)  «  $9.75  million 

/9  .  r  ,Op0.8,-|9  « 

(2200  +  10e0  8'J  <//  =  1^2200/  +  =  1 2 200/]  5  +  4  |ea8,J5 

=  2200  (9  -  5)  +  12.5  (e1 2  -  e4)  as  24,860 
iPfl4  ,t  (4000)  (0.008)4 


13.  F  = 


8//f 


8  (0.027)  (2) 


14.  If  the  flux  remains  constant,  then 


P=  P0  (|)4  %  3.1605  >  3/'o. 


1.19  x  10  4  cm3/s 
n  P0  ff4  _  xPR* 


Srjf 


8//L 


=  PK4 


-(*)■- 


*0 
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15.  f0'2c(t)dt  =  /0'2  (12  —  t)dl  =  [ft2  -  ^r3]^  =  (216  -  144)  =  72  mg  •  s/L.  Therefore, 

F  =  A/72  =  $  =  ^  L/s  =  $  L/min. 

16.  As  in  Example  3.  we  will  estimate  the  cardiac  output  using  Simpson’s  Rule  with  A t  =  2. 

Jo°c(l)dl  as  f  [I  (0)  +  4  (2.4)  +  2 (5.1)  +  4 (7.8)  +  2 (7.6) 

+  4  (5.4)  +  2  (3 .9)  +  4  (2.3)  +  2  ( 1 .6)  +  4  (0.7)  +  1  (0)] 
=  |(1I0.8)  as  73.87  mg  s/L 
.  -  d  8 

Therefore,  F  as  — —  =  — —  as  0. 1083  TVs  or  6.498  L/min. 


35 


Probability 


1.  (a)  J|qq°  /  (t)dt  is  the  probability  that  a  randomly  chosen  battery  will  have  a  lifetime  of  between  100  and 

200  hours. 

(b)  f  (t)  dl  is  the  probability  that  a  randomly  chosen  battery  will  have  a  lifetime  of  at  least  200  hours. 

2.  (a)  P  (180  <  X  <  240)  =  f?£  f(x)dx 
(b)  P  (0  <  X  <  200)  =  fg°°  f  (x)dx 

3.  (a)  In  general,  we  must  satisfy  the  two  conditions  that  are  mentioned  before  Example  1  —  namely,  (I)  f  (x)  >  0 

for  all  x,  and  (2)  jT>ogf(x)dx  =  I.  Clearly,  condition  (I)  is  satisfied.  For  condition  (2),  we  see  that 

JZ  f  (*) dx  =  /o'1 0. 1  dx  =  J  =  1 .  Thus,  / (x)  is  a  probability  density  function. 

(b)  Since  all  the  numbers  between  0  and  10  are  equally  likely  to  be  selected,  we  expect 
the  mean  to  be  halfway  between  the  endpoints  of  the  interval;  that  is,  x  —  5. 

F  -  o xf  (x)dx  =  Jq° x  (0.1) dx  =  [jjJt2]o  =  ^  =  5,  as  expected. 

4.  (a)  As  in  the  preceding  exercise,  (1)  /  (x)  >  0  and 

(2)  fTx  f  (x)dx  =  /010  /  (x)dx  =  j  (10)  (0.2)  |arca  of  a  triangle|  =  I.  So  f  (x)  is  a  probability  density 
function. 

(b)  (i)  P  (.V  <  3)  =  f03/(x)dx  =  }  (3)  (0.1)  =  ^  =  0. 15 

(ii)  We  first  compute  P  (X  >  8)  and  then  subtract  that  value  and  our  answer  in  (i)  from  I  (the  total  probability). 
P  (.V  >  8)  =  fg°f(x)dx  =  2  (2)  (0.1)  =  J,  =  0.10.  So  P  (3  <  X  <  8)  =  I  —0.15  —  0.10  =  0.75 

(c)  We  find  equations  of  the  lines  from  (0. 0)  to  (6, 0.2)  and  from  (6, 0.2)  to  (10, 0).  and  find  that 
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5.  We  need  to  find  m  so  that  f(t)dt  =  \  =>  lim  f*  ^e~'/5dt  =  j  =>  lim  [5  (— 5)«  1/5 j  =5  =» 

(-l)(0-t'-”/5)  =  |  =9  e-"*/5  =  j  =i  — m/5  =  In  5  =»  m  =  -5  In  |  =  5  In 2  *  3.47  min. 

0  if/  <  0 

6.  (a)// =  1000  =>/(/)=  . 

iAb*-""00  'f' >0 

(i)  />  (0  <  X  <  200)  =  /0200  raioe‘'/IOOO(//  =  [-e-'/|000]20°  =  -e"l/s  +  1  *»  0.181 

(ii)  P  ( A'  >  800)  =  /~  TW5e",/IOO° rf'  =  x!™, [-f',/l00°]800  =  0  +  e“4/S  *  0  449 

(b)  We  need  to  find  m  so  that  f(t)dt  =  j  =9  lim  f*  ^jL.e-'/iooo  dt  =  j  =>  lim  [— e-,',|000j^I  =  5 
=9  0  +  e~",/|00°  =  |  =>  -m/IOOO  =  In  j  =9  m  =  -lOOOIn  £  =  1000ln2  %  693.1  h. 

7.  Wc  use  an  exponential  density  function  with  /1  =  2.5  min. 

(a)  P  (X  >  4 )  =  fi°f(t)dt  =  \ jin^//  j|je-'/2Srf/=Jimo[-e-'/2  5]J  =  0  +  e‘4/2  5  as  0.202 

(b)  7»  (0  <  X  <  2)  =  /02  /(/)///  =  [ — f — ,/2  5]o  =  -«_2/2’5  +  I  =  0.551 

(c)  We  need  to  find  a  value  a  so  that  P  (X  >  a)  =  0.02,  or,  equivalently,  P  (0  <  X  <  a)  —  0.98  «=> 

Jq  f  (t) dt  =0.98  <=>  [— e-,/2s]JJ  =  0.98  <=>  -e-"/25+ I  =0.98  <=>  e""/2  5  =  0.02  «=9 

-a/2.5  =  In  0.02  <=>  a  =  —2.5  In  ^  =  2.5  In  50  as  9.78  min  as  10  min.  The  ad  should  say  that  if  you  aren't 


served  within  10  minutes,  you  get  a  free  hamburger. 


8.  (a)  /*  (65  <  X  <  73)  =  £  exp(- 4^)^  *  0  847  <usi"6 


a  calculator  or  computer  to  estimate 


the  integral). 

(b)  P  (X  >  72)  =  I  —  P  (0  <  X  <  72)  as  |  —  0.858  =  0. 142,  so  14.2%  of  the  adult  male  population  is  more  than 
6  feet  tall. 


9.  P  (X  > 


io)=rd^exp(-%r?)rfjt- 


integral  from  10  to  100.  Thus,  P  ( X  >  10)  '■ 


To  avoid  the  improper  integral  we  approximate  it  by  the 

I 


I  /  (x-9  4)J\ 

L  CXP(  2~4W Jdx  *  0  443  (using 


a  calculator 


or  computer  to  estimate  the  integral),  so  44.3%  of  the  households  throw  out  at  least  10  lb  of  paper  a  week. 


10. 


calculator  or  computer  to 


so  1  f  (x  —  50OT2  \ 

(a)  P  (0  <  X  <  480)  =  J  exP|  — ~ — fj5 —  J^x  **  0.0478  (using  a 

estimate  the  integral),  so  there  is  about  a  4.78%  chance  that  a  particular  box  contains  less  than  480  g  of  cereal. 

(b)  We  need  to  find  )i  so  lhat  P  (0  <  X  <  500)  =  0.05.  Using  our  calculator  or  computer  to  find  P  (0  <  X  <  500) 
for  various  values  of  //,  we  find  that  if  /1  =  519.73,  P  =  0.05007;  and  if  //  =  519.74,  P  =  0.04998.  So  a  good 
target  weight  is  at  least  519.74  g. 

7<+2<t  1 


11.  P  (/<  -  la  <  X  <  //  +  2<r)  =  f 
gives  us 


;CXP(-^I2^)‘/JC- 


2a  O-Jlit 

[~  -4=e-'3/2  („  dt)  =  f~  e~'2/2dt  as  0.9545 
J-lOyJln  yjllt  7-2 


Substituting  t  =  - — —  and  dt  =  —  dx 
a  a 


where  c  =  \/p.  By  using  parts,  tables,  or  a  CAS,  we  find  that 
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0  if  x  <  0 

12.  Let  /(*)  = 

ce~cx  ifx  >  0 

(1) :  Jjce**  dx  =  ( «*■'/ A2)  (bx  -  I) 

(2) :  fx2ehx  dx  =  (ehx/  A3)  {b2x2  -  2 bx  +  2) 

Now 

1,2  =  J™ o  <-T  “  l‘)2  f(x)dx  =  jlc0(x  -  /i)2  f  (x )  dx  +  /0°°  (x  -  p)2  f(x)dx 
=  0  +  lim  c  fn  (x  —  p)2e~cx  dx  —c  ■  lirii  fil  lx2e~cx  —  2x/ie~cx  +  p2e~cx)  dx 

i-*oo  Ju  f~fOOxv  ' 

Next  we  use  (2)  and  ( 1 )  with  b  =  —  c  to  get 

[p~CX  .  »  e-CX  0—Ci f 

- T-  (c2x2  +  2cx  +  2 )  -  2/1  — T-  (-CX  -  I )  +  /I2 - 

V  t  cl  —c 

Using  THospital’s  Rule  several  times,  along  with  the  fact  that  //  =  1/c,  we  get 

4 

13.  (a)  First p(r)  —  —r2e^2r/"‘>  >  0  lore  >  0.  Next, 
ao 

[  p(r)dr=  f  ■^-r2e~2r/a<>  dr  =  4  lint  [  r2e~2r/u°  dr 

J- oo  Jo  al  aZ'->°°J o 

As  in  Exercise  12,  we  use  (2)  from  that  solution  (with  b  —  —2/ao)  and  I’Hospital’s  Rule  to  get 


a  =  -=  p 
c 


°n 

^("2) 


=  1 .  This  satisfies  the  second  condition  for  a  function  to  be  a  probability  density  function. 


4  r2  4 

(b)  Using  I’Hospital’s  Rule,  — r  lim  =  —  lim 


2r  2 

=  —z  lim 


=  0. 


air-,ooe^/“0  a3  <— »oo  (2/au)e2,/uo  r>o  100  (2/°o)  e2r,a° 

To  find  the  maximum  of  p,  we  differentiate: 

„■  w  .  £  [■>.-»«  (-1) +.-»•  <*>]  -  »>  (-£  +  ■) 

r 

p'  (r)  =  0  cs  r  =  0  or  I  =  —  es  r  —  ao ■  p'  (r)  changes  from  positive  to  negative  at  r=  ao.  so  p  (r) 
oo 

has  its  maximum  value  at  r  =  ao- 

(c)  It  is  fairly  difficult  to  find  a  viewing  rectangle,  but  knowing  the 
maximum  value  from  part  (b)  helps. 

p(a0)  =  4ao‘,~2"o/t'3'  =  --e-2  9,684,098,979 


a° 

With  a  maximum  of  nearly  10  billion  and  a  total  area  under  the  curve 
of  1,  we  know  that  the  ‘hump”  in  the  graph  must  be  extremely 


4  X  10*'° 


narrow. 
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<d) 


tr  4  r4 a0  4 

/’(/•)=  /  —rS‘e~2*S“o  ds  =>  P  (4oo)  =  /  -js2e~2s/a°  ds.  Using  (2)  from  the  solution  to 

JO  £1#  .10  dfl 


Exercise  12  (with  6  =  —2/ao). 
P 


4  r  -2v/u„  /  4  4  XT4""  4  /  Oq  \  r  g  1 

<4«0)  =  —  jl -s2  +  -s  +  2)  =-(-4  )U“‘(64+16  +  2  -1(2) 

aoL-8H\«o  /Jo  ao\-8/L  J 


=  (82e‘8-2)  =  1  -41?-®  < 


i  0.986 


(e)  fi  =  fxx  rp  (r)dr  =  —  lim  /<[  rie  2r^a°dr.  Integrating  by  parts  three  times  or  using  a  CAS,  we  find  that 


ehx  2 

f  x'\‘hxdx  =  — j-  (b3 jc3  —  362.r2  +  66x  —  6).  So  with  b  — - ,  we  use  l’Hospital’s  Rule,  and  gel 

b * 

4  r  a*  i 

"  =  7  ?6(~6)  = ^ 


Review 

-  CONCEPT  CHECK  — —  — . — 

1.  (a)  The  length  of  a  curve  is  defined  to  be  the  limit  of  the  lengths  of  the  inscribed  polygons,  as  described  near 

Figure  3  in  Section  9.1. 

(b)  See  Equation  9.1.2. 

(c)  Sec  Equation  9. 1 .4. 

2.  (a)  5  =  So  l*f(x)yl\+[f'(x)?dx 

(b)  If  at  =  g  O'),  e  <y  <d.  then  S  =  jf  2  tryj  1  +  [g'  (y)]2  dy. 

(e)  S  =  /*  2itXyJ  \  +  [  f  (x ) J 2  dx  or  S  =  g  2ng  (y)  J \  +  [g  O')]2  dy 

3.  Let  c  (x)  be  the  cross-sectional  length  of  the  wall  (measured  parallel  to  the  surface  of  the  fluid)  at  depth  x.  Then  the 
hydrostatic  force  against  the  wall  is  given  by  F  =  J*  rixe  (nr)  dx,  where  a  and  b  are  the  lower  and  upper  limits  for  x 
at  points  of  the  wall  and  6  is  the  weight  density  of  the  fluid. 

4.  (a)  The  center  of  mass  is  the  point  at  which  the  plate  balances  horizontally. 

(b)  See  Equations  9.3.8. 

5.  If  a  plane  region  3ft  that  lies  entirely  on  one  side  of  a  line  t  in  its  plane  is  rotated  about  t,  then  the  volume  of  the 
resulting  solid  is  the  product  of  the  area  of  31  and  the  distance  traveled  by  the  centroid  of  3ft. 

6.  Sec  Figure  3  in  Section  9.4,  and  the  discussion  which  precedes  it. 

7.  (a)  See  the  definition  before  Figure  6  in  Section  9.4. 

(b)  See  the  discussion  after  Figure  6  in  Section  9.4. 

8.  A  probability  density  function  /  is  a  function  on  the  domain  of  a  continuous  random  variable  X  such  that 

J"  f  ( x )  dx  measures  the  probability  that  X  lies  between  a  and  b.  Such  a  function  /  has  nonnegative  values  and 
satisfies  the  relation  fn  /  Or)  dx  =  1 ,  where  D  is  the  domain  of  the  corresponding  random  variable  X.  If  D  =  S, 
or  if  we  define  /  Or)  =  0  for  real  numbers  x  <f  D.  then  f  (x)  =  I .  (Of  course,  to  work  with  /  in  this  way,  we 
must  assume  that  the  integrals  of  /  exist.) 
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9.  (a)  /0100  /  (at)  dx  represents  the  probability  that  the  weight  of  a  randomly  chosen  female  college  student  is  less 
than  100  pounds. 

<b)  /'  =  /-“  */  t*)  dx  =  /«“  *f  (*) 

(c)  The  median  of  /  is  the  number  m  such  that  f  (x)  dx  — 


EXERCISES 


1.  3a  =  2  (y  —  l)5/2,  2  <  y  <  5.  a  =  j  (y  —  l)3^2,  so  dx/dy  =  (y  —  l)1/2  and  the  arc  length  formula  gives 

L  =  J*  J\  + (dx/dy)2  dy  =  jr*  Vl  +  (y-t)rfy  =  //  %/ydy  =  [§y3/2]^  =  §  (5s/5  -  2^) 

/  rfy \2  ,  1  1  a2  I  1  a2  /I  a\2 

\dx )  x2  2  16  a2  2  16  V-t  4/ 


2.  y  =  Ina  —  : 


dy  _  I  x 
dx  x  4 


L=l  Mi)*"/  (i  + j)rfAt  =  [ln.x  +  i-]i=(ln4  +  2)-(lnl  +  i)=2ln2+I 
3-  (a)  ^  =  j.t5  +  |  <  i  <  2  =»  =>  O'')1  =  J  (a1*  “  2  +  Ji)  => 

(b)  5  =  J-  2*yj\  +  (£)  </a  =  2a  j'  (£  +  £  (x2  +  </*  =  a  /,2  (*a5  +  +  **-») 

=  11  +  5*2  ~  J*”2],  =  *  [(ft  +  5  "  tc)  ~  (k  +  J  -  ?)]  =  1? 

4.  (a)  y  =  x2  =>  1  +  (y')2  =  I  +  4a2  => 

S  =  2aavT+4a7da  =  /,S  jy/udu  (u  =  I  +  4a2)  =  f  [u3/2]*  =  z  (s3/2  -  0 
(b)  y  =  x2  =>  l  +  (y')2  =  l+4.x2.  So 

S  =  2it  fg  a2s/l  +  4a2 dx  =  2a  Jg  j«2Vl  +  t/2j du  (u  =  2a)  =  J  Jg  u2V  1  +  u2 du 
=  f  [l"  (l  +  2"2)  v^l  +"2  -  5  In  |u  +  V\  +  u2|jfl  (u  =  tanfl  or  use  Formula  22) 

=  *  [*  (9)  VS  -  |  In  (2  +  V5)  -  o]  =  £  [l8s/5  -  In  (2  +  s/5)] 


dx 


5.  y  =  J/x  =  a,/3  =>  dy/dx  =  \x-2'2  =>  +  (dy/dx)2  =  ^1  +  1/  (9a4/3).  Call  this  /  (a).  Then 

I-  =  Ji  /  (•*) 

«  S,4  =  ffj  [/  ( 1)  +  4/(l.5)  +  2/  (2)  +  4/  (2.5)  +  •  •  •  +  2/  (7)  +  4/  (7.5)  +  /  (8)]  =»  7.08258 1 
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6.  Set  g  (x)  =  x  +  1/  (9x4/3)  =  x^3/(x).  (See  the  solution  to  Exercise  5.)  Then 


S  =  2n  /* g(x)dx 

*  2^5,4  =  2*  ^  [g  (I)  +  4g  (1.5)  +  2g  (2)  +  4g  (2.5)  +  ■  ■  •  +  2g  (7)  +  4g  (7.5)  +  g  (8)1 
at  2 it  (II. 364436)  as  71.404857 


7.  The  loop  lies  between  x  =  0  and  x  =  3 a  and  is  symmetric  about  the  x-axis.  We  can  assume  without  loss  of 
generality  that  a  >  0,  since  if  a  =  0.  the  graph  is  the  parallel  lines  x  =  0  and  x  =  3  a,  so  there  is  no  loop.  The 


1 


r3/2 


upper  half  of  the  loop  is  given  by  y  =  -—=  y/x  (3 a  —  x)  =  y/ax 1/2  —  : — — ,  0  <  x  <  3a.  The  desired  surface  area 

iy/a  iy/a 


is  twice  the  area  generated  by  the  upper  half  of  the  loop,  that  is,  S  =  2  (2jt)  J  x  y  1  +  (£)  ^ 

^  =  ^t-i/2_i!f  ^  l  +  (dy\2  =  ± 

dx  2  2  yfd  \dx)  4x 


-yfa 


1  X 

+  -  +  — .  Therefore 
4x  2  4a 


s=2(2k)L  v(t"_,/2+I 7a)dx=2KL  (^x'/2+x-^)dx 

=  2„  +  J-x^T  =  2x  r^3a^+  -^9a2yfa]  =  : 

L  3  5y/a  Jq  L  3  5Va  J 


,  2  ,  x3  x3'2  \  x3/2 

8-r  =°x-5x-+-  =  ^-^j,y  =  v^-3^  =» 

fa  x2  x3  "|3u  /3a2  9 a2  27a3 \  , 

=  2k  -x  +  — - — —  =  2*  (  +  — - — —  I  —  3 xa2 

f2  6  18a  J0  \  2  6  18a  / 


9.  As  in  Example  I  of  Section  9.3, 


F  =  Jo  MS*  <5  ~*)dx  =  pg  [fx2  -  Jx3]^  =  pg  (lO  -  f)  =  y<S  w  y  •  62.5  458.3  lb 

10-  F  =  /o’  (4  -  y)  2  (2y/y)  dy  =  4S  f*  (4yl/2  -  y3/2)  dy 

=  4<5[fy3/2-|yV2]^=4<5(M  — M) 

=  256<5  ( j  —  j)  =  ^<5 
=s  2133.3  lb  (<5  =  62.5  lb/ft3) 

y-4 
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11.  A  =  j'_2  [(4  -  x2)  -  (x  +  2)]  dx  =  f'_2  (2  -  x  -  x2)  dx  =  [2.x  -  £x2  -  }x3]'  } 

=  (2_._.)-(-4_2  +  f)  =  ?  ^ 

x  =  A~'  f'2x  (2-  x  -x2)dx  =  l  fl j  (2x  -  x2  -  x3)  </x  =  |  [x2  -  jx3  -  jx4]  ^ 

and 

y  =  /T1  /! 2{  [(4  -  *2)2  -  (*  +  2)2]  </x  =  £  fl2  (x4  -  9x2  -  4.x  +  1 2)  dx 
=  |  [^xs  -  3x3  -  2x:  +  I2x]'  2  =  5  [(5  -  3  —  2  +  12)  -  +  24  -  8  -  24)]  =  '-j 

So(x,y)  =  (-j,  y). 

12.  From  the  symmetry  of  the  region,  x  =  ^ .  A  =  J"3*^4  sinxr/x  =  [— cosx]3*^4  =  -J-  —  ^— -^)  =  s/2 

y~\  I^4  I  si"2  1  dx  =  \  Si’?  j(l  -  cos  It )  dx 

=  J73(f  +  » 

So  (x,  y)  =  (§,  (§  +  1))  a*  (1.57,  0.45). 

13.  The  equation  of  the  line  passing  through  (0,  0)  and  (3,  2)  isy  =  |x.  A  =  j  •  3  ■  2  =  3.  Therefore,  using 
Equations  9.3.8.  x  =  j  /03  x  (fx)  dx  =  f,  [x3]]  =  2,  and  y  =  }  /„3  ^  (f  x)*  dx  =  ^  [x3]2  =  J.  Thus. 

Cf.T)  =  (2j). 

14.  Suppose  first  that  the  large  rectangle  were  complete,  so  that  its  mass  would  be  6  •  3  =  18.  Its  centroid  would  be 
I ,  j).  The  mass  removed  from  this  object  to  create  the  one  being  studied  is  3.  The  centroid  of  the  cut-out  piece 

is  3).  Therefore,  for  the  actual  lamina,  whose  mass  is  15.  x  =  j|  (I)  -  ^  ^j)  =  jj.  and  y  =  j,  since  the 
lamina  is  symmetric  about  the  liney  =  |.  Therefore  (x,  y)  =  |). 

15.  The  centroid  of  this  circle,  (1,0).  travels  a  distance  2/r  (I)  when  the  lamina  is  rotated  about  they-axis.  The  area  of 
the  circle  is  it  (I)2.  So  by  the  Theorem  of  Pappus,  V  =  A2nx  =  x  (I)2  2tr  (1)  =  2tr2. 

16.  T  he  semicircular  region  has  an  area  of  jirr2,  and  sweeps  out  a  sphere  of  radius  r  when  rotated  about  the  x-axis. 

x  =  0  because  of  symmetry  about  the  line  x  =0.  And  by  the  Theorem  of  Pappus,  Volume  =  jtrr3  =  \xr2  (2rry) 
=>  y  =  y^-r.  Therefore,  (x,y)  =  (0,  3jr). 
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17.  x  —  100  =>  P  =  2000  -  0.1  (100)-  0.01  (100)2  =  1890 


Consumer  surplus  =  f0'00  \p(x)~  P\  dx  =  /0100  (2000  —  0.  lx  -  O.OIx2  -  1 890)  dx 

=  [  1 10.x  -0.05.V2  -  2fi.t3]‘°°  =  11,000-500-  =~  $7166.67 

18.  f024  c(t)dt  S, 2  =  ^  [I  (0)  +  4  (1.9)  +  2  (3.3)  +  4(5.1)  +  2(7 .6)  +  4  (7.1)  +  2  (5.8) 

+  4  (4.7)  +  2  (3.3)  +  4  (2.1)  +  2 (I .  I)  +  4  (0.5)  +  I  (0)J 
=  j  (127.8)  =  85.2  mg  s/L 

Therefore.  /•'  as  4/85.2  =  6/85.2  as  0.0704  L/s  or  4.225  L/min. 

^  sin  ((jx)  if0<x<l0 
0  if  x  <  0  or  x  >  10 

(a)  /  (x)  >  0  for  all  real  numbers  x  and 

/  (x)  dx  =  C  55  sin  (wx)  dx  =  55  •  7  [~  cos  (t5-')C  =  j  (-  cos  *  +  cos  0)  =  J  (1  +  1 )  =  I 

(b)  P(X  <  4)  =  f4xf{x)dx  =  fj  sin  (-fox)  rfx  =  }  [-cos^x)]*  =  \  (—  cos  ^  +  cosO) 
as  J  (-0.309017  +  I)  a;  0.345492 


19.  /(x)  = 


(c)  t‘  =  JT>xx/(x)dx  =  fuw  sin 

=  So  55  ■  fu  (sinu)  (t)*'  1"  =  T5x-du  =  fcdx] 

=  ~  Jg  u  sin  udu  =  j  [sin  u  —  u  cos  «]J  =  f  (0  —  it  (—  I  )J  =  5 
This  answer  is  expected  because  the  graph  of  /  is  symmetric  about 
the  line  or  =  5. 


-0.1 


iPO30sxsm-r-^"*(=!TTgt) 

Jiio  l5>/2ff  \  2  •  15J  J 

last  between  250  and  280  days  is  about  67.3%. 


as  0.673.  Thus,  the  percentage  of  pregnancies  that 


0  if /  <  0 

21.  (a)  The  probability  density  function  is  /(/)  = 

^e"'/8  if  /  >  0 

P  (0  <  X  <  3)  =  Jo  le~‘/Sdl  =  [~e-"8]o  =  -e'3/8  +  1  =  0.3127 

(b)  P  (X  >  10)  =  |e-"8  dl  =  Jnn_  [-e',/8]{0  =  ^lim,  (-e~t/8  +  e'l0/8)  =  0  +  e_5/4  as  0.2865 

(c)  We  need  to  find  m  such  that  P  (X  >  m)  =  4  =>  ie~'/S  dl  =  2  ==•  lim  [-e_'/8J*  =  x  =» 

lim  (-e~x'*  +  e-m/*)  =  i  =»  e~m'*  =  i  =>  -m/8  =  Ini  => 

x—*oc  -  *  * 

m  =  -8  In  y  =  8  In  2  as  5.55  minutes. 
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Problems  Plus 

1.  j:2  +  y2  <  4y  «=>  x2  +  (y  —  2)2  <  4,  so  5  is  part  of  a  circle,  as  shown 
in  the  diagram.  The  area  of  S  is 

Jo  \/4 y  -  y-dy  =  JZj  V4  -  »20i>  (n  =  y  -  2) 

=  |j i) \/4  —  i>-  +  j  (4)sin_1  (5u)]_2  =  T'  ~ 


Another  Method  (without  calculus):  Note  that  0  =  /ABC  =  so  the  area  is 

(area  of  sector  AOC)  -  (area  of  A  ABC)  =  5  ^22)  y  —  5  (1)  V3  =  ^ 

2.  y  =  ±  \A 1  —  r4  =>  The  loop  of  the  curve  is  symmetric  about  y  =  0,  and  therefore  y  =  0.  At  each  point  * 
where  0  <  .r  <  1,  the  lamina  has  a  vertical  length  of  Vx3  -  x4  -  (-\/x3  -  *4)  =  2  V*3  —  jr4.  Therefore, 

_  x  ■  2 s/.x 5  -  *4  dx  fo  xVx3  —  *4  dx 


J0‘  2Vx3  -x*dx  /J  sf^T'dx 
Jg  xVx3  —x4dx  =  fg  *5/2Vl  —  x  dx 


.  We  evaluate  the  integrals  separately: 


sin0  =  -Jx,  cos  Odd  =  dx/ (2^/x)  ,j 
3  , 


=  J^2sin60cos0y.-sin2000  [  2sin0cosl)d0  =  dx 

=  J0*/22  sin6  0  cos2  0  dO  =  J^2  2  [  £  ( 1  -  cos  20>]3  J  ( 1  +  cos  2/))  dO 
=  lo'2  S  ( 1  -  2  c°s  2»  +  2  cos3  21)  -  cos4  20)  dO 
=  Jo"2  1  [>  -  2cos20  +  2cos20  (1  -  sin2  20)  —  J  (1  +  cos40)2]  dO 

=  ^  [0  -  i  sin3  20]”  2  -  js[g/2  (l  +  2  cos  40  +  cos2  40)  d(t 
=  -  T2  [0  +  *  si"40]"2  -  55  Jo'2  (I  +  cos  80)  00 

=  If  ~  55  ["  +  5  S'n80]o  =  ra 


Vx3-*40*  =  fg  x3'2JT^ldx  =  2 sin4 0 cos0/l  -  sin2 000  (sin0=  V7) 

=  Jo’ 72  2  sin4  0  cos2  000  =  fg/2  2  ■  J  (1  -cos20)2  •  i  (I  +cos20)00 
=  fg  2  j  (1  -  cos  20  -  cos2  20  +  cos3  20)  00 
=  /«r/2  5  ['  —cos 20  —  ^  (I  +  cos 40)  +  cos 20  (I  -  sin2  2/))] 00 

=  J  [3  -  S  sin 40  -  i  sin3  2«]q  =  ft 

rherc,orc-  *  =  TJTT  =  s' and  ("7)  =  (r  °) 
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3. 


(a)  The  two  spherical  zones,  whose  surface  areas  we  will  call  S|  and  S2,  are 
generated  by  rotation  about  the  ,v-axis  of  circular  arcs,  as  indicated  in  the 
figure.  The  arcs  are  the  upper  and  lower  portions  of  the  circle 
x 2  +y2  =  r2  that  are  obtained  when  the  circle  is  cut  with  the  line  y  —  d. 
The  portion  of  the  upper  arc  in  the  first  quadrant  is  sufficient  to  generate 
the  upper  spherical  zone.  That  portion  of  the  arc  can  be  described 


by  the  relation  v  =  Jr2  -  y2  for  d  <  y  <  r.  Thus,  dy/dx  =  -y  J  Jr1  -  y2  and 


ds  ■ 


rdy 

7^7- 


From  Formula  9.2.8  we  have 


s>=L  2Wi+(S) dy- 


2k r  dy  =  2xr  (r  —  d) 


Similarly,  we  can  compute  S2  =  f‘'r  2xxj\  +  (dx/dy)2  dy  =  f?r  2k r  dy  =  2 xr  (r  +  d).  Note  that 
St  +  S2  =  4xr2.  the  surface  area  of  the  entire  sphere. 


(b)  r  =  3960  mi  and  d  =  r  (sin  75°)  a:  3825  mi,  so  the  surface  area  of  the 
Arctic  Ocean  is  about  2xr  (r  -  d)  as  2k  (3960)  (135)  as  3.36  x  106  mi2. 


(c)  The  area  on  the  sphere  lies  between  planes  y  =  yi  and  y  =  >>2,  where  vs  —  y\  =  h.  Thus,  we  compute  the 
surface  area  on  the  s 


sphere  to  be  S  =  2k x  y  1  2k r  dy  =  2k r  (y2  -  yi )  =  2xrh. 

This  equals  the  lateral  area  of  a  cylinder  of  radius  r  and 
height  h,  since  such  a  cylinder  is  obtained  by  rotating  the  line 
x  =  r  about  the  y-axis,  so  the  surface  area  of  the  cylinder 
between  the  planes  y  =  y\  and  y  =  >>2  is 

•4 = jf VI  +  (S)  dy  =  £ 2*r7^dy 

—  2xry\$Lyi  =  2k r  (y2  -  y\)  =  2k rh 


y  =  y  1 
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4.  (a)  Since  the  right  triangles  OAT  and  OBT  are  similar,  we  have 

^  r  =  —  =>  a  = - .  The  surface  area  visible  from  B  is 

r  a  I I  +  r 

S  =  f'  2nxJ  1  +  ( dx/dy )2  dy.  From  jt:  +  y2  =  r2,  we  get  ^  =  -  i 


y  ,  v  2  2.2  ■* 

,  ,  Idx\  -t-  + V-  r- 

and  I  +  I  —  I  = - ; —  =  -r.  Thus 

\dyj  x2  x2 


2 xx  ■  -  dy  =  2nr  (r  —  a)  —  2 nr 


(' 


tf  +  r 


) 


2nr2H 
r  + If 


(b)  If  a  light  is  placed  at  point  L,  at  a  distance .«  from  the  center  of  the  sphere 

of  radius  r,  then  from  (a)  we  find  that  the  total  illuminated  area  on  the  two 

2 xr2(x-R)  2k  R2  {d  -  x  -  R) 

spheres  is  A  — - h - : - . 

x  a  —  x 


0  =  r2  ■  -r  +  R2  ■ 


(d-x)2 


r2  R2 

<=>  0  =  -r  -  - - e 

X2  ( d-x )2 


R2x2  =r2[d2  ~(2d)x +x2]  <=> 


(R2 -r2)x2  +  (2r2d)x -r2d2  =  0  <=>  [(/?/r)3  -  l]  x2  +  (2d)x  -  d2  =  0.  Assume,  without  loss  of 
generality,  that  R  =  Xr,  where  /  >  I  Then  dA/dx  =  0  <=>  (s  '  —  I )  rt 2  +  {2d)  x  —  d2  =  0  <=> 


—2d  ±  2 dVI2  X2'2  —  I  ,  ,  .  d 

x=  2(X'-\~  ~  X  =  ~X2~^~T^  (since At  >  °)  «  -  «  IS/STf 
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5.  (a)  Choose  a  vertical  x-axis  pointing  downward  with  its  origin  at  the  surface.  In  order  to  calculate  the  pressure  at 
depth  r.  consider  n  subintervals  of  the  interval  [0,;]  by  points  x,  and  choose  a  point  x*  e  [x,  _  i ,  .r,  ]  for  each  i  . 
The  thin  layer  of  water  lying  between  depth  .v,_  i  and  depth  x,  has  a  density  of  approximately  /)  (x‘).  so  the 
w  eight  of  a  piece  of  that  layer  with  unit  cross-sectional  area  is  p  (at*)  gA.x .  The  total  weight  of  a  column  of 
water  extending  from  the  surface  to  depth  z  (with  unit  cross-sectional  area)  would  be  approximately 

n 

X  /J  {** )  g  Ax .  The  estimate  becomes  exact  if  wc  take  the  limit  as  n  — »  oo;  weight  (or  force)  per  unit  area  at 

i- 1 

n 

depth  z  is  W  =  lim  ^  P  (■'  ")  gA.t.  In  other  words.  P  (a)  =  /«  p  (x)gdx.  More  generally,  if  w  e  make  no 

n->00(=| 

assumptions  about  the  location  of  the  origin,  then  P  (:)  =  Po  +  J0"  P  (x)gdx,  where  Po  is  the  pressure  at 
x  —  0.  Differentiating,  we  get  dP/dz  =  p  (z)g. 


(b) 


F  =  f'r  p  (£  +.T) .  2  Jr1  -  x2  dx 

=  flr  (/‘a  +  f0'+x  poe-/Hgdz )  2  Jr-  -x-dx 
=  Po  flr  2  Jr2-x2  dx  +  Pag  1 1  f_r  (*<*■+»>/«  -  I)  •  2 -Jr^-x^dx 
=  (Po-  PogH)  flr  2-Jr-  -  x1  dx  +  PogH  f'r  eC+x)/H  .  2Vr:  -  x- dx 
=  (Po  ~  PogH )  (x-r2)  +  p0gHe,/H  flr  ex/H  ■  2jr2-x-dx 


6.  The  problem  can  be  reduced  to  finding  the  line  which  minimizes  the 
shaded  area  in  the  diagram.  The  equation  of  the  circle  in  the  first  quadrant 
isy  =  -J\  —  x2,  so  if  the  equation  of  the  line  is.v  =  h,  then  the  circle  and 

the  line  intersect  where  It  =  J I  —  ,v2  =>  x  =  J\  -  h2.  So  the  shaded 
area  is 


A  =  So  '  ('/l  -*2  -  *) dx  +  fyizjp  (h  ~  v'l  -*-) 

=  [-Mi/''"*'  +  n/I  -  x2  dx  +  V I  -x2dx 

=  + h  -  /ts/nrp + f/^  ym^dx + f/^  yr^jdx 

=  /r  ( 1  —  2  J\  —  A2)  +  jf1'  h  J\  —  x2  dx  +  f^11''  s/ 1  —  x 2  dx 

Note  that  at  ( ★  ),  wc  reversed  the  limits  of  integration  and  changed  the  sign  in  the  last  integral. 
We  are  interested  in  the  minimum  of  A  (li)  =  /i  ( 1  —  2s/1  —  /i2)  +  jf'  s/I  —x2dx  +  ff^'  v  I  —  x2  dx. 
so  we  find  JA/dli  using  KTC1  and  the  Chain  Rule: 


d_A_ 

dh 


= *  (-27f=p)  +  ('  - 2/,rp)  +  2  [y-(^)1  Th 

[2/12  +  s/i  - 1,2  -  2  (1  -  /j2)]  + ; 


s/l  -  h 2 


-/1 

VT  — h* 


PROBLEMS  PLUS  □  697 


This isO  when  Vl  —  h1  -  2 (I  —  h2)  =  0  «  u  - 2u2  =  0  (where u  =  s/1  -  h2)  «■  w  =  Oor|  <=> 

2 

h=  1  or  By  the  First  Derivative  Test,  h  =  ^  represents  a  minimum  for  .1  (A),  since  4'  (6)  =  1  - 
goes  from  negative  to  positive  at  h  =  . 

Another  Method:  Use  FTC2  to  evaluate  all  of  the  integrals  before  differentiating. 

Note:  Another  strategy  is  to  use  the  angle  t)  as  the  variable  (see  diagram  above)  and  show  that 
A  =  0  +  cos  0  —  f  —  y  sin  277.  which  is  minimized  when  0  =  y . 


7.  To  find  the  height  of  the  pyramid,  we  use  similar  triangles.  The  first  figure  shows  a  cross-section  of  the  pyramid 
passing  through  the  top  and  through  two  opposite  corners  of  the  square  base.  Now  \Bl)\  =  h,  since  it  is  a  radius  of 
the  sphere,  which  has  diameter  26  since  it  is  tangent  to  the  opposite  sides  of  the  square  base.  Also,  \  A  D\  =  6  since 
A ADB  is  isosceles.  So  the  height  is  \AB\  ■  s/62  +  62  =  \/2b. 


We  observe  that  the  shared  volume  is  equal  to  half  the  volume  of  the  sphere,  minus  the  sum  of  the  four  equal 
volumes  (caps  of  the  sphere)  cut  off  by  the  triangular  faces  of  the  pyramid.  See  Exercise  6.2.47  for  a  derivation  of 
the  formula  for  the  volume  of  a  cap  of  a  sphere.  To  use  the  formula,  wfe  need  to  find  the  perpendicular  distance  h  ot 
each  triangular  face  from  the  surface  of  the  sphere.  We  first  find  the  distance  tl  from  the  center  of  the  sphere  to  one 
of  the  triangular  faces.  The  third  figure  shows  a  cross-section  of  the  pyramid  through  the  top  and  through  the 

.  .  .  d  \AB\  s/26 

midpoints  of  opposite  sides  of  the  square  base.  From  similar  triangles  we  find  that  -  =  = 


/6=+(V26)2 


d  =  ^ =  =  #6.  So  h  = 
s/362  3 


.  h  —  —  — A^6.  So.  using  the  formula 

from  Exercise  6.2.47  with  r  =  6,  we  find  that  the  volume  of  each  of  the  caps  is 

„  ^ 2  J*' bj  (b  -  i"$:'0bj  =  is~96v^  .  6WL’)r62  =  ^  ^  %/t>^  ith3.  So.  using  our  first  observation,  the 

shared  volume  is  V  =  j  ^ir63^  —  4  —  yys/6^  nb3  =  (|f'/6  —  2^  irb3. 
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8.  Orient  the  positive  .t-axis  as  in  the  figure.  Suppose  that  the  plate  has  height 
A  and  is  symmetric  about  the  r-axis.  At  depth  x  below  the  water 
(2  <  .t  <  2  +  A),  let  the  w  idth  of  the  plate  be  2/  (.v)  Now  each  of  the  n 
horizontal  strips  has  height  A/n  and  the  ith  strip  (I  <  i  <  n)  goes  from 

x  =  2  +  ^  A  to  x  =  2  +  A.  The  hydrostatic  force  on  the  ith 

strip  is  F  (;')  =  „]/,  62-5v  [2/  (x)J  dx.  If  we  now  let 

x\2f  (j«r)]  =  A  (a  constant)  so  that  /  (x)  =  k/  (2.v).  then 

F  «  =  IlZ-W'-V'  62  5*  dx  =  62  $k  Wltwt/nV. 

=  «  [(2  +  JA)  -  (2  +  i=i*)j  =  62.5*  (*) 

So  the  hydrostatic  force  on  the  ith  strip  is  independent  of  /,  that  is,  the 
force  on  each  strip  is  the  same.  So  the  plate  can  be  shaped  as  shown  in  the 
figure.  (In  fact,  the  required  condition  is  satisfied  whenever  the  plate  has 
width  C/x  at  depth  x,  for  some  constant  C.  Many  shapes  are  possible.) 


9.  If  A  =  L,  then 


area  undery  =  L  sinA  _  f£  L  sinArfA  [-cosA)jJ  —(—!)+  I  2 
area  of  rectangle  it  L  it  it  it 


If  A  =  L/2,  then 


area  under  y  =  sin 0  5  /.  sin  A  dO  [-  cosAJJ 

area  of  rectangle  it  L  2it 


2_ 

2ir 


it 


10.  (a)  The  total  set  of  possibilities  can  be  identified  with  the  rectangular 

region  9t  =  (( 0,y )  \  Q  <  y  <  I..0  <  0  <  i?\.  Even  when  A  >  L,  the 
needle  intersects  at  least  one  line  if  and  only  if  y  <  A  sin  A.  Let 
9li  =  {(A,y)  (  0  <  y  <  A  sin  A,  0  <  0  <  n).  When  A  <  L,  9t|  is 
contained  in  91,  but  that  is  no  longer  true  when  A  >  L.  Thus,  the 
probability  that  the  needle  intersects  a  line  becomes 

_  area  (9L  n  9Lj )  area  (9L  n  5*  ( ) 

area  (91.)  it  I. 

When  A  >  the  curve  y  =  A  sin  A  intersects  the  line  y  =  I,  twice  — 
at  (sin-1  (/./A) ,  /,)  and  at  (jr  —  sin-1  ( L/h ) ,  L).  Set 
0]  =  sin-1  (/-/A)  and  (>i  —  it  —  6\ . 
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Then 

area  (9ft  n  ®, )  =  ft'  h  sin  0  dO  +  ftf  L  dl)  +  /„'  It  sin OdO 
=  2  ft'  hs\nt) d()  +  L  (tt2  -  0\) 

=  2/i  ( —  cos#]q'  +  L(i i  —  2ft) 

=  2h  (I  -  cosft)  +  L  (a  -  2ft) 

=  2h  -  2v/p"-  L2  +  irL-2L  sin-1  m 


Wo  are  told  that  L  =  4  and  h  =  7,  so  area(9ln3l|)  =  14  -  2733  +  An  —  8  sin  1  (?)  ^  10.21128  and 
P  _  J-areal^nS/L,)  =s  0.812588.  (By  comparison,  P  =  |  =»  0.636620  when  A  =  ft  as  shown  in  the 
solution  to  Problem  9.) 

(b)  The  needle  intersects  at  least  two  lines  when  y  +  L  <  h  sin/7;  that  is, 

when y  <  h sin//  —  ft  Set  4 

9^2  =  {( O.y )  |  0  <  y  <  Asintf-  ftO  <0  <  rr).  Then  the  3 

probability  that  the  needle  intersects  at  least  two  lines  is  2 

p2  -  _  area n ^  When  L  =  4  and  h  =  7, Sft2  l 

area  (2ft)  it  L 

is  contained  in  2ft  (sec  the  figure).  0 


Thus, 

ft  =  37 area (®i)  =  £  C”^4/7>  (7 sin 9  -4)/»  =  £  •  2  ~  *)M 

=  57  l-?cos 0  -  4«]'/:l(4/7)  =  27  [°  -  2*  +  7#  +  4sin“'  <4/7>] 

=  733  +  4  sin-1  (4/7)  -2.  *  „  3()|497 
2* 

(c)  The  needle  intersects  at  least  three  lines  when  y  +  21,  <  h  sin  A:  that  is,  when  y  <  h  sinO  —  2 ft  Set 

2ft3  =  {(fty)  |  0  <  v  <  A  sin  A  -  26,0  <0<rr\.  Then  the  probability  thatthe  needle  intersects  at  least  three 

lines  is  ft  =  area.(.?n^j  _  area  n  ^ .  (At  this  point,  the  generalization  to  ft,  n  any  positive  integer. 


area  (2ft)  tr  L 

should  be  clear.)  Under  the  given  assumption. 


ft  =  jjarea(Sft3)  =  73 -  f 


1  rff-sin  ’( 21. /h ) 


(Asinfl  —  2/.)  dO 


_  2  r*/2 


Jjin".(2/./*,  '• . — 

=  TT.  " ^C-tp,./*,  =  A  ["'*•  +  ^  -  4i2  +  2i  sin“' {2L/h)] 


Note  that  the  probability  that  a  needle  touches  exactly  one  line  is  P\  —  P2,  the  probability  that  it  touches  exactly 
two  lines  is  P2  —  P3,  and  so  on. 
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Differential  Equations 


Modeling  with  Differential  Equations _ 

1.  y  =  2  +  e-x>  =>  y'  =  -3x2e-*\ 

LUS  =  y'  +  3x2y  =  -3x2e~xi  +  3x2  (2  +  e-*3)  =  -3.x2e_,r3  +  6.x2  +  3x2e~x>  =  6jt2  =  RUS 

2  +  ln.x  x  (l/x)  —  (2  +  In*)  (I)  —  1  —  In jr  2  + In  I 

Zy  =  ~  =*  '  = - - ==_T_andy(I)  =  _r_=2. 

LHS  =  x2y  +xy  =  x2  ^ +  x  =  (-1  -  In.x)  +  (2  +  Inx)  =  1  =  RHS 

3.  (a)  y  =  sin kl  =>  y'  =  k  cos kt  =»  y"  =  — A2  sin kl.  y"  +  9y  =  0  =>  -k2  sink! +9 sink!  =  0  => 

(9 -A2)  sin*/  =  0  (for  all/)  =>  A  =  ±3 

(b)  y  =  Asinkt  +  BcosA/  =>  y'  =  ,-IAcosA/  —  BAsinA/  =>  y"  =  —Ak2  sin  A/  —  BA2  cos  A/ 

y'  +  9>'  =  -/IA2sinA/  -  BA2  cos  kl  +9  (/I  sin*/  +  BcosA/)  =  (9-  A2)  /( sin  kl  +  (9-  A2)  BcosA/  =  0. 
The  last  equation  is  true  for  all  values  of  A  and  B  if  A  =  ±3. 

4.  y  =  erl  =»  y  =  re'1  =>  v"  =  r2*'7.  y"  +  y'  —  6y  =  0  =>  r2erl  +  re'1  —  6erl  =  0  => 

(r2  +  /•  —  6)  e"  =  0  =»  (r  +  3)  (r  —  2)  =  0  =>  /•  =  -3  or  2 

5.  (a)  y  —  e1  =>  y'  =  e‘  =»  y"  =  e' .  LHS  =  y"  +  2y'  +  ^  =  e'  +  2e'  +  e'  =  4e'  y  0,  so  y  =  e'  is  not  a 

solution  of  the  differential  equation. 

(b)  y  =  e  '  =>  y  =  -e~‘  =>  y"  =  e~'.  LHS  —  y"  +  2y  +y  —  e~‘  —  2e~'  +e~'  =  0  =  RHS.  so 

y  =  e~'  is  a  solution. 

(c ) y  =  te~'  =*  y  =  e“'(l—  /)  =>  y"  =  e~‘  (/  -  2). 

LHS  =  y"  +  2v'  +  y  =  «"'(/-  2)  +  2«T'  (1  -  /)  +  /<"'  =  e~'  [(/  -  2)  +  2  (I  -  /)  +  /] 

=  e_<  (0)  =  0  =  RHS 
so  y  =  te~'  is  a  solution. 

(d) >"  =  /2e-'  =J  y=/e“'(2  —  /)  =»  y'  =  e*'  (/2  -  4/  +  2). 

LHS  =  y"  +  2y'  +  y  =  e~'  (/2  -  4/  +  2)  +  2/e~'  (2  -  /)  +  /  V' 

=  e-‘  [(/2  -  4/  +  2)  +  2/  (2  -  /)  +  z2]  =  e~‘  (2)  y  0 

so  y  —  is  not  a  solution. 
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6.  (a)  y  =  Ce*2'2  =>  y'  =  Ce*2'2  (lx/2)  =  xCe'2'2  =  .tv. 


(c)  y  (0)  =  5  =5  Cc°  —  5  =5  C  =  5,  so  the  solution  is  y  =  Se*2!2. 

(d)  .v(l)  =  2  =>  Ce*!2  =  2  =>  C  =  2<r|/2,  so  the  solution  is 

y  =  le-'^e*2'2  =  2e(,J_1)/2. 


7.  (a)  Since  the  derivative  /  is  always  negative  (orO),  the  function  y  must  be  decreasing  (or  have  a  horizontal 
tangent)  on  any  interval  on  which  it  is  defined. 


(b)  y 


I 


=>  /  =  — ; 


I 


x  +  c  '  (x  +  cy 

(c)  y  =  0  is  a  solution  of/  =  —  y2. 

(d)  y  (0)  =  p  and  y  (0)  =  0.5 


— .  LHS  =  /  = - '-2=-(  -L- V  =  -y>  = 

->2  (*  +  Q2  \x  +  Cj  } 


RIIS 


C  —  2.  so  y  = 


•v  +  2' 


8.  (a)  If  x  is  close  to  0.  then  xy2  is  close  to  0.  and  hence,  /  is  close  to  0.  Thus,  the  graph  ofy  must  have  a  tangent  line 
that  is  nearly  horizontal.  If  x  is  large,  then  jry5  is  large,  and  the  graph  of  y  must  have  a  tangent  line  that  is 
nearly  vertical.  (In  both  cases,  we  assume  reasonable  values  fory.) 

-1/2 


2\~W 

3 


(b)  y  =  (O  —  x2)  =»  y'  =  x(C-x2) 

RHS  =  try3  =  x  £(c  —  .v2^  '  2J 
A-V2 


(c) 


x  (c  —  v2)  1  =y'  =  LHS 


(d)  y(0)  =  (C  -  Or1-'2  =  I//C  andy(0)  =  2  =j  /C  = 


-(M 


-1/2 


9.  (a) 


=>  C  =  j.  so  y 

dP  .  „  / 

dl  ~  2/  \  " 
for  /’  <  4200  (assuming  that  /’  >  0). 

P  >  4200 


P  \  dP  ,  P 

4200  J  dl  >  °  ^  1  _  4200  >  ° 


When  x  is  close  to  0,  y'  is  also  close  to  0. 
As  x  gets  larger,  so  does  |y'|. 

P  <  4200  =>  the  population  is  increasing 


.  dP 

(b,-<0 

dP 

,e)-=0 


P  =  4200  or  P  =  0 


10.  (a)  y  =  k  =»  /  =  0.so  ~  =y4-6y3  +  5y2  =s  0  =  A4  -  6A3  +  5k2  =>  k2  (k2  —  6k  +  5)  =  0  => 
k2  (k  -  I)  (A  —  5)  =  0  =>  A  =  0.1,  or  5 

(b)  y  is  increasing  «  ^>0  y2  (y  -  1)  (y  -  5)  >  0  <=>  y  6  (-oo,  0)  U  (0,  I )  U  (5,  oo) 

(c)  y  is  decreasing  <=>  ^-<0  «  ye  (1,5) 
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11.  (a)  P  increases  most  rapidly  al  the  beginning,  since  there  are  usually 

many  simple,  easily-leamed  sub-skills  associated  with  learning  a 
skill.  As  I  increases,  we  would  expect  dl’/dl  to  remain  positive,  but 
decrease.  This  is  because  as  time  progresses,  the  only  points  left  to 
learn  arc  the  more  difficult  ones. 

(b)  dl’/dl  is  always  positive,  so  the  level  of  performance  is  increasing. 
As  /’  gets  close  to  M.  dP/dl  gets  close  to  0.  that  is,  the  performance 
levels  otT.  as  explained  in  part  (a). 

12.  (a)  The  coffee  cools  most  quickly  as  soon  as  it  is  removed  from  the  heal 

source.  The  rate  of  cooling  decreases  tow  ard  0  since  the  coffee 
approaches  room  temperature. 

(b)  —  =  k  (y  -  R).  where  k  is  a  proportionality  constant,  y  is  the 
dl 

temperature  of  the  coffee,  and  R  is  the  room  temperature.  The  initial 
condition  is  y  (0)  =  95°C.  The  answer  and  the  model  support  each 
other  because  as  y  approaches  li,  dy/dl  approaches  0,  so  the  model 
seems  appropriate. 


EE22-2  Direction  Fields  and  Euler's  Method 
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(b)I''orc<2.  lint  v  (O  is  finite.  In  fact,  if  c  =  2  then  lint  y(l)  =  2and  ife  <  2  then  lim  y  (0  =0.  The 

v  ’  —  l~*oo'  /-» oo‘  l-»00 

equilibrium  solutions  arc  y  =  0  and  y  =  2. 

3.  y'  =  y  —  I .  The  slopes  at  each  point  are  independent  of  x,  so  the  slopes  are  the  same  along  each  line  parallel  to  the 
x-axis.  Thus.  IV  is  the  direction  field  for  this  equation.  Note  (hat  for  v  =  1.  y'  =  0. 
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A.  y  -  y  x  -  0  on  the  line  y-x,  when  *  =  0  the  slope  is  y.  and  when  y  =  0  the  slope  is  -x.  Direction  field  II 
satisfies  these  conditions.  [Looking  at  the  slope  at  the  point  (0, 2),  II  looks  more  like  it  has  a  slope  of  2  than  does 
direction  field  I.] 


5 '  *  '  0  =4  y  ±.t.  There  arc  horizontal  tangents  on  these  lines  only  in  graph  HI,  so  this  equation 

corresponds  to  direction  field  III. 


6-  -V  -  y  -*  =  0  ">c  line  r  =  when  *  =  0  the  slope  is  r>,  and  when  y  =  0  the  slope  is  The  graph  is 

similar  to  the  graph  for  Exercise  4.  but  the  segments  must  get  steeper  very  rapidly  as  they  move  away  from  the 
origin,  because  v  and  v  are  raised  to  the  third  power.  This  is  the  case  in  direction  field  I. 
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15.  In  Maple,  we  can  use  either  directionf  ield  (in  Maple’s  share 
library)  or  plots  [  f  ieldplot  ]  to  plot  the  direction  field.  To  plot  the 
solution,  we  can  either  use  the  initial-value  option  in  directionf  ield, 
or  actually  solve  the  equation.  In  Mathcmatica,  we  use 
PlotVectorField  for  the  direetion  field,  and  the 
Plot  [Evaluate  (..  .| )  construction  to  plot  the  solution,  which  is 

y  —  e(l-cos2*)/2 


3 


/  /  \  \ \ 

/  /  /  \  \ 

/  /  /\\  \  \ 

/  /  /  /y\  i  \ 

/  /  \  \ 

/  /  ///  \  \ 

/  ///  X  \  \  \ 

/  /  I  /  \\\  \ 

/  /  /  /  \  V  \ 

/  /  /  \  \\\  \ 

/  i/i  ^  \  \  \ 

/  A  /  \  \\  \ 

y  //  i  s  \  \\  \ 

///  \\ 

y  /  /  ^\  \\\ 

/  /  / v \ 

/--\  \  V 

/  /  \  \  \ 

/  /  /,^\  \  \ 

>> 

/  /-\  \  \ 

In  Derive,  use  Direction_Field  (in  utility  file  ODE  APPR)  to  plot  the  direction  field.  Then  use 
D50L.VE  1  (-y*SIN(2*x),l,x,y,0,l)  (in  utility  file  ODE1)  to  solve  the  equation.  Simplify  each  result. 


16.  See  Exercise  1 5  for  specific  CAS  directions.  The  exact  solution  is 

2  +  x - l _ 

y  =  -x-2  arctan - l+^an(1/2) 

*  ~  I  +tan(I/2) 


o 


/.  =  lim  y  (/)  exists  for  —  2  <  c  <  2;  L  =  ±2  for  c  =  ±2  and 
f-»oo 

L  =  0  for  —  2  <  c  <  2.  l;or  other  values  of  c,  L  does  not  exist. 


18. 


Note  that  when  /  (v)  =  0,  we  have  y'  —  f  (y)  =  0;  so  we  get  horizontal 
segments  at  y  —  ±  I ,  ±2.  We  get  segments  with  negative  slopes  only  for 
1  <  |y|  <  2.  All  other  segments  have  positive  slope.  For  the  limiting 
behavior  of  solutions: 

•  Ify(O)  >  2,  then  lim  y  =  expand  lim  y  =  2. 

/— >CO  I-*-  00 

•  If  I  <  y  (0)  <  2,  then  lim  y  =  1  and  lim  y  =  2. 

/— »oo  /— *  — oo 

•  If  —  1  <  y(0)  <  1,  then  lim  y  —  I  and  lim  y  =  —I. 

/-*  oo  /->-oo 

•  If  — 2  <  y  (0)  <  —  I,  then  lim  y  =  — 2  and  lim  y  =  —  I 

I  ->oc  /— ►  -OO 

•  \fy  <  —  2,  then  lim  v  =  —  2  and  lim  y  =  — oo. 

/-♦oo  /— » -CO 
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19.  (a)  y'  =  f  (x,  y)  =  y  and  y  (0)  =  1  =>  xo  =  0.  yo  =  I 


(i)  h  =  0.4  andyi  =  yo  +  /i/r(xo,  yo)  =4  yi  =  1  +0.4  •  I  =  1.4.  xt  =  xo  +  h  =  0  +  0.4  =  0.4,  so 
yi  =  y(0.4)=  1.4. 

(ii)  h  =  0.2  =>  x\  =  0.2  and  xi  =  0.4,  so  wc  need  to  find  yi. 
yi  =  yo  +  hF(x0,yo)  =  I  +  0.2yo  =  I  +  0.2  •  I  =  1.2, 

yi  =  yi  +/i+(xi,+i)=  1.2  +  0.2>-i  =  1.2  +  0.2  1.2=  1.44. 

(iii)  h  =  0. 1  =>  X4  =  0.4,  so  we  need  to  find  >4.  yi  =  yo  +  hF  (xo,  yo)  =  1  +  0.  lyo  =  1  +  0. 1  •  1  =  I  1, 

yi  =  y\  +  hF(x\,y\)  =  1.1  +  O.lyi  =  l.l  +0.1  •  1.1  =  1.21, 

w  =y2  +  hF(x2,yi)  =  1.21  +0.ly2  =  1.21  +0.1  1.21  =  1.331, 
y4  =y}  +  hF(xi,y})  =  1.331  +0.1yj  =  1.331  +0.1  1.331  =  1.4641. 


We  see  that  the  estimates  arc 
underestimates  since  they  are  all  below 
the  graph  of  y  —  e*. 


(c)  (i)  For  h  =  0.4: 

(exact  value)  —  (approximate  value) 

=  «»  ■'_  1.4  =s  0.0918 

(ii)  For  A  =  0.2: 

(exact  value)  —  (approximate  value) 

=  e°  4  —  1.44  =a  0.0518 

(iii)  For  h  =  0.1: 

(exact  value)  —  (approximate  value) 

=  e04-  1.4641  =»  0.0277 

Each  time  the  step  size  is  halved,  the  error  estimate  also 
appears  to  be  halved  (approximately). 


20. 


As  x  increases,  the  slopes  decrease  and  all  of  the 
estimates  are  above  the  true  values.  Thus,  all  of 
the  estimates  are  overestimates. 


21.  h  -  0.5,  xo  =  yo  =  2,  and  F(x,y)  =  1  +  3x  -  2 y.  So 

y„  —y„-\  +  hF (x„-\,y„-\)  =  yn- 1  +0.5(1  +  3x„_i  -  2y„_i)  =  0.5  +  l.5x„-|.  Thus,  yt  =  0.5  +  1.5  •  1  =  2, 
n  =  0.5+  1.5-  1.5  =  2.75,  yj  =  0.5+  1.5-2  =  3.5,  y*  =  0.5+  1.5  2.5  =  4.25. 


22.  h  —  0.2,  xo  =  0,  yo  =  0,  and  F  (x,  y)  —  x  +  y2.  We  need  to  find  ys,  because  xs  =  1  ■  So 
y„  =  y„-\  +  0.2  (x„_,  +y*_,).  yi  =  0  +  0.2(0  +  0)  =  0,  n  =  0  +  0.2  (0.2  +  02)  =  0.04. 
ys  =  0.04  +  0.2  (0.4  +  0.042)  =  0. 12032.  y4  =  0.12032  +  0.2  (0.6  +  0.120322)  0.24322. 

yi  =  0.24322  +  0.2  (0.8  +  0.243222)  %  0.4150  y  (1). 
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23.  It  -  0.1.  xo  =  0,  >o  =  I,  and  F  (x,y)  =  x2  +  y2.  We  need  to  find  >>5.  because  x5  =  0.5.  So 

y"  =  yn- 1  +0.1  (v2_,  +  v,7_, ).  y\  =  I  +0.1  (02  +  I2)  =  l.l.yj  =  1.1  +0.1  (0. 12  +  l.l2)  =  1.222, 
n  =  1.222 +  0.1  (0.22  +  1.2222)  as  1.37533. +4  =  1  37533  +  0.1  (0.32  +  I.375332)  as  1.57348. 

>•5  =  1.57348  +  0.1  (0.42  +  1.573482)  %  1.8371  %  >-(0.5). 

24.  (a)  h  =  0.2,  .vo  —  0.  vo  =  I.  and  F  (v  ,v )  =  2x\  ~ .  We  need  10  find  y>.  because  X2  =  0.4. 

yi  =  I  +0.2  (2  0  I2)  =  I ,yi  =  I  +0.2 (2  -0.2-  I2)  =  1.08  a* >-(0.4). 

(b)  h  =  0.1  now.  so  we  need  tofindya.  y,  =  I  +0.1  (20-  I2)  =  l._y2  =  1+0.1  (2-0.1  ■  l2)  =  1.02, 
n  =  102  +  0.1  (2  •  0.2  I  .022)  as  1.06162,  y4  =  1.06162  +  0.1  (2  -0.3  I  .061622)  as  I  1292  =s  y  (0.4). 

25.  (a)  dy/dx  +  3.v2.v  =  6.v-  =>  y'  =  6.v  -  3.v2>\  Store  this  expression  in  Y)  and  use  the  following  simple 

program  to  evaluate  y  (I )  for  each  part,  using  H  =  /1  =  1  and  N  =  1  for  part  (i),  H  =  0.1  andN  =  10  for 
part  (ii).  and  so  forth. 

h  -+  H:  0  -»  X:  3  -+  Y: 

For(l.  I, N):  Y  +  HY|  -»  Y:  X  +  H  -»  X: 

End(lin>p): 

Display  Y. 

(i)  H  =  1.  N  =  I  =>  y(l)  =  3  (ii)  H  =  0.1. N  =  10  =>  >>(l)  as  2.3928 

(iii)  H  =  0.01,  N  =  100  =>  y(l)  as  2.3701  (iv)  II  =  0.001,  N  =  1000  =$  +(l)  as  2.3681 

(b) >'  =  2  +  c'r  =>  y'  —  —  3x2e~x> 

LHS  =  /  +  3 x2y  =  -3.v2e-T’  +  ix2  (2  +  e"*3)  =  -3x2e-’3  +  6x2  +  3.VV*5  =  6.v2  =  RHS 
y(0)  =  2  +  e-°  =  2+  1=3 

(c)  (i)  For  h  —  I :  (exact  value)  —  (approximate  value)  =  2  +  e~x  -  3  as  -0.6321 

(ii)  For  //  =  0. 1:  (exact  value)  —  (approximate  value)  =  2  +  e"1  —  2.3928  as  -0.0249 

(iii)  For  h  =  0.01:  (exact  value)  -  (approximate  value)  =  2  +  e_l  -  2.3701  as  -0.0022 

(iv)  For  h  =  0.001 :  (exact  value)  —  (approximate  value)  =  2  +  e”1  —  2.3681  as  -0.0002 

In  (ii)— (iv).  it  seems  that  when  the  step  size  is  divided  by  10.  the  error  estimate  is  also  divided  by  10 
(approximately). 


26.  (a)  We  use  the  program  from  the  solution  to 

Exercise  25  with  Y 1  =  v2  -y2,  H  =  0.01,  and 
N  =  200.  With  (.vo,  vo)  =  (0,  I ),  we  get 
y( 2)  as  1.9000. 


(b) 


2 


Notice  from  the  graph  that  y  (2)  as  |  9,  w  hich 
serves  as  a  check  on  our  calculation  in  part  (a). 
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27.  (a)  R-y-  +  -ig  =  E  (!)  becomes 
at  C 

5Q'+^Q  =  60orQ'  +  AQ=\2. 


6-1  I  I  I  l  I  l  i 

t  I  I  I  l  l  l  l 

■\\\\\\\\ 

4->\\\\\\\\ 

\\\NN\\\ 


,  /////✓// 
2  ■■//////// 
l  I  l  I  I  I  I  l 

■  l  I  I  I  I  /  l  I 

I  l  I  I  l  I  »  i 


(b)  From  the  graph,  it  appears  that  the  limiting  value 
of  the  charge  (7  is  about  3. 

(c)  If  O'  =  0,  then  4Q  =  12  =>  £7  =  3  is  an 

equilibrium  solution. 


(c)  £7' +  40  =  12  =*  Q'  =  12-4(7.  0(0)  =  0.  so  <o  =  0  and  Qo  =  0. 


Ql  =  Qo  +  hF  (to,  Qo)  =  0  +  0.1(12  —  4-0)=  1.2 
£?2  =  Q\  +  hF  (7i,£?i)=  1.2  +  0.1(12-4  1.2)  =  1.92 
Q2  =  Q2  +  hF(t2,Q2)  =  1.92  +  0.1(12  -  4  1.92)  =  2.352 
Qa  =  £7,  +  hF  (/3,  Q3 )  =  2.352  +  0.1  (12  -  4  ■  2.352)  =  2.61 12 


Qs  =  Qa  +  IiFOa,  Qa)  =  2.61 12  +  0.1  (12  -  4  ■  2.61 12)  =  2.76672 


Thus.  Qi  =  £7(0.5)  as  2.77  C. 


28.  (a)  From  Exercise  10.1.12,  wc  have  dy/dl  =  k  (y  —  R).  We  are  given  that  /?  =  20°C  and  dy/dt  —  — l°C/min 
when  v  =  70°C.  Thus,  - 1  =  *  (70  -  20)  =>  k  =  and  the  differential  equation  becomes 


ily/dl  =  -575  O'  -  20). 


The  limiting  value  of  the 
temperature  is  20°C,  that  is,  the 


(c)  From  part  (a),  dy/dl  =  —jq  (y  -  20).  With  (0  =  0,  yo  =  95,  and 
li  =  2  min,  we  get 

yi  =  yo  +  hF  (to.  yo)  =  95  +  2  ^  (95  —  20)]  =  92 

yi=y\  +  hF  (t|, yi)  =  92  +  2  [-^  (92  -  20)]  =  89. 12 
yj  =  y,  +  hF  (/2,  yi)  =  89. 1 2  +  2  [-  ^  (89. 1 2  -  20)] 

=  86.3552 

y4  =  yn  +  hF  (r3,  yj)  =  86.3552  +  2  [- ^  (86.3552  -  20)] 


temperature  of  the  room. 


=  83.700992 


vs  =  y«  +  hF  (Ia.  y4)  =  83.700992  +  2  f-^  (83.700992  -  20)] 

=  81.15295232 
Thus,y  (10)  a#  81.15  °C. 
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=W:3 


Separable  Equations 


y  = 


x  4-C 


dy 

=*  -4  =  (v  *  o) 

y“ 

,  and  y  =  0  is  also  a  solution. 


Jd7=Jdx  ~  "i  =  t+c  =» 


Jt  +  c 


2  "7  _  ' _ 

'  rf.x  4v3 


4y3  dy  -  e1'  dx  =>  /  4y3  dy  =  f  e2*  dx  =>  y4  =  je2l+C  =>  y  =  +C 


3.  y/  =  x  =>  Jydy  =  fxdx  =>  |y2  =  ^x2  +  C|  =>  y2  =  x2  +  2C\ 

x1  —  y2  =  C  (where  C  =  —  2C\ ).  This  represents  a  family  of  hyperbolas. 

*'-  =  /?-/ 

A'  =  ±e‘  is  a  constant.  (In  our  derivation,  A  was  nonzero,  but  we  can  restore  the  excluded  case  y  =  0  by  allowing 
K  to  be  zero.) 


x  dx  (y  5^0)  =>  ln|y|  =  — +C  =>  |y|  =  e(  e,J/2  =>  y  =  Ke^12,  where 


5.^  = 


y<J I  +  y2  dy  —  re'  rfr  =>  / yV  I  +  y2  dy  =  /  te'  dt 


dt  yJT+y- 

5  (I  +  y2)  ”  =  te'  —  e'  +  C  (where  the  first  integral  is  evaluated  by  substitution  and  the  second  by  parts) 

I  +  y2  =  [3  (te1  —  e'  +  C)]2/3  =>  y  =  ±^[3  (te1  -  e' +  C)]2/3  -  I 

„  ,  xy  2lny  ,  ,  f  2\ny  [  ,  x2 

»•  y  =  2|n  y  =»  —  dy  =  x dx  =»  J  - dy  =  J  xdx  =>  (Iny)2  =  —  +  C  =* 

Iny  =  ±v/x2/2  +  C 


7.  ^  =  2  +  2tt  +  t  +  lu 
dt 


y  =  e±y/x*ii+<' 

du  f  du  f 

>  -jt  =0  +  k)(2  +  /)  =>  /—=/ (2 +  ()<//  (nyi-1)  => 

In  |l  +  u|  =  jt2  +  2<  4-  C  =>  |l  4-  a|  =  e'2/2+2,  +  f  =  Ke'1^2*2',  where  K  =  er  =»  1  +  a  =  ±Ke'2^2+21 

=»  «  =  —  1  ±  Ke'~2 +  J'  where  A  >  0.  a  =  —  I  is  also  a  solution,  so  a  =  —  1  +  ke'2/2+2‘,  where  i  is  an  arbitrary 

constant. 

=  -e1  +  C  =>  e~;  —  e'  —  C 


8.  £+*'  +  •- =0 
dt 


dz 

—  -  -<?V 
dt 


-Ue'-C  =>  ' 

e-  e'—C 


f  e  :  d:  =  —  f  e'  dt 
s  e  =  -  In  (c'  -  C) 
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9-  ^  =  y2  +  I.  y  (I)  =  0.  I  ^  j-  =  J  dx  <=>  tan  1  y  =  x  +  C.  y  =  0  when  x  =  I,  so  I  +  C  =  tan-1  0  =  0 
=>  C  =  —  I.  Thus,  tan-1  y  =  x  —  I  and  y  =  tan  (.x  —  I). 

fx=~-’‘>0.yO)  =  -4.Jydy  =  J'-±ldx=J  (±  +  l)rfx  => 

j.v2  =  ln|x|  +  x  +  C  =  Inx  4-x  +  C  (since*  >  0).  y  (I)  =  -4  =»  =  In  1  4- 1  4- C  => 

8  =  04-1  4-C  =>  C  =  7,  soy2  =  2  Inx  4-  2.x  4-  14. 
dx 

”■  xe~'7i  =  '•  T  (0)  =  1  fxdx  =  S,e‘  dt  =»  5v2  =  ('  -  1)^'  +  c.  .x  (0)  =  1,  so  $  =  (0  -  l)e°  +  C  and 
C  =  j.  Thus.  ,x2  =  2 (/  -  I)e'  4-  3  =>  x  =  V57FTnjcr+3. 
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12.  ,t  +  2>'v/I7TT^  =0 

dx 


x  dx  +  2y\/x2  +  1  dy  —  0,  y  (0)  =  I . 


f  J (dx 

J  * 


y2  =  -Jx1+  I  +C.  ;y(0)  =  1  =>  l=-l+C  =>  C  =  2,  so>>2  =  2  —  Vx-  +  1. 


du  2l  -4-  sec2  / 

13.  —  = - - - ,  u  (0)  =  —5.  f  2u  du  =  J  (2 1  +  sec2  f)  dl  =>  u2  =  l2  +  Ian  t  +  C,  where 

[u  (0)]2  =  02  +  tan  0  +  C  =>  C  =  25.  Therefore,  u2  =  I2  +  tan  t  +  25.  so  u  =  ±Vf2  +  tan  /  +  25.  Since 
«  (0)  =  —  5.  we  must  have  u  =  —  -Jt2  +  tanr  +  25. 


14.  —  =  ley,  y  ( I )  =  0.  /  e~y  dy  =  J 1  dl 

C  =  — I  —  j  =  — j  and  -e-r  =  Jr2  - 
y  =  In  2  —  In  (3  —  l2)  for  |r|  <  -v/3. 


-e~y  =  j/2  +  C.  Since y  (I)  =  0,  — e°  =  5  •  I2  +  C.  Therefore, 


-y  -  l  _  1,2  _ 


3  -  r2 


3-/2 


15.  ^  =4.rV,>'(0)  =  7.  —  =4x}dx  (ify^tO)  =»  [—=[ 

dy  y  J  y  J 

t,l"lrl  =  =>  \y\=e*4e‘  =>  y  =  Ae** ;  y  (0)  =  7  =» 


4.t 2  dx 


A  =  1 


In  \y\  —  x4  +  C  => 
y  =  7ex\ 


J$-J 

2  + lx2 


dx_ 


-£5  +  C.,(1)  =  l 


c-  1  11 

S%  =  ^  +  2  = 


2  •  2.t2 


=>  y  = 


2x2 
x2+  I 
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18.  c~yy'  +  cos.x  =  0  <=>  j e~y  dy  =  -  J  cosx  dx  <=>  -e~y  =  -  sin.x  +  C\  <=>  y  —  —  In  (sin*  +  C).  The 
solution  is  periodic,  with  period  2ir .  Note  that  for  C  >  I ,  the  domain  of  the  solution  is  R,  but  for  —  I  <  C  <  I  it  is 
only  defined  on  the  intervals  where  sin.x  +  C  >  0,  and  it  is  meaningless  for  C  <  -1,  since  then  sin.x  +  0  <  0,  and 
the  logarithm  is  undefined. 


2 


C  =  6 


Kor  —  I  <  C  <  I,  the  solution  curve  consists  of  concave-up  pieces  separated  by  intervals  on  which  the  solution  is 
not  defined  (where  sin.x  +  C  <  0).  For  C  =  I,  the  solution  curve  consists  of  concave-up  pieces  separated  by 
vertical  asymptotes  at  the  points  where  sinx  +  C  =  0  »  sinx  =  -1.  ForC  >  I,  the  curve  is  continuous,  and 
as  C  increases,  the  graph  moves  downward,  and  the  amplitude  of  the  oscillations  decreases. 


19.  -y-  —  v(0)  =  t.  So  f  sinv<fy  =  f  sin xdx  «• 

dx  siny  J  J 

—  cosy  =  —  cosx  +  C  <=>  cosy  =  cosx  —  C.  From  the  initial 
condition,  we  need  cos  y  =  cos  0  —  C  =>  0=1— C  =>  C=l,so 

the  solution  is  cosy  =  cosx  —  I. Note  that  we  cannot  take  cos-1  ofboth 
sides,  since  that  would  unnecessarily  restrict  the  solution  to  the  case  where 

—  1  <  cos.x  —  I  <=>  0  <  cos.x.  as  cos-1  is  defined  only  on  [—1, 1). 
Instead  we  plot  the  graph  using  Maple’s  plots  [  implicitplot  ]  or 
Mathematica’s  Plot  (Evaluate  [■•  •  ]  ] . 


5 


xyPTT 

ye>' 


<=>  / yev  dy  =  f  x < Jx 2  +  1  dx .  We  use  parts  on  the  I.HS  with  ti  =  y,  di>  =  ey  dy,  and  on 


the  RFIS  we  use  the  substitution  :  =  x2  +  1,  so  dz  =  2x  dx.  The  equation  becomes  yey  —  j ey  dy  =  5  f  sfz  d: 
<=>  er  (y  -  I )  =  j  (x3  +  1)  '  +  C,  so  we  see  that  the  curves  are  symmetric  about  the  y-axis.  F.very  point  (,x ,  y ) 
in  the  plane  lies  on  one  of  the  curves,  namely  the  one  for  which  C  =  (y  —  l)ey  —  j  (x2  +  l)3'\  For  example, 
along  the  y-axis,  O  =  (y  —  I)e‘  —  so  the  origin  lies  on  the  curve  with  C  =  —  |.  We  use  Maple’s 
plots  [  implicitplot  |  command  or  Plot  (Evaluate  (•  ■  -  ] )  in  Mathematica  to  plot  the  solution  curves 
for  various  values  of  C. 
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It  seems  that  the  transitional  values  of  C  arc  —  |  and  —  j .  For  C  <  —  f .  the  graph  consists  of  left  and  right 
branches.  At  C  =  —  j,  the  two  branches  become  connected  at  the  origin,  and  as  C  increases,  the  graph  splits  into 
top  and  bottom  branches.  At  C  =  —  j,  the  bottom  half  disappears.  As  C  increases  further,  the  graph  moves 
upward,  but  doesn’t  change  shape  much. 


.V 

y 

/  =  1  /y 

0 

0.5 

2 

0 

-0.5 

-2 

0 

1 

1 

0 

-I 

-1 

0 

2 

0.5 

0 

—2 

-0.5 

0 

4 

0.25 

0 

3 

0.3 

0 

0.25 
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0.3 

3 
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23.  The  curves  y  =  kx2  form  a  family  of  parabolas  with  axis  the  y-axis. 
Differentiating  gives  /  =  2kx,  but  k  =  y/x2,  so  y'  =  2 y/x.  Thus,  the 
slope  of  the  tangent  line  at  any  point  ( x ,  y)  on  one  of  the  parabolas  is 
y  =  2  y/x,  so  the  orthogonal  trajectories  must  satisfy  /  =  -x  /(2 y)  <=> 

2ydy  =  -xdx  «  y2=-x2/2  +  C|  <=>  x2  +  2y2  =  c.  This  is  a 
family  of  ellipses. 


(b)  y  dy  =  x2  dx,  so 
|y2  =  jx3  +ci,  or 


y  =  ±(|x3+c)'/2. 


24.  I  he  curves  x~  —  y2  —  k  form  a  family  of  hyperbolas.  Differentiating  gives 
2x  -  2y  ( dy/dx )  =  0  or  /  =  x/y,  the  slope  of  the  tangent  line  at  (x,  y) 
on  one  of  the  hyperbolas.  I  hus,  the  orthogonal  trajectories  must  satisfy 
y‘  ~  -y/x  <^>  dy/y  =  -dx/x  <=>  In  \y\  =  -  In  \x\  +  c\  <=> 

In  |.t|  +  In  |y|  =  c\  <=>  ln|.vy|=ci  <=3  xy  =  c.  This  is  a  family  of 
hyperbolas. 


25.  Differentiating  y  =  (x  +  A)-1  gives  y‘  = - ,  but  A  =  I  -  x.  so 

(x  +  k)2  y 


/  =  - 


I 

O/.v)2 


y  =  [3  (x  +  c)] 


—  — .v.  1  hus,  the  orthogonal  trajectories  must  satisfy 

i  ,  y 

<=>  y-dy  =  dx  <=>  -j  =  x  +  c  or 

1/3 


-6 
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26.  Differentiating  y  =  ke~*  gives  y'  —  —ke  *,  but  k  =  yex ,  so  y'  =  —y. 
Thus,  the  orthogonal  trajectories  must  satisfy  y'  =  —  1/  ( —  >•)  =  I  /y  <=> 
ydy  —  dx  <=>  j y2=x-Fc  <=>  y  =  ±  [2(e  +  jc)]1^2.  This  is  a 
family  of  parabolas  with  axis  the  x-axis. 


4 


27.  From  Exercise  10.2.27,  ^  =  12  — 4 0  «  J  -  J  dl  «=>  - *  In  1 12  -  40|  =  r  +  C  <=> 

In  1 12  —  4Q|  =  —4/  —  4C7  «=>  |I2  —  4^|  =  e— »»-4f  ^  |2  -  4(7  =  Ke*'  (K  =  ±e~*c)  <=> 
40=12-  Ke-*'  «•  0  =  3-  Ae ~4'  (A  =  K/ 3).  0  (0)  =  0  <=>  0  =  3-  A  «  /f  =  3  «=> 

0  (I)  =  3  —  3e-4'.  As  l  —>  oo,  0  (r)  — >  3  —  0  =  3  (the  limiting  value). 


28.  From  Exercise  10.2.28.  ^  (y  -  20)  »  J  — — —  =  J^—j^dl 


29. 


<=>  ln|y-20|  =  -^/  +  C 

o  y-  20  =  Ke-1'50  <=>  y(t)  =  A'e“'/S0  +  20.  y  (0)  =  95  <=>  95  =  K  +  20  <=>  K  =  75  o 
y(r)  =  75e-'^°  +  20. 

^ =  *(<W-P )  o  J  =  J  (~k)di  «  In  |P-  AT|  =  -*/  +  C  <=>  |P  -  ,W|  =  e 

P  —  M  =  Ae~kl  (A  =  ±e(  )  <=>  P  =  M  +  Ae~k'.  If  we  assume  that  performance  is  at  level  0  when  /  =  0, 
then  P  (0)  =  0  o  0  =  M  +  A  <=>  A  =  -M  <=>  P  (!)  =  M  -  Me~k' .  lim  P  (i)  =  M  —  M  ■  0  =  M. 


30.  (a)  f  =  *<a-x)(*-x),a  #  b.  /  {a_x)\b_x)  =  /* 


dt 


b  —  a 


(—  In  |a  —  x|  +  In  |6  —  x|)  =  */  +  C  (from  CAS) 


b-x 


=  (b  —  a)  ( kl  +  C).  The 


concentrations  (A)  =  a  —  x  and  [11]  —  b  —  x  cannot  be  negative,  so  - — —  >  0  and 

a  —x  ~ 


b-x 


b-x 


.  We  now 


have  In 


|n(^)=(h- 


a)C. 


)ki 


^  =  (6  —  a)  ( kl  +  C ).  Since  x  (0)  =  0,  we  get 

Hence,  ln^- — =  (6  —  a)kl  +  In  =>  - — -  = 

\a— x/  \a )  a—x  a 

b  [<.<*-“>*'  -  1 1  ah  -  I  ] 

X  ~  be^-^'/a  -  I  =  6e<» a  molcs/l" 

(b)  If  6  =  a,  then  —  =  *  (a  —  x)2,  so  [  — — — »  =  f  kdl  and  — —  =  kl  +  C.  Since  x  (0)  =  0.  we  get 
dl  J  (a- x)2  J  a-x 

a'kl  moles 


C  =  — .  Thus,  a  —  x  =  - — - and  x  =  a - - —  — - . 

a  kl  +  1/a  akl  +  I  a*/  +  I  L 


Suppose  x  =  [C]  =  a/2  when  /  =  20.  Then  x  (20)  =  a/2 


20a2* 


2  20a*  +  1 

at/20  at  moles 


40a2*  =  20a2*  +  a 


,  ,  I  a2// (20a) 

=*  20a2  k  =  <7  =>  £  = - ,  so  .V  = -  = - = - 

20 a  \  +  ai/  (20a)  l+f/20  t- f- 20  L 
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31.  (a)  —  =  r  —  kC  =>  =  —  (kC  —  r)  =>  f  =  [  -dt  =*  (1/*) In |*C -r|  =  -/  +  AT, 

<//  dt  J  kC-r  J 

=>  In  |*C  -  r|  =  -*/  +  hh  =»  |*C-r|  =  e-*'+A/:  =>  kC-r  =  Khe~k'  =>  *C  =  A/3e-*'  +  r 
=>  C  (/)  =  A/4f-*'  +r/k.C  (0)  =  C0  =>  C0  =  MA+r/k  =s  Mi  =  C0  -  <7*  =» 

C  (/)  =  (Co  -r/k)e ~kl  +  r/k. 

(b)  If  Co  <  r/k,  then  C0  -r/k  <  0  and  the  formula  for  C  (/)  shows  that  C  (/)  increases  and  lim  C  (/)  =  r/k.  As 
i  increases,  ihe  formula  for  C  (r)  shows  how'  the  role  of  Co  steadily  diminishes  as  that  of  r/k  increases. 


32.  (a)  Use  1  billion  dollars  as  the  x-unit  and  1  day  as  the  /-unit.  Initially,  there  is  $10  billion  of  old  currency  in 
circulation,  so  all  of  the  $50  million  returned  to  the  banks  is  old.  At  time  /,  the  amount  of  new  currency  is 
x  (/)  billion  dollars,  so  10  -  x  (/)  billion  dollars  of  currency  is  old.  The  fraction  of  circulating  money  that  is  old 
is  1 10  —  jr  (/)]/ 10,  and  the  amount  of  old  currency  being  returned  to  the  banks  each  day  is 

^  ,0(0°05  billion  dollars.  T  his  amount  of  new  currency  per  day  is  introduced  into  circulation,  so 

—  =  — — —  ■  0.05  =  0.005  (10  —  x)  billion  dollars  per  day. 
dt  10 

,b)  =0.005 dt  =>  -^-  =  -0.005rf/  =>  In (10  —  x)  =  —0.005/  +  c  =>  10  -  x  =  Ce"0  005'. 

v  10 -X  10 -x 

where  C  =  C  =s  x  (/)  =  10  -  Ce~000Sl.  Prom  x  (0)  -  0,  we  get  C  =  10,  sox  (/)  =  10  (1  -  e~omil). 

(c)  The  new  bills  make  up  90%  of  the  circulating  currency  when  x  (/)  =  0.9  •  10  =  9  billion  dollars, 
g  =  |o(|  _e-o.oo5i)  o,9  =  1  —  e-0005'  =>  e-ooos'=0.1  =>  -0.005/  =  -  In  10  => 

/  =  200  In  10  =  460.5 1 7  days  =s  1 .26  years. 


'}  (')  he' 

I  _  Jil_  1 

r±__jL  t 

1000  L  _ 

\  min  J 

'  100  min  J 

y  100  J 

33.  (a)  Let  y  (/)  be  the  amount  of  salt  (in  kg)  after  /  minutes.  T  hen  y  (0)  =  15.  The  amount  of  liquid  in  the  tank  is 

1 000  L  at  all  times,  so  the  concentration  at  time  /  (in  minutes)  is  y  (/)  / 1 000  kg/L  and 

=*  ta'“-  i5o  +  Cand 

y  (0)  =15  =>  In  1 5  =  C.  so  In  y  =  In  1 5  —  It  follows  that  In  and  so 

y  =  l5e-'/l0°  kg. 

(b)  After  20  minutes,  y  =  1 5e-20/100  =  I5e-0  2  w  12.3  kg. 

34.  (a)  If  v  (/)  is  the  amount  of  salt  (in  kg)  after  /  minutes,  then  y  (0)  =  0  and  the  total  amount  of  liquid  in  the  tank 

remains  constant  at  1000  L. 

^  =  (o.05  (5  — )  +  (o,04  (lO—)  “  t)(15  — ) 

dt  V  L/V  min/  \  L/V  nun /  \\000  L/V  min/ 

l30-3y  kg 

=  0.25  +  0.40  -  0.015 y  =  0.65  -  0.015y  =  -  ^ 


so  f  — — —  =  f  ~  and  -  j  In  1 130  -  3y|  =  555/  +  C;  since y  (0)  =  0,  we  have  in  130  =  C,  so 
J  1 30  —  3  v  J  200 

In  1 130  —  3y|  =  ^g/  —  ^  In  130  =»  In  |130  -  3y|  =  -^5/  +  In  130  =  In  (130e-3,/20°),  and 
1 1 30  —  3  v|  =  l.TOe”3"-00.  Sincey  is  continuous,  y  (0)  -  0,  and  the  right-hand  side  is  never  zero,  we  deduce 
that  130  —  3y  is  always  positive.  I'hus.  130  —  3y  =  I30e"3'/20°  and  y  =  (1  —  e-3'/200)  kg. 

(b)  After  an  hour.  >•  =  JJS  (1  -  e-'80'200)  =  JjS  (1  -  e-o»)  «  25.7  kg. 

Note:  As  /  -*  00.  y  (/)  -*  ™  =  43  j  kg. 
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35.  Assume  that  the  raindrop  begins  at  rest,  so  that  o  (0)  =  0.  dm/dt  =  km  and  (mo)'  =  gm  =>  m'v  +  mu'  —  gm 

=»  (km)  o  +  mo'  =  gm  =>  o'  =  g-*o  =>  J  ^  -  J  dt  =»  —  (1/A)  In  |g  -  *o|  =  /  +  C  => 

g  -  ku  —  Ae~kl .  o  (0)  =  0  =>  A  =  g.  So  o  =  (g/*)  (1  —  e~k>).  Since*  >  0,  as  /  -»  oo,  e~*'  — »  0  and 
therefore,  lim  o  (/)  =  g/*, 

/— >  OO 


36.  (a)  m  —  =  — A:»> 
dt 


0 

k 

0 

— 

= - 1  =* 

— 

»0 

m 

oq 

do  k  ,  .  k 

—  = - dt  =>  In  |»|  = - /  +  C.  Since  o  (0)  —  «o,  In  |ool  =  C.  Therefore, 

n  m  m 

_  e-ki/m  ^  0  ^  _  ±j,0e“*//w.  The  sign  is  4-  when  /  =  0,  and  we  assume  o 


is  continuous,  so  that  the  sign  is  +  for  all  /.  Thus,  n  (t)  =  v0e~k,/m.  ds/dt  =  voe~k,/m  = 

J  (/)  =  -  +  C'.  From  s  (0)  =  jo.  we  get  jo  =  -  ^7-^  +  C',  so  C'  =  j0  + 

*  k  k 

s  (/)  =  so  +  — p  (1  -  e~kl/m).  The  distance  traveled  from  time  0  to  time  I  is  s  (1)  —  so,  so  the  total  distance 


and 


traveled  is  lim  [s  (()  —  sol  =  — 
/-»oo  k 


Note:  In  finding  the  limit,  we  use  the  fact  that  *  >  0  to  conclude  that  lim  e~k,/m  =  0. 

/— >00 


do  . 

( b)  m—  =  —ko~ 
dt 


dv  k  -I  */ 

-5-  = - dt  =s  —  = - +  C 

oL  m  urn 


and  -  =  —  +  Therefore,  0  (r)  — 


I 


1  kt  1 

-  = - C.  Since  0  (0)  =  00,  C  - - 

o  m  00 

rfs  moo 


s  (0 


-?/ 


«o 
*00  dt 


kt/m  +  l/oo  Jtoo/  +  m  dt  knot  +  m 


,  =  —  In  |too/  +  m|  +  C'.  Since  s  (0)  =  so,  we  get  so  =  —  Inm  +  C' 

knot  +  m  k  * 


C'  —  so - Inm 

* 


s  (/)  =  so  +  v  (|n  l*»o/  +  m|  -  In m)  =  so  +  —  In 
*  * 


tool  +  m  I 


I 


.  We  can  rewrite  the 


formulas  for  t>  (1)  and  s  (/)  as  0  (1)  = 


"o  ,  ,  ,  m  , 

— — — — —  and  s  (I)  =  so  +  T  In 
1  +  ( kuo/m )  I  * 


1  +  ^/1. 
m  | 


Remarks:  This  model  of  horizontal  motion  through  a  resistive  medium  was  designed  to  handle  the  case  in 
which  do  >  0.  Then  the  term  —to2  representing  the  resisting  force  causes  the  object  to  decelerate.  The  absolute 
value  in  the  expression  for  s  (I)  is  unnecessary  (since  *,  00,  and  m  are  all  positive),  and  lim  s  (I)  =  00.  In  other 

t  — POO 


words,  the  object  travels  infinitely  far.  However,  lim  0  (I)  =  0.  When  o0  <  0,  the  term  -to2  increases  the 

1— too 

magnitude  of  the  object's  negative  velocity.  According  to  the  formula  for  s  (I),  the  position  of  the  object 

approaches  —00  as  1  approaches  m/k  (— 00):  lim  s  (t)  —  —00.  Again  the  object  travels  infinitely  far, 

<-*  -m/(*i>o) 

but  this  time  the  feat  is  accomplished  in  a  finite  amount  of  time.  Notice  also  that  lim  o  (1)  =  —00  when 

/—*-*/(*  »o) 

00  <  0.  showing  that  the  speed  of  the  object  increases  without  limit. 
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37.  (a)  The  rale  of  growth  of  the  area  is  jointly  proportional  to  A  (I )  and  M  -  A  (/);  that  is,  the  rate  is  proportional  to 
the  product  of  those  two  quantities.  So  for  some  constant  k,  dA/dt  =  kJ~A  (M  —  A).  We  are  interested  in  the 
maximum  of  the  function  dA  jdt  (when  the  tissue  grows  the  fastest),  so  we  differentiate,  using  the  Chain  Rule 
and  then  substituting  for  dA/dt  from  the  differential  equation: 

7,  (S)  - *  [S'1-"’  <"  ■ -  '>  T,  + ^«->  7;]  ~  «"  -  ■»  - 

=  \k2(M  -  A)(M  -3A) 

This  is  0  when  M  —  A  =  0  [this  situation  never  actually  occurs,  since  the  graph  of  A  (7)  is  asymptotic  to  the 
line  y  =  AT,  as  in  the  logistic  model]  and  when  M  -3/1  =  0  <=>  A  (I)  =  A//3.  This  represents  a  maximum 

by  the  First  Derivative  Test,  since  ^  Boes  ,rom  positive  to  negative  when  A  (l)  =  M/3. 

/ CedHk,  _  |  \2 

(b)  From  the  CAS,  we  get  A  (I)  —  M I  — = -  I  .  To  get  C  in  terms  of  the  initial  area  An  and  the  maximum 

\Ce'/ «*<  +  I  / 

(C  —  1  \  ^ 

^7-j— - J  <=>  <c  +  i )  Va-0  =  (c  —  i )  -/m  » 

Ct/Ao  +  -Jlo  =  CVM  -  sTm  <=>  ^Ao  +  y/Tl  =  cjn  -  Cy/An  «=>  C  =  +  .  (Notice  that 

•JM  —  y/Ao 

if  Ao  =  0.  then  C  =  1.) 

. .  .  .  _  ,  dti  dv  dx  dn  mg  It2 

38.  (a)  According  to  the  hint  we  use  the  Chain  Rule:  m—  =  m  —  ■  —  =  mu  —  = - -  => 

'  dt  dx  dt  dx  (x  +  R)1 

[  vd„  =  f  Zsl<~dx  =>  !^  =  ^l+c.Whcn.t  =  0,u  =  »o,so^  =  -^--+C’  =» 

J  J  (x  +  R)2  2  x  +  R  20+77 

2 

C  =  x»o  -  gR  =*  5«2  -  +  ^  -  g/7.  Now  at  the  top  of  its  flight,  the  rocket's  velocity  will  be  0, 

and  its  height  will  be  x  =  h.  Solving  for  no:  -  j»o  =  /  +  ^  ~  =* 


r  + 

R(R  +  h)' 

gRh  _  f 

[  R  +  h  + 

R  +  h 

R  +  h  V 

(b)  —  lim  «o  =  lim 


•  =sA JR 


w  V  „  +  V  («//!)  +  I  - 

(c)  t\.  =  v/2  •  32  fl/s2  •  3960  mi  ■  5280  ft/mi  36,581  ft/s  6.93  mi/s 

,  dV  ,  </F  (7F  rfy  _  rfF 

39.  (a)  We  have  F  (/)  =  trr2y  (I)  =>  —  -  n r-  =  4,t  where  —  —  — —  — .  Thus.  —  =  -Uy/lgy  - 

dy  dt  dy  dt  dt 

(b) ^  =  -iy?  =>  .v-,/Jrfy  =  -^d7  =>  2yy  =  -i/  +  C.y(0)  =  6  =>  2>/6  =  0  +  C 
C  =  2>/6  =>  y  =  (--^f  +V6)J. 

(c)  We  want  to  find  t  when  y  =  0.  so  we  set  y  =  0  =  yjjt  +  \/6^  =>  t  =  I44V6  =»  5  min  53  s. 
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40.  (a)  If  the  radius  of  the  circular  cross-section  at  height  y  is  r,  then  the  Py  thagorean  T  heorem  gives 

r2  =  22  —  (2  —  y )2  since  the  radius  of  the  tank  is  2  m.  So  A  (y)  =  nr2  =  n  [4  -  (2  -  v)2]  =  n  (Ay  -  y*J). 

Thus .  A(y)^-  = -a^/lgy  =>  re  (4 y  -  v2)  %  =  -tr  (0.01)2  V2  •  lOv  => 
at  lit 

(4v  -j'2)  Y,  =  -  (0.0OOI)  735?. 

(b)  From  part  (a)  we  have  (4yl/2  -  yi,2)dy  =  -  (o.(X)OI  V2o)  dt  => 

f  >3/2  -  \yia  -  -  (o  ooo  1 V20)  /  +  C.  ><  (0)  =  2  =>  f  (2)  V2  _  |  (2)5^2  =  C  =>  C  =  ff  VI  To  find 
out  how  long  it  will  take  to  drain  all  the  water  we  evaluate  /  when  y  =  0:  0  =  -  (O.OOOI  V20^  1  +  C  => 

c  56V5/ 15 

I  = - 7=  = - =»  1 1 . 806  s  =  3  h  17  min. 

0.000 1 V20  0.0001  v/20 
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-  ,  aft*  f  dv  f  I 

t.  mo  =  -po-mg  =>  m—  =  -(po+mg)  =>  /  - =  / - dl  =» 

at  J  pv  +  mg  J  m 

—  In  ( pv  +  mg)  = - 1  +  C  (po  +  mg  >  0).  At  t  —  0.  v  —  »o,  so  C  =  —  In  (poo  +  mg).  Thus, 

P  m  p 

—  In  (po  +  mg)  = - /  +  —  In  (poo  +  mg)  =>  In  (po  +  mg)  =  — — l  +  ln(pt*o  +  mg)  => 

P  m  p  m 


po  +  mg  -  e~P,/m  (po0  +  mg)  =>  po  =  (po0  +  mg)  e~Pl/m  -  mg  => 

„  </)  =  („o  +  ,-/»/-  -J. 

2.  ,«-/,«*-/ [(00  +  e-P'/"'  -  3]  d,  =  (no  +  S)  (-*)  -  +  C 

At  /  =  0,  y  =  0.  so  C  =  (o0+  —  )  — .  Thus, 

V  P  )  P 


y«)  =  (oo  +  — 

mgl  _ 

/  .  »"g\ 

I  «o  +  —  1 

2  (1  -2* 

V  P  /  P 

V  p  / 

P  P 

V  P  / 

P  P 

3.  y'(t)=  (t.0  +  — )-(-?' 
V  P  )  P  '•»/ 

p'/A  _ 

'  p  ’ 

so  /  (/)  =  0  =» 

«*/»«  ^«+l  =»  £i  = 

ln(™  +  . 

'mg  +  pt*o\ 

With  m  =  1.  «o  =  20.  p 

mg  m 

/  P  ' 

g  =  9.8,  we  have  t\  =  1 0  In  a*  1.86  s. 


4. 


y  20 


The  figure  shows  the  graph  of  y  =  1180(1  -e~01')  -98/.  The  zeros  are 
at  /  =  0  and  ty  as  3.84.  Thus.  t\  -  0  as  1 .86  and  h  —  /|  as  1 .98.  So  the 
lime  it  takes  to  come  down  is  about  0. 12  s  longer  than  the  time  it  takes  to 
go  up;  hence,  going  up  is  faster. 
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5.  y  (2f|)  =  f«o  +  — )  -  (I  -  e_2A'i/m)  -  ^  •  2f, 

V  P  )  P  P 

_  ^p.>o  +  mg^  ”  [i  _  (eP-,/-)-2]  _  fl£  .  In  + 


Substituting  x  =  ^  +  I  = 

mg  mg 


(from  Problem  3),  we  get 


(mg\  m  .  nrg  /w2j?  /  1  \ 

x  •  — j  —  (1  —  x  2) - —  •  2  Inx  =  — y  ^ - 2  InxJ.  Nowr  p  >  0,  m  >  0,  t\  >0 


1 


x  =  e' 


,, ,  ,  1  2  x2-Zx+\  (x-l)2 

/  (j r)  =  I  H — j - = - j - = - 2 —  >  0  for 

Xz  X  XL  XL 


epi\lm  >  —  i.  f  (*)  =  x - 2 Inx  -r  j  y.,  —  .  -r  ,  —  , - 

X  X1  X  Xi  X1 

x  >  1  =»  f  (x)  is  increasing  for  x  >  I .  Since  /  (1)  =  0,  it  follows  that  /  (x)  >  0  for  every  x  >  I .  Therefore, 

•> 

mg 

y  (2/i )  =  — —  / (x)  is  positive,  which  means  that  the  ball  has  not  yet  reached  the  ground  at  time  2/i.  This  tells  us 
that  the  time  spent  going  up  is  always  less  than  the  time  spent  coming  down,  so  ascent  is  faster. 


Exponential  Growth  and  Decay 

1.  The  relative  growth  rate  is  —  ---  =  0.7944,  so  -r-  =  0.7944P  and,  by  Theorem  2, 

6  P  dt  dt  1 

P(t)  =  P  (0)  e°  7944'  =  2c0194il .  Thus,  P  (6)  =  2e°  7<M4(6>  =  234.99  or  about  235  members. 

2.  (a)  By  Theorem  2,  P  (/)  =  P  (0)  ekl  =  60ekl .  In  20  minutes  (j  hour),  there  arc  120  cells,  so 

/>(!)  =  60e*73  =  120  =>  e*73  =  2  =>  */3  =  ln2  =>  *  =  3  In2  =  In  (23)  =  ln8. 

(b)  P  (t)  =  60e(ln8)'  =60  -8' 

(c)  P  (8)  =  60  •  8s  =  60  ■  224  =  1,006,632,960 

(d)  dP/dt  =  kP  =>  P'  (8)  =  kP  (8)  =  (In 8)  P  (8)  =»  2.093  billion  cells/h 

(e)  P  (()  =  20,000  =>  60 -8' =20,000  =>  8' =  1000/3  =>  t  In  8  =  In  (1000/3)  => 

In  (1000/3) 

/  =  — - - —  as  2.79  h 

In  8 

3.  (a)  By  Theorem  2,  y(t)=y  (0)  e*'  =  500e*'.  y  (3)  =  500e3*  =  8000  =»  eu  =  16  =>  3k  =  In  16  => 

k  =  (In  16) /3.  Soy  (f)  =  500e(,n  l6>'73  =  500  •  16'73 

(b)  y  (4)  =  500  •  1 6473  a*  20, 159 

(c)  dy/dt  =  ky  =5  y'  (4)  =  ky  (4)  =  j  In  16  (500  ■  16473)  [from  part  (a))  ar  18,631  cells/h 

(d) .v(r)  =  500  - I6'73  =  30.000  =>  16'73  =  60  =>  In  16  =  In 60  =>  t  =  3(ln60)/(ln  16)  =s  4.4  h 

4.  (a)  y  (/ )  =  y  (0)  ek'  =s  y  (2)  =  y  (0)  e2*  =  400,  y  (6)  =  y  (0)  e6k  =  25,600.  Dividing  these  equations,  we  get 

cV *  =  25,600/400  =>  e4*  =  64  =>  4i  =  In  64  =  6  In  2  =>  k  =  §  In  2  =  ^  In  8.  Thus. 

y  (0)  =  400/e2*  =  400/e1"8  =  ^  =  50. 

(b)  y(t)=y  (0)  e*'  =  50e"n  8>'72  or  y  =  50  8' 72 

(c) y(f)  =  50e(3l,,2)'72  =  100  <=>  e(3ln2)'72  =  2  <=>  (3  ln2)//2  =  In 2  «  t  =  2/3  h  =  40  min 

(d)  50e(ln8>'72  =  100,000  «=>  e<ln8)'72  =  2000  »  (In  8)  7/2  =  In  2000  »  t  =  (2  In  2000)  /  In  8  as  7.3  h. 
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5.  (a)  Let  the  population  (in  millions)  in  the  year  r  be  P  (t).  Since  the  initial  lime  is  the  year  1 750,  we  substitute 
I  -  1750  for  l  in  Theorem  2,  so  the  exponential  model  gives  />(/)  =  /’  (I750)e*('~l750).  Then 
P  (1800)  =  906  =  728e1<l80°-|7s(»  =>  In  l**  =  A  (50)  =>  A  =  ^,  In  $f  0.0043748.  So 
with  this  model,  we  have  P  (1900)  =  728c l50(00043748*  as  1403  million,  and 
P  ( 1 950)  as  728e200,a 004-',7',8)  s»  1746  million.  Both  of  these  estimates  are  much  too  low. 

(b)  In  this  case,  the  exponential  model  gives  P  ( t )  =  P  (1850)c*<,_185#)  => 

/*  ( 1 900)  =  1608  =  I  171c**1900-1850*  ^  In  |^|  =  A  (50)  =>  *  =  &  In  «  0.006343.  So  with  this 
model,  we  estimate  P  (1950)  =s  1  nie100*0-006343'  as  2208  million.  This  is  still  too  low,  but  closer  than  the 
estimate  of  P  (1950)  in  part  (a). 

(c)  The  exponential  model  gives  P  (/)  =  P  (I900)ci,,_,90°>  =>  p  (1950)  =  2517  =  I608ei,l95°-|9flo>  =j 
1°  TS55  =  A  (50)  =>  A  =  ^3  In  as  0.008962.  With  this  model,  we  estimate 

P  (1992)  as  ]  °08%2(1992-1900)  as  3667  million.  This  is  much  too  low.  The  discrepancy  is  explained  by 

the  fact  that  the  world  birth  rate  (average  yearly  number  of  births  per  person)  is  about  the  same  as  always, 
whereas  the  mortality  rate  (especially  the  infant  mortality  rale)  is  much  lower,  owing  mostly  to  advances  in 
medical  science  and  to  the  wars  in  the  first  pan  of  the  twentieth  century.  The  exponential  model  assumes, 
among  other  things,  that  the  birth  and  mortality  rates  will  remain  constant. 


6.  (a)  Let  P  (!)  be  the  population  (in  millions)  in  the  year  r.  Since  the  initial  time  is  the  year  1900.  we  substitute 
(  -  1900  for  l  in  Theorem  2,  and  find  that  the  exponential  model  gives  P  (I)  =  P  (1900)  e*0-i«0) 

P  (1910)  =  92  =  76e*0«l0-i900)  _>  *  _  ^  |n  «  0.0191.  With  this  model,  we  estimate 

P  (1990)  =  76c001  ^ !  1  19995  a:  424  million.  This  estimate  is  much  too  high.  The  discrepancy  is  explained 

by  the  fact  that,  between  the  years  1 900  and  1 91 0.  an  enormous  number  of  immigrants  (compared  to  the  total 
population)  came  to  the  United  States.  Since  that  time,  immigration  (as  a  proportion  of  total  population)  has 
been  much  lower.  Also,  the  birth  rate  in  the  United  States  has  declined  since  the  turn  of  the  century.  So  our 
calculation  of  the  constant  A  was  based  partly  on  factors  which  no  longer  exist. 

(b)  Substituting  t  —  1970  for  i  in  Theorem  2,  we  find  that  the  exponential  model  gives  P  it)  =  P  (1970) e7l'~ l<,7°) 
=>  P  (1980)  =  227  =  203c* (l 990 ~l980)  =>  A  =  ^  In  0.01 1 17.  With  this  model,  we  estimate 
P  (1990)  203e°  0lll7(l990“l970)  ft;  254  million.  This  is  quite  accurate.  The  further  estimates  are 

P  (2000)  =  203c50*  a:  284  million  and  P  (2010)  =  203c40*  %  317  million. 


(c) 


420 


The  model  in  part  (a)  is  quite  inaccurate  after  1910  (off 
by  5  million  in  1920  and  12  million  in  1930).  The  model  in 
part  (b)  is  more  accurate  (which  is  not  surprising,  since  it  is 
based  on  more  recent  information). 


7. 


(a)  If y  =  [NjOs]  then  by  Theorem  2 


dy 

dt 


-0.0005.V  =>  v(i)  =  y  (0)  e'0  00051  =  Ce'0- 00051 . 


(b)  y(t)  =  TV00005'  =  0.9C  =>  e’0 0005'  =  0.9  =>  -0.0005<  =  In 0.9  =>  /  =  -2000 In 0.9  «  211  s 


722  □  CHAPTER  10  DIFFERENTIAL  EQUATIONS 


8.  (a)  The  mass  remaining  after  t  days  is  y  (I)  =  y  (0)  e"  =  200c*'.  Since  (d) 

the  half-life  is  140  days,  y  (140)  =  200c1'10*  =  100  =>  e,4#*  =  [ 

=>  140*  =  In  |  =>  A  =  —  (In  2)/ 140.  so 

y(t)  =  200<r<ln2>,/,4°  =  200  •  2“"140 

(b)  .v  ( 1 00)  =200 -2* 100/140  «  121.9  mg 

(c)  200e-<l,,2>'/140  =  10  o  -  In 2 1^5  =  In  ^  =  -  In20  « 
t  =  I40^y  *3  605  days 

9.  (a)  If  v  (/)  is  the  mass  remaining  after  I  days,  then  y  (<)  =  y  (0)  ek<  =  50ekl .  y  (0.00014)  =  50c<)  OU°14*  =  25  =s 

e 0.00014*  _  |  _>  A  =  —  (in  2)  /0.000I4  =»  y  (7)  =  50e_(ta2>'/0  00014  =  50  ■  2_'/°  00014 

(b)  y  (0.01)  =  50  ■  2-°0|/° 000,4  =  1.57  x  lO'20  mg 

(c)  50<r,ln2>'/0  00014  =  40  =s  —  (In2)//0.00014  =  In 0.8  =s  t  =  -0.00014^^  =  4.5  x  10"5  s 


10.  (a)  Ify  (r)  is  the  mass  after  /  days  and  y  (0)  =  A,  thcny(f)  =  Aekl .  y(3)  =  Aeu  =  0.58.4  =»  e5*  =  0.58 


3A  =  In  0.58 
3  In 


k  —  \  In  0.58.  Then  ^cln<O.S8)>/3  _ 


In  0.58 


=  3.82  days. 


(b)  Ae '"l0  58>'/4  = 


A 

To 


In  (0.58)  l 
3 


=  In  1 


3  In  10 
In  0.58 


12.68  days 


In  so  the  half-life  is 


11.  Let  y  (l)  be  the  level  of  radioactivity.  Thus,  y  (t)  =  y  (0)  e  *'  and  k  is  determined  by  using  the  half-life: 


y  (5730)  =  jy  (0)  = 

that  y  (r)  =  0.74y(0) 

_  5730  (In  0.74)  , 

In  2 


k  —e  57304  =  A  =  —  ^  =  57^5-  If  74%  of  the  l4C  remains,  then  we  know 


=*  0.74  =  e-'(l“2)/57M 
'  2489  =  2500  years. 

dy 


In  0.74  =  -- 


/  In  2 
’5730 


12.  From  the  information  given,  we  know  that  ~  =  2 y  =>  y  =  Ce2r  by  Theorem  2.  To  calculate  C  we  use  the 
point  (0,  5):  5  =  Ce2<0*  =*  C  —  5.  Thus,  the  equation  of  the  curve  is  y  =  Se2*. 

13.  (a)  If  y  =  u  —  75.  u  (0)  =  185  =s  y  (0)  =  185  —  75  =  1 10,  and  the  initial-value  problem  is  dy/dt  —  ky  with 

y  (0)  =  1 10.  So  the  solution  is  y  (l)  =  1 10c*'. 


(b)  y  (30)  =  1 1  Oe30*  =  150  —  75  =>  em  =  ^  ^  =>  *  =  35  In  ^§.  soy  (/)  =  1  lOe’W^) 

y  (45)  =  I10e^,n(s)  ss  62°F.  Thus,  u  (45)  %  62  +  75  =  137°F. 


and 


(c)  11  <0=100  =s  y(t)  =  25.y(0 
30  In 


=  25.  y(r)  =  I  I0e^',n(®)  =25 


ew'ln(a)  =  .» 


1,  In  15  —  In  25 

55/  In  55  -  In  m 


=>  t  = 


,  25 

'no 


In  ]4 


=»  1 16  min. 
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14.  (a)  Let  y  (l)  =  temperature  after  t  minutes.  Newton’s  Law  of  Cooling  implies  that  —  =  k  (y  -  5).  Let 

dt 

»  C)  =  y(0-  5  Then  ^  =  ku,  son  (r)  =  «(0)e*'  =  15e*'  =>  y  (t)  -  5  +  15e*'  => 

y  (1)  =  5  +  15e*  =  12  =>  ek  —  =>  k  =  In  so  y  (/)  =  5  +  15eln<7/15)'  and 

y(2)  =  5  +  15e2ln<7/|5>  as  8.3  °C. 

(b)  5  +  I5eta(7/15><  _  6  when  eln(7/IS)t  _  ^  =>  |n  (^) ,  _  |n  ±  =*  t  -  at  3.6  min. 

In  35 

15.  (a)  Let  P  (h)  be  the  pressure  at  altitude  h.  Then  dP/dh  =  kP  =>  P  (h)  =  P  (0)  ekh  =  I01.3e**. 

P  (1000)  =  101.3eloo°*  =  87.14  =>  1000/t  =  In  (fg^)  =>  P  (h)  =  101.3  elB®*ln($ra),  so 

P  (3000)  =  10l.3e3ln(T5T3)  as  64.5  kPa. 

6187  87.14 \ 

(b)  Z5  (6187)  =  101.3*1*®  ^  39.9  kPa 


(r\nt 

1  + -j  with  Ao  =  500, r  =  0.14.  and/  =  2, 

we  have: 

(i)  Annually:  n  =  1;  A  =  500(1. 14)2  =  $649.80 
(ii)  Quarterly:  n  =  4;  A  =  500  (l  +  =  $658.40 

(iii)  Monthly:  n  =  12;  A-  500  (l  +  =  $660.49 

(iv)  Daily:  n  =  365;  A  =  500  (l  +  =  $661.53 

(v)  Hourly:  n  =  365  ■  24;  A  —  500  ( I  +  3^3)"  ' 65  24  _  $66 1 .56 
(vi)  Continuously:  A  -  500e(O  I4>2  =  $661.56 


(b) 


670 


^0.14  (2)  —  $661.56, 
•4o.io  (2)  =  $610.70,  and 
A 0.06  (2)  =  $563.75. 


(r  \  nl 

1  +  -J  with  Ao  =  3000,  r  —  0.05,  and  f  =  5,  (b)  dA/di  =  0.05/1  and 

we  have:  ^  (^)  ~  3000. 


(i)  Annually:  n  =  1; 

/I  =  3000(1. 05)5  = 

$3828.84 

(ii)  Semiannually:  n  =  2; 

A  =  3000  | 

(i+v; 

,10 

)  =  $3840.25 

(iii)  Monthly:  n  =  12; 

A  =  3000  | 

,60 

|  =  $3850.08 

(iv)  Weekly:  n  =  52; 

A  =  3000  | 

('+w; 

i5  52 

|  =$3851.61 

(v)  Daily:  n  =  365; 

A  =  3000  | 

,  5-365 

(  =  $3852.01 

(vi)  Continuously:  A  =  3000e(°  05)5  =  $3852.08 

18.  Aoenof"  =  2  Ao  <=>  e006' =2  <=»  0.06r  =  ln2  <=>  1  =  y  In  2  1 1.55.  so  the  investment  will  double  in 

about  1 1 .55  years. 
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dP  .  /  m 


19, 


*'  d,  -kP  -m  -  k(p  -  jY  Let  y  —  P  -  j,  so  the  equation  becomes  ~  =  ky.  The  solution  is  y  =  y0ekl 

(b)  There  will  be  an  exponential  expansion  <=>  P0—  —  >0  «  m  <  kPn. 

k 

(c)  The  population  will  be  constant  if  T’o  -  j  =  0  «.  m  =  kP0.  It  will  decline  if  />0  —  —  <  0  <=> 
m  >  kPo. 

(d)  P0  =  8,000,000,  *  =  «  -  ft  =  0.016,  m  =210,000 
was  declining. 


m  >  kPo(=  128,000),  so  by  part  (c),  the  population 


20.  (a)  ^  =  ky'+c 
at 


..-I  -c 


dy  =  kdl 


y  v-c 

- =  ki  +  C.  Since  y  (0)  =  y0,  we  have  C  =  ^_.  Thus, 

— c  — c 


y  Va 

—  =kl  +  ,  ory~c  =  y0  c  -  ckl.  Soyc  = 


_ Tq_ 


y0 1  -  ckl  1  -  cy^kt 


and  y  (/)  = 


TO 


(1-cyJLr) 


I/*- 


(b)  y  (/)  — »  oo  as  1  —  cy‘Qkl  ->  0,  that  is,  as  /  ->  — Define  T  =  .  Then  lim  y  (r)  =  oo 

cTo*  cyc0k  ,-,t~  ’ 

(c)  According  to  the  data  given,  we  have  c  =  0.01,  y  (0)  =  2,  and  y  (3)  =  16,  where  the  time  r  is  given  in  months. 


Thus,  yo  =  2  and  16  =  y  (3)  = 
2 


TO 


tl/r 


16  = 


(1-3  cyj*)1 


occurs  when  /  =  T  = 


1 


(I-ctS*-3) 

I-3ct$*  =  (1)  =8 

3 


.  Since  T  = 


— — ,  we  will  solve  for  cyik. 
cyak 


-0.01 


cyj*  1  -  8"0  01 


cyc0k  =  5  (I  —  8  001 ).  Thus,  doomsday 
145.77  months  or  12.15  years. 


Applied  Project  □  Calculus  and  Baseball 

i  r.  dn 

1.  (a)  h  —  ma  —  m  so  by  the  Substitution  Rule  we  have 

at 

[o  h(,)d,=jl0  '"{jTt)dl  =  m  S„  d"  =  ~m,>l  ~m”°  -P(fi)-pOo) 

(b)  (i)  We  have  «,  =  1 10  mi/h  =  ft/s  =  i6|  .3  ft/Sj  „„  =  _90  mi/h  =  _,32  ft/s>  and  the  mass  of  ,he 

baseball  is  m  =  —  =  =  575.  So  the  change  in  momentum  is 

P(<\)~  P  Co)  =  mv  1  -  mna  =  [161.3  —  (—132)]  =  2.86  slug-ft/s. 

(ii)  From  part  (a)  and  part  (b)(i),  we  have  /0°°01  F  ( ( )  dl  =  p  (0.001 )  -  p  (0)  =*  2.86,  so  the  average  force  over 
the  interval  10,0.001]  is  5^  F(t)dt  =»  ^  (2.86)  =  2860  lb. 

2.  (a)  W  =  f  /•  (.v)  ds.  where  /•'  (4)  =  m  —  =  m  —  ^  =  nw  and  so,  by  the  Substitution  Rule, 

dl  ds  dlds 

= I, F(s)ds = L  m"£  * = C0)m"dv = -  5""’'  -  5m"o 
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(b)  From  part  (bX*).  90  mi/h  =  132  ft/s.  Assume  u0  =  v  (s0)  =  0  and  =  t>  (si)  =  132  ft/s  (note  that  si  is  the 
point  of  release  of  the  baseball).  »>  =  5 fj,  so  ’he  work  done  is 

W  =  =  j  •  •  ( 1 32)2  =s  85  ft-lb 

3.  (a)  Here  we  have  a  differential  equation  of  the  form  dv/dt  =  kv,  so  by  Theorem  10.4.2,  the  solution  is 

»  (r)  =  v(0)ek‘.  In  this  case  A  =  —  ^  and  v  (0)  =  100  ft/s.  so  u  (r)  =  lOOe-"10.  We  are  interested  in  the 
time  /  that  the  ball  takes  to  travel  280  ft,  so  we  find  the  distance  function 

s(l)  =  fi»(x)dx  =  fo  me-*''0dx  =  100 [- lOe-*/'0]^  = -1000  (e''/'0  -  1) 

=  1000  (l  -e-'/l0) 


Now  we  set  s  (/)  =  280  and  solve  for /:  280  =  1000  (1  —  e~'/l0)  =>  1— e_,/|0  =  ^  => 

—  W1  =  *n  (•  —  Js)  =»  t  as  3.285  seconds. 

(b)  Let  jr  be  the  distance  of  the  shortstop  from  home  plate.  We  calculate  the  time  for  the  ball  to  reach  home  plate 
as  a  function  of ,v,  then  differentiate  with  respect  to  x  to  find  the  value  of x  which  corresponds  to  the  minimum 
time.  The  total  time  that  it  takes  the  ball  to  reach  home  is  the  sum  of  the  times  of  the  two  throws,  plus  the  relay 
time  (|  s).  The  distance  from  the  fielder  to  the  shortstop  is  280  -  X,  so  to  find  the  lime  (,  taken  by  the  first 


throw,  we  solve  the  equation  si  (/|)  =  280  —  x  <=s  1  —  ' i  / 1 0  = 


280  —  x 


720  +  x 

-10  In  — --r  ■  We 


1000  .  1000 

find  the  time  f2  taken  by  the  second  throw  if  the  shortstop  throws  with  velocity  to,  since  we  see  that  this  velocity 

varies  in  the  rest  of  the  problem.  We  use  v  =  toe_,/,°  and  isolate  I2  in  the  equation 

x 


,s(r2)  =  I  Out  ( 1  -e-'z/10)  =* 
Iw  (X)  =  -  10  |^l 


e-V'°  =  1  - 


IO10  —  x 

h  =  — 10  In  — — - ,  so  the  total  time  is 


,  720  +  x  ,  I0to-jr' 
In  +  In  - 


1000 


I  Out 


lOto  ‘  IO10 

To  find  the  minimum,  we  differentiate 


dt,„  „  f 

"ST  ~  ~10 . 


I 


1 


720 +  *  lOto  —  x 


which  changes  from  negative  to  positive  when  720  +  x  =  I  Out  —  .r 


x  =  5w  —  360.  By  the  First  Derivative  Test.  has  a  minimum  at  this  distance  from  the  shortstop  to  home 
plate.  So  if  the  shortstop  throws  at  10  =  105  ft/s  from  a  point  .v  =  5  (105)  -  360  =  165  ft  from  home  plate,  the 


minimum  time  is  <105  (165)  =  5  —  10  (h 


720+  165 
"TlWl 


.  ...  1050  165 
+  1,1  1050 


^  =»  3.431  seconds.  This  is  longer  than  the 


time  taken  in  part  (a),  so  in  this  case  the  manager  should  encourage  a  direct  throw. 

If  i>  =  115  IVs,  then  x  =  215  ft  from  home,  and  the  minimum  time  is 

ft  is  (215)  =  j  —  10  ^ln  ^  +  In  ■^773^)  *  5-242  seconds.  This  is  less  than  the  time  taken  in  part  (a), 
so  in  this  case,  the  manager  should  encourage  a  relayed  throw. 


(c)  In  general,  the  minimum  time  is 
1 


l„,  (5io  —  360)  = 


10 


-  lOln 


[|„M± 

L  100 

(to  +  72)2 


5to  t  360  +  5to" 
I000~  +  "  lOto 


400to 


J  115 


We  want  to  find  out  when  this  is  about  3.285  seconds,  the  same  time  as  the  direct  throw.  From  the  graph,  we 
estimate  that  this  is  the  case  for  to  %  1 12.8  ft/s.  So  if  the  shortstop  can  throw  the  ball  w  ith  this  velocity,  then  a 
relayed  throw  takes  the  same  time  as  a  direct  throw. 
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=TO;5 


The  Logistic  Equation 


1.  (a)  dP/dt  =  0.05 P  -  0.0005 P2  =  0.05 P  (1  -  0.01  P)  =  0.05 P  (1  -  />/100).  Comparing  to  Equation  I, 
dP/dl  =  kP  ( 1  -  P/K ),  we  see  that  the  carrying  capacity  is  K  =  100  and  the  value  of  k  is  0.05. 

(b)  The  slopes  close  to  0  occur  where  P  is  near  100.  The  largest  slopes  appear  to  be  on  the  line  P  =  50.  The 
solutions  are  increasing  forO  <  Po  <  100  and  decreasing  for  Po  >  100. 

(c)  71 1  All  of  the  solutions  approach  P  =  1 00  as  t  increases.  As 

UA  150“' 

p  -  po  "•  1  iiii  ln  Pan  (b),  the  solutions  differ  since  for  0  <  Po  <  100 

ioo:  they  arc  increasing,  and  for  Po  >  100  they  are  decreasing. 

Fp  =  60  •'  Also,  some  have  an  I P  and  some  don ’t.  It  appears  that  the 

p  _  40  5~  ;  ;  ;  ;  ;  solutions  which  have  Po  =  20  and  Po  =  40  have 

K  =  20  .ZZZZZZZZZZZ'l  inflection  points  at  P  =  50. 


(d)  The  equilibrium  solutions  are  P  =  0  (trivial  solution)  and  P  =  100.  The  increasing  solutions  move  away  from 
P  =  0  and  all  nonzero  solutions  approach  P  =  100  as  t  -»  oo. 


2.  (a)  K  =  6000  and  k  =  0.001 5 
(b)  't 

8000  'fvNXNN'.VVVN 

I:::::::::: 
6000  + - 


dP/dt  -  0-0015/*  (1  -  P/6000). 

All  of  the  solution  curves  approach  6000  as  1  -»  oo. 


2000+ - 


1000  1500  2000  I 


1000  1500  2000  ' 


The  curves  with  Po  =  1000  and  Po  =  2000  appear  to  be 
concave  upward  at  first  and  then  concave  downward.  The 
curve  with  Po  =  4000  appears  to  be  concave  downward 
everywhere.  The  curve  with  Po  =  8000  appears  to  be 
concave  upward  everywhere.  The  inflection  points  are 
where  the  population  grows  the  fastest. 


(d)  See  the  solution  to  Exercise  10.2.25  for  a  possible  program  to  calculate  P  (50).  [In  this  case,  we  use  X  =  0, 
H  =  1,  N  =  50,  Y|  =  0.001 5y  (I  -  y/6000),  and  Y  =  1000  ]  We  find  that  P  (50)  =  1064. 

(e)  Using  Equation  4  with  K  =  6000,  k  =  0.0015,  and  Po  =  1000,  we  (f)  Bnnn 


have  P  (()  = 


1  +  Ae~k'  |  +  /U,-oooi5i’ 


.  K  -  P0  6000-1000  „  _ 

A  =  -fiT  =  —  looo  =5  Thus- 

6000 

P  (50)  =  -j  ^  5g ^00015(50)  ,(,b4.1.  which  is  extremely  close  to  the 

estimate  obtained  in  part  (d). 


The  curves  are  very  similar. 
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S.  (a)  J=*y(|-^)  =»  ,v(t)  =  -- with  A  =  With  K  =  8  x  I07,  t  =  0.71,  and 

8  x  1 07  8x1 07 

y( 0)  =  2  x  1 07,  we  gel  the  model  y  ( t )  •-=  3c_07,, .  so  y  (1)  =  j  jg.07l  =*3.23  x  I07  kg. 

8  x  in7 

(b)y(0  =  4x  107  =»  ,  "3g_”7[|  =  4  X  I07  =>  2=l+3e-071'  =>  e"071'  =  }  =» 

-0.71/  =  In  j  =>  /  =  jj-yy  =s  1.55  years 


4.  (a) 


n 

700 


(yeast  cells) 


100- 

0 


5  10 


15  ' 

(hours) 


From  the  graph,  we  estimate  the  carrying  capacity 
K  lor  the  yeast  population  to  be  680. 


(b)  An  estimate  of  the  initial  relative  growth  rate  is 

I  dP  I  39-18  7  _ 

Pa  dt  ~  18  '  2-0  ~  12  _  0 583 

(c)  An  exponential  model  is  P  ( t )  =  18c7'''12.  A 

logistic  model  is  P  (/)  -  - - 680  .  where 

1  +  Ae~7'/12 

.  (.80-18  331 

A  ~  18  -  TT- 


(«D 


Time  in 

1  lours 

Observed 

Values 

Exponential 

Model 

Logistic 

Model 

0 

18 

18 

18 

2 

39 

58 

55 

4 

80 

186 

149 

6 

171 

596 

322 

8 

336 

1914 

505 

10 

509 

6147 

614 

12 

597 

19,739 

658 

14 

640 

63,389 

673 

16 

664 

203.558 

678 

18 

672 

653,679 

679 

700  P  (yeast  cells) 


(hours) 


The  exponential  model  is  a  poor  fit 
for  anything  beyond  the  first  two 
observed  values. 

The  logistic  model  varies  more  for 
the  middle  values  than  it  does  for 
the  values  at  either  end,  but  provides 
a  good  general  fit,  as  shown  in  the 
figure. 


(e)  P  (7)  = 


680 
I  + 


420  yeast  cells 
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5.  (a)  Wc  will  assume  that  the  difference  in  the  birth  and  death  rates  is  20  million/y.  Let  I  =  0  correspond  to  the  year 

1  d  P 

1990  and  use  a  unit  of  1  million  for  all  calculations,  k  as  —  —  =  (20)  —  jST *  s0 


dP_ 

HT 


=kp{'-i)  =  ip{'-i Wm) 


100,000 


A  -  Po  100,000  -  5300  947  _  A  _  _ 

(b  ^  _  Po  ~  5300  53  1  +  Me"*1  i  +  ™e-0/2M )/' 


P  (10)  as  5492.6  (or  5.5  billion).  P  (110)  =  7813.8,  and  P  (510)  =»  27.718.3. 

50,000 

447  „ 

IT1 


(c)  If  A'  =  50.000,  then  P  (l)  =  ,  447’i..(i/26S).  '  So  p  <10)  35  5481.5.  P  (1 10)  =s  761 1.8.  and 

P  (510)  «  22,412.6 


6.  (a)  If  we  assume  that  the  carrying  capacity  for  the  world  population  is  100  billion,  it  would  seem  reasonable  that 
the  carrying  capacity  for  the  U.S.  is  3-5  billion  by  using  current  populations  and  simple  proportions.  We  will 
use  A  =  4  billion  or  4000  million.  With  t  =  0  corresponding  to  1980.  we  have 


P  ( l )  = 


4000 


4000 


+  (4000^228),-*,  1  +  W 


943„~*; 


(b)  P  (10)  =  250 


—  10ft  =  In  ||| 


4000 


=  250 


1  +  we-,0* 
k  =  In  HI  =0,0097965. 


l  +  TT*- 


16 


„-IOi  _  855 
e  ~  543 


(c)  2100  -  1980  =  120  and  A  (120)  =»  655  million. 

2200  -  1980  --  220  and  P  (220)  1371  million,  or  about  1.4  billion. 


(d)  P  (/)  =  300 


4000 


I  + 


57  e 


-  =  300 


1  + 


943  _-Jtl  _  40 


-*l  _  J7  57 
—  3  5J3 


943 


K) — 29.98  =  30.  So  we  predict  that  the  U.S.  population  will  exceed  300  million  in  the  year 
In  50 


1980  +  30  =  2010. 


7.  (a)  Our  assumption  is  that  —  =  ky  (1  -  y),  where  y  is  the  fraction  of  the  population  that  has  heard  the  rumor. 
dt 


dP 

(b)  Using  the  logistic  equation  (I),  ~ 
udy 


-kr  (■-£)• 


P  dP  dy 

we  substitute  y  —  — ,  P  =  Ky,  and  ~  =  K  — ,  to 

obtain  A—  =  4  (Ay)  (l  -y)  <=>  —  =  Ay  (1  -  y),  our  equation  in  part  (a).  Now  the  solution  to  ( 1 )  is 

dl  dt 

p  (,)  -  r  _ — - — — .  where  A  -  -----  P° .  We  use  the  same  substitution  to  obtain  Ay  = 


=»  y  = 


1  +Ae-*r 
yo 


Po 


I  + 


K~Kyoc-t, 

Kyo 


yo  +  (l  -yo)e  h 

Alternatively,  we  could  use  the  same  steps  as  outlined  in  "The  Analytic  Solution”,  following  Example  2. 
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(c)  I.et  t  be  the  number  of  hours  since  8  a.m.  Then  yo  =  y  (0)  =  ^  =  0.08  and  y  (4)  =  i,  so 

\  =  y  «>  =  °o'q2c-4t  ■  Thus,  0.08  +  0.92c  "«  =  0. 16,  =  gg  =  and  «-*  =  (£)  so 


2  '  ' ''  0.08  +  ( 

0.08  2 

0.08  +  0.92(2/23)'/*  =  F+ 23  (2/23)^  S°,Ving  thiS  eqUa,i°n  f0r  WC  ge‘ 


v  = 


2y  +  23 1 


/2V/4_2-2y  / 

2V/4  _  1 .  Lzl  =>  ( 

2  \'/4_1  1  —  y 

\23/  23y  V 

23)  23  y  =*  { 

—  1  = - .  it  lol lows  that 

23/  y 

l  ,  In  [( 1  —  y) /y] 

-  -  1  =  - 5 - .  SO  / 

4  lnA 


=  4  1  + 


In  ((I  -y)/y) 


In 


.  When  y  =  0.9, 


l-y 


<"W- 


7.6  h  or  7  h  36  min.  Thus,  90%  of  the  population  will  have  heard  the  rumor  by  3:36  p.m. 


8.  (a)  P  (0)  —  Po  —  400,  P  (I)  —  1200  and  K  =  10,000.  From  the  solution  to  the  logistic  differential  equation 

PoK  400(10,000)  10,000 

,  ^  get  P  =  -  ,  =  1-  24e-„.  P  (1)  =  1200  =» 

10,000  10,000 


/>(/)  = 


Po  +  (K  -  P0)e-kl 


I  +  24e>-*  =  •!$  = 

10,000 


400  +  (9600)  e-*' 
*  =  lnff.So/>  = 


(b)  5000  = 


9.  (a)  ^£=k(P) 


1+24(11/36)' 

K) 


=>  24 


GO'-1 


,lnH  =ln5f 


l+24e-'l"W|>  I  +24-  (11/36)'' 
l  ss  2.68  years. 


Sp 

dr 2 


(b)  P  grows  fastest  when  P’  has  a  maximum,  that  is,  when  P"  =  0.  From  part  (a),  P"  =  0  <=> 
or  P  =  K/2.  Since  0  <  P  <  K,  wc  see  that  P"  =  0  «=s  P  =  K/2. 


P  =  0,  P  ■■ 


10. 


First  we  keep  k  constant  (at  0. 1 ,  say)  and  change  Po  in  the  function 

P  =  Po  +  (10  — ^fb)g~0,1'  <NOti<X  11131  P°  ‘S  the  P'in,crcepl  )  If 
Po  =  0,  the  function  is  0  everywhere.  For  0  <  P0  <  5.  the  curve  has 
an  inflection  point,  which  moves  to  the  right  as  Po  decreases.  If 
5  <  />o  <10,  the  graph  is  concave  down  everywhere.  (We  arc 
considering  only  t  >  0.)  If  Po  =  10,  the  function  is  the  constant  function  P  =  10,  and  if  Po  >  10,  the  function 
decreases.  For  all  Po  yt  0,  lim  P  =  10. 

i~*oo 

Now  we  instead  keep  Po  constant  (at  Po  =  1 )  and  change  *  in  the 

function  P  =  t  +  qe-kr '  ,l  scems  that  35  *  increases,  the  graph 

approaches  the  line  P  =  10  more  and  more  quickly.  (Note  that  the 
only  difference  in  the  shape  of  the  curves  is  in  the  horizontal  scaling; 
if  we  choose  suitable  x -scales,  the  graphs  all  look  the  same.) 
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11.  (a)  The  term  —  1 5  represents  a  harvesting  of  fish  at  a  constant  rate  —  in  this  case.  1 5  fish/week.  I'his  is  the  rate  at 
which  fish  are  caught. 


(b) 


(c)  From  the  graph  in  part  (b).  it  appears  that  P  (f)  =  250  and 
p  (i)  =  750  are  the  equilibrium  solutions.  We  confirm  this 
analytically  by  solving  the  equation  dP/dt  =  0  as  follows: 
0.08/*  (1  -  P/1000)-  15  =  0  => 

0.08/'  -0.00008/>2-  15  =  0  => 

-0.00008  (P2  -  I000P  +  187,500)  =0  => 

(P  —  250)  (P  —  750)  =  0  =>  P  =  250  or  750. 


For  0  <  P0  <  250,  P  (/)  decreases  to  0.  For  Po  =  250,  P  ( I ) 
remains  constant.  For  250  <  Po  <  750,  P  (/)  increases  and 
approaches  750.  For  Po  =  750,  P  (/)  remains  constant.  For 
Po  >  750,  P  (l)  decreases  and  approaches  750. 


«=>  — 


100,000  dP 


8 


dP  ,  ,  /  100.000  \ 

y-  =  (0.08/>  -  0.00008 P2  -  15)  •  1 - - — J 


, 4  P 

—  1 2.500— —  =  P2  —  IOOOP  +  187,500  «> 
dt 


dP 


\  dt 


(P  -  250)  (F  -  750)  15:505 

ln|/’ -  250| -ln|F- 750|  =  ^/+C  o  In 


/’  -  250 
P  -  750 


I  P  -  250 


P  -  750 


<=> 

=  =  ke'f2S 


^  £. _ _  keu 25  CJ.  p  -  250  =  Pkel/25  -  750 ke"2S  <=>  P  -  Pke,/2S  =  250  -  750*e,/25  o 


P  -750 

250  -  750Jt<’,/25 
P  (0  "  1  -  *e"25 


.  If  l  =  0  and  P  =  200,  then  200  = 


250  -  750* 
1  -k 


<5>  200  -  200*  =  250  -  750*  <=>  550*  =  50  »  *  =  jj. 
Similarly,  if  f  =  0  and  P  =  300,  then  *  =  -5.  Simplifying  P  with  these 
two  values  of*  gives  us 


/’(()  = 


250(3e"25- II)  750(e'/2S  +  3) 

-  -  e.,-n=TT~  and  P {,)  =  e'/2'  +  9- 
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12.  (a) 


c  =  0 

1200 ; 


c  =  21 


/>* 


1200}  : 


c  =  20 


(b)  For  0  <  c  <  20.  there  is  at  least  one  equilibrium  solution.  For  c  >  20.  the  population  always  dies  out 


r 

1200 


°l  Ml  KU  120  ' 

c  =  .TO 


„  dP  ,  dP 

(c)  —  =  0.08 P  -  0.00008  P2  -  c.  — -  =  0 
at  dt 


-0.08  ±7(0.08)-=- 4  (-0.00008)  (-c) 

2  (-0.00008)  ’  whlch  haS  at 
least  one  solution  when  the  discriminant  is  nonnegative  =>  0.0064  -  0.00032c  >0  <=>  c  <  20.  For 
^  —  c  <  20,  there  is  at  least  one  value  of  P  such  that  dP /dt  —  0  and  hence,  at  least  one  equilibrium  solution. 
For  c  >  20,  dP /dt  <  0  and  the  population  always  dies  out. 


(d)  The  weekly  catch  should  be  less  than  20  fish  per  week. 


11  (3)  17  ~  (A/,)  ('  -  (’  ~  j)-  ,fm  <  P  <  'hen  dP/dt  =  (+)  (+)  (+)  =  + 

0  <  P  <  m,  then  dP/dt  =  (+)  (+)  (-)  =  -  =>  P  is  decreasing. 


P  is  increasing.  If 


(b) 


*=0.08,  K-  1000.  and  m=  200  => 

dt  V  1000/ V  P  ) 

For  0  <  l‘o  <  200.  the  population  dies  out.  For  Pq  —  200,  the 
population  is  steady.  For  200  <  P0  <  1000.  the  population 
increases  and  approaches  1000.  For  Pu  >  1000.  the  population 
decreases  and  approaches  1 000. 

The  equilibrium  solutions  are  P  (/)  =  200  and  P  (l)  =  1000. 
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(c) 


f  1**' 


m)  <=> 


By  partial  fractions. 


A  +-J^—,soA(P-m)  +  H(K-P)=\. 


(K  -  P)(P  -m)  K  -  P  P-m 

If  />  =  m,B  =  — ! — ;ir  P  =  K.A  =  —1 — .so—! —  f  ('  !—  +  —-! — =  f  di  => 
K  —m  K—m  K  -  m  J  \K  —  P  P-m)  J  K 


1  k 

- (-  In  | K  -  FI  +  In \P  -  m|)  =  —t  +  M. 

K  —  m  A 


But  m  <  P  <  K,  so  — 


I  .  p~m  k 

-  n -  -  —t  +  M 

K  -  m  K  -  P  K 


P  _  m  L 

In  K  --  =  (K  -  m)  —I  +  M\  <=> 


— — —  =  De(K-j»)ik/K)i  (0  _  e*/|)  Let ,  _  o:  r°  ~~  =  D.  So  ^ ^  ^ — ^Le<* -«><*/*)>. 

K  -  P  K  —  Pq  K  -  P  K  -  Po 


Solving  for  P,  we  gel  P  (/)  = 


m  (A  -  Pq)  +  K  (Pq  -  „)e(K-«MK)< 
K-  Po  +  (Po-m) e(A-m)(*//f)< 


(d)  If  fo  <  m,  then  /’o  -  m  <0.  Let  N  (I)  be  the  numerator  of  the  expression  for  P  (!)  in  part  (c).  Then 
N  (0)  =  Po(K  -m)  >  O.and  P0  -m  <  0  <=>  lim  K  (Pa  -  m)etK~m){k'K)'  =  -oo  =» 
lim  N  (!)  =  —oo.  Since  N  is  continuous,  there  is  a  number  t  such  that  N  (t)  =  0  and  thus  P  (I)  =  0.  So  the 

/->oo 

species  will  become  extinct. 


14,(a)^=cln  (§)  F  =>  /  J^P)  =  / cdl  Ut “  =  ln  (?)  =  ln K  ~  ln F 


,  dP 
du  =  ~  — 


j-™=ct+D  =>  In  |u  |  =  — cf  —  D  =>  |„|  =  ,-(«+«)  =>  |ln(K/F)|  =  <r<‘,+0>  => 

ln(A'/F)  =  e~(cl+D)  [xve  know  that  ln(A/F)  >  0  since  K  >  P].  Letting  t  =  0,  we  get  In  (K/Po)  =  e~D,  so 
In  (K/P)  =  e~a~n  =  e~c,e~°  =  In  (K/ Po)e~cl  =>  K/P  =  e>“(WoK"  => 

P  (/)  =  Ke-KA/PoK",  c  #  0. 


(b)  lim  F(/)  =  lim  —  £e-ln(*r/p<>)o  =  Ae°  =  A 

/— »00  /-->0© 


(C) 


p  loot) 


The  graphs  look  very  similar.  For  the  Gompertz  function, 

P  (40)  =»  732,  nearly  the  same  as  the  logistic  function.  The 
Gompertz  function  reaches  P  =  900  at  I  as  61 .7  and  its  value  at 
I  =  80  is  about  959,  so  it  doesn’t  increase  quite  as  fast  as  the 
logistic  curve. 


(d) 


=clnf£)  F  =cF  (In  AT- InF)  => 


d2P 
di 2 


+  (ln  K  -  In  P) 


=  c[c\n(KIP)P][\n(K/P)-\\  =  c1P\n(K/P)(\n(K/P)-\) 

Since 0  <  P  <  K,  P"  =  0  «.  \n(K/P)=l  »  K/P=e  <=>  P  =  K/e.  P"  >  0  forO  <  P  <  K/e 
and  P"  <  0  for  K/e  <  P  <  K,  so  P’  is  a  maximum  (and  P  grows  fastest)  when  P  =  K/e. 
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15.  (z)dP/dt  =  *Tcos(r/-0)  =>  (dP)/P  =  kcos(n-<f>)dt  =»  f  (dP) / P  —  k  J cos(rt  —  </>)dt  => 

I"  }>  =  (k/r)  sin  (rt  -  <p)  +  C.  (Since  this  is  a  growth  model,  /’  >  0  and  eve  can  write  In  P  instead  of  In  |/’|.) 
Since  P  (0)  =  P0,  we  obtain  In  P0  =  (k/r)  sin  (-</>)  +  C  =  -  (k/r)  sin0  +  C  =>  C  =  In  P„  +  (k/r)  sin«i. 
Thus.  In  P  =  (k/r)  sin  (rt  —</>)  +  \n  I’o  +  {k/r )  sin  <p.  which  we  can  rewrite  as 
In  (P/Pq)  =  (k/r)  [sin  (/*/  -</>)  +  sin0|  or.  alter  exponentiation.  P  (t)  =  />oe<*/',)Isin»"-A)+sm«'] 

(b)  As  k  increases,  the  amplitude  As/*  increases,  the  amplitude  A  change  in  t/>  produces  slight 

increases,  but  the  minimum  and  the  period  decrease.  adjustments  in  the  phase  shift 

value  stays  the  same.  and  amp|itudc 


P  (t)  oscillates  between  PoeW')0+m*)  and  />„,,<*/.■)(- 1 +.m*)  (lhc  cxtrcmc  va|ues  are  attajncd  when ^  is 

an  odd  multiple  of  4).  so  lim  P  (t)  does  not  exist. 

*  /-)00 


16.  (a)  dP/dt  =  kP  cos2  (rt  —  </>)  =»  (dP)/P  =  k  cos2  (rt  -  <j>)dt  =*  J  (dP) /P  =  k  /cos2  (rt  -  <t>)dt 
id  .  f  I  +  cos  (2  (rt  —  tp))  k  k 

=>  In  P  —  k  J  - - dt  —  -/  +  —sin  (2  (rt  -  </>))  +  C.  From  P  (0)  =  To.  we  get 


k  k  k 

In  Po  —  "j- sin  (—2</>)  +  C  =  C  —  —  sin  2 <f>.  so  C  =  In  Po  4 - sin  2d>  and 

4r  4 r  4 r 

k  k  k. 

P  =  ^  4^  s‘n  ^  ( rl  ~  4*))  +  In  Po  +  —  sin  2<f>.  Simplifying.  \vc  get 

,  P  k  k  ,  . 

n  Pb  =  2/  + 4^,Sm(2('’/’'^))  +  sin2^1  =  orP(/)=  /V/(,). 


(b)  An  increase  in  k  stretches  the 
graph  of  P  vertically  while 
maintaining  P  (0)  =  Po. 

P  9 


Comparing  values  of  k  with 
Pn=  I,  r  =  2.  and  <5  -*=  rr/2 


An  increase  in  r  compresses  the 
graph  of  P  horizontally  — 
similar  to  changing  the  period  in 
Exercise  15. 


r  9 


Comparing  values  «f  r  with 
t\,  ~  I ,  t  —  0.5,  and  <5  —  v/2 


As  in  Exercise  1 5.  a  change  in  <p 
only  makes  slight  adjustments  in 
the  growth  of  P,  as  shown  in  the 
figure. 


r  9 


Comparing  values  of  <b  with 
=  I.  k  »  (1.5.  and  r  =  2 


/'(')  =*/2  +  |*/(4r)][2/  cos(2(rf  —  0))]  =  (A/2)  [  I  +  cos  (2  (rt  -  <5))J  >  0.  Since  P  (t)  =  Poe™,  we 
have  P‘  (t)  =  PQJ'  (f)e/(,)  >  0,  with  equality  only  when  cos (2  (rt  -</>))  =  -  I,  that  is,  when  rt  -</>  is  an  odd 
multiple  of  y .  Therefore,  P  (t)  is  an  increasing  function  on  (0,  oo).  P  can  also  be  written  as 


P  (0  —  Toe*'1 -p'*  4'*>lsln®'''  A)t+sm2^|  q*he  second  exponential  oscillates  between  el*/4''i(  l+sin  2^)  and 
e(*/4r7(-i+sl„2A)  whj|e  the  first  one.  etl/2,  grows  without  bound.  So  lim  P  (t)  =  oo. 
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Linear  Equations _ 

1.  y  +  e'y  =  x2y2  is  not  linear  since  it  cannot  be  put  into  the  standard  linear  form  (1). 

2.  v  +  sin*  =  *3y'  =>  *3y'-y  =  sin*  =»  v'  +  ■>'  =  — y-.  This  equation  is  in  the  standard  linear 

form  (I),  so  it  is  linear. 

3.  Xy’  +  Inx  —  x2y  =  0  =»  *y'  — *2y  =  — In*  =>  y'  +  (-*)y  =  —  which  is  in  the  standard  linear 
form  ( 1 ).  so  this  equation  is  linear. 

4.  yy’  =  sin*  is  not  linear  since  it  cannot  be  put  into  the  standard  linear  form  (I). 

5.  Comparing  the  given  equation,  y‘  +  2y  =  2e* ,  with  the  general  form,  y1  +  P  (x)y  =  Q  (*),  we  see  that  P  (x)  —  2 

and  the  integrating  factor  is  /  (*)  =  =  eS2i,x  —  e1'.  Multiplying  the  differential  equation  by  /  (*)  gives 

e^y’  +  2 eily  — -  2e3'  =>  {e'“vy,)/  =  2e}x  =»  e2xy  —  J  2eix  dx  =»  e**y  =  \e2x  +  C  => 

y  -  +  Ce-2x. 

6.  y'  =  *  +  5y  =>  y’  —  5v  —  x.  I  (*)  =  =  t>]i-5Wt  —  e~5*.  Multiplying  the  differential 

equation  by  /(*)  gives e~fxy‘  —  5c_Sxy  =  xe~>x  =»  (e-5*y)  =  xe~5x  => 

e_5-'y  =  / xe~5x  dx  =  -  \xe~ix  -  y^e~ix  +  C  =>  y  =  — j*  -  jj  +  CeSx 

7.  /  (at)  =  eJ^‘,x  =  e~'~ .  Multiplying  the  differential  equation  by  /  (*)  gives  e~x2  (y‘  -  2 xy)  =  xe~x‘  => 

=  xe~x2  =A  y  =  ex*  xe~xl  dx  +  Cj  =  Ce“2  — 

8.  y‘  +  -y  =  -ex'~  (x  y  0),  so  /  (*)  =  el2'  ' dx  =  e,nx~  =  x 2.  Multiplying  the 

xx 

differential  equation  by  /  (*)  gives  x2y’  +  2xy  =  xe'~  =>  (*2y)(  =  xex 

=»  y  — v_2  [/  dx +c.\^  =  x~2  [( j®'3)  +  C|]  =  g  It+2  r 

9.  >■'  —  vlan.x  =  =  2  sin*,  so  /  (*)  =  eI  ~mxJx  =  el"l“>s*l  =  cos*  (since  —  f  <  *  <  5).  Multiplying  the 

cos* 

differential  equation  by  /  (*)  gives  (>•' -  y  tan*)  cos*  =  cos*  =>  (y  cos*)'  =  sin 2*  => 

„  i  ,  ,  sec*  „ 

ycosx  =  /sin2*rf*  +  C  —  —  jcos2*  +  C  =  j  —  cos'*  +  C  =>  y  =  — - - cos.x  +  Csec*. 

10.  v‘  -  y  —  I  /*  (*  y  0),  so  /  (*)  =  e-ft"')*  =  e~x .  Multiplying  the  differential  equation  by /(*)  gives 

e~xy‘  —  e~xy  =  e~x/x  =>  (e~xy)’  =  e~x/x  =>  y  =  ^  (e~x/x)dx +C\. 

11.  /  (*)  =  el2ulx  =  e'"  Multiplying  the  differential  equation  by  /  (*) 

gives  e'2  y‘  +  2*eI"y  =  x2ex~  =>  (e*2y)  =  x2e'~ .  Thus 

y  =  e~x2  j  fxIexldx  +  c]  =  e~x 2  [j*e*2  —  f  \e^  dx  +  cj  =  j*  +  Ce~xl  -  e~x2  J  je*'  dx. 
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12.  /  (*)  =  <?/  timxJx  _  ein|cosi|  _  COSJ.  (sjnce  _  *  <  *  <  j).  Multiplying  the  differential  equation  by  I  (*)  gives 
/  cos  *  —  y  tan  *  cos ,v  =  *  cos *  sin  2*  =>  (y  cos*)' =  *  cos*  sin 2*.  So 


y  =  — —  I  [  X  cos*  sin  2 x  dx  +  C  =  — —  \  [  2x  cos2  x  sin  *  dx  +  cl 
cos*  1.1  J  COS*  L J 

[—2*  cos3  *  2  /  .  sin3  *  \  "1  -2*  cos2  *  C 

- z - +  - 1  sin* - —  1  +  C  = - - - + - +  2  tan  j 

3  3  y  3  J  J  3  cos* 


3  —  sin2  * 


(!+/)«  =  f(\+l)dt  =  l  +  \t2  +  C 


13.  (I  f/)y  +u  =  1  +  /.I  >  0  =*  ~  f(l  +  /)«]  =  1  +/ 

at  at 

/  +  i/2  +  r  l2  +  2t  +  2C 

u  = - f - or  u  —  - . 

1+/  2  (/  +  I ) 

14  y'+  ^1  +  -^y  =  so  /  (*)  =  c/U+l/*)<7*  _  xe<  Multiplying  the  differential  equation  by  /  (*)  gives 

xexy'  +  (xe*  +  ex)y  =  1  =>  (xexy)'=  1  =>  xexy  =  /  I  dx  =»  xexy  =  x+C  => 

y  =  e~x  (I  +  C/*). 

15.  /  (*)  =  e  ><lx  =  ex .  Multiplying  the  differential  equation  by  I  (*)  gives  tr'y'  +  exy  =  ex  (x  +  )  => 

(exy)'  =ex  (*  +  ex).  Thus  y  =  e~x  [/  ex  (*  +  ex )  dx  +  Cl  =  e~x  Ixe’  -ex  +  ~  +  C  =*-!  +  —  +  —. 

L  2  J  2  ex 

But  0  =  y  (0)  =  —  1  +  j  +  C,  so  C  =  j,  and  the  solution  to  the  initial-value  problem  is 
y  —  x—  I  +  |ev  +  \e~x  =  *  —  I  +  cosh*. 

16.  t-~  +  2y  =  r3,  /  >  0,  y  (I)  =  0.  Divide  by  ( to  get  ~~  -f  —y  =  r2,  which  is  linear.  /  (/)  =  t'U2/l^d/  =  e21"'  =  t2 

dt  dl  l 


Multiplying  by  1 2  gives  I2--  +  2 ly  =  /4 
dl 

0  =  *’(!)  =  j  +  C  =>  C  =  -},soy=^--L 


(t2y)'  =  ,4 


i2y  =  j/5  +C 


/•’  c 
v=  -r  +  -*• 


5  5r2 


d  v 


12.  —  —  2/«  =  3/ V  ,  i>  (0)  =  5.  /  (/)  =  e/<  2,)</'  =  e  '2.  Multiply  the  differential  equation  by  /  (i)  to  get 


dt 

~  2,e~l2°  =  3'2  =>  =  3t2  =>  e  '2«  =  / 3/2  dl  =  r3  +  C  =>  o  =  t3e'2  +  Ce'2. 

5  =  u  (0)  =  01+C1=C,  sot»  =  /3e'2  +  5e'2. 

18.  y  +  ^y-j— so  /  (*)  =  (’ +  r  )\d*  —  eln(l  x  )  =  1  +  *2.  Multiplying  the  differential 

equation  by  /  (*)  gives  (1  +  *2)y'  +  2*y  =  3-/x  =>  ((I  +  *2)y)'  =  3y*  => 

2*3^  +C 

•j  ■  But  2  =  y  (0)  =  C,  so  the  solution  to  the  initial-value  problem  is 

2*3/2  +  2 


y  =  (I  +  *2)_l  {/ 3y* rf*  +  C)  = 


y  = 


i+*2 


19.  y'  +  2^  =  — -y  (*  ^  0).  so  /  (*)  =  e^2lx)dx  =  *2.  Multiplying  the  differential  equation  by  /  (*)  gives 

*2y  +  2*y  =  cos*  =>  (*2y)'  =  cos*  =»  y  =  x~2  cos*  dx  +  cj  =  *-2  (sin  *  +  C)  (*  y  0).  But 
0  =  y  (* )  =  C,  so  the  solution  to  the  initial-value  problem  is  y  =  (sin*)  /*2. 
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r  i  | 

20.  y' - - - =  I  (x  >  0),  so  /  (x)  =  e-/,/t*(*+i)]<fr  =  e-(ln|x|-ln|x+l|)  _  -  Multiplying  the  differential 

x  (x  +  1)  x 


X  +  1  ,  V  X  +  I  X  +  1 

equation  by  /  (x)  gives - V - - - — -  — -  => 

X  X  (x  +  1)  X  X 


Then 

=  [/  ('  +  j)  dx  +  C]  =  7TT  {x  +  ln  x  +  C)-  But  0  =  y  (1)  =  i  (1  +  Cl  so  C  =  -I  and  the 


solution  to  the  initial-value  problem  isy  = - 7  (x  -  1  +  lnx). 

x  +  1 

21.  y  +  -y  =  cosx  (x  yt  0).  so  /  (x)  =  e^x,x)dx  =  =  x  (for 

x  >  0).  Multiplying  the  differential  equation  by  /  (x)  gives 
xy'  +  y  =  xcosx  =>  (xy)'=xcosx.  Thus, 


x  cosx  dx  +  C  =  -  [x  sinx  +  cosx  +  C) 


y=i[/xc°sxrfx+c]  =  i 

cosx  C 

=  stn  x  -I - T — 

x  x 

T  he  solutions  are  asymptotic  to  the  y-axis  (except  for  C  =  —  1 ).  In  fact,  for  C  >  —  I ,  y  — >  00  as  x  — »  0*.  whereas 
for  C  <  —  1,  y  ->  -00  as  x  ->  0+.  As  x  gets  larger,  the  solutions  approximate  y  =  sinx  more  closely.  The 
graphs  for  larger  C  lie  above  those  for  smaller  C.  The  distance  between  the  graphs  lessens  as  x  increases. 

22.  /  (x)  =  gSxosxdx  _  esin  r  Multiplying  the  differential  equation  by 
/  (x)  gives  esmxy'  +  cosxes'nly  =  cosxesln*  => 

{e^axy)‘  =  cos  *  => 

y  =  e-lmx  \j  cosxesi"x  dx  +  cj  =  1  +  Ce_sinl.  The  graphs  for 

C  =  —3,  0,  1,  and  3  arc  shown.  As  the  values  of  C  get  further  from  -1° 

zero  the  graph  is  stretched  away  from 

thelincy  =  1,  which  is  the  value  for  C  =  0.  The  graphs  are  all  periodic  in  x,  with  a  period  of  2ir. 

.  du  dy  dy  y"  du  du 

u  =  y'-,  -  =  (I  -  «) y-±  or±  =  -^~ 


23.  Setting 


equation  becomes 


dx  dx  \  —  n  dx  I  —  n  dx 
du 


Then  the  Bernoulli  differential 


dx 

—  —  +  P  (x)  „•/<•—»  =  Q  (X)  «»/<•-")  or  ^  +  (I  -  n)  P  (x)  u  =  Q  (x)  (1  -  n). 
I  -  n  dx  dx 


24.  Herey  +  -  =  — y2,  son  =  2,  P  (x)  =  -  and  Q  (x)  =  -1.  Setting  u  =  y  1 ,  u  satisfies  u' - u  =  I.  Then 

x  x  x 

/  (x)  =  eJ<~l/x)dx  =  (for  x  >  0)  and  u  =  x  (J  ^  dx  +  =  x  (In |x|  +  C).  Thus. y  =  t  ^v+  [n^-- 

25.  Here  n  =  3,  P  (x)  =  — ,  Q  (x)  =  —  and  setting  u  =  y-2.  u  satisfies  u' - -  — j.  Then 

I  (x)  =  e^~i/x^x  =  x~4  and  u  =  x4  ^ J  —  dx  +  =  x4  +  c'j  =  Cx4  -I-  —  Thus, 


-1/2 
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26.  Here  n  =  3,  P  (x)  -  I,  Q  (jr)  =  x  and  setting  u  =  y-2,  u  satisfies  u'  -  2 it  =  -lx.  Then  /  (.t)  =  e/C2*'1  =  e-** 
and  u  =  e2'  [/ -Zxe dx  +  C]  =  e2‘  (xe~2x  +  |e“2r  +  <"]=*  +  J  TCe2*.  Soy  =  [jt  +  2  +  Ce2*]  '  J. 

27.  (a)  2—  +  10/  =  40  or  —  +  5/  =  20.  Then  the  integrating  factor  ise/5'"  =  <?5'.  Multiplying  the  differential 

equation  by  the  integrating  factor  gives  e5'  —  +  5/es'  =  20e5'  =>  (e5‘  /)'  =  20e5'  => 

dt  v  ' 

/  (/)  =  c~5'  [/20e5'  dl  +  C]  =  4  +  Ce-5'.  But  0  =  /  (0)  =  4  +  C.  so  /  (l)  =  4  -  4e-5'. 

(b)  /  (0. 1)  =  4  -  4e0-5  »!  1.57  A 


dl 


28.  (a)  —  +  20/  =  40  sin  60/.  so  the  integrating  factor  is  e20'.  Multiplying  the  differential  equation  by  the  integrating 


.dl 


factor  gives  e20'— +  20/e20' =40  sin  60/e20'  =>  (e20'/)' =  40sin60/e20' 


/(/) 


40e20'  sin  60/  dt  +  C 


■] 


—  e  20'  ^40e20'  ^ 4(^5^  (20sin60/  —  60cos60/)J  +  Ce  21 


sin  60/  —  3  cos  60/ 

= - - - +  Ce”20' 

Bull  =/(0)  =  — |+C,so 

I  (l)  -  sin6l)'  -  3  cos 60/  +  8c-20' 


(b)  /  (0.1)  = 


sin  6  —  3  cos  6  +  8e  2 


5 


t  -0.42  A 


(c) 


0.5 


29.  5—  +  20 Q  -  60  with  Q  (0)  =  0C.  Then  Ihc  integrating  factor  is  e/4‘"  =  e4',  and  multiplying  the  differential 

equation  by  the  integrating  factor  gives  e4'  —■  +  4eAlO  =  12e4'  =>  (eAlO)'  =  I2e4'  => 

dl  v  ' 

Q (0  =  e-4‘  [/  I2e4'  dl  +  C]  =  3  +  Ce'4'.  But  0  =  Q  (0)  =  3  +  C  so  Q  (/)  =  3  (I  -  e-4')  is  the  charge  at  tim 
/  and  /  =  dQ/dt  =  12e-4'  is  the  current  at  time  /. 

30-  2-^-  +  KlOf  =  I0sin60/  or  -jj-  +  50 Q  =  5sin60/.  Then  the  integrating  factor  is eJ  i0‘1'  =  eso',  and 

multiplying  the  differential  equation  by  the  integrating  factor  gives  e50'  —  +  50e50'  O  =  5e50'  sin  60/  => 

dt 

(eso'  Q)'  =  5e50'  sin  60/  => 

Q(l)  =  e  50'  [/  5e50'  sin 60/  dt  +  C ]  =  e~50'  [5e50'  (50 sin 60/  -  60 cos 60/)]  +  Ce~50' 

=  jyj  (5  sin  60/  —  6  cos  60/)  +  Ce  50' 

n  r>m\  6  ,  r-  3  .  5  sin  60/  -  6  cos  60/  3e*50' 

But  0  —  Q  (0)  _  tjj  +  (  so  C  —  gj-  and  Q  (/)  = - — - E  — — —  js  the  charge  at  time  /,  while 


122 

the  current  is  /  (/)  =  ^  =  i^°^0/ -M80sin60,  -  HOe^0' 
dt  61 


61 


738  0  CHAPTER  10  DIFFERENTIAL  EQUATIONS 

31  +  kp  =  k  M'  so  /  (<)  =  e!kJ'  =  ekl.  Multiplying  the  differential 

dt 

equation  by  /  (/)  gives  ekl  —  +  k Pekl  =  kMekl  =>  (ekl  P)  =  kMe 
=>  />(<)  =  e-*'  (/  * +  C)  =  M  +  Ce"*',  A  >  0.  Furthermore, 

it  is  reasonable  to  assume  that  0  <  P  (0)  <  M,  so  —  M  <  C  <  0. 


32.  Since  P  (0)  =  0.  we  have  P  «)  =  M  (I  -  «"*').  If  P\  (0  is  Jim’s  learning  curve,  then  /»,  (1)  =  25  and 
P\  (2)  =  45.  Hence,  25  =  M\  (I  -  e~k)  and  45  =  Mi  (1  -  e~u),  so  1  -  25/ Mi  =  ek  or 

* = - ,n  (‘  -  = ln GttM  But 45 = *  0  _ e'M)  50 45  = Wl  [‘ "  (^r) } 

45  _  s(JAY|  -  625  j  |)Us  =  125  is  the  maximum  number  of  units  per  hour  Jim  is  capable  of  processing. 
M\ 

Similarly,  if  P2  (/)  is  Mark’s  learning  curve,  then  Pi  (1)  =  35  and  Pi  (2)  =  50.  So  k  =  In  ^  ^  _  35)  an<1 

-[-ml 


50 

approximately  61. 


or  Mi  =  61.25.  Hence  the  maximum  number  of  units  per  hour  for  Mark  is 


33.  y  (0)  =  0  kg.  Salt  is  added  at  a  rate  of  (o.4  (5  i)  =  2  S  Si"CC  S°'Uti°n  *  drai"Cd  'r°m  * 

rale  of  3  I, /min.  but  salt  solution  is  added  at  a  rate  of  5  L/min,  the  tank,  which  starts  out  with  100  L  of  water, 

y  (/)  kg 

contains  ( 1 00  +  2r)  L  of  liquid  after  /  min.  Thus,  the  salt  concentration  at  time  t  is  |(X)+^  -jj  Salt  therefore 

1  the  link  at  1  me  of  (  — 'l  ( 3  — ^  =  — — —  — .  Combining  the  rates  at  which  salt  enters 

leaves  the  tank  at  a  rate  ot  ^  1(|0  +  2(  ,  j  min  )  100  +  2,  min 

and  leaves  the  tank,  we  gel  ^  =  2  -  — Q3^.  Rewriting  this  equation  as  ^  +  (100^2()  T  =  2,  we  sec  that 

it  is  linear.  /  (/)  =  exp  (|  ^3)  =  “P  (l  '»  (100  +  2/))  =  (100  +  2r)3'2.  Multiplying  the  differential 

equation  by  /  (1)  gives  (100  +  2 /)3'2  J  +  3  (100  +  2/)1'2  y  =  2  (100  +  2f)3'2  =4 

[(I OO  +  2/)3/2 >r]'  =  2 (100  +  2/)J/2  =>  (100  +  2/)3^2y  =  3  (100  +  2t)5^2  +  C  =» 

y  —  |  (100  +  2/)  +  C(100  +  2()-3/2.  Now  0  =>>(0)  =  §  (100)  +  C  •  100"3/2  =40+  uJgf  =4 

C=  -40,000,  so  y  =  [|  (100  +  2/)  —  40.000  (100  +  2ir3/2]  kg  From  this  solution  (no  pun  intended),  wc 

y(r)  f  -40,000  2]  kg  ,  ^ .  ,  , 

calculate  the  salt  concentration  at  time  /  to  be  C  (r)  =  -()Q  +  ^  =  [(K)0  +  2,)5/2'  +  5  J  L  p  r' 


q  (20)  =  +  ?  =s  0.2275  ~  and  y  (20)  =  \  (140)  -  40.000  (140) '3/2  *  31.85  kg. 
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34.  Let  y  (/)  denote  the  amount  of  chlorine  in  the  tank  at  time  l  (in  seconds),  y  (0)  =  (0.05  g/L)  (400  L)  =  20  g.  The 
amount  of  liquid  in  the  tank  at  time  l  is  (400  -  6i)  L  since  4  L  of  water  enters  the  tank  each  second  and  10  L  of 


liquid  leaves  the  tank  each  second.  Thus,  the  concentration  of  chlorine  at  time  /  is 


enter  the  lank,  but  it  leaves  at  a  rate  of  |  ----- —  -1  f  10  — 1 

[400  -  61  I.J  [  sj 

dy  5 y  f  dy  f  —5  dl 


yd)  g 
400 -6r  L 


Chlorine  doesn’t 


10y  (/)  g 
400  -  6 1  s  200  -  3 1  s 


5y(,)  Therefore, 


dy 

dt 


200  -  3/ 


n-j 


-5  dt 
200  -  3/ 


lily  =  §  In  (200  -  30  +  C 


y  =  exp  (§  In  (200  -  3/)  +  c)  =  ec  (200  -  3r)s/J.  Now  20  =  y  (0)  =  ec  •  200s/3  => 

(200  -  3/)5/3 

yd)  —  20 — —  =20(1  — 0.0I5/)S/3  g  for  0  <  t  <  66§  s,  at  which  time  the  tank  is  empty. 


20 

2005''3  ‘ 


35.  (a)  -jj  +  —  o  =  g  and  /  (/)  =  e/<c/™W'  =  ,lnd  multiplying  the  differential  equation  by  /  (/)  gives 

e(i/")'  zL  +  - -  =  ge(cfrn),  ^  re<e/».)»B]'  =  (./»,)/  Hence 

dt  m  1 

"  (O  =  [J  efr  -t-  A." J  =  mg/c  +  A'e-<‘'"|)'.  But  the  object  is  dropped  from  rest,  so  o  (0)  =  0 

and  K  =  —mg/c.  Thus,  the  velocity  at  time  t  is  n  (t)  =  (mg/c)  [I  —  c. —<*/"')' ] 

(b)  lim  i>  (l)  =  mg/c. 

l-*oc 


(c)  s  (!)  —  J  ii  (!)  dt  —  (mg/c)  [(  +  (m/c)e  q-  C|  where  c\  =  s  (0)  —  nrg/c*.  s  (0)  is  the  initial  position, 

so  s  (0)  =  0  and  s  (t)  =  (mg/c)  [/  +  (m/c)e“<‘/'”>'  ]  -  m2g/c2. 

36.  ii  =  (mg/c)  (1  —  => 

=  —  (o  -  e~°lm  ■  +  -  (I  -  e~c,/m)  ■  |  -  +  —  K  (l  _<,-«/»  _  £ie-rf//»\ 

dm  c  \  m2 )  c  '  m  c  c  c\  m  ) 

**  gd^  =  ‘  _  ('  +  e'C‘/m  =  '  “  ^  =  1  “  l-JT'  wherc  Q=C^-°-  Sinccet'  >  1  +  (?  for 
all  Q  >  0  [see  Exercise  7.2.85(a)  or  7.3*. 85(a)].  it  follows  that  dn /dm  >  0  for  /  >  0.  In  other  words,  for  all  t  >  0, 


D  increases  as  m  increases. 


Predator-Prey  Systems 

1.  (a)  dx/dl  —  — 0.05.V  4-  O.OOOlxy.  Ify  =  0,  we  have  dx/dt  -  — 0.05x,  which  indicates  that  in  the  absence  ofy,  x 
declines  at  a  rate  proportional  to  itself.  So  x  represents  the  predator  population  and  y  represents  the  prey 
population.  The  growth  of  the  prey  population.  0.  ly  (from  dy/dl  =0.1  y  -  0.005.vy),  is  restricted  only  by 
encounters  with  predators  (the  term  — O.OOSxy).  The  predator  population  increases  only  through  the  term 
0.000 1 xy.  that  is,  by  encounters  with  the  prey  and  not  through  additional  food  sources. 

(b)  dy/dl  —  — 0.0I5.V  +  0.00008 vy.  I f.\  =  o,  we  have  dy/dt  =  — 0.0l5y,  which  indicates  that  in  the  absence  of 
x.  y  would  decline  at  a  rate  proportional  to  itself.  Soy  represents  the  predator  population  and  ,v 
represents  the  prey  population.  The  grow  th  of  the  prey  population.  0.2x  (from 

dx/dt  —  0.2.x  —  0.0002v~  —  0.006.vy  =  0.2.V  (I  —  O.OOl.v)  —  0.006.vy),  is  restricted  by  a  carrying  capacity  of 
1000  (tram  the  term  I  —  0.00 lx  =  1  -  .v/ 1 000)  and  by  encounters  with  predators  (the  term  — 0.006.vy).  The 
predator  population  increases  only  through  the  term  0.00008vy,  that  is.  by  encounters  with  the  prey  and  not 
through  additional  food  sources. 
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2.  (a)  dx/dt  =  0.12*  -  0.0006x2  +  O.OOOOlxy.  dy/dl  =  0.08y  +  0.00004*y. 

The  xy  terms  represent  encounters  between  the  two  species  x  and  y.  An  increase  in  y  makes  dx/dt  (the  growth 
rate  of x)  larger  due  to  the  positive  term  0.0000 Ixy.  An  increase  in  x  makes  dy/dl  (the  growth  rate  of  y)  larger 
due  to  the  positive  term  0.00004xy.  Hence,  the  system  describes  a  cooperation  model. 

(b)  dx/dt  =  0.15*  -  0.0002*2  -0.0006.ty  =  0.15*  (I  -*/750)  -  0.0006*y. 
dy/dt  =  0.2y  -  O.OOOOSy2  -  0.0002xy  =  0.2y  (I  -  y/2500)  -  0.0002xy. 

The  system  shows  that  *  and  y  have  carrying  capacities  of  750  and  2500.  An  increase  in  *  reduces  the  growth 
rate  of  y  due  to  the  negative  term  -0.0002.vy.  An  increase  in  y  reduces  the  growth  rate  of  *  due  to  the  negative 
term  — 0.0006*y.  Hence,  the  system  describes  a  competition  model. 

3.  (a)  At  /  =  0,  there  are  about  300  rabbits  and  100  foxes.  At  /  =  t\ ,  the  number  of  foxes  reaches  a  minimum  of  about 

20  while  the  number  of  rabbits  is  about  1000.  At  t  =  t2.  the  number  of  rabbits  reaches  a  maximum  of  about 
2400,  while  the  number  of  foxes  rebounds  to  100.  At  /  =  t),  the  number  of  rabbits  decreases  to  about  1000  and 
the  number  of  foxes  reaches  a  maximum  of  about  3 1 5.  As  t  increases,  the  number  of  foxes  decreases  greatly  to 
100,  and  the  number  of  rabbits  decreases  to  300  (the  initial  populations),  and  the  cycle  starts  again. 


about  80  and  the  number  of  foxes  is  also  80.  At  (  =  <2,  the  number  of  foxes  reaches  a  minimum  of  about  25 
while  the  number  of  rabbits  rebounds  to  1000.  At  I  —  <3,  die  number  of  foxes  has  increased  to  40  and  the  rabbit 
population  has  reached  a  maximum  of  about  1 750.  The  curve  ends  at  t  =  f4,  where  the  number  of  foxes  has 
increased  to  65  and  the  number  of  rabbits  has  decreased  to  about  950. 


SECTION  10.7  PREDATOR-PREY  SYSTEMS  □  741 


d  W  -0.02  W  +  0.00002  R  IV 

dR  ~  0.08/7-  0.001  R  IV 

0.08  -  0.001  W  ,  „  -0.02  +  0.00002/7 

- dll'  --  - 

IV  R 

0.08  ln|H'j  —  0.001  IV  =  — 0.02ln  |/?|  +  0.00002/7  +  K  <=> 

0.08  In  IV  +  0.02  In  R  =  0.001  IV  +  0.00002/7  +  K  <=>  In  (IV0 m R002)  =  0.00002/7  +  0.001  IV  +  K  «• 

p0.02  ri/0.08 

jj/0.08  ^0,02  _  ^,0.00002/e+O.OOI  ^  ^0.02^/0.08  _  ^0.00002/^0.001  W  ^  n  _  £• 

^0.00002/^0.001  W 


(0.08  -  0.001  IV)  RdlV  =  (-0.02  +  0.00002/7)  IV  dR  «■ 

d R  <=>  /  (l^-0  00l)rfW,  =  /(-“^“+  O'00002)  dR 


.  .  -~dy  —ry  +  bxy  , 

In  general,  if  —  =  — - ,  ihen  C  = 

dx  kx  —  axy 


,bxt,ay  ' 


8.  (a)  A  and  /.  are  constant  =s  +'  =  0  and  /.'  =  0  - 

So  either  A  =  L  —  0  or  L  =  5^5-  =  200  and 
A  —  =  5000  The  trivial  solution 

A  =  L  =  0  just  says  that  if  there  aren’t  any 
aphids  or  ladybugs.  then  the  populations  will  not 
change.  The  non-trivial  solution.  L  =  200  and 
A  =  5000,  indicates  the  population  sizes  needed 
so  that  there  are  no  changes  in  either  the  number 
of  aphids  or  the  number  of  ladybugs. 
dL  dL/dt  -0.5L  +0.0001  AL 


0  =  2+  —  0.01  AL 
0=-0.5t+  0.0001  AL 


0  =  +  (2  —  0.01  Z.) 

0  =  L  (-0.5  +  0.0001/1) 


(c)  T  he  solution  curves  (phase  trajectories)  are  all 
closed  curves  that  have  the  equilibrium  point 
(5000, 2(H))  inside  them. 


(b) 


dA  dA/dl 


2  A  —  0.01.4/. 


(d) 


At  P0  (1000, 200),  dA/dl  =  0  and  dL/dt  =  -80  <  0.  so  the 
number  of  ladybugs  is  decreasing  and  hence,  we  are 
proceeding  in  a  counterclockwise  direction.  At  Po.  there  aren't 
enough  aphids  to  support  the  ladybug  population,  so  the 
number  of  ladybugs  decreases  and  the  number  of  aphids  begins 
to  increase.  The  ladybug  population  reaches  a  minimum  at 
P\  (5000,  100)  while  the  aphid  population  increases  in  a 
dramatic  way,  reaching  its  maximum  at  P2  (14,250, 200). 
Meanwhile,  the  ladybug  population  is  increasing  from  P\  to  P\  (5000, 355),  and  as  we  pass  through  /+,  the 
increasing  number  of  ladybugs  starts  to  deplete  the  aphid  population.  At  Pi  the  ladybugs  reach  a  maximum 
population,  and  start  to  decrease  due  to  the  reduced  aphid  population.  Both  populations  then  decrease  until  Po, 
where  the  cycle  starts  over  again. 

(c)  Both  graphs  have  the  same  period  and  the  graph  *t  f i 

of  L  peaks  about  a  quarter  of  a  cycle  after  the  15.000  \ 

graph  of  A. 
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9.  (a)  Letting  If  =  0  gives  us  dR/dt  =  0.08/e  (1  -  0.0002/?).  dR/dl  =0  /?  =  0  or  5000.  Since  dR/dt  >  0 

for  0  <  R  <  5000,  we  would  expect  the  rabbit  population  to  increase  to  5000  for  these  values  of  R.  Since 
dR/dt  <  0  for  R  >  5000,  we  would  expect  the  rabbit  population  to  decrease  to  5000  for  these  values  of  R. 
Hence,  in  the  absence  of  wolves,  we  would  expect  the  rabbit  population  to  stabilize  at  5000. 


(b)  R  and  If  are  constant  =>  R'  =  0  and  II"  =  0 

0  =  ft  [0.08(1  -  0.0002/?)  -  0.00 Ilf] 

0  =  If  (-0.02  +  0.00002 R) 


0  =  0.08/?  (I  -  0.0002/?)  -  0.001  RW 
0  =  -0.02  If  +  0.00002/?  If 


The  second  equation  is  true  if  If  =  0  or  /?  =  =  1000.  If  If  =  0  in  the  first  equation,  then  either  R  =  0 

or  R  =  mm  ~  5000  las  in  Part  (a)].  If  R  =  1000,  then  0  =  1000  [0.08  (I  -  0.0002  •  1000)  -  0.001  If)  «=> 
0  =  80(1 -0.2)- If  <=*  If  =  64. 

Case  (i):  W  =  0.  R  =  0:  both  populations  are  zero 
Case  (ii):  If  =  0,  R  =  5000:  see  part  (a) 

Case  (in):  R  =  1000,  If  =  64:  the  predator/prey  interaction  balances  and  the  populations  are  stable. 


(c)  The  populations  of  wolves  and  rabbits  fluctuate  around  64  and  1000.  respectively,  and  eventually  stabilize  at 
those  values. 


(d> 


10.  (a)  If  L  =0 ,  dA/dt  =  2/1(1  -  0.0001 /I),  so dA/dt  =0  o  A  =  0or  A  =  =  10,000.  Since dA/dt  >  0 

lor  0  <  A  <  10,000,  we  expect  the  aphid  population  to  increase  to  10,000  for  these  values  of  A.  Since 
dA/dt  <  0  for  A  >  10,000,  we  expect  the  aphid  population  to  decrease  to  10,000  for  these  values  of  A.  Hence, 
in  the  absence  of  ladybugs  we  expect  the  aphid  population  to  stabilize  at  10,000. 


(b)  A  and  /,  are  constant  =>  A'  =  0  and  V  =  0  => 


0  =  2/1  (I  -0.0001  A)  -  0.01  Al 
0  =  -0.5L  +0.0001  Ai 


0=  /I  [2(1  —  0.0001/1)  —  0.01  L| 
0  =  L  (-0.5  +  0.0001.4) 


The  second  equation  is  true  if  L  =  0  or  A  =  =  5000.  If  /,  =  0  in  the  first  equation,  then  either  A  =  0  or 

A  =  0355T  =  10.000.  If  A  =  5000,  then  0  =  5000  [2  ( 1  -0.0001  5000)  -  0.01LJ  te> 

0  =  10,000(1  —  0.5)  —  SOL  «=>  50L  =  5000  <=>  L  =  100.  The  equilibrium  solutions  arc: 

(i)  L  =  0,  A  =  0  (ii)  L=0,A  =  10,000  (iii)  A  =  5000,  L  =  100 


(C)  iL  _  JL/d'  _  — 0.5L  +  0.0001  AL 

L  dA  dA/dt  2/4  (1  —  0.0001/1)  -  0.0UL 
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All  of  the  phase  trajectories  spiral  tightly  around 
the  equilibrium  solution  (5000,  100). 


The  graph  of  A  peaks  just  after  the  graph  of  L  has 
a  minimum. 


At  t  =  0,  the  ladybug  population  decreases 
rapidly  and  the  aphid  population  decreases 
slightly  before  beginning  to  increase.  As  the 
aphid  population  continues  to  increase,  the 
ladybug  population  reaches  a  minimum  at  about 
(5000.  75).  The  ladybug  population  starts  to 
increase  and  quickly  stabilizes  at  100.  while  the 
aphid  population  stabilizes  at  5000. 


^30  Review 

. .  CONCEPT  CHECK  -  -  ■■■  - . 

1.  (a)  A  differential  equation  is  an  equation  that  contains  an  unknown  function  and  one  or  more  of  its  derivatives. 

(b)  The  order  of  a  differential  equation  is  the  order  of  the  highest  derivative  that  occurs  in  the  equation. 

(c)  An  initial  condition  is  a  condition  of  the  form  y  (to)  —  yo- 

2.  y'  =x2  +  y2  >  0  for  all  x  and  y.  y'  —  0  only  at  the  origin,  so  there  is  a  horizontal  tangent  at  (0, 0),  but  nowhere 
else.  The  graph  of  the  solution  is  increasing  on  every  interval. 

3.  Sec  the  paragraph  preceding  Example  1  in  Section  1 0.2. 

4.  See  the  paragraph  after  Figure  1 4  in  Section  1 0.2. 

5.  A  separable  equation  is  a  first-order  differential  equation  in  which  the  expression  for  dy/dx  can  be  factored  as  a 
function  of .*  times  a  function  of y,  that  is.  dy/dx  —  g(x)  f  (y).  Wc  can  solve  the  equation  by  integrating  both 
sides  of  the  equation  dy/f  (y)  —  g(x)dx  and  solving  for  y. 

dy 

6.  A  first-order  linear  differential  equation  is  a  differential  equation  that  can  be  put  in  the  form  -j-  +  P  (x)  y  =  Q  (x), 

where  P  and  0  are  continuous  functions  on  a  given  interval.  To  solve  such  an  equation,  multiply  it  by  the 
integrating  factor  /  (x)  =  to  put  it  in  the  form  [ /  (x)  y}'  —  I  (x)  Q  (x)  and  then  integrate  both  sides  to  get 

/  (x)y  =  f  I  (x)  Q(x)dx,  that  is,  «J *’(*><& =  J e  f'^* Q  (x)dx.  Solving  for  y  gives  us 

y  =  e~  J  el  Q  (x)dx. 
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7.  (a)  dy/dl  —  ky 

(b)  T  he  equation  in  part  (a)  is  an  appropriate  model  for  population  growth,  assuming  that  there  is  enough  room  and 
nutrition  to  support  the  growth. 

(c)  If  (0)  =  74).  then  the  solution  is  y  (()  =  yoe*'. 

8.  (a)  dP/dl  =  kP  (I  —  P/K),  where  K  is  the  carrying  capacity. 

(b)  The  equation  in  part  (a)  is  an  appropriate  model  for  population  growth,  assuming  that  the  population  grows  at  a 
rate  proportional  to  the  size  of  the  population  in  the  beginning,  but  eventually  levels  off  and  approaches  its 
carrying  capacity  because  of  limited  resources. 

9.  (a)  dF/dt  —  kF  -  aFS  and  dS/dl  =  —rS  +  bFS. 

(b)  In  the  absence  of  sharks,  an  ample  food  supply  would  support  exponential  growth  of  the  fish  population,  that  is, 
dF/dt  =  kF,  where  k  is  a  positive  constant.  In  the  absence  of  fish,  we  assume  that  the  shark  population  would 
decline  at  a  rate  proportional  to  itself,  that  is,  dS/dt  =  —rS,  where  r  is  a  positive  constant. 


TRUE-FALSE  QUIZ 


1.  False,  y  =  0  is  a  solution  of  y'  =  —  v4,  but  y  =  0  is  not  a  decreasing  function.  (All  non-trivial  solutions  are 

decreasing,  however.) 

„  ln.v  .  1  —  lnx 

2.  True,  y  = -  =>  y  = - ; — . 

x  x1 

LHS  -  x2y'  +  xy  =  x2  ■  - — +x  •  =  (1  —  lnx)  +  Inx  =  I  =  RHS,  soy  =  — —  is  a  solution  of 

xl  x  x 


x2y  +xy  =  1. 

3.  False,  x  +  y  cannot  be  written  in  the  form  g  (x)  f  (y). 

4.  True,  y'  =  3y  -  2x  +  6 xy  —  1  =  6xy  -  2x  +3y  -  I  =  2x  (3y  -  1)  +  1  (3y  —  I)  =  (2x  +  1)  (3y  -  1),  soy'  can 

be  written  in  the  form  g  (x)  /  (y). 

5.  True.  e*y'=y  =>  y'  =  e~xy  =>  y'  +  (~e~*)y  =  0.  which  is  of  the  form  y'  +  P  (x)y  =  Q(x). 

6.  False,  y'  +  xy  =  ey  cannot  be  put  in  the  fomi  y'  +  P  (x)y  —  Q  (x),  so  it  is  not  linear. 


7.  True.  By  comparing  ^  =  2y  ( I  -  7  )  with  the  logistic  differential  equation  ( 1 0.5. 1 ),  we  see  that  the  carrying 
dt  \  5  7 


dt 

capacity  is  5,  that  is,  lim  y  =  5. 

'  i-too 


EXERCISES 


1.  (a) 


(b)  lim  y  (t)  appears  to  be  finite  for  0  <  c  <  4.  In 

fact  lim  y  (l)  =  4  for c  =  4,  lim  y  (!)  —  2  for 
/-*oo  r-r 00 

0  <  c  <  4.  and  lim  y  (!)  =  0  for  c  =  0.  The 

/  — >00 

equilibrium  solutions  are  y  (!)  =  0,  y  (!)  =  2,  and 
y  (!)  =  4. 
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We  sketch  the  direction  field  and  four  solution 
curves,  as  shown.  Note  that  the  slope  y'  =  x/y  is 
not  defined  on  the  line  y  =  0. 

(b  )y’  =  x/y  <=»  ydy=xdx  <=>y2  =  x2  +  C. 
For  C  =  0.  this  is  the  pair  of  lines  y  =  ±x.  For 
C  ^  0,  it  is  the  hyperbola  x2  —  y2  =  — C. 


(b)  li  =  0.1.  X0  =  0,  yo  =  1  and  F(x,y)  =  x2  —  y2. 

Soy,,  =y„-i  +0.1  ,  -y2_,).  Thus. 

y,  =  1+  0.1  (02  -  l2)  =0.9. 

V2  =0.9 +  0.1  (0.12  -0.92)  =  0.82,y3  = 

0.82  +  0. 1  (0.22  -  0.822)  =  0.75676  a:  y  (0.3). 

(c)  The  centers  of  the  horizontal  line  segments  of  the 
direction  field  are  located  on  the  lines  y  =  x  and 
y  —  —  x.  When  a  solution  curve  crosses  one  of 
these  lines,  it  has  a  local  maximum  or  minimum. 


We  estimate  that  when  x  —  0.3,  y  =  0.8.  so 
y  (0.3)  aj  0.8. 

4.  (a)  It  =  0.2,  xo  =  0.  yo  =  1  and  F(x,y)  —  2 xy2.  We  need  yi-  yi  =  1  +  0.2  (2  •  0  -  I2)  =  1. 
yi  =  I  +  0.2  (2  •  0.2  •  l2)  =  1 .08  a*  y  (0.4). 

(b)  /i  =  0.1  now.  soyi  =  1  +  0.1  (2  ■  0  ■  I2)  =  I,  yi  =  I  +0.1  (2  •  0.1  •  l2)  =  1.02. 

yj  =  1.02  +  0.1  (2-0.2 ■  I.022)  as  1.06162. y4  =  1.06162  +  0.1  (2  0.3-  1.06I622)  as  1.1292  a;  v (0.4). 

(c)  The  equation  is  separable,  so  we  write  ^  =  2 x  dx  =»  J  -^  =  J  2x  dx  «=>  — -  =  x2  +  C,  but 

y  (0)  =  I ,  so  C  =  - 1  and  y  (x)  =  [  <=>  y  (0.4)  =  ^  ^  |&  a  1.1905.  From  this  we  see  that  the 

approximation  was  greatly  improved  by  increasing  the  number  of  steps,  but  the  approximations  were  still  lar 


dv  y 3  *2 

5.  v2 -- =  x  +  sin x  =>  fy2dy  =  f (x  +  sinx)</x  =>  —  =  — — cosx  +  C  => 

dx  ■>  - _ 

y5  =  |x2  -  3 cosx  +  K  (where  K  =  3 C)  =>  y  =  q\x2  -  3 cosx  +  K 


6.  Since  it’s  linear.  /  (x)  =  ef2xdx  =  ex~  and  multiplying  the  differential  equation  by  /  (x) 
gives  e'2y'  +  2xe*Zy  =  2x3e*2  =>  (e'2y^  =  2xV'2  => 

y  (x)  =  e~*~  2xV'‘  dx  +cj  =  c~'~  ^x2e'3  —  e’2  =  x2  -  1  +  Ce~"Z. 


746  □  CHAPTER  10  DIFFERENTIAL  EQUATIONS 


7.  Since  it’s  linear,  /  (x)  =  e$~Vxdx  =  x~2  and  multiplying  by  /  (x)  gives  x  "  V  -  2y-3  =  t  =*  (x  2y)'  =  1 
=>  y  (x)  =  x2  (/ 1  rfx  +  C)  =  x2  [x  +  C]  =  Cx2  +x3. 

8.  /  =  (2  +  y)(l+x2)  =>  =  (I  +  x2)dx  =>  ln|2  +  y|  =x  +  y  +ci  =>  2  +  y  =  AeI+'3/3  and 

the  solution  isy  (x)  =  kex+xl/3  —  2. 


9.  vyy'  =  Inx  =>  ydy=^—dx  =>  Jydy  —  /  'n-  c/x  (Make  the  substitution  u  =  Inx;  then  du  =  dx/x.) 

So  f  ydy  =  J udu  =>  ^y2  =  ^u2  +  C  =»  jy2  =  j  (Inx)2  +  C.  y  (1)  =  2  =>  j22  =  j  (In  I)2  +  C  =  C 

<=>  C  =  2.  Therefore,  |y2  =  ±  (Inx)2  +  2,  ory  =  /(Inx)2  +  4.  The  negative  square  root  is  inadmissible,  since 
y(l)>0. 


,  1  +  x  ,  I  +x  ,  y 2  ln|x|  x 

10.  I  +  x  =  2xvy  =>  y  =  — —  <=>  ydy  =  — — <7x  =»  -  =  - +C|.  Butx  >  0, so 

2xy  2r  2  2  2 

y2  =  In x  +  x  +  c  <x>  y  (x)  =  ±Vc  +  x  +  In  x.  But  -2  =  y  ( 1 )  so  choose  the  negative  square  root  and 

—2  =  —  s/c  +  I  so c  =  3.  Thus,  the  solution  is y  (x)  =  —  -Jh  +  x  +  Inx. 


11.  Since  the  equation  is  linear,  let  /  (x)  =  elJx  -  ex .  Then  multiplying  by  /  (x)  gives  e'y'  +  exy  =  Vx  => 
(exy)‘  =  y/x  =>  y  (x)  =  e~x  (f  y/xdx  +  c)  =  e~x  (}X3/2  +  c).  But  3  =  y  (0)  =  c,  so  the  solution  to  the 

initial-value  problem  is  y  (x)  =  e~x  (jx3/2  +  3^. 


12.  2yy'  =  xe*  =»  J2ydy  =  fxexdx  => 

y2  =  xex  —  J  <rr  dx  (by  parts)  =  (x  —  l)el  +  C.  We  substitute  the 
initial  condition:  l2  =  (0  —  l)e°  +  C’  =>  C  =  2.  So  the  solution 
isy  =  V(x  -  l)e*  +  2.  The  negative  square  root  is  inadmissible  due 
to  the  initial  condition. 


5 


13.  The  curves  Ax2  +  y2  =  I  form  a  family  of  ellipses  for  k  >  0,  a  family  of  hyperbolas  for  k  <  0,  and  two  parallel 

I  -y2 

lines  y  =  ±  I  for  k  =  0.  Solving  Ax2  +  y2  =  I  for  *  gives  k  =  — j- .  Differentiating  gives  2 kx  +  2yy  =  0  » 


/  =  ——=  —  (I  —y2)  — j  = 

y  yxl  x  y 


y2  _  |  xy 

- -  Thus,  for  A:  ^  Q  the  orthogonal  trajectories  must  satisfy  y'  =  — -j— 


r-  I 


dy  =  —x  dx 


y  -  In  |y|  =  — y  +  c.  For  k  =  0,  the  orthogonal  trajectories  arc  given  by 


x  =  ci  for  ci  an  arbitrary  constant. 


„  A  ■  ,  2Ax 

14.  Differentiating  both  sides  ofy  =  ^  ,  gives y  =  - 


„  l+x2 
—  2 xy  •> 

(l+x2)  (\+x2Y 


2 xy 
'l+x' 


.  Thus,  for  A  ^  0 


I  +  x2 

the  orthogonal  trajectories  must  satisfy  y'  —  =>  2 ydy 

For  k  =  0,  the  orthogonal  trajectories  arc  given  by  x  =  C2  for  C2  an  arbitrary  constant. 


-(H* 


y2  =  —  +  ln|x|  +  c. 
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15.  (a)  y  (/)  —  y  (0)  e*'  =  1000?*'  =>  y  (2)  =  1000e2*  =  9000  =>  ?2*  =  9  =»  2A  =  In  9  => 
A  =  j  In  9  =  In  3  =>  y(l)  =  I000e<ln3>'  =  1000 •  3' 

(b)  v  (3)  =  1000  •  33  =  27,000 

(c)  dy/dt  =  1 000  •  3'  •  In  3;  t  =  3  =>  dy/dt  =  27.000  In  3  %  29,663 

(d)  1000  ■  3' =  2000  =>  3' =2  =>  (In3  =  ln2  =>  I  =  (ln2) /  (In 3)  »  0.63  h 


16.  (a)  lfy(t)  is  the  mass  remaining  after  I  years,  then  y  (/)  =  y  (0) c*'  =  18?*'.  y  (25)  =  1 8?25*  =9  =>  e25*  =  5 
=>  25*  =  —  In 2  =>  A  =  —  ^  In  2  =>  y(l)  =  18  e-<>"2>'/«  =  18  •  2~''25. 

(b)  18  •  2~,/25  =  2  =>  2-'/2}  =  i  =>  -  jg/  In2  =  —  ln9  =4  /  =  25  j^f  as  79  years 


17.  (a)  C  (/)  =  -kC  (1)  =*  C  (1)  =  C  (0)?  *'  by  Theorem  10.4.2.  But  C  (0)  =  C0,  so  C  (/)  =  Coe-*'. 

(b)  C  (30)  =  jCo  since  the  concentration  is  reduced  by  half.  Thus,  yC’o  =  Coe-30*  =>  In  j  =  -30A  =» 
k  —  —  ^  In  i  =  In  2.  Since  10%  of  the  original  concentration  remains  if  90%  is  eliminated,  we  want  the 
value  of  /  such  that  C  (/)  =  jqCo-  Therefore,  ^jCo  =  Coc~',ln2)/3°  =>  In 0.1  =  —1  (In  2)  /30  =» 

/  =  In 0.1  100 h. 


18.  (a)  Let  /  =  0  correspond  to  1980  so  that  P  =  4.45e*'  is  a  starting  point  for  the  model.  When  1  =  10,  P  =  5.3.  So 
5.3  =  4.45c10*  =>  IOA  =  ln^  =>  A  =  ^  In  »  0.01748,  and  the  model  is />(/)  =  4.45e00l7,'8'. 

For  the  year  2020.  /  =  40,  and  P  (40)  =  4.45?40*  =»  8.95  billion. 


(b)/>=IO  =»  4.45c*' =  10  =>  4^=e*'  =»  At  =  In  ^ 

in  2026. 


t  =  10 


ln  XaI 


as  46.32  years,  that  is, 


K  100  ,  100-4.45  „  „ 

(c)  P  (/)  =  - 77  =  - - — 17.  where  A  = - — — —  as  21.47.  So  a  model  is 

l  +  /fe-*'  l+.4e-*'  4.45 

100 

P  (/)  =  j  -ooi748t  an0  P  (40)  as  8.57  billion,  slightly  lower  than  our  estimate  in  part  (a). 


(d) /*  =10  => 


l+?fe-*'  =  -!$  =>  Ae~k'  =9  =>  e~*'  =  9/ A  =>  -At  =  In  (9/  A)  => 
as  49.74  years  (that  is,  in  2029),  which  is  later  than  the  prediction  in  part  (b). 


19.  (a)  oc  Lao  —  L  =>  ~T- =  k  (Loo  —  L)  =>  /  -j— — -  =  /  A  dt  =»  -  In  |£oo  —  £|  =  A/ +  C  =» 

itt  at  L 

Inlioo  —  L\  =  -kt-C  =>  \Loo- L\=e~k'-C  =>  /.«  - /„  = /le"*'  =>  L  =  Ae~k‘.  Al 

1  =  0,  L  =  L  (0)  =  Loo  ~  A  =>  A  =  Loo -1.(0)  =>  L  (1)  =  Loo  -  \Loo  -  L  (0)]e~k' 

(b)  Loo  =  53  cm.  L  (0)  =  10  cm,  and  A  =  0.2  =*  L  (I)  =  53  -  (53  -  lOJe-02'  =  53  -  43c-°  2'. 


20.  Denote  the  amount  of  salt  in  the  tank  (in  kg)  by  y.  y  (0)  =  0  since  initially  there  is  only  water  in  the  tank.  The  rate 
at  which  y  increases  is  equal  to  the  rate  at  which  salt  (lows  into  the  tank  minus  the  rate  at  which  it  flows  out.  That 


rateis^=0.1^xl0-L 
dt  L  min 


-Tferxio-^- 

100  L  mm 


.v  kg 

10  min 


JJh-l 


di 


—  In  |10  —  y|  =  -jjjf  +  C  =>  IO-y  =  /tcw/,°.  y(0)  =  0  =>  10  =  A  =>  y  =  10  (1  -  c-"10).  At  /  =  6 

minutes, y  =  10  (I  —  c-6/10)  as  4.512  kg. 
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21.  Let  P  be  the  population  and  /  be  the  number  of  infected  people.  The  rate  of  spread  dl/dt  is  jointly  proportional  to 

loP 


h>  +  (P  —  h)  e~kl'' 


(from  the 


/  and  to  P  —  /.  so  for  some  constant  k,  dl/dt  =  kl  (P  —  I)  =>  /  = 

discussion  of  logistic  growth  in  Section  10.5). 

Now,  measuring  t  in  days,  we  substitute  7  =  7,/*  =  5000,  lo  =  160  and  /  (7)  =  1200  to  find  k: 

160-5000 

1200  =  — _ — rrr- —  1Mn„  <=*  A  as  0.00006448.  So,  putting  /  =  5000  x  8054  =  4000,  we  solve 


fori:  4000  = 


160+  (5000-  160)  e"5000  7  4 
160-5000 


160  +  4840e-°3224'  =200  e> 


160  +  (5000  -  1 60)  e  "°  00006448  5000 ' 

—0.32241  =  In  4^Q  <=»  I  as  14.9.  So  it  takes  about  1 5  days  for  80%  of  the  population  to  be  infected. 


22  I—  -  -  — 

R  dt  ~  S  dt 


~r  (In  /?)=^(*ln.V) 
dt  dt 


In  R-k  In  S  +  C 


R  =  ( 


=  ec  (e'"  T 


R  =  AS,  where  A  =  e(  is  a  positive  constant. 


h  +  k  In  h  =  —  —  t  +  C.  This  equation  gives  a  relationship  between  h  and  t.  but  it  is  not  possible  to  isolate  h  and 
express  it  in  terms  of/. 


24.  dx/dt  =  0.4t  —  0.002jr>',  dy/dt  =  —0.2 y  +  0.000008.W 


(a)  The  .xy  terms  represent  encounters  between  the  birds  and  the  insects.  Since  the  y-population  increases  from 
these  terms  and  the  x-population  decreases,  we  expect  y  to  represent  the  birds  and  x  the  insects. 


(b)  x  and  y  are  constant  =>  jt'  =  0  and  y'  =  0  => 

0  =  0.4x  -  0.002xy  |  0  =  0.4x  (1  -  0.005y) 

0  =  — 0.2y  +  0.000008xy  j  ^  0  =  -0.2y  ( I  -  0.00004.x) 


y  =  0  and  x  =  0  (zero  populations) 


or  y  =  =  200  and  .x  =  —  25,000.  The  non-trivial  solution  represents  the  population  sizes  needed 

so  that  there  are  no  changes  in  either  the  number  of  birds  or  the  number  of  insects. 


(C) 

dy/dt 

dx 

dxfdt 

(d) 

y 

400 

300 

200 

100 

0 


—0.2 y  +  0.0000()8.xy 
0.4.x  -  0.002 xy 


20.000  40,000  60.000  v 


At  (x,  y)  =  (40,000,  100),  dx/dt  =  8000  >  0,  so  as  / 
increases  we  arc  proceeding  in  a  counterclockwise 
direction,  t  he  populations  increase  to  approximately 
(59,646, 200),  at  w  hich  point  the  insect  population 
starts  to  decrease.  The  birds  attain  a  maximum 
population  of  about  380  when  the  insect  population  is 
25,000.  The  populations  decrease  to  about 
(7370,  200),  at  which  point  the  insect  population  starts 
to  increase.  The  birds  attain  a  minimum  population  of 
about  88  when  the  insect  population  is  25,000,  and 
then  the  cycle  repeats. 
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(e) 


Both  graphs  have  the  same  period  and  ihe  bird 
population  peaks  about  a  quarter-cycle  after  the  insect 
population. 


25.  (a)  dx/dt  =  0.4x  (I  -  0.000005x)  -  0.002 xy,  dy/dt  =  -0.2y  +  O.OOOOOXxy.  If>  =  0.  then 

dx/dl  =  0.4x  (1  -  O.OOOOO.ix),  so  dx/dt  =  0  <=>  x  =  0  or  x  =  200.000,  which  shows  that  the  insect 
population  increases  logistically  with  a  carrying  capacity  of  200.000.  Since  dx/dt  >  0  forO  <  x  <  200,000 
and  dx/dt  <  0  for  x  >  200,000,  we  expect  the  insect  population  to  stabilize  at  200,000. 

(b)  x  and  y  are  constant  =>  x'  =  0  and  y'  =  0  =» 


0  =  0.4x  (I  -  O.OOOOOSx)  -  O.OOlxy 
0  =  — 0.2y  +  O.OOOOOSxy 


0  =  0.4x  [(I  -  0.000005x)  -  0.005.vl 

|o  =  >>  (-0.2  +  0.000008.x) 

The  second  equation  is  true  if  y  =  0  or  x  =  g-jgjjgjgg  =25,000.  ]( y  =  0  in  the  first  equation,  then  either  x  =0 
or  x  =  gggggg5  =  200.000.  If x  =  25.000,  then  0  =  0.4  (25,000)  [(1  -  0.000005  •  25.000)  -  0.005yJ  => 

0=  10,000 1(1  -0.125)  -O.OOSy]  =»  0  =  8750-50y  =>  y  =  175. 

Case  (i):  y  =  0,  x  =  0:  zero  populations 

Case  (ii):  y  =  0,  x  =  200,000:  in  the  absence  of  birds,  the  insect  population  is  constantly  200,000. 

Case  (Hi):  x  =  25,000,  y  =  175:  the  predator/prey  interaction  balances  and  the  populations  are  stable. 

(c)  I  he  populations  of  the  birds  and  insects  fluctuate  (d) 
around  175  and  25,000.  respectively,  and 
eventually  stabilize  at  those  values. 


26.  First  note  that,  in  this  question,  “weighs”  is  used  in  the  informal  sense,  so  what  we  really  require  is  Barbara’s  mass 
m  in  kg  as  a  function  of  t.  Barbara's  net  intake  of  calories  per  day  at  time  t  (measured  in  days)  is 
c(t)  =  1600  —  850  —  15m  (t)  =  750  —  15m  (/),  where  m  (/)  is  her  mass  at  time  t.  We  arc  given  that  m  (0)  =  60  kg 
c(t )  _ dm  750— 15m  150  — 3m  — 3(m  — 50) 


dm 

and  It  =  10,000 


,  so  —  = 
dt 


10,000 


2000 


2000 


with  m  (0)  =  60.  From 


J  m -50  J 


-3  dt 
2000 


,  we  get  In  |m  —  50|  =  — s^gt  +  C’.  Since  m  (0)  =  60.  C  =  In  10.  Now 


Ini 


=  —  -  - ,  so  | m  —  50|  =  lOe  S'/2000  y|ie  quan(jty  m  -  50  is  continuous  and  initially  positive;  the 

1 U  ZlrUU 

right-hand  side  is  never  zero.  Thus,  m  —  50  is  positive  for  all  t,  and  m  (/)  =  50  +  I0e“ 3'/2000  kg.  As  t  — »  00, 
m  (/)  — >  50  kg.  Thus,  Barbara's  mass  gradually  settles  down  to  50  kg. 
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Problems  Plus 


1.  We  use  the  Fundamental  Theorem  of  Calculus  to  differentiate  the  given  equation: 

[/(x)|2  =  1 00  + .ft  {[/(0|2  +  [/'(0]2}</<  =>  2/(x) /' (x)  =  [/(x)]2  +  [/' (x)]'  => 

J/(x)|2  +  [/'(*)]’ -2/(x)/'(x)  =0  =>  [y  (at)  —  /'  (jc)J2  =  0  <=>  /(x)  =  /'(x).  Wc  can  solve  this  as 
a  separable  equation,  or  else  use  Theorem  10.4.2  with  k  =  1,  which  says  that  the  solutions  are  /(x)  =  CV.  Now 
|/  (0)|2  =  100.  so  /  (0)  =  C  =  ±  10.  and  hence  /  (at)  =  ±  10ex  are  the  only  functions  satisfying  the  given 
equation. 

2.  (fg)'  =  f'g' ,  where  f  (x)  =  ex~  ■■=>  =  2xe’~g'.  Since  the  student’s  mistake  did  not  alTcct  the  answer. 

(et2g)  =  tr'V  +  Zxex~g  =  Zxe*‘g'.  So  (2.v  -  Mg'  =  Zxg.  or  j  ^  (  =  I  +  ^  j  => 

In  |g  (x)|  =  x  +  j  In  (2x  —  I)  +  C 


,  /(x  +  /i)-/(x) 

3.  /'(x )  =  lim  — - - - =  hm 

/j— >0  ll  h-*  o 


ff  (x)  =  Aex  y/2x- 
f(x)[f(h)-\] 


I  since  /  1.x  +  /;)  =  /  (x)  /  (A)  J 


=  /(*)  lim  f(h)  1  =  /(.*)  lim  /W  J  (^-=f(x)f'( 0)  =  /(*) 

J  *->  o  A  «->o  A  —  0 

Therefore,  /'  (x)  =  /  (.v)  for  all  x  and  from  Theorem  10.4.2  we  get  /  (x)  =  Aex .  Now  /  (0)  =  1  =»  .4=1 

=>  /(x)  =  e*. 

4  [/'*H  [/  rn]  —  “/  7F>  ■  77^  =  TTa  "  I-***"—*) 

=>  ff(x)dx  =  ±/(x)  (after  taking  square  roots)  =>  /(x)  =  ±/'(x)  (after  differentiating  again)  => 
y  =  Ac’  or  y  =  4c-JC  by  (10.4.2).  Therefore,  /(x)  =  Ac’  or  /(x)  =  for  all  non-zero  constants  4.  are  the 
functions  satisfying  the  original  equation. 

5.  (a)  We  are  given  that  V  =  \nr2h.  dl'/dl  =  60.000a  ll’/h.  and  r  =  1.5 h  =  \h.  So  V  =  ja  (5/1)  li  =  |a//3 


dV  ,  ,,,/ZA  ,  ,2dli  dh  4  (dV/dt) 

—  =  in  •  3/r —  =  jxh1—.  Therefore.  —  = 
dl  *  dl 


240,000a  80,000 


(★) 


t ail  — .  lnerciuit.  —  —  — -  p,  —  -  pi  — 

4  dl  dl  9nli2  9a  6-  3A- 

/  3A2</A  =  /  80.000///  =>  h3  =  80.000/  +  C.  When  I  =  0,  A  =  60.  Thus,  C  =  603  =  216.000.  so 

h 3  =  80,000/  +  216.000.  Let  //  =  100.  Then  I003  =  1.000.000  =  80,000/  +216.000  => 

80.000/  =  784,000  =>  /  =  9.8,  so  the  time  required  is  9.8  hours. 

(b)  The  floor  area  of  the  silo  is  F  =  a  ■  2002  =  40,000a  ft2,  and  the  area  of  the  base  of  the  pile  is 
A  =  ar2  =  a  ( Ih V  =  ^  A2.  So  the  area  of  the  floor  which  is  not  covered  when  It  =  60  is 

/••  -  A  =  40.000a  -  8100a  =  31,900a  «  100.217  ft2.  Now  A  =  ^/r  =>  dA/dl  =  \  ■  2ll  (dh/dt),  and 
from  (★)  in  pail  (a)  wc  know  that  when  h  =  60.  dh/dt  =  =  py  ft/h.  Therefore. 

dA/dl  =  (2)  (60)  (f?)  =  2000a  *  6283  ft2/h. 

(c)  At  h  =  90  ft,  dV/dt  =  60,000a  -  20,000a  =  40,000a  ft3/h.  From  (★)  in  part  (a), 

dh  _  i  (dl'/dl)  4  (40.000a)  _  ]6aOOO  r9h2d/l  =  r  l60,000dt  =>  3A3  =  160.000/  +  C. 
dt  9  7rh2  9  ?rh2  9h* 

When  /  =  0.  /?  =  90;  therefore.  C  =  3  •  729,000  =  2,187,000.  So  3/i3  =  160.000/  +  2,187.000.  At  the  top. 
h-  100  =>  3  ( 1 00)3  =  160,000/  +  2,187,000  =>  /  =  ^  5.1.  The  pile  reaches  the  top  alter  about  5.1  h. 
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6.  Let  6  be  the  number  of  hours  before  noon  that  it  began  to  snow,  t  the  time  measured  in  hours  after  noon,  and 
x  =  x  (/)  =  distance  traveled  by  the  plow  at  time  I.  Then  dx/dt  =  speed  of  plow.  Sinec  the  snow  falls  steadily,  the 
height  at  time  l  is  h  (t)  =  6  (t  +  b),  where  k  is  a  constant.  We  are  given  that  the  rate  of  removal  is  constant,  say  R 

(in  nr’/li).  If  the  width  of  the  path  is  10,  then  R  —  height  x  width  x  speed  =  h  (/)  x  id  x  —  =  k(t  +  b)w—. 

dt  dt 

Thus.  —  = - -,  where  C  -  - —  is  a  constant.  This  is  a  separable  equation,  f  dx  =  C  f -  => 

dt  I  +b  km  J  J  t  +  b 

x  (<)  =  C  In  (r  +  6)  +  K. 

Put  /  =  0:  0  =  C  In6  +  K  =>  K  =  — Cln6.  soar  (r)  =  Cln  (t  +  h)  —  C  Ini  =  Cln(l  +  t/b). 

Putt  =  1. 6000  =  C In (1  + 1/6)  [x=6km]. 

Put  l  =  2:  9000  =  C  In  ( I  +  2/6)  [*  =  (6  +  3)  km]. 


Solve  for  6: 


In  ( 1  +  1/6)  In  (1+2/6) 


6000 


9000 


-KH-K)  -  H)  -H) 


,  3  3  14  4 

*  1  +  6  +  62  +  6^-,  +  6  +  6? 


7  +  7?  —  rr  =  0  =>  62  +  6  —  1=0  =>  b  -- 

b  b -  bJ 


^4^.  But 


6  >  0,  so  6  =  1  ^  ^  ~  0.618  h  as  37  min.  The  snow  began  to  fall  hours  before  noon,  that  is,  at  about 

11:23  a.m. 

7.  (a)  While  running  from  (6,0)  to  (,r,y),  the  dog  travels  a  distance 
r '■ 


1  +  (t dyfdxydx  =  —  J  yj  I  +  (dy/dx)~dx%  so 
d s  t  — — — 

—  =  —  J  1  +  (dy/dx)2.  The  dog  and  rabbit  run  at  the  same  speed, 
dx  v 

so  the  rabbit's  position  when  the  dog  has  traveled  a  distance  s  is 

dy  s  —  y 

(0,  .s).  Since  the  dog  runs  straight  for  the  rabbit,  —  =  - - (see  the 

dx  0  —  x 

figure). 

1 


„  dv  ds  dy  (  d~y  ,dy\  d2y  _  dx 

hus,  s  =  y  —  or  -7-  =>  —  =  — - I  .v  +  I  —  I  =  —  x  .  Equating  the  two  expressions  for  — 

dx  dx  dx  \  dx1  dx  J  dx 1  dx 


d‘y  /  /dv\2 

gives  us  x  =  J  1  +  I  —  1  ,  as  claimed. 


dy  dz  / - *•  dz  dx 

(b)  Letting  z  =  — ,  we  obtain  the  differential  equation  x—~  =  v  I  +  or  .  =  — .  Integrating: 

dx  dx  J 1  +  z2  x 


d: 


yr+p 


+  C.  When  x  =  6,  z  =  dy/dx  =  0,  so  In  L  =  In  I  +  C.  Therefore, 


h,x=/ 

C  =  In  6.  so  In*  =  In  (VTT?  +  z)  +  In  6  =  In  (/.  (STT?  +  --))  =>  x  =  L  ^\/l  +  z2  +z^ 


^=1-’ 
(x/L)1  -  1 
2  (x/L) 


-2  =  (i)  -X-2  -  (!)-*(!)—• 


L  I 


dy 


=  —  ---  (for x  >  0).  Sincez  =  -j-,y  =  77 —  —  lux  +  C|.  Since 

2 Lx  26  2  x  dx  46  2 


y  =  0  when  x  =  L,0  =  ^  \n  L  +  C[ 

4  2 


6  6 

Ci  =  —  In  6  -  — .  Thus, 
2  4 


.x2  6  6  6  X2  —  62  L  (X\ 

(c)  As  x  — »  0+,  y  — >  00,  so  the  dog  never  catches  the  rabbit. 
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8.  (a)  If  the  dog  runs  twice  as  fast  as  the  rabbit,  then  the  rabbit’s  position  when  the  dog  has  traveled  a  distance  s  is 
(0.  s /2).  Since  the  dog  runs  straight  toward  the  rabbit,  the  tangent  line  to  the  dog’s  path  has  slope 

rhus,s  =  2y-2xg  =*  g=2g-(2x^+2g)  =  -2x^.From 

dx  0-x  dx  dx  dx  V  dx 2  dx  f  dx2 

Problem  7(a),  g  =  -f+  (g)’.  *>2xg  =  ^1  +  (g)  •  Letting  *  =  g,  we  obtain  the 

differential  equation  2x~  =  or  =  —  ■  Integrating,  we  get 

dx  Vl  +z2  x 

In x  =  I  Jdz  2  =  2 In  | +  z2  +  z|  +  C.  [Sec  Problem  7(b).l  When  x  =  L,z  =  dy/dx  =  0,  so 
In  L  =  2  In  1+  C  =  C.  Thus,  Inx  =  2 In  (Vl  +  z2  +  z)  +  In  /.  =  In^Z.  (s/l  +  z2  +  z)  ^  =» 

x  =  l(/tt?+z)2  =*  yr+?=/f-z  =5  >+-’2  =  |-2^+^  -  2v/iz  =  z-' 

dx  ‘  2V  i  2^71  2>/T 


=>  y  =  -^=x3/2  -  VIx1'3  +  C,.  When 
3,/T 

x  =  /„y  =0.  soO  =  — t=L3/J  “  s/I/-,/2+C,  =  ^  -  i  +  C|  =C|  -  fi.  Therefore.  C\  =  \L  and 
3v  /<•  ^ 

v  =  ill - •/lx'1’2  +  \L  Asx  ->  0,  y  ->  ? £,  so  the  dog  catches  the  rabbit  when  the  rabbit  is  at  (o, 

371  3  V 


(At  that  point,  the  dog  has  traveled  a  distance  of  |  L,  twice  as  far  as  the  rabbit  has  run.) 

dy 


at3  .  I-2  2  i 


Cl  V  A  X-  .  ,  I  i  I 

(b)  As  in  the  solutions  to  part  (a)  and  Problem  7,  we  get  z  =  ^  =  jjj  ~  and  hencc  y  =  g/T  +  ^  -  J2-- 

i  l  ‘O' 

Wc  want  to  minimize  the  distance  D  from  the  dog  at  (at,  y)  to  the  rabbit  at  (0, 2s).  Now  s  =  jy  -  jx  —  => 

21. 


x 


2s=y-,z=--5Z5-T,so 


I  [/  x3  L2 2l\  (O  x2  2f.\]3 

/)_V(I"0)  +[(6i2  +  2x  i)  \x  3 £2  3  )J 


lx2  L2 


3x2  t2 


O'  =  0  <=»  rr7-r-T=°  ~  TTi  =  ^  ~  *  = 


4  -  _ 


«=>  x  =  -vf.ac  >  0,  L  >  0. 


2L2  2x2  ~ "  ”  2Z.2  2x2  ”  3  ^3 

3x  7,2  /  /,  \  (L  ■  3-L4)3  L 2  2 L 

Since  D"  (x)  =  jj  +  >  0  for  all  x  >  0,  we  know  that  D  J  = - ^5 - h  2  (i  .  3-1/4)  -  p/4 

is  the  minimum  value  of  D,  that  is,  the  closest  the  dog  gets  to  the  rabbit.  The  positions  at  this  distance  are 

nog:  (x,y)  =  (±,  (^j  -  f)  '-)  =(^. 

8^3-6, 


Rabbit 


/  8^37.  27.  \  /  8^3-6  \ 

it:  (0. 2s)  =  ^0,  -  py  =  \  9 
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d2y  I  /  dv\~  .  dy  dz  , - =■  dz 

9.  (a)  — 7  =  k,  I  +  I  —  )  .  Setting  z  =  — ,  we  get  —  =wl  +  z!  =»  .  --  k dx.  Using  Formula  25 

dx 1  V  \ox  /  "X  dx  Vl  +  z2 

gives  In  (z  +  Vl  +  z2)  =  kx  +  c  =>  z  +  Vl  +  z2  =  Cekx  (where  C  =  e‘)  =>  -/l  +  z2  =  Cekx  —  z 

=>  I  +r2  =  C2e2kx  —  2Cekxz  +  z2  =s  2Cekxz  =  C2e2*'  -  I  =>  z  =  — e*x - — e“*x.  Now 

2  2C 

=  zc1*  —  ^z;e~kx  =>  y  =  ~—ekx  +  — e~ix  +  C'.  From  the  diagram  in  the  text,  we  see  that 

dx  2  2C  2  k  2tk 

y(0)  =  Oandy(±fi)  =  A.  a=y(0)=|  + J^+C'  =,  C' =  o  -  £  -  ^ 

C  1 

=>  y  =  —  (ekx  -  1)  +  — —  (e~kx  -  I)  +  a.  From  h  =  y(±b),  we  find 
2k  2  Ck  ' 

h  =  —  (e**  -  l)  +  r~  (e-**  -  I)  +  a  and  h  =  ^  (e'**  -  I)  +  — (e**  -  1)  +  a.  Subtracting  the 

Zft  ZL  a  Za  Zl  A 

Cekl’-e~kb  I  ekh-e'kh  1  /  |\ 

second  equation  from  the  first,  we  get  0  =  - - =  -  |  C - )  sinh  (£6).  Now 

k  2  Ck  2  k\  C) 

k  >  0  and  />  >  0,  so  sinh  (M>)  >  0  and  C  =  ±1.  If  C  —  I,  then 

I  |  1  ekx  +  <?-**  I  I 

y  =  —  (etx  -  1)  +  —  (e  kx  —  I)  +  a  =  - - - - -  +  a  —  a  +  -  (cosh  kx  -  I).  If  C  =  —  I,  then 

2k  2k  k  2  A:  £ 

y  =  (e*x  -  I)  -  (e"*x  -  I)  +  a  =  -/■  - — - h|;+a=a-~  (cosh  kx  -  1).  Since  *  >  0, 

cosh  kx  >  I,  and  y  >  a,  we  conclude  that  C  =  I  and  v  =  a  +  -  (cosh  kx  —  I),  where 

k 

li  =  v(h)  =  a  +  7  (cosh  kb  —  1).  Since  cosh  (kb)  =  cosh  (-kb),  there  is  no  further  information  to  extract 
k 

from  the  condition  that  y(b)  =  y  (-/>).  I  Iowevcr.  we  could  replace  a  with  the  expression  h  —  \  (cosh  kb  —  I ), 

k 

obtaining  y  =  h  +  -  (cosh  kx  -  cosh  kb).  It  would  be  better  still  to  keep  a  in  the  expression  for  y.  and  use  the 

expression  for  h  to  solve  for  k  in  terms  of  a,  b,  and  h.  That  would  enable  us  to  express  y  in  terms  of  x  and  the 
given  parameters  a.  b.  and  h.  Sadly,  it  is  not  possible  to  solve  for  k  in  closed  form.  That  would  have  to  be  done 
by  numerical  methods  when  specific  parameter  values  are  given. 

(b)  The  length  of  the  cable  is 

L  =  f*/,  /  I  +  (dy/dx)2  dx  =  \/l  +  sinh2  kx  dx  =  jbb  cosh  kx  J.r  =  sinh  Ax] 

=  (\/k)  [sinh  (kb)  —  sinh  (-kb)]  =  (2/k)  sinh  (kb) 

10.  Suppose  C  is  a  curve  with  the  required  property  and  let  /’  =  (xo.  To)  be  a  point  on  C.  The  equation  of  the  normal 
I  dy 

line  to  C  at  P  is  v  —  yo  =  — r  (x  —  xo),  where  yi  is  the  value  of  —  at  x  =  xo-  This  equation  makes  sense  only  if 
To  dx 

y'0  ^  0.  If  yg  =  0.  then  the  normal  line  at  P  is  x  =  xo,  which  docs  not  intersect  the  y-axis  at  all  unless  xo  =  0. 

So  let’s  assume  that  y'0  ±  0.  Then  the  normal  line  to  C  at  /’  intersects  the  x-axis  at  (xo  +  yoyo,  0),  and  it 
intersects  the  y-axis  at  (0,  yo  +  xo/yj).  The  condition  on  C  implies  that 

[distance  from  P(xo,yo)  to  (0,yo  +xo/yi)]  =  [distance  from  (0,  yo  +  xg/yg)  to  (xo+yoTo.O)] 

\/ (0  -  xo)2  +  (yo  +  xo /y'0  ~  yo)2  =  /(xo  +  yoy'o  -  0)2  +  [0  -  (yo  +  xo/Vq)]2 
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Squaring  both  sides,  we  get  x^  +  xj/  (yj)  =  (xo  +  Mof  +  (>«  +  *o /y'o)  or 

2  2  2 
Xq  +  — ~  =  x^  +  2xovo.Vo  +  y^  (}’!)) 2  +  yj;  +  2^^  +  — Subtracting  xj  +  — ^  from  both  sides  and 

{y'o)  y<>  {y'o)  bi) 

multiplying  by  y'u,  we  get 

o  =  yly'o  +  >’o  {y'o)3  +  2xoy#  [  i  +  (>b):]  =  yo  (yoy£  +  yo  (yi)3  +  2x0  [  i  +  (y(,)2]  j 

=  yo  {yo>o [i  +  (yo)2]  +2x0[i  +  (yo)-]}  =  .wo  (yoyo  +  2x0)  [ I  +  (yj)2] 

Since  1  +  ~  >  1  >  0,  we  conclude  that  yo  (yo.Vo  +  2xo)  =  0.  Now  P  is  an  arbitrary  point  on  C  for  which 

Vg  5^  0.  Thus,  we  have  shown  that  y  (yy'  +  2x)  =  0  for  points  (x ,  y)  along  C  where  y'  jL  0.  One  solution  of  this 
equation  is  y  =  0,  but  that  curve  (the  x-axis)  doesn't  satisfy  the  condition  required  of  C.  since  its  normal  lines  at 
points  for  x  ^  0  don’t  intersect  the  y-axis.  Thus,  we  can  focus  our  attention  on  points  of  C  where  y  ^  0.  and 
conclude  that  yy'  +  2x  =  0  at  points  of  C  where  y  #  0  and  y'  #  0.  Integrating  both  sides  of  yy'  +  2x  =  0,  we  get 
jy2  +  x2  =  c.  Clearly  c  >  0  (since  y  yt  0),  so  we  can  write  c  =  a2,  where  a  =  -Jc  >  0.  Thus,  (y2  +  x2  =  a2  and 
x2/o2+y2/(v/2a)2=  I 

This  shows  that  C  is  (part  of)  the  ellipse  centered  at  (0, 0)  with  semimajor 
axis  s/2 a  in  the  y-direction  and  semiminor  axis  a  in  the  x -direction.  The 
points  of  C  where  y  =  0  or  y'  =  0  are  the  vertices  (o,  ±<j2c/j  and 

(±a,  0).  At  these  points,  the  condition  on  C  is  satisfied  in  a  degenerate 
way.  [When  P  -  (±a.  0),  the  normal  line  at  P  is  the  x-axis.  so  all  the 
points  of  the  normal  line  can  be  viewed  as  points  of  intersection  with  the 
x-axis.  The  intersection  with  the  y-axis  at  (0, 0)  is  midway  between  (a,  0) 
and  (—a,  0);  one  of  these  points  is  P.  and  the  other  can  be  regarded  as  an 
intersection  of  the  normal  line  with  the  x-axis.  Similarly,  when 

P  =  ^0,  ±a/2 a^.  the  normal  line  is  the  y-axis.  and  the  point  (o,  ±  V2a/2J.  which  can  be  regarded  as  an 

intersection  of  the  normal  line  with  the  y-axis,  is  midway  between  P  and  (0, 0),  the  intersection  with  the  x-axis  | 

">  2 

X"  V“ 

Conversely,  if  C  is  part  of  the  ellipse  —  +  f— r  =  I  for  some  a  >  0,  then  the  normal  line  at  a  point  (.to,  yo)  of 

a-  2a - 

C  (other  than  the  four  vertices)  has  equation  y  —  yo  =  ~~  (x  —  *o)-  Its  intersections  with  the  coordinate  axes  arc 

2xo 

2  2 

^0,  y)  and  (-.xo,  0).  ^distance  from  (xo,  yo)  to  ^0,  =  x|  +  y  and 

^distance  from  ^0,  ^  J  to  (— xo,  0)j  =  xjj  -f  y .  so  the  required  condition  is  met  at  points  other  than  the  four 
vertices.  As  we  have  explained,  if  we  arc  willing  to  interpret  the  condition  broadly,  then  it  can  be  viewed  as  holding 
even  at  the  four  vertices. 

Another  Method:  Let  P  (.vo.  vo)  be  a  point  on  the  curve.  Since  the  midpoint  of  the  line  segment  determined  by  the 
normal  line  from  (xo,  yo)  to  its  intersection  with  the  x-axis  has  x -coordinate  0,  the  x -coordinate  of  the  point  of 

yo  —  0  vo  _ 

intersection  w  ith  the  x-axis  must  be  —xo-  Hence,  the  normal  line  has  slope  — 1 — -  =  - — .  So  the  tangent  line 

x0  -  (-x0)  2x0 

has  slope  —  This  gives  the  differential  equation  y'  = - vdy  =  —2.x  dx  => 

yo  '  y 

f  ydy  —  J  (—2 x)dx  =*  \y2  =  — x2  +  C  =>  x2  +  \y2  =  C  (C  >  0). 
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Curves  Defined  by  Parametric  Equations 


(b)  Jt  =  2/  +  4.  y  =  t  —  1  =>  jr  =  2  (y  +  1 )  +  4  =  2y  +  6  or 

y=  ^  -3 
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9-  (a)  x  =  sin2  0,y  =  cos2  0. 

x  +  y  =  sin2  0  +  cos20  =  1,  0  <  x  <  I. 
Note  that  the  curve  is  at  (0.  1)  whenever 
0  —  nn  and  is  at  (1 , 0)  whenever  0  =  for 
every  integer  n. 


10.  (a)  x  =  2  cos 0,y  =  sin2  77 

I  =  cos2  0  +  sin2  ^  =  +  y,  so 

2 

X“ 

y  =  I  — — ,  —  2  <  x  <  2.  T  he  curve  is  at 
(2, 0)  whenever  0  =  Inn. 


y  | 

-2  0 

2  •» 

13.  (a)  x  =  tan  0  +  sec  0,  y  =  tan  0  -  sec  O, 

—j<0<j.xy  —  tan2  0  —  sec2  0  —  —  I 
=>  y  =  -  \/x,x  >  0. 


14.  (a)  x  —  cos  t,y  =  cos 2/. 

y  -  cos 2/  —  2cos2 1  —  I  =  2x2  —  1,  so 
y+  1  =  2x2,  —  I  <  Jt  <  I. 


15.  (a)  x  =  cosh  l,  y  =  sinh  I,  x2  —  y2  =  cosh2 1  —  sinh2 1  —  1,  x  >  I 
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16.  x  —  4  —  4/,  y  =  2/  +  5, 0  <  /  <  2.  x  =  4  —  2  (2/)  =  4  —  2  (y  —  5)  =  — 2y  +  14,  so  the  particle  moves  along  the 
line  y  =  -  |x  +  7  from  (4,  5)  to  (-4, 9). 

17-  '  ‘  +  v2  -  cos2  it  t  +  sin2  tit  =  I,  1  <  /  <  2,  so  the  particle  moves  counterclockwise  along  the  circle  x2  +  y2  =  I 
from  (—1,0)  to  (1. 0).  along  the  lower  half  of  the  circle. 

18.  (x  —  2)2  +  (y  -  3)2  =  cos2 1  +  sin2 1  —  I,  so  the  motion  lakes  place  on  a  unit  circle  centered  at  (2, 3).  As  /  goes 
from  0  to  2tr.  the  particle  makes  one  complete  counterclockwise  rotation  around  the  circle,  starting  and  ending  at 
(3,3). 


19.  (j-t)  +  (t>')  =  sin2 1  +  cos2 1  =  I.  so  the  particle  moves  once  clockwise  along  the  ellipse  |x2  +  ^y2  =  1, 
starting  and  ending  at  (0, 3). 


20.  x  =  cos2  /  =  v2.  so  the  particle  moves  along  the  parabola  x  =  y2.  As  t  goes  from  0  to  Ax,  the  particle  moves  from 
(1,1)  down  to  (I,  —1)  (at  t  =  ir),  back  up  to  (1, 1)  again  (at  t  =2x),  and  then  repeats  this  entire  cycle  between 
t  =  lit  and  t  =  4ir. 


21.  x  —  tan/,  y  —  cot/,  ^  ^ .  y  =  \/x  for  -j-  <  x  <  V3.  I  he  particle  moves  along  the  first  quadrant  branch  of 

the  hyperbola y  =  \/x  from  -/}j  to  (n/3,  j. 

22.  (a)  Note  that  as  /  ->  -oo,  we  have  x  ->  -oc  and  y  -»  oc,  whereas  when  /  ->  oo,  both  x  and  y  ->  oo.  This 

description  fits  only  IV.  [But  also  note  that  x  (/)  increases,  then  decreases,  then  increases  again.] 

(b)  Note  that  as  /  — >  ±oo,  y  — >  — oo.  This  is  only  the  case  with  VI. 

(c)  If  /  =  0,  then  (.v.y)  =  (sinO.sinO)  =  (0,0).  Also.  |.v|  =  |sin3/|  <  I  for  all /.and  |y|  =  |sin4/|  <  1  for  all  /. 
The  only  graph  which  includes  the  point  (0, 0)  and  which  has  |jr|  <  1  and  |y|  <  I,  is  V. 

(d)  Note  that  as  /  — »  — oo,  both  x  and  y  — »  — oo,  and  as  /  — »  oo,  both  x  and  y  — »  oo.  This  description  fits  only  III. 
(Also  note  that,  since  sin  2/  and  sin  3/  lie  between  —  I  and  1 ,  the  curve  never  strays  very  far  from  the  line 

y  —  x.) 

(e)  Note  that  both  x  (/)  and  y  (/)  arc  periodic  with  period  In  and  satisfy  |.v|  <  1  and  |y|  <  1.  Now  the  only 
^-intercepts  occur  when  x  =  sin  (/  +  sin  /)  =  0  «  /  =  0  or  /r .  So  there  should  be  two  y-intcrcepts: 
y  (0)  =  cos  I  =0.54  and  y(rr)  =  cos  (,t  —  I )  =  —0.54.  Similarly,  there  should  be  two  .v-interccpts: 

x  ( f )  —  sin  { T  +  l)  =  0.54  and*  (x)  —  s  1  n  (  y  —  I )  ^  —0.54.  The  only  curve  with  these  x-  and 
y-inlcrcepts  is  I. 

(f)  Note  that  x  (t )  is  periodic  with  period  2/r .  so  the  only  y-intercepts  occur  when 

x  =  cos  /  =  0  <=>  /  =  §  or  y-.  Also,  the  graph  is  symmetric  about  the  r-axis,  since 
y  (-/)  =  sin  (-/  +  sin  5  (-/))  =  sin  (-/  -  sin  5/)  =  -  sin  (/  +  sin  5/)  =  -y  (/),  and 
x  (— /)  =  cos  (— /)  =  cost  =  x  (/).  The  only  graph  which  has  only  two  y-intercepts,  and  is  symmetric  about  the 
.t-axis.  is  II. 
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23.  From  the  graphs,  it  seems  that  as  l  — >  -oc,  x  -»  oo  and  y  -oo.  So  the  point  (x  (t) ,  y  (/))  will  move  front  far 
out  in  the  fourth  quadrant  as  l  increases.  At  l  =  —  \/3,  both  .v  and  y  are  0.  so  the  graph  passes  through  the  origin. 
After  that  the  graph  passes  through  the  second  quadrant  (x  is  negative,  y  is  positive),  then  intersects  the  x-axis  at 
x  =  -9  when  (  =  0.  After  this,  the  graph  passes  through  the  third  quadrant,  going  through  the  origin  again  at 
I  =  s/3,  and  then  as  I  ->  oo,  x  -»  oo  and  y  — >  oo.  Note  that  for  every  point 
( x  (i)  ,y  (/))  =  (3  (f2  —  3) , /3  —  3 1),  we  can  substitute  — /  to  gel  the  corresponding  point 
(a:  (— /) ,  y  {—!))  =  (3  [(— l)2  —  3]  ,  ( — / )3  -  3  (-<))  =  (•*  (l) ,  -)'  (I))-  ai'd  so  the  graph  is  symmetric  about  the 
a: -axis.  The  first  figure  was  obtained  using  x\  =  t,  >i  =  3  (/2  -  3);  X2  =  »,  yi  =  r3  -  3(;  and  —2a-  <  I  <2ir. 


7.5 


24.  As  t  -*  —oo,  >•  -»  —  7  and  x  oscillates  between  I  and  —  I .  Then,  as  (  increases  through  0,  y  increases  while  x 
continues  to  oscillate,  and  the  graph  passes  through  the  origin.  Then,  as  1  — »  oo,  y  — >  7  as  x  oscillates. 


25.  As  I  -»  —00,  x  — »  oc  and  y  —>  —00.  The 
graph  passes  through  the  origin  at  r  =  —  1 ,  and 
then  goes  through  the  second  quadrant  (x 
negative,  y  positive),  passing  through  the 
point  (—  1 ,  1 )  at  l  =0.  As  t  increases,  the 
graph  passes  through  the  point  (0, 2)  at  1  =  1, 
and  then  as  t  — >  00,  both  x  and  y  approach 
00.  The  first  figure  was  obtained  using  xi  =  1, 
yt  =  r4  —  1;  xa  =  /,  yi  =  r3  +  1;  and 
—2  n  <  I  <  2k  . 


5 


\x 

J 

/ 
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26.  We  use  jci  =  /,yt  —Is  and  *2  =  /  (/  —  t  j1,yi  =  t  with 
—2 it  <  /  <  In. 


3 


There  are  3  points  of  intersection;  (0, 0)  is  fairly  obvious. 
The  point  in  quadrant  III  is  approximately  (—0.8,  —0.4) 
and  the  point  in  quadrant  1  is  approximately  (1.1,  1.8). 


27.  As  in  Example  4,  we  let  y  =  /  and 
x  =  1  —  3/3  +  r5  and  use  a  r-interval  of 
[— 2tt,  2jt], 


28.  (a)  Clearly  the  curve  passes  through  (xi,yi)  when  /  =0and  through  (X2,y2)  when  /  =  1.  ForO  </  <  l,x  is 

strictly  between  xi  and  X2  and  y  is  strictly  between  y\  and  y2.  For  every  value  of  r,  x  and  y  satisfy  the  relation 
y>  —  v’i 

v  —  v  1  =  1 - ( x  —  -t|),  which  is  the  equation  of  the  line  through  (x\,y\)  and  (*2,  >>2). 

■*2  “  x\ 

y  —  y  i  jc  —  x  1 

Finally,  anv  point  (x,  y)  on  that  line  satisfies  — - = - :  if  we  call  that  common  value  t,  then  the 

yi-yi  *2~x\ 

given  parametric  equations  yield  the  point  (x.y);  and  any  (x,y)  on  the  line  between  (xt.yt)  and  (X2,y2)  yields 
a  value  of  I  in  [0,  1).  So  the  given  parametric  equations  exactly  specify  the  line  segment  from  (xi,  jm)  to 

(*2,y2). 

(b)  x  =  -2  + [3  -  (-2)1 1  =  -2  +  5/  andy  =  7  +  (-l  -7)1  =  7  —  8/  forO  <1  <  I. 


29.  The  circle  x2 +y2  =  4  can  be  represented  parametrically  by  x  =2cos/,y  =2sin/;0<  /  <  2/r.  The  circle 
x2  +  (y  —  l)2  =  4  can  be  represented  by  x  =  2cos/,y  =  I  +  2sin/;  0  <  /  <  2/r.  This  representation  gives  us  the 
circle  with  a  counterclockwise  orientation  starting  at  (2,  1). 

(a)  To  get  a  clockwise  orientation,  we  could  change  the  equations  to  x  =  2  cos/,  y  =  I  —  2  sin  /. 

(b)  To  get  three  times  around  in  the  counterclockwise  direction,  we  use  the  original  equations  x  =  2  cos  /, 
y  =  1  +  2sin  /  with  the  domain  expanded  to  0  <  /  <  6/r . 

(c)  To  start  at  (0, 3)  using  the  original  equations,  we  must  have  X|  =0;  that  is,  2  cos  /  =  0.  Hence,  /  =  j .  So  we 
use  x  =  2 cos /,  y  =  I  +  2 sin /;  ^  <  /  < 

Alternatively,  if  we  want  /  to  start  at  0,  we  could  change  the  equations  of  the  curve.  For  example,  we  could 
use  x  =  — 2  sin  /,  y  =  I  +  2  cos  /,  0  <  !  <  x . 


30. 


-4.5 


4.5 
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31.  (a)  Let  x 2  /a2  =  sin2  t  and  y2 /b2  =  cos2  /  to  obtain 

x  =  a  sin  l  and  v  =  b  cos  t  with  0  <  /  <  In  as  possible 
parametric  equations  for  the  ellipse x2/a2  +y2/b2  =  I. 
(c)  As  h  increases,  the  ellipse  is  stretched  vertically. 


(b)  The  equations  are  x  =  3  sin  i  and 
y  =  beast  for  b  e  {1, 2. 4,  8). 


•8 


32.  The  possible  parametrizations  of  the  curve  y  =  .v3  include 

(1)  x  =  t,y  =  l3,t  e  R 

(2)  x  =  —I,  y  =  -I3,  l  6  R 

(3)  x  =7  +  l,y=  (l  +  I)3, 1  €  R 


33.  The  case  §  <  0  <  n  is  illustrated.  C  has  coordinates  (r(i,  r)  as  before,  and  O 
has  coordinates  (rO,  r  +  r  cos  (ir  —  ()))  =  (rO,  r  (I  —  cos 0))  [since 
cos  (rr  —  a)  =  cos  it  cos  a  +  sin  n  sin  a  —  -  cos  a],  so  P  has  coordinates 
(rO  -  r  sin  (x  —  0) ,  r  (1  —  cosO))  =  (r  (0  -  sin0) ,  r  (1  —  cos  »))  [since 
sin()r  —  a)  =  sinrr  cosn  —  cos n  sin«  =  sin n \  Again  we  have  the 
parametric  equations  at  =  r  (0  —  sin<7).  y  =  r  (1  -  cos  0). 


34.  The  first  two  diagrams  depict  the  case  n  <  0  <  If.  d  <  r.  As  in  Exercise  33,  C  has  coordinates  (rO,  r).  Now  Q 
(in  the  second  diagram)  has  coordinates  (rO,  r  +  </  cos  (0  —  tt))  =  ( rO,r  —  d  cosW).  so  a  typical  point  P  of  the 
trochoid  has  coordinates  (rO  +  d  sin  (0  —  tr)  ,r  —  dcosO).  That  is,  P  has  coordinates  (x,y),  where 
x  =r0  —  d  sin  0  and  v  =  r  —  d  cos  0.  When  d  =  r,  these  equations  agree  with  those  of  the  cycloid. 
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35.  It  is  apparent  that  .v  =  |0£7|  and  y  =  \QP\  =  |S7'|.  From  the 
diagram,  x  =  \OQ\  =  a  cos 77  and  y  =  |57'|  =  b  sin/7,  Thus,  the 
parametric  equations  are  x  =  a  cos 0  and  y  =  b  sin  0.  To  eliminate  0 
we  rearrange:  sin 0  =  y/b  =>  sin20  =  (y/b)2  and  cos0  =  x/a 
=s  cos2  0  —  (x/a)2.  Adding  the  two  equations: 
sin2  0  +  cos2  0=1=  x2/a2  +  y2/b2.  Thus,  we  have  an  ellipse. 


36.  A  has  coordinates  (a cost),  a  sin0).  Since  O A  is  perpendicular  to  AB.  AO. -I B  is  a  right  triangle  and  B  has 
coordinates  (asccO,  0).  It  follows  that  P  has  coordinates  (asec0,  6  sin  0).  Thus,  the  parametric  equations  are 
x  =  a  sec  0,  y  =  b  sin  0. 


37.  C  =  (2a  cot  0,  2a),  so  the  .x-coordinate  of  P  is  x  —  2a  cot  0.  Let 
B  =  (0,2a).  Then  IOAB  is  a  right  angle  and  LOBA  =0,  so 
lOA\  =  2 a  sin0  and  A  =  (2asin0cos0,  2a  sin2 0).  Thus,  the 
^-coordinate  of  P  isy  —  2a  sin2 0. 


38.  1  .et  0  be  the  angle  of  inclination  of  segment  OP.  Then 
2a 

\OB\  =  LetC  =  (2a,0).  Then  by  use  of  right  triangle  OAC 

we  see  that  |0.*!|  =  2a  cos 0.  Now 

\OP\  =  \AB\  =  \OB\  -  \OA\  =  2 a  -  cos0 

V  cos  0 

1  -  cos2  (I  sin20 

=  2  a - - —  =  2a - —  =  2a  sm  0  tan  0 

cost)  cos  0 

So  P  has  coordinates  x  =  2a  sin  0  tan  0  ■  cos  0  —  2a  sin2  0  and 
y  =  2a  sin  0  tan  0  ■  sin  0  =  2a  sin2  0  tan  0. 


39.  (a) 


4 


There  are  2  points  of  intersection: 
(—3,0)  and  approximately  (—2.1,  1.4). 


(b)  As  an  aid  in  finding  collision  points,  set  your  graphing  utility 
to  graph  both  curves  simultaneously  and  closely  observe  the 
drawing  of  the  graphs.  In  this  case,  we  have  one  collision 
point:  both  particles  are  at  (-3, 0)  when  /  =  (Notice  that 
the  first  curve  passes  through  (—2.1, 1 .4)  when  /  =  5.5,  but 
the  second  curve  passes  through  (—2. 1 ,  1.4)  when  l  as  O.4.] 

(c)  The  circle  is  centered  at  (3,  1)  instead  of  (—3,  I).  There  are 
still  2  intersection  points:  (3, 0)  and  (2.1,  1 .4),  but  there  are 
no  collision  points. 
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40.  (a)  If  a  =  30°  and  do  =  500  m/s,  then  the  equations  become  x  =  (500  cos  30°)  I  =  250V3/  and 

y  =  (500  sin  30°)  I  —  j  (9.8)  I2  =  250/  -  4.9(2.  y  =  0  when  t  =  0  (when  the  gun  is  fired)  and  again  when 
/  =  «  51  s.  Then  x  —  ^250%/3^  =»  22,092  m,  so  the  bullet  hits  the  ground  about  22  km  from  the 

gun. 

The  formula  for  y  is  quadratic  in  l.  To  find  the  maximum  y-valuc,  we  will  complete  the  square: 


with  equality  when  /  =  s,  so  the  maximum  height  attained  is 


3189  m. 


(b)  u.aoo  As  a  (0°  <  «  <90°)  increases  up  to  45°,  the  projectile 

attains  a  greater  height  and  a  greater  range.  As  a  increases 
past  45°,  the  projectile  attains  a  greater  height,  but  its  range 
decreases. 

„  ,  ,  28.000 

a=  15°  a=30» 

x 

(c)  x  =  (oocosa)/  =>  l  = - -. 

do  cos  a 


y  =  (do  sin  a)  ■ 

Do  COS 

(quadratic  in  x). 


-  -  *  =  (tana)*  -  ( -^~)x\ 

s a  2  \doCO sa/  \  2oj,cos2a  J 


which  is  the  equation  of  a  parabola 


41.  x  =  t2,  y  =  /3  —  cl.  We  use  a  graphing  device  to  produce  the  graphs  for  various  values  of  c  with  -it  <  t  <  i r . 
Note  that  all  the  members  of  the  family  are  symmetric  about  the  x-axis.  For  c  <  0,  the  graph  does  not  cross  itself, 
but  for  c  =  0  it  has  a  cusp  at  (0, 0)  and  for  c  >  0  the  graph  crosses  itself  at  x  =  c,  so  the  loop  grows  larger  as  c 
increases. 


42.  x  =  2 ct  -  4r\  y  =  —cl2  +  3/4.  We  use  a  graphing  device  to 
produce  the  graphs  for  various  values  of  c  with  — ir  <  t  <  n. 
Note  that  all  the  members  of  the  family  are  symmetric  about 
the  y-axis.  When  c  <  0,  the  graph  resembles  that  of  a 
polynomial  of  even  degree,  but  when  c  =  0  there  is  a  corner 
at  the  origin,  and  when  c  >  0,  the  graph  crosses  itself  at  the 
origin,  and  has  two  cusps  below  the  x-axis.  T"he  size  of  the 
“swallowtail”  increases  as  c  increases. 


-1.5  c  =  4 
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43.  Note  that  all  the  Lissajous  figures  are  symmetric  about  the  t-axis.  The  parameters  a  and  b  simply  stretch  the  graph 
in  the  x-  and  y-directions  respectively.  For  a  =  b  =  n  =  1  the  graph  is  simply  a  circle  with  radius  I .  For  »  =  2  the 
graph  crosses  itself  at  the  origin  and  there  are  loops  above  and  below  the  x-axis.  In  general,  the  figures  have  n  —  1 
points  of  intersection,  all  of  which  are  on  the  y-axis.  and  a  total  of  n  closed  loops. 


-M 

=  (2.  I) 


3.1 


n  =  3 

44.  We  use  —  n  <  t  <  n 
with  center  (-  j .  o) 

until  c  =  I ,  when  we  obtain  a  curve  with  a  dent  (called  a  cardioid )  As  c  increases,  we  get  curve  with  a  dimple 
(called  a  limafon)  until  c  =  2.  Fore  >  2,  we  have  convex  lima^ons.  For  negative  values  of  c,  we  obtain  the  same 
graphs  as  for  positive  c.  but  with  different  values  off  corresponding  to  the  points  on  the  curve. 


in  the  viewing  rectangle  [-4,  2|  x  [ — 3,  3].  We  first  observe  that  for  c  =  0,  we  obtain  a  circle 
and  radius  j.  As  the  value  of  c  increases,  there  is  a  larger  outer  loop  and  a  smaller  inner  loop 


3 
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Laboratory  Project  □  Families  of  Hypocycloids 


1.  The  center  Q  of  the  smaller  circle  has  coordinates 

((a  —  />)  cos 77,  (a  —  6)  sin  17).  Arc  PS  on  circle  C  has  length  at)  since  it  is 
equal  in  length  to  arc  AS  (the  smaller  circle  rolls  without  slipping  against  the 

larger.)  Thus,  U’OS  —  ^77  and  LPQT  =  jd  —  77,  so  P  has  coordinates 
h  b 


(t*) 

—  (a  —  b)  sin  77  —  b  sin  (/.PQT)  =  (a  —  b)  sin  77  —  6  sin 


x  —  (a  —  7>)cos77  +  b  cos  (l  PQT)  =  (a  —  b)  cos  <7  +  b  cos 
and 

y 


2.  With  b  =  I  and  a  a  positive  integer  greater  than  2,  we  obtain  a  hypocycloid  of  a 
cusps.  Shown  in  the  figure  is  the  graph  for  a  =  4.  Let  a  =  4  and  6=1.  Using 
the  sum  identities  to  expand  cos  377  and  sin  377,  we  obtain 

x  =  3  cos77  +  cos  377  =  3cos77  +  ^4  cos3  77  —  3  cos  77^  =  4  cos3  77 
and 

y  =  3  sin  77  -  sin  377  =  3  sin  77  —  ^3  sin  77  -  4  sin3  77^  =  4  sin3  77 


3.  T  he  following  graphs  are  obtained  with  b  =  I  and  a  =  j,  j,  j,  and  with  —2 n  <  77  <  2tr.  We  conclude  that  as 
the  denominator  d  increases,  the  graph  gets  smaller,  but  maintains  the  basic  shape  shown. 


Letting  d  =  2  and  n  =  3,  5.  and  7  with  -In  <  0  <2n  gives  us  the  following: 


[continued] 
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So  if  d  is  held  constant  and  «  varies,  we  get  a  graph  with  n  cusps  (assuming  n/d  is  in  lowest  form). 

When  n  =  d  +  1 ,  we  obtain  a  hypocycloid  of  n  cusps.  As  n  increases,  we  must  expand  the  range  of  0  in  order  to 
get  a  closed  curve.  The  follow  ing  graphs  have  a  —  |,  and  jj. 

OO 

If  A  =  I,  the  equations  for  the  hypocycloid  arc 

x  =  (a  —  I)cos0  +  cos  ((a  -  I  )0),y  =  (a  —  1)  sin  0  -  sin  ((a  —  1)0) 

which  is  a  hypocycloid  of  a  cusps  (from  Problem  2).  If  n  =  d  +  1,  then  a  =  (d  +  I )  /d,  and  the  equations  become 

x  =  -  cos0  +  cos  y  =  -  sm  0  -  sin  -.  Now  letting  <p  =  -0/d  and  multiplying  by  d  (from  the  hint)  gives  us 
d  d  d  d 

X  =  cos  (—dip)  +  d  cos  (-ip),  Y  =  sin  (-dip)  -d  sin  (-?>)  or,  equivalently,  X  =  d  cosip  +  cos  dip, 

Y  =  d  sin  </>  —  sin  dip.  We  recognize  these  equations  as  those  of  a  hypocycloid  with  (d  +  1)  cusps. 

4.  In  general,  if  a  >  1,  we  get  a  figure  with  cusps  on  the 
“outside  ring”  and  if  a  <  1 ,  the  cusps  are  on  the  “inside 
ring”.  In  any  case,  as  the  values  of  0  get  larger,  we  get  a 
figure  that  looks  more  and  more  like  a  washer.  If  we  were 
to  graph  the  hypocycloid  for  all  values  of  0,  every  point 
on  the  washer  would  eventually  be  arbitrarily  close  to  a 
point  on  the  curve. 


—  10ir  <0  <  lOtr 


0  <  0  <  446 


5.  The  center  Q  of  the  smaller  circle  has  coordinates  ((a  +  b)  cos  0,  (a  +  b)  sin0).  Arc 
PS  has  length  at)  (as  in  Problem  1),  so  that  L P QS  =  — ,  LPQR  =  x  — — ,  and 

LPQT  =  x  —  ^-0  =  x-  since/  RQT  =0. 

Thus,  the  coordinates  of  P  are 


x 


=  (a  +  b)  cos  0  +  A  cos 


(* 


(a  +  b)  cos  0  —  b  cos 


and 


y 


(a  +  b )  sin0  -  A  sin 


(‘ 


(a  +  A)  sin0  —  A  sin 
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6.  I.cl  b  —  1  and  the  equations  become 


x  =  (a  +  l)cos0  —  cos((a  +  1)0)  y  =  (a  +  I)sin0  —  sin((a  +  1)0) 


If  a  =  1,  we  have  a  cardioid.  If  a  is  a  positive 
integer  greater  than  1 ,  we  get  the  graph  of  an 
“a-leafed  clover”,  with  cusps  that  are  o  units 
from  the  origin.  (Some  of  the  pairs  of  figures  are 
not  to  scale.) 

If  a  =  r./d  with  n  =  1 ,  wc  obtain  a  figure  that 
does  not  increase  in  size  and  requires 
—dn  <  0  <  di r  to  be  a  closed  curve  traced 
exactly  once. 


Next,  we  keep  d  constant  and  let  rt  vary.  As  n 
increases,  so  does  the  size  of  the  figure.  There  is 
an  n-pointed  star  in  the  middle. 


Now  if  n  =  d  +  1  we  obtain  figures  similar  to  the 
previous  ones,  but  the  size  of  the  figure  does  not 
increase. 


If  a  is  irrational,  we  get  washers  that  increase  in 
size  as  a  increases. 


a  =  3,  —2a  <  0  <  2a  a  =  10.  —2a  <  0  <  2a 


a  =  ^,  —4a  <  0  <  4a  a  =  —7a  <  0  <  7a 


a  =  j,  —3a  <  0  <  3a  a  =  —6a  <(><  6a 


a  =  s/2,  0  <  0  <  200  a  =  e  -  2, 0  <  0  <  446 
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7.  The  equations  for  the  epicycloid  are 

/a  +  b  \ 

x  =  («  +  b)  cos  0  —  b  cos  I — - — 0  J 


’  =  (a  +  A)sinO  -  fesin 


l  or  the  first  part  of  the  problem,  we  set  a  =  n  and  h  =  1,  so  these  equations  become 

r  =  («+  l)cosO  -cos((n  +  1)0)  y  =  (n  +  1) sin/7  —  sin ((m  +  1)0) 

If  we  substitute  <p  =  (n  +  I)  0  and  rearrange  the  terms,  these  become 


x  =  —  cos«>  +  (n  +  l)cos 


n  +  I 


y  =  -sinp  +  (n  +  l)sin 


<P 

n  +  I 


I  cos  <p  ip 

X  = - -x  = - -  +  cos - - 

n  +  I  n  +  1  n  +  I 


_ 1_  sin  y  <p 

n  +  1  ^  n  +  1  n  +  I 


whereas  the  equations  of  a  hypocycloid  with  a  = - -  and  b  =  I  are 

n  +  I 


,  (  '■  , 

1  one  /J  1  one  1 

Y_^ _ A 

\  __eos0 

■  v» + > 

1  COM/  T  COs  1 

A»+ 1  7 

)  n  +  1 

■-  (  «  1 

^  sinO  —  sin  ^ 

r^-iY 

. 

>  \»  + 1 

\n  +  \  ) 

/  n  +  1 

For  the  second  part  of  the  problem,  we  set  a  =  -  in  the  equations  for  the  epicycloid: 


n  +  1  ..  ( n+l 

x  = - cosO  —  cos  ( - 0  I 

n  \  n  ) 


n  +  I 

y  = - smO 


-sin(^o) 


Multiplying  by  ”  ,  substituting  <p  =  "  +  -0  and  rearranging  the  terms,  we  get 
n  +  1  n 

X  = - COSV  +  cos  (  — n—  <!> )  )'  = - 7-7  sin?  +  sin  (  -^-7?  ) 

n  +  I  \n  +  1  /  n  +  I  \n  +  I  / 


But  these  are  exactly  the  equations  of  a  hypocycloid  ((AT,  !')l  with  a  - 


n+  I 


■2  Tangents  and  Areas 


,  dy  dx  ,  •>  .  dy  dy/dl  -5  5 

1.  x  =  t  -  7J,  >>  =  2  -  5/  =>  — —  =  —5.  ——  =  I  —  3r2,  and  —  =  =  - - —  or  : 

dt  dl 


dx  dx/dt  1  —  3r2  3 12  —  1 


2.  x  -  y/1  -  t,y  =  t2  -  1  =*  =3r:  -  I,  ^  — 7=  -  hand 

J  dl  dl  2,/i 

dy  dy/dl  3/2  —  1  _  (3r2  -  1)  (2Vr) 

dx  ~  dx/dt  ~  1/(2 Vi)  -  1  _  1-2 y/t 


1  dv 

3.  x  =  t  Inr, y  =  sin- 1  =  2sinrcosr 

2  dt 


=  t  +  (Inr)  •  1  =  I  +  Inr,  and 
dy  dy/dt  2  sin  r  cos  r 


dx  dx/dt 


1  +  Inr 
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.  When  /  =  0,  x  =  y  =  0 


6.  =  2/2  +  1,  y  =  j/3  -  /;  /  =  3.  —  =  l2  —  1,  =  47,  and  ‘-f  =  -~-l  =  When  /  -  3, 

at  dt  dx  dx/dt  4/ 

(•*.>')  =  (19, 6)  and  dy/dx  =  jj  =  §,  so  an  equation  of  the  tangent  line  isy  —  6  =  j  (jr  -  19)  ory  =  —  y. 

■»  di  i  2  t  dy  2/  ,  2  dx  e ^ 

1.  x  =  e'/l,  y  =  t  -  In/2;  /  =  !.—  =  !  — r  =  l - ,  —  =  — and 

dt  1 2  t  dt  2y/i 


dy/dt 

1  +  e‘ 

dx/dt 

te 1  +  e1 

dy/dt 

2 1-  1 

dx/dt 

"  2t+  1 

\  or  y  =  —  x 

dy/dt 

t2  -  1 

dy  dy/dt  1  -  2/t  2/  2/  -  4  dy  2 

Tx  ~  dx/di  ~  eS/(2VP)  '  21  =  77^7-  Whe" '  =  '*  {x'y)  =  <«•')  and  -  =  so  an  equation  of  the 

tangent  line  is  y  -  1  =  -§  (*  -  e)  or  y  =  -\x  +  3. 

8.  x  =  t  sin/,y  =  /  cos/;  t  =  x.%  =  cos /  -  /  sin/,  *  =  sin/  +/  cos/,  and  ±  ^  =  C0S,~/sin' 

dt  dt  dx  dx/dt  sin/ +  / cos/ 

When  /  =  x,  (x,y)  =  (0,  -a-)  and  -j-  =  — -  =  — ,  so  an  equation  of  the  tangent  is  y  +  at  =  -!■  (x  —  0)  or 
y  =  ±x-K. 

9.  (a)  *  =  *'.  y  =  (/  -  l)2;  (1,1).  %  =  2  (/  -  1),  £  =  e',  and  ±  «  =  1^1. 

dt  dt  dx  dxfdt  e1 

dy 

At  (1 ,  1 ),  /  =  0  and  —  =  —2,  so  an  equation  of  the  tangent  is  y  —  1  =  —  2  (jc  —  1)  or  y  =  —2x  -f  3. 

(b)  x  =  e‘  =>  /  =  Inx,  soy  =  (/- l)2  =  (lnx  -  I)2  and  ^  =  2(lnx  -  1)  When*  =  I, 
dy 

=  2(— 1)(1)  =  —2,  so  an  equation  of  the  tangent  is  y  =  —2x  +  3,  as  in  part  (a). 

10.  (a) x  =  5 cos / , y  =  5sin/;(3,4).  ~  =  5cos /,  ^  =  -5sin/,  ^  =  -cot/.  At  (3, 4), 

dt  dt  dx  dx/dt  v  ’ 

y  ,  4  dy  3 

t  =  tan  -  =  tan  j,  so  —  =  — and  an  equation  of  the  tangent  is  .y  —  4  =  —  |  (x  —  3),  or 

>- =-!*  +  ¥ 

(b)  x2  +  y2  =  25,  so  2x  +  2y-^j  =  0.  or  -j-  =  —  - .  At  (3, 4),  =  -  j ,  and  as  in  part  (a),  an  equation  of  the 

tangent  is  >■  =  -J*  + 


11.  x  =  2sin2 t.y  =  2 sin r;  (s/3,  l). 

dy  dy/dt  2 cos /  cos/  /  /-  \ 

dx  =  dx/di  =  2~ 2cos2?  =  Mi'  11,6 poin‘  ')  COrreSponds 
to  /  =  § ,  so  the  slope  of  the  tangent  at  that  point  is 

cos  f  -=5  V3 

r - j-  =  - — r  =  — .  An  equation  of  the  tangent  is  therefore 

2  cos  f  2  •  i  2  6 

O'  -  1)  =  ^  (x  -  s/3^  or y  =  t@x  -  J. 


— 

— 

c 
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12.  .v  =  sin  7,  y  =  sin  (7  +  sin  7);  (0. 0). 


dy  dy/dl  cos  (t  +  sin  7)  ( 1+  cos  7) 

dx  “  dx/dt - IT, - =  (scc'  +  I )  cos  (/  +  sin  7) 

Note  that  there  are  two  tangents  at  the  point  (0,  0),  since  both  7  =  0  and 
t  =  7T  correspond  to  the  origin.  The  tangent  corresponding  to  t  =  0  has 
slope  (sec  0  +  I )  cos  (0  -f  sin  0)  =  2  cos  0  =  2,  and  its  equation  is  y  =  2jc . 
The  tangent  corresponding  to  /  =  n  has  slope 
(sec  n  4-  I )  cos  ( n  +  sin  it )  =  0,  so  it  is  the  .r-axis. 


13.  ,i  =  74  —  \. y  =  t  -  t1  =>  ^  =  1  dy  _  dy/dl  _  1-27  , 

d<  dt  '  dx  dx/dt  4t3  4 

£  ( _  _3,-4  +/-3  <Py_  _  d  (dy/dx)  /dt  -|/-4+7~3  474  _  —3  +  47 
dt  \  dx )  4  dx 2  dx/dt  47 '  4/4  —  I 


14.  *=  73  +  72  +l,.p=l-72.  dJL  =  _27.  —  =  3/2  +  if  dy  =  dy/d‘  _  ~2‘ 

dl  dt  '  dx  dx/dt  3t2  +  27 

£(^.\  6  .  d2y  _  d  (dy/dx) /dt  6 

dt\dx)  (it  +  2)-’  dx2  ~  dx/dt  ~  i  (ii  +  2)3 


15.  x  =  sina7.>>  =  cos  a 7 . 


dy 

dx 


dy/dl 

dx/dt 


—a  sina7 
a  cosa7 


—  tana7; 


d2)’  d  fdy\  d  (dy/dx)  /dt  -it  sec2  it t 

dx2  dx  \dx)  ~  dx/dt  a  cosa7 


6.  a  =  I  +  tan7.j<  =  cos2/  =»  -p  =  -2 sin 27,  —  =  sec2 7 

dt  dt 

dy  dy/dt  -2  sin  27 

dx  ~  77/It  =  =  -4s,n'cos' -cos2!  =  —4 sin 7 cos3 7; 

)  =  -4  sin  7  (3  cos2  7)  (-  sin  7)  -  4  cos4  7=12  sin2  7  cos2  7  -  4  cos4  7, 
<^2.''  d (dy/dx) /dt  4 cos2  7  (3  sin2  7  -  cos2  7) 

dx2  ~  dx/dt - m - =  4cos4 1  (3  si"2 '  -  «>s2 7). 
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17.  x 


e  y  =  te2'. 


dy  _  dy/dt 
dx  dx / dl 


(2t  +  I )  e2' 
—e~' 


=  -(2r  +  l)e3': 


d_ 

dl 


=  -3  (2 1  +  l)e3'  -  2e3'  =  -  (6/  +  5)e3'; 


d2y  d  /  dy  \  d(dy/dx)/dl 

dx2  =  dx  \5x  )  =  dx/dl 


—  (6/  +  5)  e3' 
-e-‘ 


=  (6/  +  5)e4'. 


18.  v  =  I  +  l2,  y  = 


dy/dt 

dx/dt 


d2y  _  d  (dy/dx)  /dl  _  In  / 
r/x2  dx/dl  4f3  ’ 


I  -Uni  d  /dy\  2<(l/>)-(i  +  lnQ2 _ In < 

It  ’  dt\dx)~  (2 1)2  ~~2t2’ 


19.  ,v  =  t  (t2  -  3)  =  l3  -  3l,y  =  3  (l2  -  3).  —  =  3l2  -  3  =  3  (/  -  I)  ((  +  1);  -7-  =  6/.  -j-  =  0  »  /  =  0  <=> 

dl  dt  dl 

dx 

(x,>>)  =  (0,  — 9).  —  =0  <=>  /  =  ±1  <=>  (x,  >•)  =  (—2,  —6)  or  (2,  —6).  So  there  is  a  horizontal  tangent  ai 

(0.  —9)  and  (here  arc  vertical  tangents  at  (—2,  —6)  and  (2,  —6). 
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_  3 1  _  3 12  cfr  _  (I  +  /3)  3  —  3<  (3<2)  _  3-6 13 

X  ~  l+t3'y  ~  \+t3'  dt  ~  (1  +  /3)2  “  (l+<3)2’ 

dy  =  (I  + 13)  (6/)  —  3/2  (3r2)  _  6l  -  3/4  _  3/  (2  -  /3)  dy  _ 
dl  (1  +  z3)2  “  (1+/3)2  ~  (l+r3)2  '  dl  _° 

(*,>')  =  (O.O)  or  (45,  4/5)  ^)=0  «=>  ,3  =  J  <=>  1  =  2~,/3 

<=>  (-<•>')  =  (  4/4,  45).  There  are  horizontal  tangents  at  (0, 0)  and 


(4^2,  4/4),  and  there  are  vertical  tangents  at  ^4/4,  4/5)  and  (0, 0).  (The 

vertical  tangent  at  (0, 0)  is  undetectable  by  the  methods  of  this  section 
because  that  tangent  corresponds  to  the  limiting  position  of  the  point  ( x,y ) 
as  1  — »  ±00.]  In  the  following  table,  a  =  v'  2. 


1  =  0  or  4/5  «=> 


/  <  -i 

-1  <1 <0 

0  <  t  <  1/a 

1  /a  <  t  <  a 

t  >  a 

dx/dl 

+ 

+ 

+ 

- 

- 

dy/dt 

- 

- 

+ 

+ 

- 

X 

— > 

— » 

— » 

<— 

<- 

y 

i 

l 

T 

t 

x 

curve 

S' 

\ 

22.  x  =  a  (cosT7  -  cos2 0), y  =  a  (sinl?  -  sin# cos0).  ~  =  a  (-  sinfl  +  2cos0sin0), 

dO 


dy 


^  =  a  (cos 0  +  sin2  0  -  cos2  0)  =  a  {cost)  +  I  -  2 cos2 17),  =  0  « 


0  =  2cos20  —  cos  17  —  I  =  (2  cos#  +  l)(cos#  —  1)  <=>  cos#  =  -^or!  e=>  (x,y)  =  (~|a,  ±T^5a)  or 

(0,0).  — =0  <=>  (2cos0  —  l)sin#  =  0  <=>  cos#  =  j  or  sin#  =  0  <=>  (x.y)  =  (0, 0)  or 


(*-**•)  or  (—2 ay  0).  The  curve  has  horizontal  tangents  at 
Jo,  and  vertical  tangents  at  (-2 a,  0)  and  ^a,  ±^a^. 


Since  ~  =  QlfOL  =  — 
dx  dx /d0 

dv  2cos#+l 

lim  —  =  hrn  - - 

u->  o  dx  »->  o  2  cos  0  -  1 


(2  cos  0  +  1) (1  —  cos#) 


(2  cos#  -  I )  sin (7 
I  —  cos  # 


,  we  see  that 


-  lim 

«-*o 


sin  0 


=  3  0  =  0  (using  I’Hospital’s 


Rule).  Thus,  the  curve  has  a  horizontal  tangent  at  (0, 0),  where  both 
dx/dO  and  dy/dt)  are  0. 


0  <  t  <  j 

T  c  r  <  T 

^  <1  <tr 

71  <  1  <  if 

if  <1  <  if 

if  <t  <7x 

dx/dt 

+ 

- 

- 

+ 

+ 

- 

dy/dt 

+ 

+ 

- 

- 

+ 

+ 

X 

— > 

<— 

— » 

“4 

*r- 

y 

T 

T 

i 

i 

T 
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23.  From  the  graph,  it  appears  that  the  leftmost  point  on  the  curve  x  —  r4  -  t2, 
y  =  t  +  In  /  is  about  (—0.25, 0.36).  To  find  the  exact  coordinates,  we  find 
the  value  of  /  for  which  the  graph  has  a  vertical  tangent,  that  is, 

0  =  dx/dt  =  4/5  —  2r  <=>  2/  (2/2  —  I)  =  0  <=> 

2r(>/2r  +  l)(N/2r-l)=0  «.  t  =  0  or  ±-^.  The  negative  and 


1.2 


-2.5 


0  roots  arc  inadmissible  since  y  (/)  is  only  defined  for  /  >  0,  so  the  leftmost  point  must  be 


-(72)  ■72+ln7:)  =  (-f  Vl~:ln2) 

24.  The  curve  is  symmetric  about  the  line 
y  =  —x,  so  if  we  can  find  the  highest 
point  (xt,,yh).  then  the  leftmost  point  is 
(x/.yi)  =  (-yh,  —■**)■  After  carefully 
zooming  in,  we  estimate  that  the  highest 
point  on  the  curve  x  =  te',  y  =  te~'  is 
about  (2.7, 0.37). 

To  find  the  exact  coordinates  of  the  highest  point,  we  find  the  value  of  /  for  which  the  curve  has  a  horizontal 
tangent,  that  is,  dy/dt  =  0  <=>  /  (-<*-')  +  e~'  =  0  <=>  (I  -  /)<r'  =  0  «■  /  =  1 .  This  corresponds  to 
the  point  (x  (1)  ,y  (1))  —  (e,  l/e).  To  find  the  leftmost  point,  we  find  the  value  of  /  for  which 
0  =  dx/dt  —  te'  +  e'  <=>  (l+7)e'=0  <=>  I  =  —I.  This  corresponds  to  the  point 
(*  (—  •)  ,y(—  I))  =  (—  l/e,  — e).  As  /  — >  — oo,  x  (/)  =  le1  -»  0“  by  THospital’s  Rule  and  v  (/)  =  le~'  — >  — oo. 
so  the  y-axis  is  an  asymptote.  As  t  ->  oo.  x  (!)  ->  oo  and  y  (/)  -»  0+,  so  the  x-axis  is  the  other  asymptote.  The 
asymptotes  can  also  be  determined  from  the  graph,  if  we  use  a  larger  /-interval. 


25.  We  graph  the  curve  x  =  /4  —  2/3  —  2 12, 
y  —  /3  —  /  in  the  viewing  rectangle 
[-2,  1.1]  by  [-0.5, 0.5].  This  rectangle 
corresponds  approximately  to 
/  e  [—  1 , 0.8J.  We  estimate  that  the  curve 
has  horizontal  tangents  at  about 


(- 1 ,  —0.4)  and  (-0. 1 7, 0.39)  and  vertical  tangents  at  about  (0, 0)  and  (-0. 19, 0.37). Wc  calculate 
dy  dy/dt  3 12  —  I 

dx 


The  horizontal  tangents  occur  when  dy/dt  —  3/-  —1=0 


/  =  ±7=.so 


dx/dt  4/3  —  6/2  —  4/ 

both  horizontal  tangents  are  shown  in  our  graph,  ITie  vertical  tangents  occur  when  dx/dt  =  It  (2 12  -  3/  -  2)  =  0 
<=>  2/  (2/  +  I)  (/  —  2)  =  0  <=>  /  =  0,  or  2.  It  seems  that  wc  have  missed  one  vertical  tangent,  and  indeed 
if  we  plot  the  curve  on  the  /-interval  [—1.2, 2.2]  we  see  that  there  is  another  vertical  tangent  at  (—8, 6). 
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26.  We  graph  the  curve  x  =  /'  +  4/3  —  8r, 
y  =  2/2  —  /  in  Ihe  viewing  rectangle 
[-3.7, 0.2)  by  [-0.2,  1 .4).  It  appears 
that  there  is  a  horizontal  langcnt  at  about 
(—0.4,  —0.1).  and  vertical  tangents  at 
about  (—3,1)  and  (0, 0). 

dy  dy/dt  At  —  1 


We  calculate 


dx  dx/dt  4/3  +  12/2  —  16/ 


,  so  there  is  a  horizontal  tangent  where  dy/dl  =  4/  —  I  =  0 


<=>  cos  /  =  0 

tty 


/  is  an  odd  multiple  of  y .  When 

.  _  l  .  ,  _  lx  tlx 


’  f.  37  =  -'  and  #  =  -l.so  %  =  I.  When/  =  £  =  1  and 


/  =  i.  This  point  (the  lowest  point)  is  shown  in  the  first  graph.  There  are  vertical  tangents  where 
dx/dt  =  4z3  +  I2/2  -  16/  =  0  <=>  4/ (/2  +  3/ -4)  =  0  <=>  4/ (/ +  4)  (/ -  I)  =  0.  We  have  missed  one 
vertical  tangent  corresponding  to  /  =  —4,  and  if  we  plot  the  graph  for  /  e  [—5, 3],  we  see  that  the  curve  has  another 
vertical  tangent  line  at  approximately  (—128,  36). 

27.  .x  =  cos/,  y  =  sin  /  cos/.  ^  -  sin/,  %  =  -  sin2  /  +  cos2  /  =  cos 2/. 

(x .  v)  =  (0, 0) 

/  : 

jj?  =  — I.  So  =  —  I  Thus,  y  =  x  and  y  =  —x  are  both  tangent  to  the 
curve  at  (0, 0). 

28.  x  =  1  -  2  cos2  /  =  -  cos  2/,  y  =  (tan  /)  (1  -  2  cos2  /)  =  -  (tan  /)  cos  2/.  To  find  a  point  where  the  curve  crosses 

itself,  we  look  for  two  values  of  /  that  give  the  same  point  (x,  y).  Call  these  values  t\  and  /).  Then 

cos2  /|  =  cos2  /2  (from  the  equation  for  x)  and  cither  tan  t\  =  tan  /2  or  cos2  Z|  =  cos2  ti  =  5  (front  the  equation  for 
y ).  We  can  satisfy  cos2  /|  =  cos2  /?  and  tan  t\  =  tan  /2  by  choosing  t\  arbitrarily  and  taking  /2  =  /|  +  x ,  so 
evidently  the  whole  curve  is  retraced  every  time  /  traverses  an  interval  of  length  tt.  Thus,  we  can  restrict  our 
attention  to  the  interval  (-f ,  f )  lf/2  =  -/i,  then  cos2 /2  =  cos2/i,  but  tan /j  =  -tan/|.  This  suggests  that  we 
try  to  satisfy  Ihe  condition  cos2  Z|  =  cos2  /2  =  5.  Taking /1  =  and 
t2  =  —j  gives  (x,y)  =  (0, 0)  for  both  values  of/.  ^7  =  2  sin  2/ .and 
g*  =  2 sin 2/  tan /  -  cos 2/  sec2  /.  When  /  =  f ,  37  =  2  and  ^  =  2,  so 

gf  =  l.  When  /  =  — f>  37  =  — 2  and  3?  —  2,  so  g2-  =  — I.  Thus,  the 

equations  of  the  two  tangents  at  (0, 0)  are  y  =  x  and  y  —  —x. 

29.  (a)  x  =  rO  —  d sin/7,  v  =r  —  dcosO-,  ^  =  r  —  d cos/7,  =  r/sin/7.  So -p  =  . 

dO  dO  dx  r -dcosO 

(b)  If  0  <  d  <  r,  then  |</cos//|  <  d  <  r.  so  /■  -  dcosO  >r-d>  0.  This  shows  that  dx/d0  never  vanishes,  so 
the  trochoid  can  have  no  vertical  tangent  if  d  <  r. 

30.  x  =  a  cos3  0,  y  =  a  sin3  //. 

dx  ,  dv  t  dy  sin//  „ 

(a)  - —  =  —  3o  cos- // sin //.  —  =  jo  sin-  0  cos/7,  so  --  — — —  =  —  tan//, 

r///  dt)  dx  cos  0 

(b)  The  tangent  is  horizontal  <=>  dy/dx  —  0  <=>  tan//  =  0  «=>  0  —  nn  <=>  (x,y)  =  (±a,  0).  The 
tangent  is  vertical  »  cos//  =  0  «=s  //  is  an  odd  multiple  of  y  »  (x,  >>)  =  (0,  ±o) 

(c)  dy/dx  =  ±1  «=>  tan//  =  il  <=•  O  is  an  odd  multiple  of  |  «  (x,y)  =  (±^a,  (All  sign 

choices  are  valid.) 


d  sin/7 
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31.  The  line  with  parametric  equations  x  —  —It,  y  —  12/  —  5  is  j/  =  1 2  —  5,  which  has  slope  —  -y .  The  curve 

,  t  dy  dy/dt  12/  , 

x  =  t3  +  4/,  v  =  6/ 2  has  slope  —  =  — — —  =  —= - .  This  equals  —4^  <=>  3/2  +  4  =  —7/  <=> 

rfjt  e/je/e/r  3/2  +  4  7 

(3/  +  4)  (/  +  I)  =  0  «■  /  =  —  1  or  /  =  —  f  «>  (;c,y)  =  (-5,6)or(-^,^). 


32.  x  =  3/2  +  1,  y  =  2/3  +  1,  ^  =  6/,  ^  —  6/2,  so  =  —  =  f  (even  where  /  =  0). 

rf/  dt  dx  6/ 

So  at  the  point  corresponding  to  parameter  value  /,  an  equation  of  the  tangent  line  is 
y  —  (2/3  +  I )  =  /  [x  —  (3/2  +  1)].  If  this  line  is  to  pass  through  (4, 3),  we  must  have 
3  —  (2/3  +  1)  =  /  [4  —  (3/2  +  1)]  <=>  2r3  —  2  =  3/3  —  3/  /3-3/  +  2  =  0  <=>  (/ -  l)2  (/ +  2)  =  0 

<=>  /  =  I  or  —2.  Hence,  the  desired  equations  arc  y  —  3  =  x  —  4,  or  y  =  x  —  1,  tangent  to  the  curve  at  (4, 3).  and 
y  —  (— 15)  =  —  2(x  -  13),  ory  =  -2x  +  11,  tangent  to  the  curve  at  (13,-15). 

33.  A  =  fg  (y  —  l)dx  =  J^/2  (e'  —  1)  (—sin/) dt  =  Jg/2  ( e '  sin/  -  sin/)///  =  je'  (sin  /  -  cos/)  +  cos,](| 

=  J  (e'/2  -  1) 


34.  /  +  1//  =  2.5  <=>  /  =  j  or  2,  and  for  |  <  /  <  2,  we  have  /  +  l/l  <  2.5.  x  =  —  §  when  /  =  5  and  x  =  |  when 
/  =2. 

<4  =  fli/2  (2-5  -y)d*  =  Ii, 2  (i -»-!/»)  (1  +  l/»2)  d!  [x=l 
=  ft/2  (“'  +  |  -2/_l  +  §/-2  -l-^dt  =  [— +  —  —  2 In |/| 

=  (— 2  +  5  —  21n2  —  |  +  j)  —  (— j  +  |  +  2ln2  —  5  +  2^  =  -j 

35.  By  symmetry  of  the  ellipse  about  the  x-  and  y-axes, 

/(  =  4  /“  y  dx  =  4  fi/2  b  sin  0  (-a  sin  0)  dO  =  4ab  f’/2  sin2  0  dO  =  4 ab  /* /J  £  ( I  -  cos  2/7)  dO 
=  2ab  |V?  -  |  sin  2/?j^  —2ab(%)  =  xah 

36.  By  symmetry,  A  =  4  fg  ydx  =  4  f^/2  a  sin3  0  (-3a  cos2  0  sin/?)  dO  =  12a2  fg/2  sin4  0  cos2  0  dO.  Now 

f  sin4  0 cos2 0 dO  =  f  sin2/?  sin2  2/?)  dO  =  j  /(I  —  cos 2/7)  sin2  2 OdO 

—  S  /  [t  (1  —  C0Si*/?)  -  sin2  2/7  cos  2/7  j  dO  —  j%0  -  gj  sin  40  —  ^  sin3  2/7  +  C 

so  fg  sin4/? cos2 OdO  =  j^/7  —  ^  sin 4/7  —  ^  sin3  2/?Jq  =  35.  Thus,  A  =  12a2  (7$)  =  |/ra2. 

37.  A  =  fg*'  ydx  =  fg *  (r  —  d  cos  0)(r  —  d  cos  // )  do  —  J2’  (r2  —  2dr  cos  0  +  d2  cos2  /?)  dO 

—  £ r2/?  —  2z/r  sin/?  +  jrf2  (/7  +  j  sin 2/?^  =  2/rr2  +  jr//2 


-  l/l,dx  =  (1  +  1  /l2)dl] 
-|2 


_  i.  _L 

2/  +  2T- 


Ji/2 


—  4  In  2 
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38.  (a)  By  symmetry,  the  area  of  9ft  is  twice  the  area  inside  91  above  the  x-axis,  The  top  half  of  the  loop  is  described  by 

x  =  t2,  y  =  l2  —  3/.  — 75  <  /  <  0,  so,  using  the  Substitution  Rule  with  y  —  I2  —  3t  and  dx  =  2l  dt ,  we  find 
that 

area  =  2  J2ydx  =  2  £*  (i i 3  -  3/)  2ldt=2  £*  (2r4  -  6/2)  dt  =  2  [§<5  -  2/^ 

=  2  [§  (-3I/2)5  -  2  (-31'2)1]  =  2  [|  (-975)  -  2  (-375)]  =  f  75 

(b)  Here  we  use  the  formula  for  disks  and  use  the  Substitution  Rule  as  in  part  (a): 

volume  =  jc  f*  y2  dx  =  ff  f0  (/3  —  3/)“  2/  dt  =2n  f0  ^  ( t 6  —  6/4  +  9 t2)  t  dt 
-  *  [!<•-<•  +  |P]T/’  -  2.  [i  (-3  «)'  -  (-!'»)“  +  |  (-3«)*] 

=  2)r  [| -27+?i]  =  ^,r 

(c)  By  symmetry,  the  y-coordinate  of  the  centroid  is  0.  To  find  the  x -coordinate,  we  note  that  it  is  the  same  as  the 
x -coordinate  of  the  centroid  of  the  top  half  of  91,  the  area  of  which  is  5  ■  y  75  =  y  75.  So,  using 
Formula  9.3.8  with  A  =  y  75,  we  get 

1  ■  ilia  Jf  v *  ■  1'1  ■  v)21  *  ■  iTS  [’’’  ■  S‘*]7 

-  &,  [1 H'")’  -  i  (->'7]  -  w] - « 

So  the  coordinates  of  the  centroid  of  3ft  are  (x,y)  =  (7.0) 

39.  The  graph  of  x  =  sin  t  -  2  cos  /,  y  =  I  +  sin  1  cos  I  is  symmetric  2.5  (d  t  -4)  /  =  can  '  2  +  »tr 

about  the  y-axis.  The  graph  intersects  the  y-axis  when  x  =  0  => 
sin  (  —  2  cos  1=0  =>  sin  I  =  2  cos  1  =>  tan  t  =  2  => 

1  =  tan'1  2  +  nit .  The  left  loop  is  traced  in  a  clockwise  direction 
from  (  =  tan-1  2  —  rr  to  1  =  tan' 1  2.  so  the  area  of  the  loop  is  given  3 

(as  in  Example  4)  by 

A  =  Jt'aT  i'j-J*  *  /l2'ra«  ('  +  sinr  cos/)  (cost +  2sinr)<*  0.8944 
This  integral  can  be  evaluated  exactly;  its  value  is  575. 

40.  If/'  is  continuous  and  /'  (/)  /  0  fur  a  <  t  <  b.  then  either  f  (I)  >  0  for  all  (  in  [ a ,  b]  or  /'  (I)  <  0  for  all  /  in 

[a.  A).  Thus,  /  is  monotonic  (in  fact,  strictly  increasing  or  strictly  decreasing)  on  [a,  b\.  It  follows  that  /  has  an 
inverse.  Set  F  =  go  /_1,  that  is,  define  F  by  F (x)  =  g  (/-l  (x)).  Then  x  —  /(f)  =>  /_l(x)  =  f,so 

y  =  g(D  =  g  (/"'  (*))  =  F  (*) 
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41.  The  coordinates  of  T  are  (r  cos 0,  r  sin  0).  Since  T  P  was  unwound  from 
arc  TA,  TP  has  length rU.  Also  LPT Q  =  LPT R -  LQT R  =  \n  -0, 
so  P  has  coordinates*  =rcos(7  +  rf7cos(j;r  —  oj  =  r  (cos  0  +  0  sin  0), 
y  =  r  sin  77  —  rflsin  ^jr  —  ftj  =  r  (sinf7  —  flcosfl). 

42.  If  the  cow  walks  with  the  rope  taut,  it  traces  out  the  portion  of  the 
involute  in  Exercise  41  corresponding  to  the  range  0  <0  <n, 
arriving  at  the  point  (— r,  nr)  when  0  =  n.  With  the  rope  now 
fully  extended,  the  cow  walks  in  a  semicircle  of  radius  nr, 
arriving  at  (— r,  —nr).  Finally,  the  cow  traces  out  another  portion 
of  the  involute,  namely  the  reflection  about  the  x-axis  of  the  initial 
involute  path.  (This  corresponds  to  the  range  —n  <0  <  0.) 

Referring  to  the  figure,  we  see  that  the  total  grazing  area  is 
2  (^1 1  +  A  j).  A j  is  one-quarter  of  the  area  of  a  circle  of  radius  irr, 
so  A3  =  (nr)'  =  j.tV2.  We  will  compute  A \  +  /1 2  and  then 

subtract  A2  =  \rcr2  to  obtain  A 1 . 

To  find  A\  +  A2,  first  note  that  the  rightmost  point  of  the  involute  is  (yr,r).  [To  see  this,  note  that 
dx/dO  =  0  when  0  =  0  or  § .  0  —  0  corresponds  to  the  cusp  at  (r,  0)  and  0  =  §  corresponds  to  (f r,r).\  The 
leftmost  point  of  the  involute  is  (— r,  nr).  Thus,  A\  +  Aj  =  ydx  —  y  dx  =  J^=jr  y  dx .  Now 
ydx  =  r  (sin  0  —  0  cos 0)r0  cos 0  d()  =  r1  (0  sin  ft  cos  0  —  ft2  cos2  0)  dO.  Integrate: 

(l/r2)  j  ydx  —  —  0  cos2  0  —  5  (02  —  l)  sin  ft  cos  77  —  gf73  +  \()  +  C .  This  enables  us  to  compute 

A I  +  ,4i  =r2  ^-77 cos2  <7  -  J  (o2  -  1^  sin  ft  cosf7  -  gft3  +  jftj  =  r2  [0  —  n  -  +  t)] 


Therefore,  A\  =  ( A\  -f  A2)  —  /Ij  =  jtt3/-2,  so  the  grazing  area  is  2  (A\  +  A})  =  2  ^gjr3r2  +  jff3/-2^  =  grr3/-2. 
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Laboratory  Project  □  Bezier  Curves 


1.  We  are  given  the  points  /’o  (to,  yo)  =  (4, 1),  ft  (x i ,  y i )  =  (28,48),  Pi  (xr,  yi)  --  (50, 42),  and 
Pi  (*3,  W)  =  (40,  5).  The  curve  is  then  given  by 


*  (/)  =  4(l  —  /)3  +  3  •  28t  (1  —  f)2  +  3  •  50/2  (I  — »)  +  40r3 
y  (/)  =  I  (1  -  r)3  +  3  •  48/  (X  —  <)2  +  3  -  42r2  (I  -/)  +  5f3 
where  0  <  /  <  I .  The  line  segments  are  of  the  form  x  =  to  +  (ti  —  To)  f, 
y  =  yo  +  (vt  -  yo)  <■ 


ft  ft 

T  =  4  +  24(, 

y  =  1  +  47/ 

ft  ft 

t  =  28  +  22(, 

y  =  48  -  6/ 

ft  ft 

O 

1 

o 

11 

.V  =  42  -  37 1 

50 


y\  —  yo 

2.  It  suffices  to  show  that  the  slope  of  the  tangent  at  Pa  is  the  same  as  that  of  line  segment  PoPi,  namely - .  We 

T|  -  to 

calculate  the  slope  of  the  tangent  to  the  Bezier  curve: 


dy/dl  _  — 3yp  (I  - 1)2  +  3y,  [-2 1  (1  -  ()  +  (1  -  /)2]  +  3 yi  [~<2  +  (2 t)  (1  -  /)]  +  3 yg2 
dx/dl  ~  -3x0  (1  -  f)2  +  3ti  [-21  (1  -  0  +  (I  -  O2]  +  3t2  [-/2  +  (2 1)  (1  -  /)]  +  3x3<2 


At  point  ft,  <  =  0,  so  the  slope  of  the  tangent  is 


-3yo  +  3yi  _  yi  -  >o 
-3to  +  3ti  ti-to 


So  the  tangent  to  the  curve  at  Pa  passes 


through  P\ .  Similarly,  the  slope  of  the  tangent  at  point  ft  (where  /  =  1)  is 


— 3y2  +  3 yj  _  yi -yi 

-3T2  +  3t3  t3  -  T2 


,  which  is  also 


the  slope  of  line  ft  ft . 

3.  It  seems  that  if  ft  were  to  the  right  of  ft,  a  loop  would  appear.  We  try 
setting  ft  =(110, 30).  and  the  resulting  curve  docs  indeed  have  a  loop. 


4.  Based  on  the  behavior  of  the  Bezier  curve  in  Problems  1-3,  we  suspect 
that  the  four  control  points  should  be  in  an  exaggerated  C  shape.  We  try 
ft  (10,  12),  ft  (4,  15),  ft  (4, 5),  and  ft  (10, 8),  and  these  produce  a 
decent  C.  If  you  are  using  a  CAS,  it  may  be  necessary  to  instruct  it  to 
make  the  x-  and  y-scales  the  same  so  as  not  to  distort  the  figure  (this  is 
called  a  "constrained  projection"  in  Maple.) 

5.  We  use  the  same  ft  and  ft  as  in  part  (a),  and  use  part  of  our  C  as  the  top 
of  an  S.  To  prevent  the  center  line  from  slanting  up  too  much,  we  move  ft 
up  to  (4, 6)  and  ft  down  and  to  the  left,  to  (8, 7).  In  order  to  have  a 
smooth  joint  between  the  top  and  bottom  halves  of  the  S  (and  a  symmetric 
S),  we  determine  points  ft,  ft,  and  ft  by  rotating  points  ft,  ft,  and  ft 
about  the  center  of  the  letter  (point  ft ).  The  points  arc  therefore 

ft  (12.  8),  ft  (12,-1).  and  ft  (6, 2). 


30 
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Arc  Length  and  Surface  Area _ 

1 .  x  =  t-t2.y  =  f  /3/2,  I  <  /  <  2.  dx/dt  =  1-2  /  and  dy/dt  =  2 t'22,  so 
(dx/dt)2  +  (dy/dt)2  =  (1  -  2 /)2  +  (2/1'2)2  =  I  -  4t  +  4/2  +  4/  =  I  +  4/2  and 
£  =  Ja  \/ (dx/dt)2  +  (dy/dt)2  dl  =  /2  %/l  +4/’  dt. 

2-  x  =  1  +  e',  y  =  t2,  —  3  <  /  <  3.  dx/dt  =  e'  and  dy/dt  =  It,  so  (dx/dt)2  +  (dy/dt)2  =  e2'  +  4/2  and 
£  =  f3}  Ve2'  +  4l2  dt. 

3*  x  =  /  sin  t,  y  =  t  cos  t,  0  <  t  <  y.  dx/dt  =  t  cos  t  +  sin/  and  dy/dt  =  /  (—  sin/)  +  cos/,  so 
(dx/dt)2  +  (dy/dt)2  =  (/  cos  t  +  sin  t)2  +  (cos  7  - 1  sin  /)2 

=  l2  cos2 1  +  2t  sin  /  cos  /  +  sin2 1  +  cos2 1  —  2/  sin  t  cos  t  +  t2  sin2 1 
=  I2  (cos2 1  +  sin2  r)  +  sin2  /  +  cos2  /  =  f2  +  I 

and  L  =  f*12  Vt2  +  1  dt. 

4.  x  =  In  /.  y  =  y/t  +  1,  I  <  /  <  5.  ^  =  -  and  —  =  — -! - ,  so 

dt  t  dl  2y/F+l 

(dx\2  ,  (dy\2  _  1  ,  1  /2  +  4/  +  4  J  ,  /•*  //2  +  4/  +  4  ,  f5  /  +  2 

W  W  '2  4(7+1)  4/2(/  +  l)  L-Jt  V  4/2  (/+!)  d,-Jy  2MTf 

5.  x  =  73,  +  =  /2,  0  <  /  <  4.  (dx/dt)2  +  (dy/dt)2  =  (3/2)2  +  (2/)2  =  9/4  +  4/2. 

£  =  So  y (dx/dt)2  +  (dy/dt)2  dt  =  J"04  s/9/4  +  4/2<*  =  /4  /V1//2  +4dt  =  ^  /4148  (where  u  =  9r  +  4). 

So  £  =  A  (§)  rt8  =  17  (I483/2  -  43'2)  =  i,  (J7W  -  1). 

6.  x  =  a  (cos  7/  +  //sin  17),  y  =  a  (sin  77  -  77  cos  0),  0  <0  <  tt. 


(dx/dO)2  +  (dy/dO)2  =  a2  ((-  sin 77  +  sin 77  +  77 cos/7)2  +  (cos//  -  cos 77  +  77 sin 77)2 j 
=  a2/?2  (cos2  77  +  sin2  77^  =  (a//)2 


£  =  Jq*  a/7  dO  =  j  a  2a 

,  7  ...  .  „  „  dx  (1  +  /)■!  —  /I 

7.  x  =  — -.j/  =  In  (1  +  /),  0  <  /  <2.  —  =  2 - - - = - 

!+/  <//  (l+/)2 


1  ,  dy  I 

; - e  and  —  =  - - .  so 

(l+/)2  dt  1+7 


~\  +(^  = 


I 


1 


dt 


I  r  2|  t2  +  2/  +  2 

[l  +  (I  +  /)']  =  — - - —  and 


(l+/)4  (1+/)2  (1+/) 

'3  Vu2  +  1  24 

du  [«=/  +  !,  du  =  dt]  = 


d+/)4 


,  =  f2^±2tT2 

Jo  (\+t)2  J  l  « 

=  - ^  +  In  (3  +  /io)  +  s/2  -  In  (l  +  V2) 


s/«2  +  1  /  r~^ - tv 

- - - +  In  (a  +  V  a2  +  I J 


8.  x  =  e'  +  e  y  —  5  —  2t,  0  <  /  <  3.  dx/dt  =  e'  —  e  '  and  dy/dt  -  —2,  so 
(dx/dt)2  +  (dy/dt)2  -e2'  -  2  +  e~2'  +  4  =  e>2,  +  2  +  e-2*  =  (e!  +  e*')2  and 
£  =  So  (e>  +  e  ')  dl  =  [e'  -  e'']p  =  e3  —  e~}  —  (I  -  I)  =  e3  —  e”3. 
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9.  x  =  c'  cos  /,  j/  =  e'  sin  /,  0  <  /  <  ;/ . 

+  (^7)  =  [e>  (cos  1  ~  sin  z)]2  +  [e'  (sin  (  +  cc 


+(57)  =  [e'  (cos/  —  sin/)]2  +  [e'  (sin/  +  cos/)]2 

=  e2'  (2  cos2 1  +  2  sin2  /)  =  2e2' 

L  =  f*  -jTe'dt  =  V2(e"  -  I) 


10.  x  =  3 1  - 13,  y  =  3/2. 0  <  /  <  2. 

(dx/dt)2  +  ( dy/dl )2  =  (3  -  3r^  +  (6 <)2 

=  9  (l  +  2/2  +  /4)  =  [3(l  +  T2)]2 

i  =  /o3('+'2)<*  =  [3'  +  '3]o  =  14 

11.  x  =  e'  -  /,  y  =  4c'/2,  -8  <  /  <  3. 

(dx/dt)2  +  (dy/dl)2  =  (e1  -  l)2  +  (2c'/2)2  =  c2'  -  2c'  +  1  +  4c' 
=  e2'  +  2e'  +  1  =  (c'  +  I)2 

L  =  f3.t  VV  +  1  )2d,  =  /3„  (c'  +  1)  dt  =  [c'  +  /]3_s 

=  (c3  +  3)  -  (e~*  -  8)  =  c3  -  c-8  +  1 1 


12.  v  =  /  cos /  +  sin  /,  ,v  =  (sin/  -  cos/,  -*</<*.  c/jc/c/t  -  -/sin/  +  2cos/  and/fy/rf/  =  /  cos/  +  2  sin/,  so 
(dx/dt)2  +  (dy/dl)2  =  z2  sin2  /  -  4/  sin /  cos /  +  4 cos2  /  +  r2  cos2  /  +  4/  sin / cos /  +  4 sin2  /  =  /2  +  4  and 


L  -  fl,  V/2  +  4//Z  =  2  /„*  V/2+4rf( 

=  2 [j/ VT^+4  +  2 In  (z  +  V/^TS)]' 

=  2  ^ y  \/jr2  +  4  +  2  In  ^/r  +  ■Jn2  4-  4^  —  2  In 2 j 
=  «V//2+4  +  4ln  (zr  +  -/ir2  +4)  -4ln2=»  16.633506 


13.  x  —  In/  and  y  —  e  '  =»  —  —  -  and  =  — c-'  =>  L  —  J2  V/-2  +  e  2'  <//.  Using  Simpson's 
Rule  with  n  =  10,  A.v  =  (2-  1)/I0  =  0.1  and  /(/)  =  V/-2  +  e~2'  we  get 
/.  »  2jl|/(,.0)  +  4/(l.|)  +  2/(l.2)+  .  +2/(I.8)  +  4/(1.9)  +  / (2.0)]  %  0.7314. 


14.  r  =  2a  cot 0  =»  dx/dt  =  -2a  esc2  0  and  .y  =  2a  sin2  O  =>  dy/dl  =  4a  sin (7  cost?  =  2a  sin  2D.  So 
l-  =  5k  ii  V 4a2  CSC4  0  +  4a2  sin2  2/7c//7  =  2a  ///j  / esc4  (7  +  sin2  2/7  dO .  Using 


Simpson's  Rule  with  »  =  4,  A.x  =  ^  =  i  and  f  (O)  =  Vcsc4  0  +  sin2  20,  we  get 
i  «  2a  ■  54  =  (2a)  ifj  [/  (f )  +  4/  (%)  +  2/  (^)  +  4/  (£)  +  /  (f)]  *  2.2605a. 
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15.  x  =  sitrO,  y  =  cos2 FA  0  <  0  <  in. 

(dx/d<))2  +  ( dy/dO )2  =  (2  sin  0  cos  O)2  +  (—2  cost)  sin/?)2  =  8  sin2  0  cos2  0  =  2  sin2  20  => 

Distancc  =  /0  s/2  |sin  2/7|  do  =  (,Jl  J/'2  sin  TJt  dO  (by  symmetry)  =  ^-3v^cos2Flj,r  2 
=  — 3s/2(— 1  -  l)  =  6s/2 

The  full  curve  is  traversed  as  0  goes  from  0  to  §,  because  the  curve  is  the  segment  of  x  +  y  =  |  that  lies  in  the  first 
quadrant  (since  x,  y  >  0),  and  this  segment  is  completely  traversed  as  0  goes  from  0  to  f 
Thus  L  =  f*/2  sin  20  dO  =  s/2,  as  above. 

16.  x  =  cos2 t.y  =  cosr,  0  <  r  <  4x.  +  (^)  =  (-2cosrsinr)2  +  (-sin/)2  =  sin2/ (4cos2 1  +  1) 

Distance  =  f0  |sinr|  V4  cos-?  r  +  I  dt  =  4  sin  ts/4  cos2 1  +  \  dl 

=  -4 '/4»rTT du  [u  =  cos/,  du  =  -sinrrfr]  =  4  sj4,P-  +  \du  =  8 s/4 u2  +  \du 

=  8  Jo”  2secflf  sec2  OdO  =  4  /0lan  ' 2  sec3  9  dO  =  [2  sec  FI  tan  (9  +  2  in  |  sec  FI  +  tanfl|]“‘'  2 
=  4v/5  +  2  In  (v/5  +  2) 

L  =  f’  |sin/|  V4cos2 1  +  \  dt  =  V5+  £  In  (s/5  +  2) 

17.  .r  =«sin0,y  =  bcosO,  0  <0<  2s. 

iw>)  +  (^)  =  («cos0)2  +  (-bsinF?)2  =  a 2  cos2F7  +  b2  sin2 0  =  a2  ^1  -  sin20^  +  A2  sin2 F? 

=  a2  -  (o2  -  F,2)  sin2  0  =  a2 -C2  sin2  0  =  a2  ( 1  -  ^  sin2  o')  =  a2  ( 1  -  e2  s in2  ff) 

So  L  =  4  j'J  *  Ja2  (I  -  e2  sin2 FI)  dO  (by  symmetry)  =  4a  J//2  s/\  -e2  sin1  OdO 


18.  .x  =  a  cos3  0,  y  =  a  sin3  0.  (dx/dO)2  +  (dy/dt))2  =  (-3a  cos2  0  sin F7)2  +  (3a  sin2  0  cosFF)2  =  9a2  sin2  0  cos2  0. 
/-  =  4  JJ /2  3a  sin 0 cos 0 d()  =  [l2a^  sin2F)J'  ‘  =  6a. 

19.  (a)  Notice  that  0  <  t  <  2,t  does  not  give  the  complete  curve 

because  x  (0)  /  x  (2jt).  In  fact,  we  must  take  1  e  [0,  4s  |  in 
order  to  obtain  the  complete  curve,  since  the  first  term  in  each 
of  the  parametric  equations  has  period  2k  and  the  second  has  -'5 

period  :|j.  and  the  least  common  integer  multiple  of  these 
two  numbers  is  4s . 

-is 

(b)  We  use  the  CAS  to  find  the  derivatives  dx/di  and  dy/di.  and  then  use  Theorem  4  to  find  the  arc  length.  Recent 
versions  of  Maple  express  the  integral  J*”  J(dx/dt)2  +  (dy/dt)2  dt  as  88  A  (2V2,),  where  £  (x)  is  the 
r 1  vt  -x2/2 

elliptic  integral  ^  yfZT/T  dl  and  ‘ is  lhe  ima?'nar>  number  V^T.  Some  earlier  versions  of  Maple  (as 
well  as  Mathematica)  cannot  do  the  integral  exactly,  so  we  use  the  command 

evalf  ( Xnt  (sqct  (diff  (x,  t)  "2+diff  (y,  t )  -2) ,  t=0. .  4*Pi) ) ;  to  estimate  the  length,  and  find 
that  the  arc  length  is  approximately  294.03. 
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20.  (a)  It  appears  that  as  (  -»  oo,  (x ,y)  -»  (j.  j).  and 
as/-»  -oo,  (jr,y)-» 

(b)  By  the  Fundamental  Theorem  of  Calculus, 

dx/dl  =  cos  (f  r2)  and  dy/di  =  sin  (*/2),  so  by 
Theorem  4,  the  length  of  the  curve  from  the 
origin  to  the  point  with  parameter  value  t  is 


1 

D 

Q 

■ 

-i 


L  =  /o'  J ( dx/du )2  +  ( dy/du )2  du  =  J„  ^os2  (f  h2)  +  sin2  (^u2)  du  =  1  du  =  /  (or  -  t  if  t  <  0) 


We  have  used  u  as  the  dummy  variable  so  as  not  to  confuse  it  with  the  upper  limit  of  integration. 


21.  x  =  r3  and  y  =  l4  =>  dx/dl  =  3r2  and  dy/dt  =  4/3.  So 
5=  f0'  2xl4V9l4  +  16l6dl  =  2xl6V9+  16 l2dt. 


22.  x  =  sin 2l,y  =  sin  3/,  0  <  /  <  f .  dx/dl  =  2  sin  r  cos  r  =  sin  2/  and  dy/dt  =  3cos3r,  so 

{dx/dl)2  +  (dy/dt)2  =  sin2  2/  +  9 cos2  3/  and  S'  =  / 2* yds  =  /0’r/3  2*  sin3rVsin2  2/  +  9cos23<  dt. 


23.  x  =  t},y  =  t2,  0<l  <  1.  =  (3r2)2  +  (2l)2  =  9l4  +  4/2. 


S  =  l  2W(S)  +(*)  d,=l  2l,V9'4+4'2‘/' 

=  2rr  Jt  (where  u  =  9/2  +  4)  =  f  [f«5/2  -  §«3/2]"  =  (247^13  +  64) 


/  .  v  2  v  2 

24.  x  =  3/-/3,y  =  3/2.0  <  l  <  1.  =  (3  -  3/2)2  +  (6r)2  =  9  (I  +  2r2  + /4)  =  [3  {I  +  r2 

S  =  fo  2it3i23  (I  +  /2)  dt  =  18*  /o'  (r2  +  r4)  *  =  18*  [|/3  +  [/5]'  =  f  * 


25.  *  =  a  cos3  0,  y  =  a  sin3  0,  0  <  0  <  y. 

+  fxxl  =  (-3a  cos2  0  sin  0)'  +  (3asin20cos77)‘  =  9o2  sin2  0  cos2  0. 


KdOj  \d0 J 

S  =  /„* 72  2* a  sin3  0  3a  sin  0  cos  0  r/0  =  6*a2  J’n  sin4  0 cos 0 dt)  =  \n a1  [sin5  =  \ncr 
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26.  (—}  +  (^'|  =  (— 2  sin  0  +  2  sin  20)2  +  (2 cos 0  —  2 cos 20)2 
\dO  /  \dO  ) 

—  4  [(sin2  0  —  2  sin  0  sin  20  +  sin2  20)  +  (cos2  0  —  2cos0cos20  +  cos2  20 )] 

=  4  [I  +  I  -  2  (cos 20 cos 0  + sin 20 sin 0)]  =  8  [1  —  cos  (2/7  —  £7)]  =  8(1  -  cos 0) 

Wc  plot  the  graph  with  parameter  interval  [0,  2k  |.  and  sec  that  we  should 
only  integrate  between  0  and  n .  (If  the  interval  (0. 2*(  were  taken,  the 
surface  of  revolution  would  be  generated  twice.)  Also  note  that 
y  =  2sin0  —  sin20  =  2sin0(l  —  cos0).  So 

S=  f0*  2rr2 sin 0  ( I  -cos0)2V2Vl  -  cos OdO 

=  8v/2ir  [  (l-cos0)3/2sin000  =  8s/2*  [  v/u3  du 

Jo  Jo 

(where  u  =  I  —  cos 0,du  =  sin000]  =  j^8v/2*  (|)“5^]0  =  ^r* 

,1  dx  ■>  dy  2 

27.  x  =  /  +  /  ,  y  —  t - r,  1  <  /  <  2.  —  =  I  +  3f“  and  -7-  =  1  +  so 

(I 

S  =  J  2* yds  =  3 <2)2  +  (l  +  dt  **  59.101. 

28.  S  =  f’jt  2k  ■  2a  sin2  0\/ esc4  0  +  sin2  20  dt  =4 xa  sin2  0\l esc4  0  +  sin2  20  dO.  Using 

Simpson’s  Rule  with  n  =  4,  A*  =  -jj  and  /  (0)  =  sin2  0\J esc4  0  +  sin2  20,  we  get 

^  *  (4*0)  [/  (f )  +  4/  (ft)  +  2/  (ft)  +  4/  (ft)  +  /  (§ )]  *  1 1.0893a. 

29’  (S)  +  (S)  =  (6°2  +  (6,2)2  =  36'2  (‘  +  ,2)  =* 

S  =  fg  2 KXyJ(dx/dl)2  +  ( dy/dt)2  dt  =  2k  (3l2)6tVl  +l2dl  =  18*  /„  (Vl  +/22r  dt 
=  18rr  f2b  (u  -  I)  ,/udu  (where  u  =  1  +  /2)  =  18*  /,26  (u3/2  —  u,/2)du  m  18*  [j»5/2  —  jh3/2]( 
=  18*  [($  •  676V26  -  §  •  26s/26)  -  (|  -  §)]  =  ft*  (949v/26  +  l) 

30.  x  =  e1  —  l, y  =  4e"2,  0  <  /  <  1.  =  (e‘  -  I)2  +  (2c'''2)2  =  e2'  +  2e'  +  1  =  (e'  +  l)2. 

S  =  fg  2*  (e1  -  I )  -J(e‘  -  l)2  +  (2e1'2)2  dt  =  J"0‘  2*  ( e '  -  t )  (i e '  +  1)0/ 

=  2*  |^e2'  +e'  —  (t  —  l)e'  —  j,2]0  =  *  (g2  +  2e  —  6) 


-3 


2.5 
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31.  x  =  a  cosO,  y  =  A  sin#,  0  <  #  <  2n. 

(dx/dO)2  +  (dy/dO)2  =  (-a sin#)2  +  (A cos#)2  =  a2 sin2#  +  A2 cos2#  =  a2  (l  -  cos2#)  +  A2  cos2# 

=  a2  —  (a2  —  A2)  cos2  #  =  a2  —  c2  cos2  #  =  a2  ^  1  -  4  cos2  #^  =  a2  ^  I  —  e2  cos2  #) 


(a)  5  =  [q  2s  A  sin  #a  7 1  —  e2  cos2  #  rf#  =  2nab  -/l  —  u2  du  (where  n  =  — e  cos#,  =  e  sin  #</#) 

=  (I  —  u2) 1/2  du  =  fg'"  e cos2  o  du  (where  u  =  sin »)  =  /0sin  *  ( I  +  cos 2i>)  dn 

=  ^  [,)  +  3  sin 2n]Sln  '  =  [o  +  sinn  cos  t>]g"  ' e  =  ^  (sin"1  e  +  eVT^'j 

r - r  r  c2"  ! a2  —  c2  /a2"  A  2nab  .  ,  , 

Hut  7l  —  e2  =  ,/ I - =•  =  ■/ - = —  = ./  -=•  =  so  S  = - sin  1  e  +  2s  A2. 


(b)  5  =  2ir a  cos tf a 7 1  —  e2  cos2  # dO  =  4s  a2  Jj^2  cos  #7(1  —  e2)  +  e2  sin 2  Odd 


4sa2(l— c2)  /■*/2  e  /  /  esin#  V 

=  7  -Jo  y TTj™r  +  hr^)d0 

=  4ita2(l~g2)  7TT7du  (where  «  =  4^1) 

e  Jo  \  yn^v 

4s a2  (1  —  e2)  ,  , 

= -  /  sec  nc/o  (where  u  =  tan  o,  t/a  =  sec*  o  do) 

*  Jo 


2na2  (1  —  e2) 


[seen  tan  i>  +  ln|secu  +  tan»|)gn  ‘ 


2sa2  (1  —  e2)  T  I  e  1  e 

;  [7i^!7f3p  +  In  7TTp  +  7f^ 


2sa2  (1  —  e2)  [T+e  ,  ,  2sA2  I  /l+e\  (  .  ,  ,  b2\ 

e  V  I  -e  f  2  \l-e/  \  a2) 

=  2-[-  +  SlnS] 


32.  By  Formula  1 1.3.5,  S  =  /*  2nF  (x)  7 1  +  F’(x)2dx.  Now 

I  +  F’ (x)2  =  I  +  ( d-p77\  =  (J*/d7F(dy/d,)2  vvithx=,  (/)  =2 

\dx/dt)  (dx/dt)2 

.  dx  .  .  _  /*  I  (dx/dt)2  +  (dy/dt)2  dx  ,  T2*  //rf*\2  /r/y\2  , 

dx  =  —  dt.  wc  have  .5  =  /  2 ny  - ^ - -dt  =  2 ny.  (  —  1  +  (  -p  )  #r. 

<*  X,  V  (dx/dt)2  dl  ]„  \dt )  \dt) 
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,,  ,  ,  ,  -\  ( dv\  d<t>  d  (  dy\  I  f  d  ( dv\\  dy 

\dx )  dt  dl  \dx  /  I  +  (dy/dx)2  [dl  \dx  J  J  dx 

d  /  dy  \  d  ( y  \  _  vx  -  x  y  dif>  I  /  yi  —  xy  \  _  xy  —  xy 

dl  \dx  J  dt  \x )  x 2  dl  \  +  (y/x)2  V  x2  )  x2+y2' 


dy/dt 
dx  I  dl 


Using  the  Chain  Rule,  and  the  fact  that  s  —  WHi)'* 

t, = Af):+(S)  = [ii +yi)m- we  havc  ,hat 

(xy  —  xy\ 

*2+y2 ) 


d<f>  d<J>/dt 
ds  ds/dt 


xy  —  xy 


I  (x2+r 


tf'2\ 


(x2+y2)',i 
I* y  -  +y| 
(;2+t2) 


xy  —  xy 

(x2  +  y2)3'2 


3/2  * 


dy  d2  v 

(b)  *  =  x  and  v  =  f  (x)  =>  x  =  1,  x  =  0  and  y  -  — ,  y  =  — 

dx  dxz 


So  K  = 


1 1  ’  (d2y/dx2)  —  0  ■  (dy/dx)\  _  \d2y/dx2\ 


[I  +  (dy/dx)2]3'2 


■%  dv  d~v 

34.  (a)  y  =  x2  =>  —  =  2x  =>  — ^  =2.  So  k  = 

dx  dx1 


5*/2  “  5\/5 
dx 


1  +  (dy/dx)2]3'2' 

\d2y/dx2\ 


[1  +  (dy/dx)2]3'2  (1+4*2) 


3/2 


.  and  at  (1,  1), 


(b)  *■'  =  •—  =  —3  (l  +  4*2)  5/2  (&x)  =  0  «  x—0  =*  y  =  0.  This  is  a  maximum  since  k’ >  0  for*  <  0 
dx 


and  *'  <  0  for  *  >  0.  So  the  parabola  y  =  x2  has  maximum  curvature  at  the  origin. 
35 .  x  =  0  —  sin/7  =>  x  =  1  —  cos/7  =»  x  —  sin/7,  and  y  =  I  —  cos/7  =>  y  =  sin/7 


Therefore,  k  = 


jcos/7  —  cos2Z7  —  sin2/7|  |cos/7  —  (cos2  77  +  sin2/7)| 


|cos/7—  1 1 


y  =  cos  77. 
tj  .  The  top  of 


[(I  —  cos/7)2  +  sin2  77]  (1  —  2  cos/7  +  cos2  77  +  sin2  77)  (2  —  2cos  /?)' 

the  arch  is  characterized  by  a  horizontal  tangent,  and  from  Example  I  in  Section  11.2,  the  tangent  is  horizontal 
when  77  =  (2n  —  1)  it.  so  take  n  =  1  and  substitute  77  =  x  into  the  expression  for  k: 

_  |cosrr  -  1| _ |-l  -  l|  _  2 

K  ~  (2  —  2  cos  jr  )3/2  “  [2  —  2  ( —  l)]3'2  ~  4 

36.  (a)  Every  straight  line  has  parametrizations  of  the  form  *  =  a  +  ol,  y  =  ft  +  wl,  where  a,  ft  are  arbitrary'  and  o, 
iotLO.  For  example,  a  straight  line  passing  through  distinct  points  (a,  ft)  and  (c,  d)  can  be  described  as  the 
parametrized  curve  x  =  a  +  (c  —  a)  I,  y  =  ft  +  (d  —  ft)  /.  Starting  with  *  =  a  +  o7.  y  =  ft  +  wl,  we  compute 

*  =  n.  y  =  w.  x  =  y  =  0.  and  k  =  ^ — W  ^  =  0. 

(«2  +  w2)2  2 

(b)  Parametric  equations  for  a  circle  of  radius  r  arc  x  =  r  cos  77  and  y  =  r  sin  77.  We  can  take  the  center  to  Ire  the 
origin.  Soi  =  —  rsm//  =>  *  =  — r cos 77  and  y  =  r  cos 77  =>  y  =  — r  sin 77.  Therefore, 

Ir2  sin2  77  +  r2  cos2  77 1  r2  1  1 

k  - - nr  =  — r  =  -.  And  so  for  any  77  (and  thus  any  point),  k  =  -. 

(r2  sin2  77  +  r-2  cos2  77) /_  '  r  r 
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■4  Polar  Coordinates 


SECTION  11.4  POLAR  COORDINATES  □  789 


y  =  2  sin  2f  =  V3 


3tt 

a 

14. 3a)  V. 

6 

x  =  4cos3jt  =  -4,y  =  4  sin  3*  =0  x  _  _2cos/_^  = 

y  =  —2  sin  x)  =  1 


5.  (a)  X  =  1  and  y  =  I  =>  r  =  s/l2  +  I2  =  V5  and  0  =  tan"1  ({)  =  f .  Since  (1 , 1)  is  in  the  first  quadrant,  the 
polar  coordinates  are  (i)  ( V 2.  and  (ii)  >/2,  =-f)- 

(b)  .v  =  2>/3  and  y  =  —2  =>  r  =  J +  ( -2 )2  =  4  and  (J  =  tan'1  (-5J5)  =  -f-  Since  (2V5.  -2) 
is  in  the  fourth  quadrant  and  0  <  0  <  2tt.  the  polar  coordinates  are  (i)  (4,  and  (ii)  (-4,  J. 


6.  (a)(x.>')=  (- 1. -Vi),  r  -  yr+3  =  2,  tantf  =>•/*  =  V5  and  (x,y)  is  in  the  third  quadrant,  so  0  =  if.  The 
polar  coordinates  arc  (i)  ^2,  if  ^  and  (ii)  (—2,  4). 

(b)  (x  y)  _  (_2.3).r  =  V4  +  9=  yn.  tan0  =  y/x  =  and  (x,y)  is  in  the  second  quadrant,  so 
0  =  tan-1  j)  +  a.  The  polar  coordinates  arc  (i)  and(ii)  (-\/T3, 0  +  a). 


790  O  CHAPTER  11  PARAMETRIC  EQUATIONS  AND  POLAR  COORDINATES 


13.  (!,  f)  is  Cartesian  and  ^3,  is  (—  -^=,  Cartesian.  The  square  of  the  distance  between  them  is 

+  (l  —  Tj)'  =  1  (^®  +  6V6  —  so  the  distance  is  js/40  +  6 v"6  —  6n/2. 

14.  The  points  in  Cartesian  coordinates  are  (r\  cos0t,ri  sin 77 1)  and  (r2  cos 77j ,  r2  sin772)  respectively.  So  the  square  of 
the  distance  between  them  is  (n  cos 7/2  -  n  cos 71 1)2  +  (r2  sin  (>2  -n  sin  77 1)2  =  r2  -  2;-|rj  cos  (77,  -02)  +  r|. 
and  the  distance  is  Jrf  —  2r\r2  cos  (77 1  —  (h)  +  r\. 

15.  f  =  2  <=>  v/.r2  +  y2  =2  «  x2  +  y2  =  4,  a  circle  of  radius  2  centered  at  the  origin. 

16.  r  cos  77  =1  <=>  x  =  1 ,  a  vertical  line. 

11-  r  =  3  sin  0  =»  r2  =  3rsin0  »  x2+y2  =  3y  »  x2  +  ^y— =  (f)  ,  a  circle  of  radius  j  centered 
at  ^0,  The  first  two  equations  are  actually  equivalent  since  r2  =  3rsin77  =>  r  (r  —  3  sin  77)  =  0  =» 

r  =  0  or  r  =  3  sin  0.  But  r  =  3  sin  <7  gives  the  point  r  =  0  (the  pole)  when  77  =  0.  Thus,  the  single  equation 

r  =  3  sin  77  is  equivalent  to  the  compound  condition  (r  =  0  orr  =  3  sin  77). 

18.  r  =  —  .  =>  r  +  2x  sin77  =  I  «=>  r  =  1  —  2rsin77  <=>  .Vx2  +  y2  =  l  —  2v  => 

1  +  2sin77  ' 

x2  +  y2  =  I  —  4y  +  4y2  <=>  3y2  -  4y  -  x2  =  -  I  »  3  (y2  -  jy  +  5)  -  x2  =  ^  -  I  « 

2  (  _  2\2  2 
3  (3"”  §)  —  Jr"  =  3  <=>  9^y  —  |)  —  3x2  =  I  <=>  - ^ - -  =  1.  This  is  a  hyperbola  opening 

(0  (75) 

up  and  down  and  centered  at  (o.j)- 

19.  r2  =  sin27?  =  2sin7/cos77  <=>  r*  =2r  sin  77  r  cos  77  <=>  (x2  +  y2)2  =  2yx 

20.  r2=0  =»  tan  (r2)  =  tan 77  =»  tan  (x2  +  y2)  =  y/x 

21.  y  =  5  »  r  sin77  =  5 

22.  v  =  2x  —  1  <=>  r  sin  77  =  2x  cos77  -  1  <=>  r  (2 cos 77  -  sin 77)  =  I  <=>  /•  - - .  (We  can  divide 

2  cos  77  -  sin  77 

by  2  cos  77  —  sin  7?  because  it  must  be  nonzero  in  order  that  its  product  with  r  equal  I .) 

23.  x2+y2  =25  «•  r- =  25  =>  r=  5 

24.  x2  =  4y  o  r2  cos2  77  =  4r  sin  77  0  r  cos2  77  =  4  sin  0  <=»  r  =  4  tan  77  sec  77 

25.  2xy  =  I  <=>  2r cosT?/-  sin 0  =  I  <=>  z-2  sin 2<2  =  1  <=*  r2  =  csc277 

26.  x2  —  y2  =  1  »  r2  (cos2  77  -  sin2 77)  =  I  <=>  r2cos277  =l  =*  r2  =  sec277 

27.  (a)  The  description  leads  immediately  to  the  polar  equation  77  =  and  the  Cartesian  equation 

y  =  tan(f)x  =  ^-x  is  slightly  more  difficult  to  derive. 

(b)  The  easier  description  here  is  the  Cartesian  equation  x  =  3. 

28.  (a)  Because  its  center  is  not  at  the  origin,  it  is  more  easily  described  by  its  Cartesian  equation, 

(x  -  2)2  +  (y  -  3)2  =  52. 

(b)  This  circle  is  more  easily  given  in  polar  coordinates:  r  =  4.  The  Cartesian  equation  is  also  simple: 
x2  +  y2  =  16. 
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29.  r  —  —2  sin  0  <=»  r2  =  —2 r  sin  0  (since  the 
possibility  r  =  0  is  covered  by  the  equation 
r  =  -2sin0)  »  x2+y2  =  —  2y  <=> 
x2+y2  +  2y+ I  =  I  «•  x2  +  (y  +  l)2  =  1. 


>■ 

o 


30.  r  =  2sin<?  +  2cos0  <=» 

r2  =  2r  sin??  +  2r  cos??,  x2  +y2  =  2y  +  2x  «=> 
(x  -  I)2  +  (y  -  l)2  =  2 


31.  r  —  esc??  =  — r~r  <=»  r  sin??  =  1.  (The 
sin?? 

right-hand  equation  implies  that  sin??  jt  0.  so  we 
can  divide  by  sin  0  to  get  the  left-hand  equation) 
«=>  y  =  1. 


y=' 


I  X 


32.  r  =  tan# sect? 


r  cos2  0  =  sin?? 
x2  =y 


sin??  1 
cos??  cos  0 
r2  cos2  0  —  r  sin  0  => 


33.  As  in  Example  4,  r  =  5  represents  the  circle  with 
center  O  and  radius  5. 


34.  0  =  is  a  line  through  the  origin. 
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35.  r  =  sin0  o  =  r  sin0  «=>  x2+y2—y 
<=>  x2  +  (y  —  =  (  j)  .  The  reasoning  here 

is  the  same  as  in  Exercise  29.  T  his  is  a  circle  of 
radius  j  centered  at  (o.  j). 


36.  r  =  —  3 cos 0  <=>  r2  =  —  3rcos0 
x2  +  y2  =  -  3.x  «•  (*  +  i)2+.P 

This  curve  is  a  circle  of  radius  |. 


37.  r  =  2(1  -  sin0).  This  curve  isacardioid.  38.  r  =  1  -3cos0.  This  isalimafon. 


41.  /•  =  1/0 


42.  r  =  ■JO.  This  curve  is  a  spiral. 


o|sl 
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51.  x  =  (r)cosd  —  (4  +  2secd)cosd  =  4  cos  11  +  2.  Now,/-  — »  oo  => 

(4  +  2secd)  -»  oo  =>  0  -*  (f)  ord-»(^  (since  we  need  only 

consider  0  <  11  <  2n ),  so  lim  *  =  lim  (4cosd  +  2)  =  2.  Also,r->— oo 
r-too  0-*x/2~ 

=>  (4  +  2secd)  -»  —  oo  =>  17  -»  (j)'r  ord  -»  ,  so 

lim  x=  lim  (4  cos 71  +  2)  =  2.  Therefore,  lim  x  =  2  =>  x  =  2  is 

r-*-oo  0—>x  /2+  r— *.-fcoo 

a  vertical  asymptote. 


52.  y  =/-sind  =  2sin11  —  esedsind  =  2sind  -  I. 
r  -»  oo  =>  (2  -  esed)  -»  oo  => 

esed  — »  — oo  =>  d  — >  x  +  (since  we  need 
only  consider  0  <  d  <  2/r)  and  so 
lim  y  =  lim  2sind  —  I  =  —  1.  Also/-  -»  —  oo 

r-*ao  o-tx* 

=*  (2  —  esed) — oo  =>  esed  -»  oo  => 

d-»ir_andso  lim  x  =  lim  2sind  -  1  =  — I. 
»-**- 

asymptote. 


Therefore  lim  y  =  —  1  =»  y  =  —  I  is  a  horizontal 

r-»±  oo 


53.  To  show  that  x  =  I  is  an  asymptote  we  must  prove  lim  x  =  I . 

(--*±00 

x  =  (r)  cos  d  =  (sin  0  tan  d)  cos  0  —  sin2  d.  Now,  r  — >  oo  =» 
sindtand— »  oo  ^  d— »  (f)  ,so  lim  x  =  lim  sin2d=  I.  Also, 

r-HX>  /)-»,/ 2- 

r  — >  —  oo  =>  sin  11  tan  d — oo  =»  d-»(^)+,  so 
lim  x  =  lim  sin2d  =  1. 

<•->-00  ()->x/2* 


Therefore,  lim  x  =  1  =>  x  =  I  is  a  vertical  asymptote.  Also  notice  that  x  =  sin2  71  >  0  for  all  d.  and 

r— *±oo  r  — 

x  =  sin2  71  <  I  for  all  d.  And  x  ^  I,  since  the  curve  is  not  defined  at  odd  multiples  of  y ,  Therefore,  the  curve  lies 
entirely  within  the  vertical  strip  0  <  x  <  I. 


54.  T  he  equation  is  (x2  +  y2)3  =  4x2y2,  but  using  polar  coordinates  we  know  that 
x2  +  y2  =r2  andx  =  rcosd  andy  =/-sind.  Substituting  into  the  given 
equation:  r6  =  4/-2  cos2 Or2  sin2 d  =>  r2  =  4 cos2 d sin2 0  =>  /•  = 

±2  cos71  sin  d  =  ±  sin  2d.  r  —  ±  sin  2d  is  sketched  at  right. 


55.  (a)  Wc  see  that  the  curve  crosses  itself  at  the  origin,  where  /•  =  0  (in  fact  the  inner  loop  corresponds  to  negative 

(■-values,)  so  we  solve  the  equation  of  the  lima^on  for/-  =  0  <=>  csind  =  — 1  <=>  sind  =  —  l/c.  Now  if 
H  <  I,  then  this  equation  has  no  solution  and  hence  there  is  no  inner  loop.  But  if  c  <  —  1,  then  on  the  interval 
(0. 2/r)  the  equation  has  the  two  solutions  d  =  sin-1  (-l/c)  andd  =  n  -  sin-1  (-l/c),  and  if  c  >  I,  the 
solutions  arc  11  =  it  +  sin-1  (l/c)  and  d  =  2/r  —  sin-1  (l/c).  In  each  case,  r  <  0  for  17  between  the  two 
solutions,  indicating  a  loop. 
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(b)  For  0  <  c  <  1.  the  dimple  (if  it  exists)  is  characterized  by  the  fact  that  y  has  a  local  maximum  at  0  =  4^.  So 

d^y  ■» 

we  determine  for  what  c- values  is  negative  at  0  =  -j-,  since  by  the  Second  Derivative  Test  this  indicates  a 

■y  dy 

maximum:  y  =  r sinO  =  sin#  +  csiir 0  =>  —  =  cosO  +  2csinOcosO  =  cosO  +  csin20  =» 

dO 

d~ 

— ^  =  -  sin  0  +  2c  cos  20.  At  0  =  ^ ,  this  is  equal  to  -  (- 1 )  +  2c  (- 1 )  =  1  —  2c,  which  is  negative  only  for 
d0~ 

c  >  y.  A  similar  argument  shows  that  for  —1  <  c  <  0,  y  only  has  a  local  minimum  at  0  =  \  (indicating  a 
dimple)  fore  <  —  j. 

56.  (a)  /•  —  sin  (0/2).  This  equation  must  correspond  to  one  of  II,  III  or  VI,  since  these  are  the  only  graphs  which  are 
bounded.  In  fact  it  must  be  VI,  since  this  is  the  only  graph  w  hich  is  completed  after  a  rotation  of  exactly  4 a. 

(b)  r  —  sin  (0/4).  This  equation  must  correspond  to  III,  since  this  is  the  only  graph  which  is  completed  after  a 
rotation  of  exactly  8a . 

(c)  r  —  sec  (20).  This  must  correspond  to  IV,  since  the  graph  is  unbounded  at  ^  =  §.  §>  >  and  so  on. 

(d)  r  —  0  sin  0.  This  must  correspond  to  V.  Note  that  r  =  0  whenever  0  is  a  multiple  of  a .  This  graph  is 
unbounded,  and  each  time  0  moves  through  an  interval  of  2a,  the  same  basic  shape  is  repeated  (because  of  the 
periodic  sinO  factor)  but  it  gets  larger  each  time  (since  0  increases  each  time  we  go  around.) 

(e)  r  —  I  +  4  cos  50.  This  corresponds  to  II,  since  it  is  bounded,  has  fivefold  rotational  symmetry,  and  takes  only 
one  takes  only  one  rotation  through  2a  to  be  complete. 

(f)  r  =  1  j  \f() .  This  corresponds  to  I,  since  it  is  unbounded  at  0  =  0,  and  r  decreases  as  0  increases;  in  fact 
r  —>  0  as  0  -»  oo. 


57.  Using  Equation  3  with  r  =  3  cosO.  we  have 


dy 

dx 


dy/dO 
dx /dO 


(dr/dO)  (sin  0)  +  r  cos  0  —3  sin  0  sin  0  +  3  cos  0  cos  0 
(dr/dO)  (cos  0)  -  r  sinO  -3  sin  0  cos  0  -  3  cos  0  sin  0 


cos  2 0 
sin  20 


1  a 

- :  -  cot  20  =  — =  when  0  =  — 
x/3  3 


3  (cos2  0  —  sin2  0) 
-3  (2 sin 0 cost?) 


Another  Solution:  r  =  3  cos  0  =>  x  =  r  cosO  =  3  cos20,  y  =  r  sin#  =  3  sinOcos#  => 


dy  dy/dO  —3  sin2  0  +  3  cos2  0  cos  2D  1  a 

--  =  — —  = - - -  =  -  cot2 0  =  —  when  0  =  — 

dx  dx/dO  —  6cosW  sin  0  —  sin  20  ,/3  3 


58.  Using  Equation  3  with  r  =  cos  0  +  sin  0,  wc  have 

dy  (dr/dO)sinO  +  r  cosO  (—  sin  0  +  cosO)  sinO  +  (cosO  +  sin  f?)  cosO  a 

dx  (dr/dO)  cosO  —  r  sintf  (—  sin 0  +  cos 0) cosO  —  (cos 0  +  sin 0) sin 0  4 

Another  Solution:  r  =  cos 0  +  sin 0  =>  x  =  r  cos  0  —  (cos  0  +  sin  0)  cos 0,  y  =  r  sin 0  =  (cos 0  +  sin  0)  sin  0  =» 

dy  dy/dO  sinO  (—  sinO  +  cosO)  +  (cost)  +  sinfl)  cosO  ,  ,  „  a 

dx  dx/dO  casO(—  sinfl  4-  cosO)  —  (cosO  +  sinfl)  sinO  4 

59.  r  =  I  /0  =5  v  =  r  cos  0  =  (cos  0 )  /I),  y  =  r  sin  0  =  (sin  0)  /0  => 


dy  dy/dO  sin<?  (—  1/fl2)  +  (1/0)  cosfl  0~  —  sinfl  +  0 cosO 

~  dx/dO  ~  cost? (-I/O2)- (1/0) sinO  '  02  “  -cosO-OsinO 
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60.  r  =  ln/7  =»  x  =/•  cos/7  =  In/7  cos/7,  y  =  r  sin/7  =  ln/7  sin/7  => 

dy  dy/dO  sin  0  ( ]  /0)  +  In  0  cos  0  sin  n  +  <’  cos e 


when  77  =  e 


=  —  1  when  0  =  — 
6 


dx  dx/dO  cos  77  ( 1 //7)  —  In  77  sin  77  cose  —  esine 

61.  r  =  l+cos/7  =>  x  =  r  cosO  =  cos/7  +  cos2 77,  y  =  r sin/7  =  sin/7  +  sin 0 cos 0 

dy  _  dy/dl)  _  cos 0  +  cos2  0  -  sin 20  cos 0  +  cos 2/7 
dx  dx/dO  —  sin  0  —  2  cos  Osin  0  —  sin  77  —  sin  20 

62.  r=sin3/7  =>  x  =  /■  cos  77  =  sin  3/7  cost),  y  =  r  sin 77  =  sin  3/7  sin/7  => 

dy  _  dy/dO  _  3  cos  30  sin  0  +  sin  30  cos  0  _  j-  a 

dx  dx/dO  3  cos  3/7  cos  0  —  sin  30  sin  0  en  6 

63.  r=3cos/7  =>  x  =r cos 0  =  3 cos 0 cos 77,y  =  r sin 0  =  3 cos 0 sin 0  => 

dy/dO  =  — 3  sin2  0  +  3  cos2  0=3  cos  2/7  =  0  =>  277  =  i  or  ^  <=>  77  =  yor^.  So  the  tangent  is 
horizontal  at  y)  and  x)  [same  as  -f )]  dx/dO  —  -6 sin 77 cos 77  =  -3 sin 277  =  0  =» 

2/7  =  0  or  a-  <=>  77  =  0  or  y .  So  the  tangent  is  vertical  at  (3,  0)  and  (0,  y). 

64.  y  =  r  sin/7  =  cos /7  sin/7  +  sin2  77  =  y  sin 2/7  +  sin2  77  =»  dy/dO  —  cos 277  +  sin 277  =  0  =>  tan 2/7  =  — I 

=>  277  =  ~  or  y-  <=>  77  =  y  or  y  =>  horizontal  tangents  at  (cos  yy  +  sin  yf,  and 

(cosyy  +  sin  Tf,  y-).  x  =  r  cos/7  =  cos2/7  +  cos/7sin/7  =*  dx  /dO  =  -  sill  277  +  cos  277  =  0  => 
tan 277  =  1  =>  277  =  J  or  y  »  77  =  |  or  y-  =>  vertical  tangents  at  (cos  |  +  sin  f .  |)  and 

(cos  X  +  sin  X  •  x)  • 

Note:  These  expressions  can  be  simplified  using  trigonometric  identities.  For  example, 
cos  y  T  sin  y  =  y  \/t  +  2  s/2 . 

65.  r  =  l+cos/7  =»  x  =  r  cos  77  =  cos  77  (I  +  cos  77).  y  —  r  sin  77  =  sin  77  (I  +  cos  77)  => 

dy/dO  =  (I  +  cos/7) cos/7  —  sin2 77  —  2 cos2 77  +  cos 77  —  I  =  (2 cos/7  —  l)(cos/7  +  I)  =  0  =>  cos<7  =  5  or  —  I 
=>  77  =  y,  a,  or  yy  =>  horizontal  tangent  at  y^,  (0,  a),  and  (|, 

dx/dO  =  —  (1  +  cos/7)sin(?  —  cos/7sin/7  =  -  sin/7(l  +  2cos/7)  =  0  =>  sin 77  =  0  or  cos/7  =  —  4  => 


0  =  0,  a,  ,  or  =>  vertical  tangent  at  (2, 0),  ( j,  and  (j,  y(j.  Note  that  the  tangent  is  horizontal. 


dy  I  dO 

not  vertical  when  0  =  it,  since  lim  .  ,  =  0. 


tt-*x  dx/dO 


66.  =  e"  sin  0  +  e11  cos  77  =  e°  (sin  77  +  cos  0)  ~  0 

dO 


sin  0  —  —  cos/7 


tan  0  =  —  1 


77  =  —  |a  +  na  (n  any  integer)  =s  horizontal  tangents  at  (c'l""l''4>,  a  (n  -  3^ 


yy  =  e°  cos  77  —  e®  sin  77  =  e"  (cos  77  —  sin  0)  =  0 
dO 


tan  77  =  I 


sin  (7  =  cos  77 

(n  any  integer)  =>  vertical  tangents  at  (e*<'l+,/4>i  K  ("  +  ?))• 

67.  r  =  cos2/7  =s  x  =  r  cos 77  =  cos 277 cos 77,  y  =  r  sin 0  =  cos 277 sin 77  => 

dy/dO  =  —2  sin  277  sin  77  +  cos277cos/7  =  —  4  sin2  77  cos/7  -f  (cos3  77  —  sin2  77  cos 77 j 
=  cos/7  (cos2  77  —  5  sin2  77^  —  cos/7  ^1  —  6  sin2  77^  =0  => 


77  =  ja  +  nir 
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cos0  =  Oorsin0  =  ±-J=  =>  0  =  -  a.n  +a,ox2x  -  a  (where  «  =  sin"1  ^=). 

So  the  tangent  is  horizontal  at  (—  1,  ^).  (—  1,  «^,  (j.  *  —  (§ >  +  “)•  end  (!•  2>r  —  u) 

dx/dO  =  —2 sin 20 cosl)  —  cos 20  sin0  =  -4  sin 77  cos'  0  —  ^2 cos2  0  —  1^  sin (7 


=  sinO  (l  —  6cos20^  =  0  => 


sin0  =  0  or  cos0  =  =>  0  =  0,  it,  ^  —  a,  ^  +  a,  ^  —  «,  or  "y  +  a  (where  a  =  cos  1  ^). 

So  the  tangent  is  vertical  at  (1,0),  (1,  Jr),  (j,  —  «),  (j,  +  “)’(!•  f  —  a™*  (j’  T  +")• 

68.  dr/dO  =  (l/r)cos20  (by  differentiating  implicitly),  so 

—  =  -  cos  277  sin  0  +  r  cos 0  =  -  (cos 20  sin 0  +  r2  cos0)  =  -  (cos 20  sin 0  +  sin  20  cos 0)  =  -  sin  30.  This  is 

dO  r  r'  r  r 

0  when  sin  30  =  0  =>  0  =  0,  fj  or  (restricting  0  to  the  domain  of  the  lemniscate),  so  there  are  horizontal 
tangents  at  and  (0,0).  Similarly,  dx/dO  =  (1/r)  cos 30  =  0  when  0  =  £  or  so  there 

arc  vertical  tangents  at  f  ^  and  (j\,  ^  (and  (0, 0)].  See  the  sketch  in  Exercise  48. 


69.  /•  =  asinO  +  ftcos0  =»  r2  =  ar  sin0  +  br  cos0  =>  x2  +  y2  =  ay  +  bx  => 

(x  -  \b)~  +  (y  -  ja)2  =  j  (a2  +  ft2),  and  this  is  a  circle  with  center  (jft,  ja)  and  radius  yVrr2  +  ft2. 

70.  These  curves  are  circles  which  intersect  at  the  origin  and  at  At  the  origin,  the  first  circle  has  a 

horizontal  tangent  and  the  second  a  vertical  one,  so  the  tangents  are  perpendicular  here.  For  the  first  circle 
(r  =  crsin0),  dy/dO  =  a  cos  0  sin  0  +  asin0cos0  =  o  sin  20  =  a  at  0  =  j  and 

dx /dO  =  a  cos2  0  -  a  sin2  0  =  a  cos  20  =  0  at  0  =  f ,  so  the  tangent  here  is  vertical.  Similarly,  for  the  second 
circle  (r  =  a  cos 0),  dy/dO  =  a  cos  20  =  0  and  dx/dO  -  -a  sin  20  =  -a  at  0  =  f ,  so  the  tangent  is  horizontal, 
and  again  the  tangents  are  perpendicular. 


Note  for  Exercises  71-76:  Maple  is  able  to  plot  polar  curves  using  the  polarplot  command,  or  using  the  coords-polar  option 
in  a  regular  plot  command.  In  Mathematica,  use  PolarPlot.  In  Derive,  change  to  Polar  under  Options  State.  If  your 
graphing  device  cannot  plot  polar  equations,  you  must  convert  to  parametric  equations.  For  example,  in  Exercise  71, 
x  =rcos0  =  [1  +  2  sin  (0/2))  cos0,  y  -r  sin0  =  [I  +2sin(0/2)]sin0. 

71.  r  =  1  +  2  sin  (0/2).  The  parameter  interval  is  72.  r  =  Vl  -0.8  sin2  0.  The  parameter  interval  is 

[0, 4a  J.  [0,  2jt  ]. 
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73.  r  =  esin0  —  2  cos  (4/7).  The  parameter  interval  is 
[0, 2irJ. 


74.  r  —  sin2  (4/7)  +  cos  (4/7).  The  parameter  interval 

[0,2*]. 


3.5  2 


75.  r  =  sin  (9/7/4).  The  parameter  interval  is  [0,  8*]. 

i.i 


-l.i 


76.  r  =  1  +  4  cos  (0/1).  The  parameter  interval  is 

[0. 6*]. 


4.8 


77.  2.1 


counterclockwise  about  the  origin  by  £.  Similarly,  the  graph  ofr  =  1  +  sin  (0  -  |)  is  rotated  by  j.  In  general, 
the  graph  of  r  =  /  (0  —  a)  is  the  same  shape  as  that  of  r  —  f  (0),  but  rotated  counterclockwise  through  «  about 
the  origin.  That  is,  for  any  point  (ro,  Oo)  on  the  curve  r  =  /  (0).  the  point  (r0,/70  +  «)  is  on  the  curve 
r  =f(0- a),  since  ro  =  /  (00)  =  /  (( O0  +  a)  -  a). 
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78.  From  the  graph,  the  highest  points  seem  to  have  v  =»  0.77. 
To  find  the  exact  value,  we  solve  dy/dO  —  0. 
y  =  r  sin  0  —  sin  77  sin  277  => 

dy/dt)  =  2  sin  0  cos  277  +  cos  0  sin  20 

=  2sin77  ^2cosJ7)  —  I 'j  +  cos 0 (2 sin 0 cos 0) 

=  2  sin  0  ^3  cos2  0  —  1  ^ 


O.H 


In  the  first  quadrant,  this  is  0  when  cos  0  =  <=s  sin  77  =  \j\  «=> 

y  =  2  sin2  0  cos  0  =  2  •  5  ^  0.77. 


79.  (a)  r  =  sin  nO.  From  the  graphs,  it  seems  that  when  n  is  even,  the  number  of  loops  in  the  curve  (called  a  rose)  is 
2 n,  and  when  n  is  odd,  the  number  of  loops  is  simply  n. 

This  is  because  in  the  case  of  n  odd.  every  point  on  the  graph  is  traversed  twice,  due  to  the  fact  that 


r(0  +  ir)  =sin[n((7  +  s)]  =  sin«77cosnff  +  cos«77sinnjr 


sin  n/l  if  n  is  even 
—  sin  nO  ifnisodd 


(b)  The  graph  of  r  =  |sin«77|  has  2 n  loops  whether  n  is  odd  or  even,  since  r  (0  +  >r)  =  r  (77). 


n  —  2 


n  =  3 


n  =  4 


n  =  5 


SECTION  11.4  POIAR  COORDINATES  O  801 


81 .  r  =  - — OCOS^.  We  start  with  a  =  0,  since  in  this  case  the  curve  is  simply  the  circle  r  =  1. 

I  +  a  cos  0 

As  a  increases,  the  graph  moves  to  the  left,  and  its  right  side  becomes  flattened.  As  a  increases  through  about  0.4, 
the  right  side  seems  to  grow  a  dimple,  which  upon  closer  investigation  (with  narrower  O-ranges)  seems  to  appear  at 
a  «  0.42  (the  actual  value  is  V2  —  1).  As  a  —>  1,  this  dimple  becomes  more  pronounced,  and  the  curve  begins  to 
stretch  out  horizontally,  until  at  a  —  1  the  denominator  vanishes  at  0  =  nr,  and  the  dimple  becomes  an  actual  cusp. 
For  a  >  I  we  must  choose  our  parameter  interval  carefully,  since  r  — »  oo  as  1  +  a  cosO  — >  0  «=> 

0  -*  ±  cos' 1  (—  1  /a).  As  a  increases  from  I ,  the  curve  splits  into  two  parts.  The  left  part  has  a  loop,  which  grows 
larger  as  a  increases,  and  the  right  part  grows  broader  vertically,  and  its  left  tip  develops  a  dimple  when  a  ~  2.42 
(actually,  </2  +1).  As  a  increases,  the  dimple  grows  more  and  more  pronounced. 

If  a  <  0,  we  get  the  same  graph  as  we  do  for  the  corresponding  positive  a-value,  but  with  a  rotation  through  n 
about  the  pole,  as  happened  when  c  was  replaced  with  —  c  in  Exercise  80. 


a  =  0 


o  =  0.3 


a  =  0.41,  \0\  <0.5 


a  =  0.42,|^|  <  0.5 


a  =  0.9.  \0\  <  0.5 


a  =  1,|0|  <0.1 


o  =  2.42.  <0.2 
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82.  Mos(  graphing  devices  cannot  plot  implicit  polar  equations,  so  we  must  first  find  an  explicit  expression  (or 
expressions)  for  r  in  terms  of  0,  a.  and  c.  We  note  that  the  given  equation  is  a  quadratic  in  r2,  so  we  use  the 
quadratic  formula  and  find  that 


2c2  cos  20  ±  J\c*  cos2  20  —  4  (c4  —  a4)  / - 

!  — - =  c2  cos  20  ±  J a4  —  c*  sin2  20 


so  r  =  ±yj c2  cos  20  ±  y/a4  —  c4  sin2  20.  So  for  each  graph,  we  must  plot  four  curves  to  be  sure  of  plotting  all  the 
points  which  satisfy  the  given  equation.  Note  that  all  four  functions  have  period  ir. 

We  start  with  the  case  a  =  c  =  1 ,  and  the  resulting  curve  resembles  the  symbol  for  infinity.  If  we  let  a  decrease, 
the  curve  splits  into  two  symmetric  parts,  and  as  a  decreases  further,  the  parts  become  smaller,  further  apart,  and 
rounder.  If  instead  we  let  a  increase  from  1,  the  two  lobes  of  the  curve  join  together,  and  as  a  increases  further  they 
continue  to  merge,  until  at  a  at  1.4,  the  graph  no  longer  has  dimples,  and  has  an  oval  shape.  As  a  -*  oo,  the  oval 
becomes  larger  and  rounder,  since  the  c2  and  c4  terms  lose  their  significance.  Note  that  the  shape  of  the  graph 
seems  to  depend  only  on  the  ratio  c/a,  while  the  size  of  the  graph  varies  as  c  and  a  jointly  increase. 


0.75 


(a.c)  =  (0.9, 1) 


3 


3 


3 


5 
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83.  tan  y  —  tan  (<p  —  9)  = 


tan  tj>  —  tan  0  _ 


dy 

—  -tan0 


1  +  tan  <)>  tan  0 


1  +  tan0 
dx 


dy/dO 

dx/dO 


•  tan# 


dy/dO 

I  +  .  .  ...  tan  0 


dx/dO 


dy  dx  1 

dO  dO  1 

sin0  +  r  cos 0^  -  tan0  ) 

f  dr  ' 

—  cos  0  —  r  sin  0 

dx  dy 
—  +  —  tan  0 

cos 0  — /-sin0  |  +  tan0  I 

f  dr 

sin  0  +  r  cos  0 

dO  dO 

{dO  )  1 

r  cos  0  +  r 


sin2  0 
cost)  _ 


dr  dr  sin2  0 

dO  C°S  dO  cost) 


r  cos2  0  +  r  sin2  0 

dr  ,  „  dr  .  ,  „ 
—  cos2  0  +  —  sin2  0 
dO  dO 


dr/dO 


84.  (a)  r  =e°  =>  dr/dO  =  e°,  so  by  Exercise  83, 

tan  y  =  r/e"  =  1  =»  y  —  arctan  I  =  j. 

(c)  Let  a  be  the  tangent  of  the  angle  between  the 
tangent  and  radial  lines,  that  is,  a  =  tan  y/.  Then, 
r 


by  Exercise  83,  a  = 


dr/dO 

r  =  Ce",a  (by  Theorem  10.4.2). 


dr  I 
dO  ~  ar 


(b)  The  Cartesian  equation  of  the  tangent  line  at 
( 1 , 0)  is  y  =  x  —  I ,  and  that  of  the  tangent  line  at 


' '  'M».5  Areas  and  Lengths  in  Polar  Coordinates 

1.  r  =  VO,  0  <  0  <  f.  4  =  J’/A  \r2dO  =  J0"4  J  (V«)2  dO  =  \0d0  =  =  &X2 

2.  r  =  e»'2,  x<0<2x.A  =  f?l  (e0'2)2  dO  =  [e°  dO  =  {  [e°£  =  J  (e2’  -  e") 

3.  r  =  sin0,  y  <0  <fy. 


l2*/3 

*/3 


A  =  f2’ j/3  J  sin2  Odd  =  i  J;’/3  (1  -  cos  20)  dO  =  \\o  -  {  sin  20^ 

=  ?[T-^inT-f  +  IsinT]  =  i[T-i(-^)-T  +  K^)]  =  Hf  +  ^)  =  ft  +  ^ 

4.  r  =  Vsin0.  O<0<;r./1  =  /o*2  (\/sin0]  dO  =  /q  j  sin  0  dO  —  j  cos  0  =  j  +  j  =  1 

5.  r  =0,0  <  0  <  k.  A  =  /0*  $02</0  =  [jO3]*  = 


6.  r  =  1  +  sin  0,  y  <  0  <  ir . 

4  =  XT/2  ^  ( 1  +  sin  0)2  00  =  i  J//2  ( 1  +  2  sin  0  +  sin2  0)  dO  =  ^  /*/2  [  1  +  2  sin  0  +  ^  ( 1  -  cos  20)]  dO 
=  j  ^0  -  2cos0  +  j0  —  j  sin20]^  =  j[jr+2  +  y-  0-(y-0+f-0)]  =  j  ^  +  2]  =  +  1 
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7.  r  —  4  +  3 sinO,  —  j  <  0  <  j. 

A  =  f-!c2n  5  (4  +  3  sin  O)2  dO  =  $  f’f/2  ( 1 6  +  24  sin  0  +  9  sin2  0)  dO 
=  j  06  +  9sin20)  dO  [by  Theorem  5.5.6(b)! 

=  \-2jZ'2[te  +  '>  •  i  (l-cos20)lrfO  |  by  Theorem  5.5.6(a)] 

=  Jo'2  (t  —  I cos  2")  *-[¥*-?  *i»  *>}’*  =  (t1  -  °)  ~  (0  -  0)  =  4-£ 


8.  r  =  sin  40,  0  <  0  <  f .  A  =  /'/4  |  sin2  4 0  dO  =  f’/4  ± 

9.  A  =  Jo  J  (5sinfl)2  dO 

=  T  Jo  0  —  cos  20)  dO 
=  x  \°~  3  sin  Jo  =  fir 


(I  -  cos8 0)d0  =  [$0  -  ^  sin8o]*'4  =  ^ 

>°  A  =  Jo’  'lr2dt)  =  Jo’  5  [3  (I  +  cosO)|2  dO 

—  j  /o'  (I  +  2 cos 0  +  cos2 0)  dO 
=  j  Jo  *  [l  +  2  cosO  +  j  ( I  +  cos20)]<70 

=  5  [jO  +  2sinO  +  Jsin2oj^  = 


11.  4=4  /0'/4  \r2dO  =  2  /'/4  (4  cos  20)  dO 
=  8  j0'/4  cos  2000  =  4  [sin  20]J/4  =  4 


<3^0 


12.  A  =  4  /'/4  jr2  </0  =  2  /0'/4  sin  20  00 
=  [-cos20]J/4  =  1 


13.  A  =2/^22i(4-sinfl)2c/0  =  /*^2 (16 - 8sinO  +  sin20) dO 
=  JJs%  ( 1 6  +  sin2  0)  dO  [by  Theorem  5.5.6(b)] 

=  2  Jo”'2  (16  +  sin2 (7) dO  [by  Theorem  5.5.6(a)] 

=  2/„'/2  [l6  +  j  (I  —  cos 20) j  dO  =  2  [f  0  -  |sin2o]''  2 
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14.  A  =  6  Jo*76  |  sin2  3 000  =  3  j’/6  \  (1  -  cos  60)00 
=  |[#-isin6<»]'/' 

_  K_ 

~  4 


15.  By  symmetry,  the  total  area  is  twice  the  area  enclosed  above  the  polar  axis,  so 
A  =  2  Jg  WdO  =  fg  [2  +  cos  60 12  JO  =  /*  (4  +  4  cos  60  +  cos2  60)  dO 
=  [40  +  4  (|  sin 60)  +  sin  120  +  $0)]*  =  4n  +  f  = 


16.  Note  that  the  entire  curve  r  =  2  sin  0  cos2  0  is  generated  by  0s  [0,  jr  ].  The  radius  is  positive  on  this  interval,  so 
the  area  enclosed  is 

A  =  fg  (r200  =  Jg  y  (2  sin0  cos2  O)1  JO  =  2  Jg  sin2  0  cos'1 000  =  2  J*  (sin0cos0)2  cos2  OdO 
=  2  Jo  ^y  sin 20^* cos2 OdO  =  *  /*  sin2 20 (cos20  +  \)dO  =  }  [/'  sin2 20cos2000  +  JJ  sin2 2000] 

=  j  [  ( 0  —  j  sin  40 (the  first  integral  vanishes)  =  § 


0.5 


17.  A  =  J’n  ^  sin2  20 dO  =  J’n  $  (I  -  cos40)  dO  =  *  [0  -  }  sin 40 j*'2  =  f 

18.  A  =  f0’/3  (  (4  sin  30 )2  JO  =  8 /*/JsinJ3000  =  4  /0'/3(l  -  cos 60)  00  =  4  [0  -  J  sin  ’  =  if 

19.  ,  =0  =»  3 cos 50  =  0  =>  50  =  f  =»  0  =  ft. 

A  =  /*')“„  J  (3 cos 50)2  dO  =  J0’/I09cos2  5000  =  §  ft'710  (I  +cos  100)00  =  §  [0  +  ft  sin  100]’  '°  =  ^ 

20.  .4=2  /0T/8  (  (2  cos  40)2  00  =  2  ft*7*  (I  +  cos  80)00  =  2  [0  +  |  sinSoj'  8  =  f 


805 
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21. 


This  is  a  lima^on.  with  inner  loop  traced  out  between  0  =  1-£  and  ^  [found  by  solving  r  —  0[. 

•4  =  2  \  ( I  +  2  sin  f))2  do  =  fi’jl  (I  +  4  sin 0  +  4  sin2  0)d<)  =  [/?  -  4  cos /?  +  2/?  -  sin  20]££ 

=  (t)-(¥+2V3-^)=>t-^ 

22.  2  +  3  cos/?  =  0  =»  cos/?  =  —  5  =»  (?  =  cos-1  (=  n)  or  2it  —  cos-1  => 

4  =  2/;j(2  +  3  cos//)2  d/?  =  (4  +  12  cos/?  +  9  cos2  /?)  dO  =  /’  +  12  cos/?  +  |  cos  2/?)  dO 

=  [t/?  +  12  sin/?  +  |  sin2/?j  =  -y  Or  —  a)  —  12  sin  a  —  |  sin  a  cosn 
=  ¥  [*  -  cos-1  (-§ )]  -  .2  (^)  -  ?  (^)  (-§)  =  'i  cos-1  i  -  ijj 


—  -j^n  +  V3  +  5>r  +  :!^  =  ?^-3)r 
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24.  1  —  sin/'/  =  1  =>  sin0  =  O  =>  0  =  0oin  => 


/)  =  /;'  i  [( |  -  sin  0)2  -  I  ]  00  =  i  f*’  (sin2  0-2  sin  0)  dO 
=  I  5l*  0  -cos 20 -4 sin 0)00  =  |  [0-  |sin20  +  4cosfl]‘* 
=  +2 


25.  4sin0  =  2  <=>  sin0=y  <=»  9  =  |  or 


A  =  2  ft*  i  [(4  sin0)2  -  22]  dO  =  //£  (16  sin2  0  -  4)  dO 
=  fx/6  t8  ( 1  -  cos  20)  -4 \dO  =  [4 0  -  4  sin  20]$ 

=  +2s/3 


26.  3cos0  =  2  —  cos0  =»  cos0  =  |  =>  0  =  iy  => 

0=2  /0’/3  (  [(3  cos0)2  -  (2  -  cos0)2]  dt) 

=  /o'73  (8 cos2  0  +  4 cos0  -  4)  dO 

=  f*r'  (4  cos  20  +  4  cos 0)  dO  =  |2  sin  20  +  4  sin0]J/3  =  3V3 

27.  3 cos 0  =  i  +  cos0  <=>  cos0  =  j  =>  0  =  y  or  —  y. 

0  =  2/0*/3  *  [(3  cos0)2  -  (I  +  cos0)2]  dO 

=  /„* p  (8  cos2  0  -  2  cos  0  -  1 )  do  =  I’ 73  [4  ( 1  +  cos  20)  -  2  cos  0  -  I  ]  dO 
=  1 30  +  2  sin  20  -  2  sin0]J/3  =  7r  +  s/3-V3  =  rr 


28.  0  =  2  /*„  (  (1  +  cos 0)2  00-2  /'/32  5  (3  cos0)2 dO 

—  +  2  sin  0  +  (  ^0  +  j  sin  20^  j  —  =(  ^0  +  5  sin  20  J 

=  (*■  “  S^)  ~  1  (l  ~  =  J 

29.  0  =  2  ft'4  (  sin2  000  =  /0'/4  5  ( I  -  cos  20)  dO 

—  [l®  ~  I  sin  20]*  4 


V/2 

*/3 


r  -  cos  0 
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30.  sin  0  =  ±  sin  20  =  ±2  sin  0  cos 0  =>  sin  0  ( l  ±  2  cos 0)  =  0.  From  the 

figure  we  can  see  that  the  intersections  occur  where  cos 0  =  ±5,  or  0  =  j 

and 

i  —  sin  <9 

A  =  2  [/0,/3  i  sin2  000  +  /*/,  3  sin2  2000 j 

.  -  Wl  _  _ 

o' 

r  —  sin  20 

=  i  [«  “  i  sin^;73  +  *[«-*  sin4fl]^  = 


31.  sin  20  =  cos  2 0 


tan  20  =  I  =>  20 - 


0=  ■ 


.4  =  16  J0*/s  ±  sin22 OdO  =  4/'/8  (I  -  cos 40) 00 


=  4[o-isin<w]'/8  =  ^- 


32.  2  sin 20  =  l2 


5.T 

TT' 


'I  =  4  [/o’/U  |  •  2 sin  20 dO  +  £*  J  (l2)  do] 

=  f— 2cos20]J'  *“  +  2  =  2  —  V3  +  j 


33.  A  =  2  [/:;/?  j  (3  4-  2 sin 0)2  dO  +  J%  do] 

=  S-’/2  (9  +  12  sin  0  +  4  sin2  0)  dO  +  [40]*'2/6 

=  [90-  12cos0  +  20-sin20]:*^  +  ¥  =  t*-  - 


34.  Let  a  =  tan  1  (6/a).  Then 

A  =  fg  j  (a  sin0)2  dO  +  f*/2  i  (6cos0)2  dO 
=  |a2  ^0  —  j  sin  20 J ^  +  j62  [0  +  3  sin20j 
=  |«  (a2  —  62)  +  Jjri2  —  j  (a2  +  62)  (sina  cos  a) 
=  J  ^a2  -  h2^  tan-1  ( b/a )  +  gffi2  -  {ab 


r  =  3  +  2  sin  6 
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35.  A  =  2  [/02*/J  {  (j  +  cos«)2  dO  -  /' /3  \  (I  +  COST/)2  dO 

=  /02*;1  (j  +  cost;  +  cos2 t;)  do  —  /,* /3  +  cost;  +  cos2;;)  do 

7;  .  „  0  sin  20  "I2*23  \0  .  0  sin20'Tr 

L4  2  4  J0  [4  2  4  J2,/3 

=  (f +  ¥)-(¥)  +  (§ +  ¥)  =  H'+W5) 

36.  The  points  of  intersection  occur  where  -J\  -  0.8  sin2  0  =  sin  0  » 
l.8sin20=l  <=>  0  =  arcsin^l  (=  a,  socosa  =  j).  Sotheareais 

A  =  2  fg  i  sin2 000  +  2  f'/2  ±  (v/l  -  0.8 siir0)2 00 

=  \{0-  j  sin  20J"  +  [0- 0.8^0-  |sin20)]I/2 
=  5a  —  |  (2  sin  a  cos  a)  +  0.6  •  j  —  [0.6a  +  0.2  (2  sin  a  cos  a)] 
=  5  arcsin  ^  §  +  0.3tr  —  0.6arcsin  ^  —  0.4  ■  ^ | 

=  -pjjr  -  ^  arcsin  ^  -  jVs  =2  0.41 1 


-0.6 


37.  The  two  circles  intersect  at  the  pole  since  (0, 0)  satisfies  the  first  equation 
and  (0,  |)  the  second.  The  other  intersection  point  §  )  occurs 
where  sin0  =  cos  0. 


38.  2cos20  =  ±2  =>  cos20  =  ±l  =>  0  =  0,  a,  or  so  the 
points  are  (2,  0),  (2,  j),  (2,  nr),  and  ^2,  4f). 


39.  The  curves  intersect  at  the  pole  since  (0,  |)  satisfies  r  =  cos 0  and 
(0, 0)  satisfies  r  =  1  —  cos0.  cos 0  =  1  —  cos 0  ==>  cos0  =  \  => 

r  -  1  -  cos  9 

S — n 

1 

0  =  j  or  =s  the  other  intersection  points  arc  (s.  f)  and 

c 

\  r  =  cos  6 

fS  , 

(’•t) 

P 
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40.  Clearly  the  pole  lies  on  both  curves,  sin  30  =  cos  30  =» 

tan  30  =  1  =»  30  =  jjr  +  nn  (n  any  integer)  =>  0  =  ^ , 

or  so  the  three  remaining  intersection  points  are  ^-J=, 

(-75- if)-  a™1  0?-t)- 

41.  The  pole  is  a  point  of  intersection.  sinO  =  sin20  =  2sinOcosO  <=» 
sinO(l  —  2cos0)  =  0  «  sinO  =  OorcosO  =  j  =»  0  =  0,  tr, 

§ ,  —  §  =*  §)  and  )  (by  symmetry)  are  the  other 

intersection  points. 

42.  Clearly  the  pole  is  a  point  of  intersection,  sin  20  =  cos  20  => 

tan  20  =  1  =»  20  =  J  +  2nir  (since  sin  20  and  cos  20  must  be 

positive  in  the  equations)  =*  0=|+na  =>  O  =  |  or  So 
the  curves  also  intersect  at  f )  and 


From  the  first  graph,  we  see  that  the  pole  is  one  point  of  intersection.  By  zooming  in  or  using  the  cursor,  we 
estimate  the  0-values  of  the  intersection  points  to  be  about  0.89  and  k  -  0.89  =s  2.25.  (The  first  of  these  values 
may  be  more  easily  estimated  by  plotting  y  =  1  +  sin  x  and  y  =  lx  in  rectangular  coordinates;  see  the  second 
graph.) 

By  symmetry,  the  total  area  contained  is  twice  the  area  contained  in  the  first  quadrant,  that  is. 


A  *  2  J?  89  $  (20)2  dO  +  2  /0%2  4d  +  sin  0)2  00 
=  [?03]“  ^  +  [0  -  2cos 0  +  (j0  -  i  sin  2o)]'*  *  3.46 
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44. 


y  =  3  +  sin  5x 


From  the  first  graph,  it  appears  that  the  O-values  of  the  points  of  intersection  are  about  0.58  and  2.57.  (These 
values  may  be  more  easily  estimated  by  plotting  y  =  3  +  sin  5.r  and  y  =  6sin.i  in  rectangular  coordinates;  see  the 
second  graph.)  By  symmetry,  the  total  area  enclosed  in  both  curves  is 

Ass2CS‘i(6  sin  y)2  M  +  2  fo.ss  5  (3  +  sin  50)2  dO  =  j^  58  3  6  sin2  Odd  +  f’J2  (9  +  6  sin  SO  +  sin2  50)  d() 

=  [36  (^0  -  |  sin20)]°58  +  [90  -  |  cos 50  +  }  (40  -  |  sin  100)]'^  w  10.41 

45.  L  =  /j1  Jr2  +  (dr/dO)2  d!)  =  f2"'4  7(5  cos 0)5  +  (-5  sin 0)5  dO  =  5  /„3'/4  7cos2  0  +  sin2  0  dO 

=  5  jf'400=^r 

46.  /.  =  /u*  Jr2  +  (dr/dO)2  dO  =  J2’  J(ey,)2  +  (2 e20)2  dO  =  7c4"  +  Ae*°  dO  =  f02’  VSe™  dO 

=  VS/o'  e^dO  =  ^  [e2"]2'  =  ^  (e4*  -  1) 

47.  I.  =  g  Jr2  +  (dr/dO)2  dO  =  J2’  J(2°)2  +  [(In 2)  2®]2  dO  =  f2’  2"7l  +ln2200 


48.  L  =  £  Jr2  +  (dr/d/))1  dO  =  J2”  ~J()2  +  I  dO  =  [§702  +  I  +  J  In  (t)  +  702  +  l)]^ 

=  n  V47rTTT  +  5  In  ^2/r  +  >/4;r2  +  1^ 

49.  /,  =  f2’  y/(02)2  +  (20)2d0  =  f2’  Oy/o2  +  4  do  =  4-|  [(02  +  4)3/2]^  =  f  [(tr2  +  l)3/2  -  l] 

50.  /.  =  2  [J  7u+cos0)J  +  (—  sin  0)2  <70  =  2 72  f’  VI  +  cos 000  =  272  72  cos2  (0/2)  00 

=  [8  sin  (0/2)|;  =8 

51.  From  Figure  4  in  Example  I, 

/.  =  Jr2  +  (r')2dO  =  2  /0’/4  7 cos2  20  +  4  sin2  20  dO  as  2  (1.21 1056)  as  2.4221 
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52.  4  +  2scc0  =  0  =>  secO  =  —  2  =>  cos0  =  —  j  =>  0  =  y-, 
if.  I.  -  fi’j2  >/(4  +  2  sec  0)2  +  (2  sec  0  tan  0)200  =5  5.8128 


53.  i  =  2  /02,r  /cos8  (0/4)  +  cos6  (0/4)  sin2  (0/4)00 

=  2/02,r  | cos2  (0/4)  |  / cos2  (0/4)  +  sin2  (0/4)  00 
=  2  /02lr  | cos5  (0/4)  |  dO  =  8  ff  '2  cos3  u  0«  (where  u  =  5 0) 
=  8  J^sin  u  —  j  sin3  u  =  y 

Note  that  the  curve  is  retraced  after  every  interval  of  length  4a . 

54.  L  —  2  [q  /[cos2  (j0)  J  +  [-cos (j0)  sin  (j0)  j  00 

=  2 cos  (|0)00  =  4  [sin  (^0)]'=  4 


-12 


-I 


-0.67 


55.  (a)  From  (1 1.3.5). 


5  =  /*  2a  y/ (dx/dO)~  +  (0y/00)J  00 

=  /*  2xyjr2~+  (dr/dO)2  00  (see  the  derivation  of  Equation  5)  =  /*  2ar  sin0/a2  +  (dr/dO)2  00 

„  dr  ( dr  \2  sin2  20  sin2  20 

2a—  =  —2  sin  20  =»  l  —  l  =  — = —  =  — 

00  \00/  a2  CO 


(b)  a2  =  cos  20 


cos  20 


S  =  2  jjj1 ' 4  2a  V cos 20 sin 0/cos 20  +  (sin2  20)  /  cos 20  00  =  4a  J^*/4  sin 000 
=  (-4a  cos0|J/4  =  -4a  (^  -  l)  =  2a  (2  -  s/5) 


56.  (a)  Rotation  around  0=4  is  the  same  as  rotation  around  the  y-axis,  that  is,  5  =  jf  2k x  ds  where 

ds  =  J(dx/dt)2  +  (dy/dt)2  dl  for  a  parametric  equation,  and  for  the  special  case  of  a  polar  equation, 
x  =  a  cos  0  and  ds  =  J (dx/dO)2  +  (dy/dO)2  dO  =  /a2  +  (dr/dO)2  dl)  (see  the  derivation  of  Equation  5.) 
Therefore,  for  a  polar  equation,  rotated  around  0  =  4-  S  =  Jj*  2tra  cos 0/a2  +  (dr/dO)2  dO. 

(b)  In  the  case  of  the  lemniscate  we  arc  concerned  with  — 4  <  0  <  4  and  a2  =  cos  20  => 

2a dr/dO  =  —2  sin 20  =s  (dr/d())2  =  (sin2  20)  /a2  =  (sin2  20)  / cos20.  Therefore 

S  =  /f 2rr  >/cos  20  cos  (I  20  +  (sin2  20)  /  cos  20  00 


=  J0'/4  cos 0 v/ cos 20,/ 1 /  cos  20 00  =  4rr  J^54  cos 000  =  2\/2jr 


:*6  Conic  Sections 
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2.  4y  +  x2  =  0  =>  x2  =  —4 y.  4 p  =  —4,  so 
p  =  —  I .  The  vertex  is  (0, 0),  the  focus  is  (0,  —  I), 
and  the  directrix  is  y  =  I . 


3.  4x2  =  —  y  =$  x2  =  —  jy.  4p  =  —  so 
p  =  —fa.  The  vertex  is  (0, 0),  the  focus  is 
(o,  — and  the  directrix  is  y  = 


5.  (x  +  2)2  =  8  O’  -  3).  4p  =  8,  so  p  =  2.  The 
vertex  is  (—2, 3),  the  focus  is  (—2,  5),  and  the 
directrix  isy  =  1. 


4.  y1  —  I2x,  4p  =  12,  so  p  =  3.  The  vertex  is  (0, 0). 
the  focus  is  (3, 0),  and  the  directrix  is  x  =  —3. 


6.  x  —  1  =  (y  +  5)2.  4p  =  I.  so  p  =  The  vertex  is 
(I,  —5),  the  focus  is  —5^,  and  the  directrix  is 
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7.  2x  +  y2  —  8y  +  12  =  0  => 

O'  —  4)J  =  —2  (.x  —  2)  =>  P  =  -j  => 
vertex  (2, 4).  focus  (  j  •  .  directrix  x  =  | 


8.x2  +  12* -y  +  39  =  0  o  (x  +  6)2=y-3 
=>  p  =  |  =>  vertex  (-6, 3),  focus  (-6, 
directrix  y  =  ^ 


9.  The  equation  has  the  form  y2  =  4 px.  where  p  <  0.  Since  the  parabola  passes  through  (—1,  1),  we  have 
I2  =  Ap  (—  I).  so  Ap  =  —  I  and  an  equation  is.v2  =  —x  or  x  —  —y2.  Ap  =  —  1,  so  p  =  —  |  and  the  focus  is 
j ,  0^  while  the  directrix  is  x  =  j . 


10.  The  vertex  is  (2.  —2),  so  the  equation  is  of  the  form  (x  —  2)2  =  Ap  O’  +  2),  where  p  >  0.  The  point  (0, 0)  is  on  the 
parabola,  so  4  =  Ap  (2)  and  Ap  —  2.  Thus,  an  equation  is  (x  —  2)2  =  2  O’  +  2).  Ap  =  2,  so  p  =  j  and  the  focus  is 
^2,  —  while  the  directrix  is.y  =  — 


11.  x2/16  +  >-2/4=  1  =>  a  =  4,  6  =  2, 

c  =  y  1 6  —  4  =  2v/3  =s  center  (0, 0),  vertices 
(±4, 0),  foci  (±2V3,  o) 


2  2 

12-  77  +  777  =  1  =»  a  =  10.  b  =  8. 

64  100 

c  =  -Jo1  —  b-  =  6.  The  ellipse  is  centered  at 
(0, 0),  with  vertices  at  (0,  ±10).  The  foci  are 
(0,  ±6). 
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13.  25.v2  +  9y2  =  225  «  |x2  +  ^y2  =  1  => 
a  =  5.  6  =  3,  c  =  4  =>  center  (0, 0),  vertices 
(0,  ±5),  foci  (0,  ±4) 


15.  9x2  -  I8x  +  4y2  =  27  «  — — — +  ^  =  1 

4  9 

=>  o=3, 6  =  2.  c=V5  =>  center  (1,0), 
vertices  (I,  ±3),  foci  (l,  ±-/5) 


2  2 

14.  4.x2  +  25 y2  =  25  =s  +  ^  =  I  =» 

25/4  1 

o  =  j,  6  =  1,  c  =  Vo-  -  A2  =  The 

ellipse  is  centered  at  (0, 0),  with  vertices  at 
0^.  The  foci  are  ^i-^-.O^. 


16.  V2  -  6.x  +  2 y1  +  4y  =  -7  « 

(x-3)2  .  (,v+  l)2  , 

“ 4-  +  -T“  =  l  =»  a  =  2- 

b  =  y/2=c  =>  center  (3,  —  1).  vertices  (I,  —  1) 
and  (5,  —1),  foci  ^3  ±  -Jl,  —  1^ 


17.  The  center  is  (0, 0),  o  =  3,  and  b  —  2,  so  an  equation  is  —  +  —  =  1.  c  =  -Ja2  —  b2  =  x/5.  so  the  foci  are 

4  9 

(o,  ±v/5). 


( x-2 )2  (y  -  I)2 

18.  The  ellipse  is  centered  at  (2,  1),  with  o  =  3  and  6  =  2.  An  equation  is - - - 1 - =  1. 


c  =  -Ja2  -  b2  =  -s/5,  so  the  foci  are  ^2  ±  V5, 1  j. 
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x  v 

19. - r-  =  1 

144  25 


a  =  12,  b  =  5, 

c  =  VI 44  +  25  =13  =4  center  (0, 0),  vertices 
(±12, 0),  foci  (±13, 0),  asymptotes  y  =  ±-jyt 


y2  x2 

20. - —  =  1  =4  a  =  4,  6  =  6, 

16  36 

c  =  7a2  +  ft2  =  716  +  36  =  752  =  270.  The 
center  is  (0, 0).  the  vertices  arc  (0,  ±4),  the  foci  arc 


(O,  ±270), 


and  the  asymptotes  are  the  lines 


y  =  ±fx  =±|x. 


21.  9y2  —  x2  =  9  =>  y2-^x2  =  1  =4  a  =  1, 
h  =  3,  c  =  VIO  =>  center  (0, 0),  vertices 
(0,  ±1),  foci  ^0,  ±VTo),  asymptotes  y  =  ±  jx 


22.x2—  y2  =  1  =4  a  —  b  —  1 .  c  =  72  => 

center  (0,0),  vertices  (±1,0),  foci  ^±75,  o), 
asymptotes  y  =  ±x 


23.  2 y2  -4 y-  3x2  +  12x  =  -8  <=4 


(x  -  2)2  _  (y-  l)2 
6  9 


a  =  76, 6  =  3, 


c  =  70  =>  center  (2,  1),  vertices 
^2  ±  76,  l),  foci  (2  ±  70,  l),  asymptotes 


24.  16x2  +  64x  -  9y2  -  90y  =  305 


(x  +  2)2  (y  +  5)2 


16 


=  1 


a  =  3,  b  =  4, 


9 

c  =  5  =4  center  (-2,  —5),  vertices  (—5,  -5) 
and  (1,  -5),  foci  (-7,  -5)  and  (3,  -5), 
asymptotes  y  +  5  =  ±y(x  +  2) 
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25.  The  parabola  with  vertex  (0, 0)  and  focus  (0,  —2)  opens  downward  and  has  p  =  —2.  so  its  equation  is 
x2  =  4  py  =  -8y. 

26.  The  parabola  with  vertex  (1,0)  and  directrix  x  —  —5  opens  to  the  right  and  has  p  =  6.  so  its  equation  is 
y2  =  4/>(x  -  1 )  =  24 (x  —  1). 

27.  Vertex  at  (2,  0),  p  —  1,  opens  to  right  =>  y1  =  4p  (x  —  2)  =  4  (x  -  2) 

28.  Vertex  ( 1 , 2),  parabola  opens  down  =>  />  =  —  3  =>  (x  —  I)2  =  4p(y  —  2)  =  —  12(y  —  2)  <=> 
x2-2x  +  12y-23  =  0 

29.  The  parabola  must  have  equation  y2  =  4px,  so  (— 4)2  =  4/7(1)  =>  p  =  4  =>  y2  =  16x. 

30.  Vertical  axis  =>  (x  —  h)2  =  4/j  (y  —  A).  Substituting  (—2,  3)  and  (0, 3)  gives  (—2  —  h)2  =  4 p  (3  —  k)  and 

(—A)2  =  4p(3  —  A)  =>  (—2  —  /i)2  =  (—A)2  =>  4  +  4A  +  A2  =  A2  =»  A  =  —  1  =>  1  =  4/x  (3  —  A). 

Substituting  (1.9)  gives  [1  —  ( —  1  )]2  =  4/7  (9  -  k)  =»  4  =  4/>  (9  -  k).  Solving  for  p  from  these  equations 

gives  p  =  --  =>  4(3-*)  =  9- A  =»  *=l  =>  p  =  {  =»  (x  +  I)2  =  ^  (y  -  1) 

=>  2x2  +  4x  -  y  +  3  =  0. 

31.  The  ellipse  with  foci  (±2, 0)  and  vertices  (±5. 0)  has  center  (0, 0)  and  a  horizontal  major  axis,  with  a  =  5  and 

r2  y2 

c  =  2.  so  b  =  s/a2  —  c2  =  s/2T.  An  equation  is  : —  +  —  =  1. 

25  21 

32.  The  ellipse  with  foci  (0,  ±5)  and  vertices  (0,  ±13)  has  center  (0, 0)  and  a  vertical  major  axis,  with  c  =  5  and 

x2  y2 

a  =  13,  so  b  =  s/a2  —  c2  =  12.  An  equation  is  — —  +  — —  =  1. 

144  169 

33.  Center  (3, 0).  c  =  1,  a  =  3  =>  6  =  V 8  =  2^2  =>  j  (x  -  3)2  +  ^y2  =  1 

34.  Center  (0, 2),  c  =  I,  a  =  3,  major  axis  horizontal  =>  6  =  2  s/2  and  5.x2  +  g  (y  —  2)2  =  I 

35.  Center  (2. 2),  c  =  2,  a  =  3  =7  b  =  s/5  =>  5  (x  —  2)2  +  5  (y  —  2)2  =  1 


36.  Center  (0, 0),  c  =  2,  major  axis  horizontal 


x2  y2 

— r  +  —  =  1  and  b2  =  a2  —  c2  =  a2  —  4.  Since  the  ellipse 
a2  6“ 


passes  through  (2,  1),  we  have  2 a  -  IP  6)1  +  IPZ-jl  =  s/T7  +1  =s  a2  =  and  62  =  E±±S,  so  the 

2x2  2y2 

ellipse  has  equation - —  H - —  =  I. 

9  +  s/l7  l  +  s/l7 

37.  Center  (0, 0).  vertical  axis,  c  =  3,  a  =  I  =»  6  =  V 8  =  2\/2  =>  y2  —  |x2  =  1 

38.  Center  (0, 0).  horizontal  axis,  c  =  6.  a  =  4  =»  b  —  2  s/5  =>  ^x2  —  jjy2  =  I 

39.  Center  (4, 3).  horizontal  axis,  c  =  3,  a  =  2  =>  6  =  s/5  =7  j  (x  —  4)2  —  |  (y  —  3)2  =  1 

40.  Center  (2, 3),  vertical  axis,  c  =  5.  a  =  3  =7  6  =  4  =7  5  (y  —  3)2  —  (x  —  2)2  =  1 

41.  Center  (0, 0),  horizontal  axis,  a  =  3,  £  =  2  =>  6  =  6  =>  $x2  —  2-y2  =  1 

42.  Center  (4, 2).  horizontal  axis,  asymptotes  y  —  2  =  ±  (x  —  4)  =7  c  =  2,  6/a  =1  =7  a  =  6  =7 


1  =  4  =  a2  +  62  =  2a2  =7  a2  =  2 


3  (x  —  4)2  —  5  (y  —  2)2  =  1 
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43.  In  Figure  8,  we  sec  that  the  point  on  the  ellipse  closest  to  a  locus  is  the  closer  vertex  (w  hich  is  a  distance  a  —  c  from 
it)  while  the  farthest  point  is  the  other  vertex  (at  a  distance  of  a  +  c).  So  for  this  lunar  orbit. 

(a-c)  +  (a  +  c)  =  2a  =  (1728+  1 10)  +  (1728  +  314),  ora  =  1940;  and  (a  +  c)  -  (a  -  c)  =  2c  =  314  -  1 10, 

2  2 

or  c  =  102.  Thus,  b2  =  a2  —  c2  =  3,753, 1 96,  and  the  equation  is  ^  —  1 . 

44.  (a)  Choose  V  to  be  the  origin,  with  x-axis  through  V  and  F.  Then  F  is  (/>,  0),  A  is  (/>,  5),  so  substituting  A  into 

the  equation  y 2  =  4  px  gives  25  =  4  p2  so  p=  \  and  =  I  Ox. 

(b)  x  =  1 1  =>  y  =  yiTO  =>  |CD|  =  2v/TT0 

45.  (a)  Set  up  the  coordinate  system  so  that  A  is  (-200, 0)  and  U  is  (200, 0). 

\PA\  -  \PB\  =  (1200)  (980)  =  1,176,000  ft  =  ^  mi  =  2a  =>  a  =  and  c  =  200  so 
i3 _ 2  „2  _  3,339,375  12 l.X2  121y2 


_  ,.2  _  -2  _  3,339.375 
o  -c  a  -  m 


1.500.625  3,339.375 


(b)  Due  north  of  B  =»  x  =  200  =9  =  ,  =*  y  =  -^*>248mi 

46.  |PF||  -  |PF2I  =  ±2a  <=»  /(x  +c)2  +  y2  -  J(x  -c)2  +  y2  =  ±2a  <=> 

/ (x  +  c)2  +y2  =  J(x  -c)2  +y2±  2a  »  (x  +  c)2  +  y2  =  (x  -  c)2  +  y2  +  4a2  ±  4 aj (x  -c)2  +  y2 
4cx  —  4a2  =  ±4 (x  —  c)2  +  y2  e=>  c2x2  —  2a2cx  +  a4  =  a2  (x2  —  2cx  +  c2  +  y2)  <=» 

(c2  —  a2)  x2  —  a2y2  =  a2  (c2  —  a2)  <=>  b2x2  —  a2y2  =  a2b2  (where  b2  =c2  —  a2)  ex  —  -j-x  =  I 

47.  The  function  whose  graph  is  the  upper  branch  of  this  hyperbola  is  concave  upward.  The 

function  is y  —  /(x)  =  a.  I  +  tx  =  7  Jb2  +  x2,  soy'  =  7X  ( b 2  +  x2)  1  ‘  and 
V  b-  b  b 

y"  =  j  J(62  +  x2)_l/2  —  x2  (b2  +  x2)  j  =  ab  ( b 2  +  x2)-'12  >  0  for  ail  x,  and  so  /  is  concave  upward. 

48.  We  can  follow  exactly  the  same  sequence  of  steps  as  in  the  derivation  of  Formula  4.  except  we  use  the  points 
(1,1)  and  (-1,-1)  in  the  distance  formula  (first  equation  of  that  derivation)  so 

./(x  -  I  )2  +  (y  -  1  )2  +  y/(x  +  I)2  +  (y  +  I)2  =  4  will  lead  to  3x2  -  2xy  +  3y2  =  8. 

49.  (a)  ellipse 

(b)  hyperbola 

(c)  empty  graph  (no  curve) 

(d)  In  case  (a),  a2  —  k,  b2  =  k  —  1 6,  and  c2  =  a2  —  b2  =  16,  so  the  foci  are  at  (±4, 0).  In  case  (b),  k  —  16  <  0,  so 

a2  =  k,  b2  =  16  —  k,  and  c2  =  a2  +  b2  =  16,  and  so  again  the  foci  are  at  (±4, 0). 

50.  (a)  y2  =  4 px  =>  2yy'  =  Ap  =>  y'  —  — ,  so  the  tangent  line  is  y 

y  -  ya  =  —  (x  -  x«)  =>  yyo  -  yl  =  Ip  (x  -  xo)  <=»  .  flu.  >■») 

yo  _ _ 

yyo  -  Apxo  =  2 px  -  2/jxo  =»  yyo  =  2 p  (x  +  xo).  '*  V*“ 


(b)  The  x-intercept  is  — xo- 
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51.  Use  the  paramctrization  x  =  2  cos  t.y  =  sin  /,  0  <  /  <  2ir  to  get 

£  =  4  /o'  "  J (dx/dt)1  +  (dy/dl)2  dt  =  4  /0'/3  / 4  sin2 1  +  cos2 1  dt  =  4  /0'/2  /3  sin2  /  +  1  dt 
Using  Simpson's  Rule  with  n  =  10, 

^}(*)[/m  +  4/(ft)+2/(ft)  +  ...  +  2/(^)+4/(a)+/(})] 
with  /(/)  =  </3  sin2 f  +  1,  so  L  as  9.69. 


52.  The  length  of  the  major  axis  is 2a, son  =  j  (1.18  x  I010)  =  5.9  x  109.  The  length  of  the  minor  axis  is  26.  so 

2  2 

6  =  j(l.l4x  I010)  =  5.7  x  109.  Therefore  the  equation  of  the  ellipse  is - - - -  f - 1 - =  | 

(5.9  x  109)-  (5.7  x  109)2 

Converting  into  parametric  equations,  x  =  5.9  x  109cosfl  andy  =  5.7  x  1 09  sin  ft.  So 

/.  =  4  ft'2  J(dx/dO)2  +  (dy/ do )2 do  =  4  f0*/2y/3.48x  I0l9sin2 0  +  3.249  x  I019 cos2 OdO 
=  4/3.249  x  1019  J*/2  / 1 .0714  sin2  0  +  cos2  0  dO 


Using  Simpson’s  Rule  with  n  =  10,  Ax  =  and  /  (0)  =  /j  .0714  sin2  0  +  cos2  0  we  get 


=  4(5.7  x  109) 

\  ■  S,o 

=  4  (5.7  x  I09) 

[/(<>)  +  4/ 

(jb) 

+  2/(ra)  +  •  ■ 

+  V(^)+4/(5§)  +  /(f)] 

=  (5.7  x  I09 

’)  (30.529)  =  3.64 

x  10 

10  km 

,  2x 

2yy'  n 

b2x 

—  ^  2 
a 1 

+  -^=°  ^ 

y'  = 

-37  O'*0)- 

azy 

Thus,  the  slope  of  the  tangent  line  at  P  is 

b2x\ 

— ; — .  The  slope  of  F\  P  is 
aly  1 


X|  +c 


y\ 

and  of  Fi  P  is - .  By  the  formula  from  Problems  Plus,  we  have 

xi  -c 


y\  b2*i 

(anu  _  X|  +  c  Q2>  | _ g2y2  +  b2x\  (X|  +  c)  _  a2b2  +  h2cx\  /using  62xj  +  a2y2  =  o2/>2\ 

1  _  ^2xiy>i  o2>>i  (xi  +  c)  —  62xi.yi  c2xiyi  +  a2cy\  \  and  a2  —  b2  =c2  ) 

a2y\  (xi  +c) 


_  b2  (c.ri  +  a2)  _  b2 
cy\  (cxi  +  a2)  cy\ 


and 


tan/?  = 


_ Tl_ 

xi  -c 


I  - 


_  62t| 

'  a2vi  _  ~c2y2  —  b2x\  (t|  —  c)  _  - a2b 2  +  b2cx  1  _  b2  (cxi  -  a2)  b2 
,2,..,.  -’2yi  (X|  ~  c)  —  b2x\y\  c2x\y\-a2cy\  cy\  (cx)  -  a2)  ~  cy\ 


b2x\y\ 


o2>'l  (xi  -  c) 


So  a  =  fi. 
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54.  The  slopes  of  the  line  segments  F\  P  and  F2P  are - ; —  and - ,  where  P  is  (xi ,  y\).  Differentiating 


2X  2 yy' 

implicitly,  — - r=-  =  0 

a-  b2 

Problems  Plus. 


and 


tan  «  =  ■ 


*I+C  X|-C 

v'  =  —J-  =>  the  slope  of  the  tangent  at  P  is  ,  so  by  the  formula  from 

a2y  a2y\ 


b2*  1  _  yi 

a2y\  xi  +  c  _  b2x  \  (*i  +  c)  -  a2yj 
b2x\y\  a2y\  (*1  +  c)  +  b2x\y\ 


I  + 


a2y\  (*l  +  c) 


_  i2(cxi+a2)  /using jr2/a2  - y2/62  =  1\  _  b2 
cyi  (cx  1  +  a2)  \  and  a2-  +  b2  =  c2  )  cy\ 


b2x 1  y  1 

tan  H  -  °2>r  +  *1  ~  C  _  -b2x\  (JC|  -  c)  +  a2rf  _  b2  (cxi  -  a2)  _  b^_ 

I  +  62*U'i  o2y\  (jci  -  c)  +  b2x i.yi  cyi  (c*i  -  a2)  cyi 

“2y\  (ti  -  c) 


So  a  =  p. 


Conic  Sections  in  Polar  Coordinates 

1.  The  directrix  y  —  6  is  above  the  focus  at  the  origin,  so  we  use  the  form  with  “  +  e  sin#"  in  the  denominator. 

ed _ j_6 _ 42 

r  ~  1  +  esin0  l  +  jsintf  4  +  7sin0 

2.  The  directrix  x  =  4  is  to  the  right  of  the  focus  at  the  origin,  so  we  use  the  form  with  “  +  e  cos  0"  in  the 

„  ed  1-4  4 

denominator,  e  =  1  for  a  parabola,  so  an  equation  isr  =  - - -  =  - - ; - -  =  — - - 

1+ecos  ft  1  +  Icos0  l+cos0 

3.  The  directrix  x  =  -5  is  to  the  left  of  the  focus  at  the  origin,  so  we  use  the  form  with  "  -  e  cost)”  in  the 

ed  |-5 


denominator,  r  = 


15 


l-ecos0  I  — |cosO  4  —  3cos0 

4.  The  directrix  y  =  —  2  is  below  the  focus  at  the  origin,  so  we  use  the  form  with  “  —  e  sin  0”  in  the  denominator. 
ed  2-2  4 


r  — 


1—  esin0  I  —  2sin0  I—  2sin0 


ed 


4-5 


20 


5.  r  =  5  sec/I  <=>  x  =  r  cos 0  =  5,  so  r  =  - -  =  — — - -  =  ,  - - 

l+ecos0  l+4cos0  l+4cos0 

ed  i  • 2  6 


6.r  =  2csc0  <=>  y  —  rsinft  =  2,  sor  = 


7.  Focus  (0, 0),  vertex  (5,  7)  =>  directrix y  =  10 


1+esinfl  I  +  f  sin//  5  +  3sin0 
ed  10 


=>  r  = 


8.  The  directrix  is  x  =  4,  so  r  = 


ed 


i  •  4 


I  +  esin0  I  +  sin0 
8 


l+ecos0  1  +  I  cos0  S  +  2cos0 
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1  +  3  cos# 

(a)  e  =  3 

(b)  Since  e  —  3  >  I ,  the  conic  is  a  hyperbola. 

(c)  ed  =  4  =»  d  =  j  =»  directrix  x  =  j 

(d)  The  vertices  are  ( 1 , 0)  and  (— 2,  n )  =  (2,  0);  the  center  is  ,  o) ;  the 

asymptotes  are  parallel  to#  =  ±cos_l  (-y) 

_  6 _ 2 _ |  -  3 

3  +  2sin#  1  +  |  sin#  l  +  |sin# 

(a)  e  =  y 

(b)  Ellipse 

(c)  y  =  3 

(d)  Vertices  and  ^6,  2^;  center  0^,  3^ 


1  —  cos  # 

(a)  e  =  t 

(b)  Parabola 

(c)  ed  =  2  =>  d  —  2  =>  directrix  .r  =  —2 

(d)  Vertex  (-1,0)  =  (I,  jr) 


4-6cos#  1-Jcos#  l-§cos# 

(a)  e  =  j 

(b)  Hyperbola 

(c) *  =  -$ 

(d)  The  vertices  are  (-4, 0)  and  it)  =  j.oJ,  so  the  center  is 

The  asymptotes  arc  parallel  to#  =  ±cos_l  |.  [Their 

slopes  are  ±  tan  (cos-1  j)  =  ±^.J 
3 

I  +  5  sin# 

(a)  e  =  j 

(b)  Ellipse 

(c)  ed  =  3  =>  d  =  6  =>  directrix  y  =  6 

(d)  Vertices  (2,  and  (6,  ^  j;  center  (2, 
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2  — 2sin  0  I—  sin0 

(a)  e  =  l 

(b)  Parabola 

(c) y  =  ~\ 

(d)  The  focus  is  (0, 0),  so  the  vertex  is  (f ,  and  the  parabola  opens 

up. 


15.  r  = 


7/2 


1  —  |  sin0 

(a)  e  =  \ 

(b)  Hyperbola 

(c)  ed  =  j  =>  d  =  |  =>  directrix  y  =  —\ 

(d)  Center  vertices  (- j,  =  fj,  y)  and  ^1, 


16.  r  = 


_ !_-4 


2  +  cos0  l  +  |cos0  l  +  jcos0 

(a)  e  =  j 

(b)  Ellipse 

(c)  *  =  4 

(d)  The  vertices  arc  ( j,  0^  and  (4,  tr)  =  (—4. 0),  so  the  center  is 

H4 

1  1/4 


17.  (a)  The  equation  isr  = 


4  —  3  cos  0 


1  —  |  COS0 


,  so  e  =  i  and 


ed  =  \  =>  </ =  j.  The  conic  is  an  ellipse,  and  the  equation  of  its 


directrix  is  x  =  r  cosO  =  —  4 


1 


3  cos  0 

careful  in  our  choice  of  parameter  values  in  this  equation 
(—  I  <  0  <  I  works  well). 


We  must  be 


(b)  The  equation  is  obtained  by 
replacing  0  with  0  —  y  in  the 
equation  of  the  original  conic 
(see  Example  4),  so 

_ I 

4  —  3  cos  (0  —  f ) 


i 


-0.5 
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18.  r  = - = - ; — .  so  e  =  1  and  d  =  I.  The  equation  of  the 

2  +  2  sin  0  I  +  sin  0  2 

directrix  is  y  =  r  sin  0=  5  =>  r  =  — - — .  If  the  parabola  is  rotated 

i  2  sin  0 

about  its  focus  (the  origin)  through  f ,  its  equation  is  the  same  as  that  of 
the  original,  with  0  replaced  by  0  —  §  (sec  Example  4),  so 

r  = - - - .  In  graphing  each  of  these  curves,  we  must  be  careful  to  select  parameter  ranges  which 

2  +  2  sin  (!)  —  jr  /6) 

prevent  the  denominator  from  vanishing  while  still  showing  enough  of  the  curve. 

19.  For  e  <  1  the  curve  is  an  ellipse.  It  is  nearly  circular  when  e  is  close  to  0. 

As  e  increases,  the  graph  is  stretched  out  to  the  right,  and  grows  larger 
(that  is,  its  right-hand  focus  moves  to  the  right  while  its  left-hand  focus 
remains  at  the  origin.)  At  e  =  1,  the  curve  becomes  a  parabola  with  focus 
at  the  origin. 

20.  (a)  The  value  of  d  does  not  seem  to  affect  the  shape  of  the  conic  (a 

parabola)  at  all,  just  its  size,  position,  and  orientation  (for  d  <  0  it 
opens  upward,  for  d  >  0  it  opens  downward). 

-10  l 


(b)  We  consider  only  positive  values  of  e.  When  0  <  e  <  I,  the  conic  is 
an  ellipse.  As  e  — >  0+,  the  graph  approaches  perfect  roundness  and 
zero  size.  As  e  increases,  the  ellipse  becomes  more  elongated,  until 
at  e  =  1  it  turns  into  a  parabola.  For  e  >  1,  the  conic  is  a  hyperbola, 
which  moves  downward  and  gets  broader  as  e  continues  to  increase. 


-oia 


e  =  1.1 


e=  1.5 


e  =  10 
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21.  \P!-\  =  c|/'/|  => 
r  (I  —  ecos 0)  =  ed 


r  =  c  [d  —  r  cos  (it  —  0)]  =  e  (d  +  r  cosfl) 
ed 


I  —  ecos  0 


22.  |PFj  =  e |P/|  =+  r  =  e  [d -r  sinfl]  =>  r  (1  +  esin0)  =  ed 

ed 


1  +  esin# 


23.  |Pf|  =  e\Pl\  => 
r  (1  —  esin0)  =  ed 


r  —  e[d  —  r  sin  (0  —  ir)]  =  e  (d  +  r  sin £2) 
ed 

=>  r  — - ; — - 

I  —  esinfl 


24.  The  parabolas  intersect  at  the  two  points  where 

.  -  ,  ,  dr  c  sin  0 

For  the  first  parabola,  —  =  77- - — ,  so 


c  d  c- d  c  +  d 

- = -  =>  cos  I)  = - -  =»  r  =  — — . 

I  +  cos#  I— cosO  c  +  d  2 


dO  ( I  +  cos  O)2 ' 
dy  (dr/dO)s\n()  +  rcosO  csin2 0  +  ccosfl (1  +  cost?)  _  I  +  cos 0 

dx  ( drjdO )  cos  0  —  r  sin  0  c  sin  0  cos  0  —  c  sin  0  ( I  +  cos  0)  -  sin  0 

sin  0 


dy  I  —  cosfl 

and  similarly  for  the  second,  —  =  - : -  =  - - - 

dx  sin  0  l+cosfl 

intersect  at  right  angles. 


25.  (a)  If  the  directrix  is  x  —  —d,  then  r  = 
ed  —  a  (I  -  e2j.  Therefore,  r  = 


ed 


Since  the  product  of  these  slopes  is  - 1 .  the  parabolas 
e2d2 


I  —  ecosfl 

o0~e2) 


[see  Figure  2(b)],  and.  from  (4),  a~ 


(<-«T 


I  —  ecos  0 

(b)  e  =  0.017  and  the  major  axis  =  2 a  —  2.99  x  10s  =>  a  =  1.495  x  !08. 

1.495  x  10s  [I  -  (0.017)2]  _  1.49  x  IQ8 

Therefore  r  I  —  0.017  cos#  1—  O.O17cos0’ 

«(l— e2)  a(l— e2)  a(l— e)(l+e) 


26.  (a)  At  perihelion.  0  =  it,  sor  = 
At  aphelion.  0  —  0,  so  r  — 


I—  ecos/r  1—  e(—  I)  l+e 

er(l  -e2)  a(l  —  e) (I  +  e) 

— - ■ —  =  a  (1  +e). 


=  a(l  -c). 


1  —  e  cos  0  1  —  e 

(b)  At  perihelion,  r  =  a  (I  —  e)  *  (1.495  x  I08)  (1  —  0.017)  1.47  x  I08  km.  At  aphelion, 

r  =a(l  +e)  =»  (1.495  x  I08)(1  +  0.017)  1.52  x  10*km. 
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27.  Here  2 a  =  length  of  major  axis  =  36. 18  AU  =>  a  =  18.09  AU  and  e  =  0.97.  By  Exercise  25(a),  the  equation 

u  .  18.0911  -  (0.97)2]  1.07 

ot  the  orbit  is  r  —  — —  ^  97  cos  0 —  *  1  -  0  97  cos  O'  Exercise  26(a),  the  maximum  distance  from  the 
comet  to  the  sun  is  18.09(1  4-  0.97)  35.64  AU  or  about  3.314  billion  miles. 

28.  1  lere  2 a  =  length  of  major  axis  =  356.5  AU  =>  a  -  1 78.25  AU  and  e  =  0.995 1 .  By  Exercise  25(a).  the 

•  178.25 [I  -(0.9951  )2]  1.7426 

equation  ot  the  orbit  is  r  — - j"l  o  9951  coso —  **  7  —  0  9951  cos  O'  Exercise  26(a),  the  minimum  distance 

from  the  comet  to  the  sun  is  178.25  (i  —  0.9951)  0.8734  AU  or  about  8 1  million  miles. 

29.  The  minimum  distance  is  at  perihelion  where  4.6  x  107  =  r  =  a  (I  -  e)  =  a  (I  —  0.206)  =  a  (0.794) 

=>  a  =  4.6  x  107/0.794.  So  the  maximum  distance,  which  is  at  aphelion,  is 

r  =  a  (I  +  e)  =  (4.6  x  107/0.794)  x  107  (1 .206)  ar  7.0  x  107  km. 

30.  At  perihelion,  r  =  a(\  -  e)  =  4.43  x  10°,  and  at  aphelion,  r  =  a(l  +  e)  =  7.37  x  I09.  Adding,  we  get 
2a  =  1 1 .80  X  It)9,  so  a  =  5.90  x  I09  km.  Therefore  \  +  e  =  a  (\  +  e) /e  =  ^  ^  \  .249  and  e  **  0.249, 

31.  I'rom  Exercise  29.  we  have  e  =  0.206  and  a  (I  -  e)  =  4.6  x  107  km.  Thus,  a  =  4.6  x  l07/0.794.  From 

1  -e2 

Exercise  25,  we  can  write  the  equation  of  Mercury’s  orbit  as  r  =  a - .  So  since 

I  -ecos0 

dr  —  a  (1  —  e~)  esinO 

d<)  ~  (I  —  ecosfl)2 

2  /dr\2  a2(l-c2)'  a2  (1  -  e2)~e2s\n20  a2(l-e2)2  / 

'■  +U)  (1  —  ecosO)4  =V-ecos0f('-2eCOSll  +  e~) 


the  length  of  the  orbit  is 


L  =  'Jr2  +  (dr/d<))2  dl)  =  a  (l  -  e2)  f2’Vl+e2  2l^lMsa  36x  ,0«  km 

Jo  v  J  Jo  (1-ecos I))2 

This  seems  reasonable,  since  Mercury’s  orbit  is  nearly  circular,  and  the  circumference  of  a  circle  of  radius  a  is 
2 ;ra  3.6  x  I08  km. 


+  (dr/dOY  d() 


=  a  (i  —  e2) 


Review 


CONCEPT  CHECK 


1.  (a)  A  parametric  curve  is  a  set  of  points  of  the  form  (x,  y)  =  (/  (r) ,  g  (/)),  where  /  and  g  are  continuous 

functions  of  a  variable  1. 

(b)  Sketching  a  parametric  curve,  like  sketching  the  graph  of  a  function,  is  difficult  to  do  in  general.  We  can  plot 
points  on  the  curve  by  finding  /(r)  and  g  ( 1 )  for  various  values  of  r,  either  by  hand  or  with  a  calculator  or 
computer.  Sometimes,  when  /  and  g  are  given  by  formulas,  we  can  eliminate  t  from  the  equations  x  =  /  (r) 
and  y  =  g  (r)  to  get  a  Cartesian  equation  relating  x  and  y.  It  may  be  easier  to  graph  that  equation  than  to  work 
with  the  original  formulas  for.v  and  y  in  terms  of  r. 

2.  (a)  You  can  find  4^  as  a  function  of  1  by  calculating  —  =  r,(dx/di  =4  0). 

dx  B  dx  dx/dt  it’ 

(b)  Calculate  the  area  as  f*  ydx  =  ff  g  (l)  f  (I)  dl  [or  Jp  g(t)  f'U)dl  if  the  leftmost  point  is  (/(/<),  g  (/?)) 
rather  than  (/ («) ,  g  (a))]. 

3-  (a)  l  =  /f  J (dx/dt)2  +  (dy/dt)2di  =  /f  /[/' (r)|2  +  [g- (r)J2  dl 

O’)  =  Jf  lx yj (dx/dt)1  +  (dy/dt)2  dl  =  Xf  Ixg  (t)Jw(l)?  +  U(t)?d, 
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4.  (a)  Sec  Figure  5  in  Section  1 1 .4. 
(b)  x  =  r  cost),  y  =  /•  sinf) 


(c)  To  find  a  polar  representation  (r.  0)  with  r  >  0  and  0  <  I)  <  2n,  first  calculate  r  =  Jx2  +  y2.  Then  0  is 
specified  by  cos  0  —  x/r  and  sin  0  =  y/r. 

dy  dy/dO  (d/dO)(r  sin0)  (dr/d())  sin  0  +  r  cosTT 


5.  (a)  Calculate  — 


where  r  =  f  (O'). 


dx  dx /do  (d/dO)  ( r  cos  0)  (dr/dO)  cos  0  -  r  sin  0  ’ 

(b)  Calculate  A  =  /*  $r2 dO  =  f*  J \f(0)\-  dO 

(c)  L  =  fah  J(dx/dO)2  +  (dy/dO)2  dO  =  /*  yJr2  +  (dr/dO)2dO  =  /*  J\f  (TT))2  +  [/'  (TT)]2  dl) 

6.  (a)  A  parabola  is  a  set  of  points  in  a  plane  whose  distances  from  a  fixed  point  F  (the  focus)  and  a  fixed  line  ( (the 

directrix)  are  equal. 

(b)  x2  =  4 py:  y2  —  4 px 

7.  (a)  An  ellipse  is  a  set  of  points  in  a  plane  the  sum  of  whose  distances  from  two  fixed  points  (the  foci)  is  a  constant. 

■»  2 

y 


x 

(b)  -j  + 
a*  a 


7  _  ,.2 


=  I. 


(a)  A  hyperbola  is  a  set  of  points  in  a  plane  the  difference  of  whose  distances  from  two  fixed  points  (the  foci)  is  a 
constant. 

2  .,2 


■2  _fl2 


=  I 


(b)  ~2  — 
a L  c- 


s/c2  -  a2 

(c)  y  =  ± - x 


9.  (a)  If  a  conic  section  has  focus  F  and  corresponding  directrix  t,  then  the  eccentricity  e  is  the  fixed  ratio 
\P  F\  / \Pt\  for  points  P  of  the  conic  section. 

(b)  e  <  I  tor  an  ellipse;  e  >  I  for  a  hyperbola;  e  =  1  for  a  parabola. 

ed  ed  .  ed  ,  ed 


(c)  x  =  d:  r  = 


1  +ecosfl 


.  x  =  —d.  r  — 


I  —  ecos  0 


.  y  =  d:  r  = 


1  +  e  sin  0 


.  y  =  —  d:  r  = 


I  —  e  sin  0 


. .  ■■  EXERCISES 

1.  x  =  l2  +  4;,  y  =  2  —  t,  — 4  <  1  <  I.  /  =  2  —  y,  so 
x  =  (2  -  y)2  +  4  (2  —  y)  =  4  -  Ay  +  y2  +  8  -  4y  =  y2  -  %y  +  12.  This 
is  part  of  a  parabola  with  vertex  (—4, 4),  opening  to  the  right. 


2.  x  =  I  +  e2',  y  =  e1 .  x  —  1  +  y2,  y  >  0. 


y> 
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3.  x  =  tan  0,  y  =  cot  0.  y  =  I  /  tan  0  =  l/x.  The  whole  curve  is  traced  out  as 
0  ranges  over  the  open  interval  (— f .  f )  for  any  open  interval  of  the  form 
(— §  +  hk,  7  +  «t),  where  n  is  an  integer]. 


4.  x  =  2  cos  0,y  =  1  +  sin  0,  cos2  0  +  sin2  0  =  I  => 

(2)  +  O’  _  O2  =  I  =>  —  +  O'  —  I)2  =  I- This  is  an  ellipse, 

centered  at  (0, 1),  with  semimajor  axis  of  length  2  and  semiminor  axis  of 
length  I. 


5.  r  =  I  +  3cos0 


6.  r  =  3  —  sin  0 


7.  r2  =  sec  20  =*  r2  cos  20  =  1 
=>  r2  (cos2  0  —  sin2  0)  =  I 
=*  r2cos20  —  r2sin20  =  1 
=*  x1  -  y2  =  I,  a  hyperbola 


8.  r  =  sin  40.  This  is  an 
eight-leafed  rose. 
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9.  r  =  2  cos2  (0/2)  =  I  +  cos  0 


10.  r  =  2  cos  (0/2) .  The  curve  is 
symmetric  about  the  pole  and 
both  the  horizontal  and  vertical 

axes. 


2 

13.  x+y  =  2  <=»  r  cosO  +  r  sin  61  =  2  o  r  (cos  0  +  sin  0)  =  2  <=>  r  = - — — — ; 

’  cos0  +  sinO 
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a  i  -  .  , 

.  r  =  - — - -  = - 5 -  =>  e  =  5  and  d  =  i.  The  equation  of 

4-3cos  0  l_|cosfl  2  3 

the  directrix  is  x  =  r  cosO  =  —  |  =>  r  =  —2/  (3  cos//).  To  obtain  the 

equation  of  the  rotated  ellipse,  we  replace  0  in  the  original  equation  with 

f,andgctr  = - - - — T- 


17.  x  =  In  /,  y  =  I  +  /2;  /  =  1.  £  =2/and£  =  i.so  £  =  ^  =  =  2,2.  When  r  =  ^  =  2. 

dl  dl  I  dx  dx/dl  \/l  dx 

„  /  ,  rr~. —  dv  dy/dl  1/(2a/T+7)  1 

18.  x  =  /e'.  y  =  I  +  v/l+7.  —  =  =  — - - -  =  -  when  /  =  0. 

dx  dx/dt  (l+rle*  2 

_  (dr/dO)  sin  ff  +  r  cos#  _  sin//  +  OcosO  _  7?  +  T  ’  7>  4  +  x  n  —  * 

dx  (dr/dO)cosO  —  r  sin#  cost?  —  //sin//  -L  -  £  . -L  4  —  it  "  en  4 

v5  i  V! 

dy  _  (dr/dQ) sinO  +  r cosO  —  2cos//sin0  +  (3  —  2sin<?)cosfl  3 cos#  —  2 sin 20 
dx  (dr/dO)  cos  it  —  r  sin/?  — 2cos2fl  —  (3  —  2  sin/?)  sin#  —  3  sin/?  —  2  cos  20  ^  "t,cn  d 


dy  dy/dt  l  cos  /  +  sin  /  d2y  Hi  I  <ix  I 

21.  -p  =  -pp—  =  - : - .  —p  =  Jv  '  ,  where 

dx  dx/dl  —I  sin  /  +  cost  dx2  dx/dt 

d  ( dy\  (-/  sin  /  +  cos/)  (— /  sin  /  +  2 cos/)  —  (/  cos  /  +  sin/)  (-/cos  /  —  2 sin/)  /2  +  2 


d  (dy\ 

dl  \rfx  / 


(— /  sin  /  +  cos  I)2 


(— /  sin  /  +  cos  I)2 


d2y  _  I2  +  2 
dx 2  (— /  sin/ +  cos/)3 


22.  x  =  1  +  /2,  y  =  /  —  /3.  ^p  =  I  —  3/2  and  =  2/,  so  ^  =  4-pp  =  — =  y/_l  —  §?■ 

dt  dt  dx  dx/dt  It  2 

d^y  _  d(dy/dx)/dt  _  _  _x  3  _  3.-1 _ L/|+  3,2)  _  3'2  +  1 

dx2  dx/dl  2/  4  4  _  4,3  • 

23.  We  graph  the  curve  for  —2.2  <  /  <  1 .2.  By  zooming  in  or  using  a  cursor,  _ _ _ 

we  find  that  the  lowest  point  is  about  ( 1 .4. 0.75).  To  find  the  exact  values, 

we  find  the  /-value  at  which  dy/dt  =  2/ +1=0  <=>/  =  —  j  o  V 


<*.» -(¥.*)• 


24.  We  estimate  the  coordinates  of  the  point  of  intersection  to  be  (—2,  3).  In  fact  this  is  exact,  since  both  /  =  —2  and 
/  =  I  give  the  point  (—2,  3).  So  the  area  enclosed  by  the  loop  is 

S!~'.2ydx  =  /_2  ('2  + 1  +  1)  (3/ 2  -3 )dl  =  /i2  (3/4  +  3/3  -  3/  -  3)  dl 

=  [I'5  +  V  -2'2-3']l,,  =  (i  +  4-5-3)-[-f  +  12-6- (-6)]  =  §& 


M* 
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25.  =  -2asin/  +  2asin2/  =  2osin/  (2cos/ - I)  =  0  <=>  sin/  =  0  or  cost  =  j  =>  /  =  0.  j,  it,  or 

—  =  2a cos/  —  2a cos 2/  =  2a  (1  +  cos  /  —  2  cos2 /)  =  2a  (I  —  cos/)  (I  +  2 cos/)  =  0  =»  /  =  0.  or  iy 

dt 

Thus  the  graph  has  vertical  tangents  where 
/  =  y,  n  and  and  horizontal  tangents  where 
/  =  and  if .  To  determine  what  the  slope  is 
where  /  =  0.  we  use  I'Hospital’s  Rule  to  evaluate 

lim  — =  0.  so  there  is  a  horizontal  tangent 
/--» 0  dx  jdl 

there. 

26.  From  Exercise  25,x  =  2a  cos  /  -  a  cos  2/,  y  —  2a  sin  /  -  a  sin  2/  => 

A  =  2  (2a  sin  /  —  a  sin  2/)  (-2a  sin  /  +  2a  sin  2 t)dt  —  4 a2  /0*  (2  sin2  /  +  sin2  2/  —  3  sin  /  sin  It)  dt 

=  4a2  /„*  j\l  —  cos 2/)  +  4  (I  -  cos 4/)  -  6 sin2  /  cos/j  dt  =  4a2  ^/  —  j  sin 2/  +  j/  -  j  sin 4/  -  2  sin3  rj^ 

=  4a2  ^  ^  ,T  =  6 na~ 

27.  This  curve  has  10  “petals”.  For  instance,  lor  -  jo  £  0  £  ft’  there  are  two  petals,  one  with  r  >  0  and  one  with 

r  <  0. 

A  =  10  jr2  dt)  =  5  9  cos  SO  dO  =  90 /'/l0  cos  5000  =  [I8sin50]j'10  =  18 

28.  r  =  I  —  3  sin//.  The  inner  loop  is  traced  out  as  0  goes  from  a  =  sin"1  j  to  it  —a,  so 

A  =  f*~a  Jr2  00  =  J’/2  (1-3  sin0)2  dO  =  J*p  [l  -  6sin0  +  §  (1  -  cos 20)]  dO 
=  [-y0  +  6cos0  —  |  sin20]  =  it  —  y  sin" 1  j  —  3s/2 

29.  The  curves  intersect  where  4  cos0  -  2:  that  is,  at  (2,  j)  and  (2,  -§). 


30.  The  two  curves  clearly  both  contain  the  pole.  For  other  points  of  intersection,  cot0  =  2  cos  (0  +  2nit)  or 
— 2cos(0  +  tt  +  2njr).  both  of  which  reduce  to  cot0  =  2  cos0  <=>  cos  0  =  2  sin  0  cos  0  «=> 
cos0(l  -  2sin0)  =  0  =>  cos0  =  0  or  sin0  =  ^  =*  0  =  f.  §,  x  or  T  =»  intersection  points  are 


(0  .f).  (VS.  f).  and  (VS.  ^). 
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31 .  T  he  curves  intersect  where  2  sin  0  =  sin  0  +  cos  0  => 

sin  0  =  cos 0  =>  0  —  | ,  and  also  at  the  origin  (at  which  0  =  ^  on  the 

second  curve). 

A  =  J’ '*  i  (2 sin 0)2  dO  +  J-3* 4/4  ^  (sin  0  +  cos 0)2  dO 
=  /0'/4  (I  -  cos 2 0)d0  +  |  /’J/4  (I  +  sin 2/)) d(> 

=  ["-5  ^20]'/4  +  [JO  -  J  cos  200  =  J  (*  -  D 


32.  A  =  2  |  [(2  +  cos20)2  -  (2  +  sin0)2]  dO 

=  J—k/2  [4  cos  20  +  cos2  20  -  4  sin  0  -  sin2  0]  d() 

—  ^2  sin  2 D  +  ^0  +  g  sin  40  +  4 co S0  -  j 0  +  \  sin 20  J  ^ 

—  si  A 

—  Tfl'/3 

33.  x  =  3/2,  y  =  2rJ 


l.  =  /02  J(dx/dt)2  +  (dy/dt)2dt  =  J2  7(6/)2  +  (fit2)2*  =  6 /02 /vTTT^t 

=[2(,+'2rl=2H-o 

i 


sint  + 


34(S)  +(S)  =[-sin'+2^r]  +“*2'=[-si’ 

=  ( -  sin  t  +  —  )  +  cos2 t  =  esc2 t  —  1  =  cot2 t 

\  sin  l) 

L  =  f**2*  lcot >\dl  —  -  $1*1*  cot  (<//  =  [-  In  |sin l IJ3*^4  =  In  \/2 
35.  L  =  J2"  yjr2  +  (dr/dO)2 d()  =  J2*  J(\/0)2  +  (-\/02)2 dO 
24  Z-2*  v4?2  +  I 


2sin(r/2)cos  (1/2) 


+  cos2 1 


a/. 


02 


-00  = 


_^I  +  ta|6»+v^TT' 


•> Jk 2  + 1  v^*2  + 1 

^  2a- 


+  In 


2ar  +  V4jt2  +  I 


a  +  Vx2  +  1 

36.  L  =  /„*  Jr2  +  (dr/dO)2d<)  =  /„*  ^sin6  (^«)  +  sin4  cos2  00 
=  /o'  sin2  (lrt)  =  [l  (tf  -  5  sin  (t°))]0  =  2ff  - 


37.  5  =  /,4  2ny\]  (dx/dt)2  +  (dy/dl)2  dt  =  2*  (Jr3  +  J/‘2)  J (2/y/t)1  +  (t2  -  t~2f  dt 

=  2*  /|4  (j'3  +  l,_2)  \/('2  +  '-3)2  dt  =  2*  (jt!  +  5  +  jf-5)  dt  =  2i  [^r6  +  §/  -  g'"4],  =  Ttjfr  * 
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38.  From  Exercise  34.  we  find  that  S  =  J 1*1*  2it  sin  I 1  cot  r  j  tit  =  —2n  *  cos  I  dl  =  n  (2  —  75) . 


39.  For  all  c  except  —  I .  the  curve  is  asymptotic  to  the  line  x  =  1 .  For  c  <  —  I , 
the  curve  bulges  to  the  right  neary  =  0.  As  c  increases,  the  bulge 
becomes  smaller,  until  at  c  =  —  1  the  curve  is  the  straight  line  x  =  1 .  As  c 
continues  to  increase,  the  curve  bulges  to  the  left,  until  at  c  =  0  there  is  a 
cusp  at  the  origin.  For  c  >  0,  there  is  a  loop  to  the  left  of  the  origin,  whose 
size  and  roundness  increase  as  c  increases.Note  that  the  x -intercept  of  the 
curve  is  always  — c. 


j 


40.  For  a  close  to  0,  the  graph  consists  of  four  thin  petals.  As  a  increases,  the  petals  get  fatter,  until  as  a  -»  oo,  each 
petal  occupies  almost  its  entire  quarter-circle. 


41.  Ellipse,  center  (0, 0),  a  =  3,  b  =  2 s/2,  c  —  I  => 
foci  (±1,  0),  vertices  (±3, 0). 


42.  v2/4  —  y2/ 1 6  =  1  is  a  hyperbola  with  center 
(0, 0),  vertices  (±2, 0),  a  =  2,  b  —  4, 

c  =  /T6  +  4  =  2  Vis,  foci  (±275,  o)  and 
asymptotes  y  —  ±2x. 
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43.  6  (y2  -  6y +  9)  =  -(.»  +  I)  c* 

(y  -  3)2  =  - 1  (.*  +  1),  a  parabola  with  vertex 
(—1,3),  opening  to  the  left,  p  =  —  ^  =»  focus 
(—  5! ,  3)  and  directrix  x  = 


yi 

(-1.  3) 

===:=>' 

0 

X 

44.  25  (x  +  I)2  +  4  (y  —  2)2  =  100  «■ 

j  (x  +  I  )2  +  yj  (y  —  2)2  =  I  is  an  ellipse  centered 
at  ( —  1 , 2)  with  foci  on  the  line  jc  =  —  1 ,  vertices 

(-1,7)  and  (-1,-3);  a  =  5, 

6  =  2  =>  c  =  \Z5T  =*  foci  1 , 2  ±  V2\^  . 


45.  The  parabola  opens  upward  with  vertex  (0, 4)  and  p  =  2,  so  its  equation  is  (x  —  0)2  =  4  •  2  (y  —  4)  <=* 
*2  =  8(y-4). 


, —  y2  x2 

46.  Center  is  (0, 0),  and  c  =  5,  o  =  2=>6  =  V21;  foci  on  v-axis  =>  equation  of  the  hyperbola  is - =  I. 

4  21 


47.  The  hyperbola  has  center  (0, 0)  and  foci  on  the  Y-axis,  c  =  3  and  b/a  =  s  (from  the  asymptotes) 
=>  9  =  c2  =  a1  +  b1  =  (lb)1  +  b1  =  56"  A  =  -J.  =»  a  =  =>  the  equation  is 

x1  v1 

- —  =  I  <=>  5x2  -  lOy1  =  36. 

36/5  9/5 


8.  Center  is  (3, 0),  and  u  =  |  =  4,  c  =  2  <=>  b  =  V4J  —  22  =  2x/3  =»  the  equation  of  the  ellipse  is 

<az2l  +  y±  =  l 

12  16 


49.  x1  =  —y  +  100  has  its  vertex  at  (0,  100).  so  one  of  the  vertices  of  the  ellipse  is  (0,  100).  Another  form  of  the 
equation  of  a  parabola  is  x2  =4 p(y  —  100)  so  4p(y  —  100)  =  —y  +  100  =>  4 py  —  4p  (100)  =  100  —  y 

100  -y 


4  P  ■■ 


100 


p  —  —  j.  Therefore  the  shared  focus  is  found  at  (o,  so  2c  =  —  o 


„  _  399 
c  T 


and  the  center  of  the  ellipse  is  (o,  So  a  =  100  _  399  _  401  an(j  _  a2  _  c2  _  401-^399-  _  25  s0  the 


equation  of  the  ellipse  is  -j  + 
b 1 


(„  399\2 

399  V 

=. 

x1  (•>  tJ 

=»  —  +  - - X- 

25 


=  lorf!  +  ^z.^  =  l. 


25 


160.801 
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* 2  y~  .  2x  2y  dy  dy  b2  x  „  dy  b2  x  „ 

50.  —  +  —  =  I  =>  —  +  -y  —  =  0  —  =  — r — .  Therefore  —  =  m  «  y  =  — r  — .  Combining 

a2  b 2  A2  rfx  dx  a2  v  rfx  a2  m 


this  condition  with  ^  =  I,  we  find  that  x  =  +  ■,  °  ™  In  other  words,  the  two  points  on  the  ellipse 
a2  b2  vVm2  +  A2 

^2  \ 

±  — ,  t  ■  ■  - — - -  I .  T  he  tangent  lines  at 

■Ja2m2  +  A2  vVm2  +  A2  / 

.  A2  I  a2m  \ 

these  points  have  the  equations  y  ±  .  ==  =  m  I  x  qp  I  or 

y/a2m2  +  b2  \  Va2m*+b'J 

a2m2  b 2  /— 5 — 5 — pr 

T  =  fl'-t  =F  >-v  ,  -tT-  T  ,  .  *  =  mx  ±  y/a-mL  +  b~. 

y/arm2  +  b2  >/a2m2  +  b 2 


51.  Directrix  a  : 


d  =  4,  so  e  =  5 


l+ecos0  3  +  cos# 

52.  See  the  end  of  the  proof  of  Theorem  1 1.7.1.  If  e  >  I,  then  \  —  e2  <  0  and  Equations  1 1.7.4  become 

e2d2  e2d2  b2  b  b 

a 2  = - ,  and  b2  =  -= - so  —?  =  e2  —  1.  The  asymptotes  v  =  ±-x  have  slopes  ±-  =  ±>/e2  —  I,  so 

2_|)2  e2-\  a2  a  v  a 


(e 


the  angles  they  make  with  the  polar  axis  arc  ±  tan  1  ^Ve2  —  ij  =  cos-1  (±  I  /e). 


53.  In  polar  coordinates,  an  equation  for  the  circle  is  r  =  2a  sin  A.  Thus,  the  coordinates  of  Q  are 

x  =  rcosl)  =  2a  sin  A  cos#  and  y  —  r  sin#  =  2a  sin2  0.  Tlie  coordinates  of  R  are  x  =  2a  cot  0  and  y  =  2a. 
Since  P  is  the  midpoint  of  Qli,  we  use  the  midpoint  formula  to  get  x  =  a  (sin#cos#  +  cot 0)  and 
v  =  a  (I  +  sin2#). 


Problems  Plus 


['  cosh  ,  /■'  sinu  ,  ,  .  .  dx  cos/  ,  dy  sin/  .  , 

1.  x  =  /  - du.  v  =  I  - •  du.  so  by  FTC1.  wc  have  —  = - and  —  = - .  Vertical  tangent  lines 

./ 1  u  J\  ii  dl  I  dl  I 

dx 

occur  when  —  =0  <=>  cos /  =  0.  The  parameter  value  corresponding  to  (.v,,y)  =  (0.  0)  is  /  =  I.  so  the 
dl 

nearest  vertical  tangent  occurs  when  l  —  Therefore,  the  are  length  between  these  points  is 

,  [*'2  lfdx\2  /  dy  \  2  [*'2  I  cos2  /  sin2/,  f*/2  dt  „ 

2.  (a)  The  curve  x4  +  y4  =  x2  +  y2  is  symmetric  about  both  axes  and  about  the  liney  =  x  (since  interchanging  x  and 

y  docs  not  change  the  equation)  so  we  need  only  consider  y  >  x  >  0  to  begin  with.  Implicit  differentiation 


,  x  (l  —  2x2) 
v  =  • 


y'  =  0  when x  =  0  and  when  v  =  ±4^.  If 


gives  4x3  +  4v3/  =  2x  +  2yy'  —  7  -  .  ,  . 

y(2y--\) 

x  —  0,  then  y4  =  y2  =>  y~  (y2  —  1)  =  0  =>  y  =  0  or  ±  1 ,  The  point  (0, 0)  can’t  be  a  highest  or  lowest 

point  because  it  is  isolated.  (If  —  I  <  x  <  I  and  —I  <  y  <  I,  then  x4  <  x2and  y4  <  y2  =» 

x4 +y4  <  x2 +y2,  except  for  (0,0).]  Ifx  =  y=,  then  x2  =  x4  =  J.  so  3  +  y4  =  5  +  y2  => 

4y4  —  4y2  —1=0  =>  y2  =  4±4|j6"1^  -  L±j£.  Bui  y2  >  0.  so  y2  =  =>  y  =  ±J\  (>  +  V^)- 

Near  the  point  (0.  I),  the  denominator  ofy'is  positive  and  the  numerator  changes  from  negative  to  positive  asx 
increases  through  0,  so  (0,  1)  is  a  local  minimum  point.  At  J 1  ^ ,  y'  changes  from  positive 

negative,  so  that  point  gives  a  maximum.  By  symmetry,  the  highest  points  on  the  curve  are  | 


ve  to 


and  the  lowest  points  are  ^±- ,  —■J ~ ^ ■ 


(b)  We  use  the  information  from  part  (a),  together  with  symmetry  with 
respect  to  the  axes  and  the  lines  y  =  ±x,  to  sketch  the  curve. 

(c)  In  polar  coordinates,  x4  +  y4  =  x2  +  y2  becomes 

;• 4  cos4  0  +  r4  sin4 1)  —  r2  or  r2  =  1/  (cos4  0  +  sin4  0).  By  the 
symmetry  shown  in  part  (b),  the  area  enclosed  by  the  curve  is 
I  f 4/4  ->  ...  .  [*'*  d0 


.  (If  wc  have  a  CAS. 


1  /',r/4  V  t* 

T  =  8-  /  r2  dO  =  4  /  ,  .  . 

2  Jo  Jo  cos'*  0  +  sin4  0 

this  can  be  evaluated  to  give  Vlir ). 

The  usual  Weierstrass  substitution  /  —  tan  (0/2)  leads  to  a  complicated  integrand,  so  we  first  simplify: 

cos4 0  +  sin4  0  =  ^1  —  sin2//)  +  sin4  0=1-  2 sin2//  -I-  2 sin4//  =  I  -  2 sin2//  ^1  -  sin2//) 

=  1—2  sin2  0  cos2  //  =  I  —  4  sin2  20 


(continued] 
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Then  we  substitute  r  =  tan  20.  which  gives  0  =  A  tan-1  /  =*  dO  =  — r- - — —  and  sin  20  =  - 

2(i+/2)  yTTT? 

Also.  0  — »  ^  =>  /  — »  oo.  so  we  get  the  following  improper  integral: 

,  _  1  ["*  d0  ,  /~°° _ I  dt  _4  [°°  d> 

Jo  I  —  j  sin2  20  Jo  1-3  [/2/(l +/2)]2(' +'2)  “  Jo  l2 +  2 

=  ,'i^4  [7!  ,an''  (*)I  =  2'^,lim0c,an'1  (  j?*)  =  2^2  ■  $  =  V2* 


3.  (a)  If  tan  0  =  /— - — ,  then  tan2 0  =  -  V  .  so  C  tan2  0  -  y  tan2  0  -  y  and 
\C-y  C-y 

C  tan2  0  C  Ian2  0  _  ,  „  ,  ,  C 

V  =  — - s-t  = - rr -  =  C  tan*  0  cos-  0  =  C  sin2 0  =  —  ( I  —  cos  20).  Now 

1  +  tan2  0  see-  0  2 

dx  -  p--  dy  =  tan  0  •  2  sin  20  <10  =  Clan0  2sin  0  cos  0  dO  =  2C  sin2  0  dO  =  C  ( I  -  cos  20)  <10 


I  hus.  .v  =  C  (o  —  j  sin  20  J  +  K  for  some  constant  K.  When  0  —  0,  we  have  y  =  0.  Wc  require  that  jt  =  0 
when  0  =  0  so  that  the  curve  passes  through  the  origin  when  0  =  0.  This  yields  K  =  0.  Wc  now  have 
at  =  (20  -  sin  20).  y  =  Jc  (1  -  cos  20). 

(b)  Setting  cj>  —  20  and  r  =  jC,  wc  get.r  =  r  (<j>  —  sin^),  y  =  r  (I  —  cosd>)  Comparison  with  Equations  1 1.1.1 
shows  that  the  curve  is  a  cycloid. 


4.  (a)  Let  us  find  the  polar  equation  of  the  path  of  the  bug  that  starts  in  the  upper 
right  corner  of  the  square.  If  the  polar  coordinates  of  this  bug.  at  a 
particular  moment,  are  (r,  0),  then  the  polar  coordinates  of  the  bug  that  it  is 
crawling  toward  must  be  (r.O  +  |).  (The  next  bug  must  be  the  same 
distance  from  the  origin  and  the  angle  between  the  lines  joining  the  bugs  to 
the  pole  must  be  )  The  Cartesian  coordinates  of  the  first  bug  are 
(r  cos 0,  r  sin  0)  and  for  the  second  bug  we  have 


x  =  r  cos  (0  +  y )  =  —  r  sin  0,  y  =  r  sin  (0  +  j)  =  r  cos  0.  So  the  slope  of  the  line  joining  the  bugs  is 
r  cos  0  —  r  sin  0  sin  0  —  cos  0 

- ~r. - -  =  .  „  . - -.  This  must  be  equal  to  the  slope  of  the  tangent  line  at  (/•,  0),  so  by 

— r  sin  O  —  r  cos  0  sm0  +  cos0  7  1 

..  ,  (dr/dO)  sin  0  +  r  cos  0  sin  0  —  cos  0  _  .  „  dr 

Equation  1 1.4.3  wc  have  -  ■  -  ■  -  ■ — — - ; — -  = - .  Solving  for  — ,  we  get 

(dr/dO)  cos  0  —  r  sin  0  sin  0  +  cos  0  dO 


—  sin2  0  +  —  sin  0  cos 0  +r  sin  0  cos  0  +  rcos20  =  %■  sin  0  cos  0  -  Jj-  cos 20  -  r  sin20  +  r  sin0cos0 
dO  <10  d()  dO 

— 5  -jjj  (sin2  0  +  cos2  0)  +  r  (cos2  0  +  sin2  0)  =  0  —>  —  =  r.  Solving  this  differential  equation  as  a 

separable  equation  (as  in  Section  10.3).  or  using  Theorem  10.4.2  with  k  =  -1,  wc  get  r  —  Ce~° .  To  determine 
C  we  use  the  fact  that,  at  its  starting  position.  0  =  f  and  r  =  -J=a.  so  -(-a  -  Ce~n/*  =>  C  =  ■^aelr/4. 
Therefore,  a  polar  equation  of  the  bug's  path  is  r  =  or  r  = 
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(b)  The  distance  traveled  by  this  bug  is  L  =  /“4  \Jr2  +  (dr /dll)2 dO.  where  —  -  —jze*i4  (— e  ")  and  so 
r2  +  (dr/dOf  =  ja2e*/2e-2w  +  JflV'V2"  =  «V'VJ* 


Thus 


/,=  f  ae’lAe~n  dO  =  ae’/4  lim  J',e-"dO  =  ae’/A  lim  '/4  =  ae*/A  lim  [e-*'A  -  e  '] 

I  t-i  QOJ'/4  /—TOO  1  t—*oo 1 

•/jr/4 


3/i  3/p 

5.  (a)  If  (a,  ft)  lies  on  the  curve,  then  there  is  some  parameter  value  t\  such  that  — — j  =  a  and  i 

l  +  /|  1  "T  t\ 


=  b.  If 


/,  =  0.  the  point  is  (0, 0).  which  lies  on  the  line  y  =  *.  If  (|  #  0,  then  the  point  corresponding  to  /  =  —  is 


given  by  *  = 


3(l//t) 


3  /? 


I  +  (l//t)J  /  {  +  1 


=  b,y  = 


3  (1/fir 


3/t 


1+OAl)3  (f  +  1 


=  a.  So  (6,  a)  also  lies  on  the  curve. 


[Another  way  to  see  this  is  to  do  part  (e)  first;  the  result  is  immediate  ]  The  curve  intersects  the  line  y  =  x 


when 


3r 


I  + 1 


3r 

1+/3 


=>  /  =  /-  =>  / 


=  0  or  1,  so  the  points  arc  (0, 0)  and  5) 


(b)  ^  =  ^  +  (6°  ^  =  — — K;  =  0  when  fir  -  3r4  =  3/  (2 -/’)  =  0  =>  r  =  0or/  =  ^2,so 

dl  (1+/3)2  (l+/2)2 

there  are  horizontal  tangents  at  (0, 0)  and  -W).  Using  the  symmetry  from  part  (a),  we  see  that  there  are 
vertical  tangents  at  (0, 0)  and  ^4^4,  v/2^. 

(c)  Notice  that  as  /  ->  -1+, we  have*  ->  -ooandy-»  00.  As/  -»  -l~,  we  have*  -*  ocandy->  -00. 

3/  +  3/2  +  (1  +  /3)  (/  +  l)3  (/  +  !)2  „  .  ,  c 

Also  —  (— *  —  l)  =  >'  +  *  +  l  = - j-^i - -  =  777T  =  f2_,+  l  -»0as/-»-l.  So 


l+/3 


y  —  —  x  —  I  is  a  slant  asymptote. 
dx  (I  + /3)  (3)  -  3/ (3/2)  3-6  Is 


<d>*  = 


,  d\  6 1  —  3  r 

.  and  from  part  (b)  wc  nave  —  — - 

1  at 


So 


So  the  curve  is 


(1  +  /})2  (l+f3)2  ‘  O+'T 

±(dy\ 

dy  =  dy/dLm'J?Z!?l  Also  ^  =  *  W  g  2(l+<%>0  «  ,  <  >. 

dx  dx/dl  1  —  2/3  dx2  dx/dt  3(1  -2/3)3  « 

concave  upward  there  and  has  a  minimum  point  at  (0, 0)  and  a  maximum  point  at  ^  i/2,  \/4^.  Using  this 
together  with  the  information  from  parts  (a),  (b),  and  (c),  we  sketch  the  curve. 
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(c)x 


.3  ,  3  =  (  3/  \3  /  3 12  \3  27/3  +  27/6  _  27/3(l+/3)  _  27/3 

Vi+/3/  vi+'3/  (i+/3)3  (i+<3)3  (i  +/3)2 


and 


(0  We  start  with  the  equation  from  part  (c)  and  substitute  x  —  r  cos0,  y  =  r  sin  0.  Then  x3  +  y3  =  3 xy 

Fo 

\( 


r3  cos3  0  +  r 3  sin3  0  =  3r2  cos 0  sin  0.  For  r  #  0,  this  gives  r  =  _3^^sln^  Dividing  numerator  and 


denominator  by  cos3  0,  we  obtain  r  = 


\  cos  0 


I  \  sin0 
s0 )  cos 0 


1  + 


sin30 
cos3  0 


cos3  0  +  sin3  0 

3  sec  0  tan  0 
I  +  tan3  0 


(g)  The  loop  corresponds  to  LI  6  (0,  y ),  so  its  area  is 

rx/2  r2  |  rt/2  /3Sec0tan0\2  9  [*/2  sec20tan20 

Jo  2  2  J0  \  I  +  tan3  0  /  ~  2  J0  (1  +  tan30)2 


9  u~du  0  T  ,  /  ,rll‘  , 

=  r  /  - 1  (putu=tan0)  =  lim  ?  —  I  ( 1  +  «3 )  =2 

2  Jo  (l+«3)2  U  T  ;  Jo  2 

(h)  By  symmetry,  the  area  between  the  folium  and  the  line  y  =  -x  -  1  is  equal  to  the  enclosed  area  in  the  third 
quadrant,  plus  twice  the  enclosed  area  in  the  fourth  quadrant  The  area  in  the  third  quadrant  is  and  since 

y  =  ~x  ~  I  =*  r  $\nO  =  —r  cos 0  —  I  =>  r  =  the  area  in  the  fourth  quadrant  is 


sin0  +  cos  0 ' 


I  /-*/4|7  1  V  /3sec0tan0\2l  I 

iLp  sin0  +  C0S  0/  -(-l+tan3/;)  Jrf"=2(USineaCAS)  T 

i  +  2(i)-i 


herefore.  the  total  area  is 


6.  (a)  Since  the  smaller  circle  rolls  without  slipping  around  C,  the  amount  of 
arc  traversed  on  C  (2 rO  in  the  figure)  must  equal  the  amount  of  arc  of 
the  smaller  circle  that  has  been  in  contact  with  C,  Since  the  smaller 
circle  has  radius  r,  it  must  have  turned  through  an  angle  of  2 rO/r  =  20. 

In  addition  to  turning  through  an  angle  20.  the  little  circle  has  rolled 
through  an  angle  0  against  C.  Thus,  P  has  turned  through  an  angle  of 
30  as  shown  in  the  figure.  (If  the  little  circle  had  turned  through  an  angle 
of  20  with  its  center  pinned  to  the  a: -axis,  then  P  would  have  turned 
only  20  instead  of  30.  The  movement  of  the  little  circle  around  C  adds 

0  to  the  angle.)  From  the  figure,  we  see  that  the  center  of  the  small  circle  has  coordinates  (3r  cos  0, 3 r  sin  0). 
Thus,  P  has  coordinates  (x ,  y),  where  x  =  3r  cos  0  +  b  cos  30  and  y  =  3r  sin  0  +  b  sin  30. 
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(c)  The  diagram  gives  an  alternate  description  of  point  P  on  the  epitrochoid. 

Q  moves  around  a  circle  of  radius  b,  and  P  rotates  one-third  as  fast  with 
respect  to  Q  at  a  distance  of  3r.  Place  an  equilateral  triangle  with  sides  of 
length  3-\/3 r  so  that  its  centroid  is  at  Q  and  one  vertex  is  at  P .  (The 
distance  from  the  centroid  to  a  vertex  is  times  the  length  of  a  side  of 
the  equilateral  triangle.) 

As  I)  increases  by  =f-.  the  point  Q  travels  once  around  the  circle  of  radius 
b,  returning  to  its  original  position.  At  the  same  time.  P  (and  the  rest  of 
the  triangle)  rotate  through  an  angle  of  about  Q.  so  P’s  position  is 
occupied  by  another  vertex.  In  this  way,  we  see  that  the  epitrochoid  traced 
out  by  P  is  simultaneously  traced  out  by  the  other  two  vertices  as  well. 
The  whole  equilateral  triangle  sits  inside  the  epitrochoid  (touching  it  only 
with  its  vertices)  and  each  vertex  traces  out  the  curve  once  while  the 


centroid  moves  around  the  circle  three  times 


(d)  We  view  the  epitrochoid  as  being  traced  out  in  the  same  way  as  in  part  (c).  by  a  rotor  for  which  the  distance 
from  its  center  to  each  vertex  is  3r,  so  it  has  radius  6 r.  To  show  that  the  rotor  fits  inside  the  epitrochoid.  it 
suffices  to  show  that  for  any  position  of  the  tracing  point  P,  there  are  no  points  on  the  opposite  side  of  the  rotor 
which  are  outside  the  epitrochoid.  But  the  most  likely  case  of  intersection  is  when  P  is  on  the  y-axis,  so  as 
long  as  the  diameter  of  the  rotor  (which  is  3s/3r)  is  less  than  the  distance  between  the  v-interccpls.  the  rotor 
will  fit.  The  y-inlcrcepts  occur  when  0  =  ^  or  I)  =  ^  =»  y  =  ±  (3r  —  b).  so  the  distance  between  the 

3(2-75) 

intercepts  is  br  —  2b.  and  the  rotor  will  fit  if3v3r  <  6r  —  2b  e=>  b  <  — j — Lr. 
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Infinite  Sequences  and  Series 


^Seq 


uences 


1.  (a)  A  sequence  is  an  ordered  list  of  numbers.  It  can  also  be  defined  as  a  function  whose  domain  is  the  set  of 

positive  integers. 

(b)  The  terms  a„  approach  8  as  n  becomes  large.  In  fact,  we  can  make  a„  as  close  to  8  as  wc  like  by  taking  n 
sufficiently  large. 

(c)  The  terms  a„  become  large  as  n  becomes  large. 

2.  (a)  From  Definition  I ,  a  convergent  sequence  is  a  sequence  for  which  Jim^  a„  exists.  Examples:  { I  /«),  { 1  /2” ) 
(b)  A  divergent  sequence  is  a  sequence  for  which  lim^a*  does  not  exist.  Examples:  |n).  {sin  /i} 


3.  a„  =  I  —  (0.2)".  so  the  sequence  is  (0.8, 0.96. 0.992, 0.9984, 0.99968, . . . ) 


n+1  .  .23456 

—  .so  the  sequences 


3  \_  _5_  3 
'  5’  2'  II’  7" 


5.  a„ 


3(-D" 

n! 


,  so  the  sequence  is 


-3  3  -3  3  -3 

I  ’  2’  6  ’  24’  120’  " 


6.  a„  =  2  •  4  •  6 . (2n),  so  the  sequence  is 

{2, 2  •  4, 2  •  4  ■  6, 2  •  4  ■  6  •  8, 2  •  4  •  6  ■  8  •  10 _ )  =  {2,8,48.384.3840,  .  ..). 

7.  a„  =  sin  so  the  sequence  is  {1, 0,  —1, 0,  I, .. . ). 


8.  a i  =  I .  a„+ 1  = - ,  so  the  sequence  is 

I  + 


,1111 

■2’n'i 


'  i  +  r  i  +  ^’  i  +  ^’  i  +  |" 

9.  The  numerators  are  all  1  and  the  denominators  are  powers  of  2,  so  a„ 


12  3  5 
’  2' 3'  5'  8' 


2" 


10.  The  numerators  are  all  I  and  the  denominators  are  multiples  of  2.  so  a„  = 

2  n 

11.  (2,  7,  12,  17 _ ).  Each  term  is  larger  than  the  preceding  one  by  5.  so 

a„  =  oi  +  d  (n  —  1)  =  2  +  5  (n  —  I )  =  5n  -  3. 

12  3  4 


12. 


4' 9'  16  25 

alternating  signs,  we  get  a„  —  (—  1 )" 


.  The  numerator  of  the  nth  term  is  n  and  its  denominator  is  (n  +  I)-.  Including  the 


(«+  D- 


13.  I.  —  5-q.  —  ^ . Each  term  is —j  times  the  preceding  one,  so  a„  = 
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14.  (0, 2.  0. 2, 0,  2, . . . ).  Oik  is  halfway  between  0  and  2,  so  we  can  think  of  alternately  subtracting  and  adding  I 
( from  I  and  to  I )  to  obtain  the  given  sequence:  a„  =  I  —  (—  | )"“ 1 , 

15.  «„=«(«—  I ).  a„  — >  oc  as  n  — »  oo,  so  the  sequence  diverges. 

„  n+  I  I  +  \/n  1+0  1 

6  a"  =  3^1  =  so a"  “*  J35  =  3  85 »  “*  Converges 

3  +  5/r  5  +  3/n2  5  +  0 

l/.  a„  =  — ■ — —  =  -■  — ,  so  a„  -»  - — -  =  5  as  n  — »  oc.  Converges 

fl  +  n-  I  +  \/n  1+0  6 

y/n  1  I 

18.  a„  =  — - — —  =  so  <(„  — »  - — -  =  I  as  n  — >  oo.  Converges 

I  +  v/«  1/s/n  +  I  0+1  * 


2" 

3«+i 

n 


—  j  '  s0  a"  ~  3»-!*oo(0  =  3  '  0  =  0  by  (7)  with  r  =  j.  Converges 
y/n 


T  he  numerator  approaches  oo  and  the  denominator  approaches  0  +  I  =  I  as  n  — »  oo. 


19.  On  — 

20.  a„  =  - —  _ - — - 

I  +  y/n  l/s/n  +  I 

so  a„  — »  oo  as  n  -»  oo  and  the  sequence  diverges. 

(-!)"-'«  (-I)"-1  „  ,  ,  1  1 

21.  a„  —  ,  —  ,  so  0  <  |o„|  =  — -  < - >  0  as  h  — >  oo,  so  a„  — >  0  by  the  Squeeze  Theorem 

«  +  I  n+l/n  n+l/nn 

and  Theorem  5.  Converges 

22.  (fl„)  =  (l, 0,-1, 0,1,0, -I,...}.  This  sequence  oscillates  among  1 , 0,  and  - 1 ,  so  the  sequence  diverges. 

23.  a„  =  2  +  cos/nr,  so 

(«„)  =  {2  +  cosrt,  2  +  cos2>r,  2  +  cos3rr,  2  +  cos  4s, . . . )  =  (2  —  1,2+  1,2  —  1,2+  !,...( 

=  {1,3, 1,3,...} 

This  sequence  oscillates  between  1  and  3.  so  it  diverges. 

24.  2n  — >  oo  as  n  — >  oo,  so  since  lim  arctanx  =  T .  wc  have  lim  arctan  2n  =  T .  Convergent 

*->«>  1  If— ,00  1  ° 


3  +  (—  I )"  4  4 

25.  0  <  - r -  <  — o  and  lint  t  =  0,  so 


3  +  (-D" 


26.  lim 


n! 


=  lim 


1-2-3 . n 


mil  - — ~  —  mu  - — - - - =  |im  - 

„-,oo(n  +  2)!  »->oo  1-2-3 . n{n  +  !)(/»  +  2)  „-*oo  («  +  2)  (n  +  I) 

In  (nJ) 


converges  to  0  by  the  Squeeze  T  heorem. 
I 


=  0.  Convergent 


27.  lim  —I—  =  lim  2—  =  lim  —  =  0.  so  by  Theorem  2. 

*-*oo  X  x-*oo  X  *-*00  I 


converges  to  0. 


28.  ^lim^  sin  =  sin 0  =  0  since  -  -»  0  as  n  -»  oo,  so  by  Theorem  5,  J  (- 1 )"  sin  I  converges  to  0. 


29.  =  = 


2  1 

<  r— — >  0  as  n  — >  oc.  So  by 


Jrt  +  2  +  y/n  y/n  +  2  +  y/n  2  y/n  y/n 
the  Squeeze  T  heorem  with  a„  =  0  and  c„  =  l/y/n,  {y/n +  2  -  y/n}  converges  to  0. 

!n  (2  +  e*)  H  e'/(2  +  ex)  1  1  ,  .  ..  In(2  +  e”)  I 

ir-,00  3*  x  ,oo  3  z— ,oo  6e“-r  +  3  3  ii-too  3 n  3 

Convergent 

31.  lim  —  =  lim  — — — =  0,  so  by  Theorem  2.  (n2~")  converges  to  0. 

*->00  2'  *->oo  (In  2)  2*  1  ’  & 

32.  a„  «  In  (w  +  1)  —  In/?  =  In  ^ ^  =  In  ^1  +  — >  In  (I)  =  0  as  /?  — »  oo.  Convergent 
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33.  0  < 


cos:  n 
2" 


<  —  [since  0  <  cos2  n  <  I  [.  so  since  lim  —  0, 
-  2"  ~  it— >oo  2" 


cos2  n 
2 " 


converges  to  0  by  the  Squeeze 


Theorem, 


..  1  In (1  +  3.t)  h  3/(1  +  3x)  „ 

34.  v  =  (I  +  3-t)1^  =»  In  (y)  =  -  In  (1  +  3x)  =>  lim  In  v  =  hm  - =  lim  - - - =0  =» 

'  X  x-too  x->00  X  x->x  I 

lim  y  —  e°  =  I.  so  by  Theorem  2,  {(I  +  3n)l/n}  converges  to  I. 


35.  The  scries  converges,  since 


1+2+3+- 


-  +  n  n  (n  +  l)/2  .  .  .  .  « +  I 

- = - j -  [sum  of  the  first  n  positive  integers)  =  — — 


I  +  l/n  1 


as  n  — »  oo. 


36  0  <  |a„|  =  ”  l':l>s'|l  <  " —  _  __J — — >  0  as  n  -»  oo,  so  by  the  Squeeze  Theorem  and  T  heorem  5.  (a„| 

n2  +  I  n2  +  I  n  +  1  /« 

converges  to  0. 


37  _  1  l  l 

S7-  -  2  '  2  2 


(n  —  1)  n  I  n  n  ,  .. 

3 - c  = - >  oo  as  n  ->  oo,  so  (a„[  diverges. 

2  2  2  2  4 


3"  3  3  3 

38.  0  <  |a„|  =  -  = 


n!  12  3  (n  —  I )  n  ~  2  n  2 n 

Theorem  5.  {(—3)"  /n}  converges  to  0. 


^  -  <  3  0  as  n  —>  oo.  so  by  the  Squeeze  Theorem  and 


39. 


40. 


-2.5 

From  the  graph,  we  see  that  the  sequence 

n  i  \\ 

(—  I )” - I  is  divergent,  since  it  oscillates 

«  I 

between  I  and  - 1  (approximately). 


\ 

20 

• 

_ 

, 

■  _ ./ 

From  the  graph,  it  appears  that  the  sequence 
converges  to  2. 

|  (-  j )  J  converges  to  0  by  (7).  and  hence 
J2  +  J  converges  to  2  +  0  =  2. 
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41. 


From  the  graph,  it  appears  that  the  sequence 
converges  to  about  0.78. 

2 


,  2" 

hm  — — -  =  lim 
»-*oo  2n  +  1  n-»oo2+l/n 


=  1,  so 


lim  arctan 

«-»  OO 


"(srrr) 


;  arctan  1  =  — . 

4 


i 


From  the  graph,  it  appears  that  the  sequence 
converges  (slowly)  to  0. 

»  |sinn|  1 

0  <  — =-  <  —  -»  0  as  n  -»  oo,  so  by  the 

y/n  y/n 

Squeeze  Theorem  and  Theorem  5.  |  Sm  ” 

I  I 

converges  to  0. 


43. 


From  the  graph,  it  appears  that  the  sequence  converges  to  0. 


0  <  a,  i  =  —  =  - 


n3  n  n  n  1 


I  I  I 


n!  n  (n-1)  (n  -  2)  (» -  3)  3  2  1 

.2 


(n  —  1 )  (n  —  2)  (n  —  3) 
i/n 


(for  n  >  4) 


(1  -  1  /n)  ( I  —  2/n)  ( 1  —  i/n) 

So  by  the  Squeeze  Theorem,  {n3/n!}  converges  to  0. 


0  as  n  -»  oo 


44. 


From  the  graph,  it  appears  that  the  sequence  converges  to  5. 
5  =  75"  <  73"  +  5"  <  75"  +  5"  =  7575" 


=  72-5— »5asn-»oo 
Hence,  an  ->  5  by  the  Squeeze  Theorem. 
Alternate  Solution:  Let  y  =  (3*  +5*)*^*.  Then 


lim  In  y  =  lim 

x  ->oo  x—*oo 


In  (3*  +  51)  h 
x 


lim 

x  — *oo 


y  In  3  -f-  5-*  In  5 

y  +  5' 


=  lim 

Jf— »oo 


(I)1  In  3  + In  5 

“or^- 


=  In  5 


so  lirn^y  =  e1"5  =  5,  and  so  { 73"  +  5"}  converges  to  5. 
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45.  I 


From  the  graph,  it  appears  that  the  sequence  approaches  0. 

13-5 . (2n  —  1 )  I  3  5  2n  -  1 


0  <  a„  =  ■ 


<2n)” 


I 


<  r- ■(!)•(•)  ■• 
2  n 

So  by  the  Squeeze  Theorem, 

0. 

5000 


2  n  2/i  2 « 

•  (I)  =  — - >  0  as  n  -»  oc 

2n 


2n 


1  -  3  •  5  ■ 


(2/1-1) 


(2/1)'’ 


converges  to 


to 


From  the  graphs,  it  seems  that  the  sequence  diverges.  a„  — 
,  »-l 


o 

I  -3-5- 


(2/1-1) 


n! 


.  We  first  prove  by  induction 


that  a„  >  for  all  n.  This  is  clearly  true  for  n  =  1,  so  let  /'(«)  be  the  statement  that  the  above  is  true  for  n. 

*(i)‘ 


We  must  show  it  is  then  true  for  n  +  I .  a„  ,  i  =  a„ 


2/t+  I 
n  +  1 


2n+  1 
n  +  1 


(induction  hypothesis).  But 


+  *  >  -  [since  2  (2n+  1)  >  3(/t+  1)  <=>  4/i  +  2>  3/1  +  3  <=>  n  >  1],  and  so  we  get  that 
n  +  I  2 

o„+l  >  '  .  |  =  which  is  P  (n  +  I).  Thus,  we  have  proved  our  first  assertion,  so  since  J  (j) 

diverges  (by  Equation  7),  so  does  the  given  sequence  (a„). 

47.  (a)  a„  =  1000(1.06)"  =»  a,  =  1060.  a2  =  1123.60,  a3  =  1 191 .02,  m  =  1262.48.  and  as  =  1338.23. 

(b)  lim  a„  =  1000  lint  (1.06)",  so  the  sequence  diverges  by  (7)  with  r  =  1.06  >  1. 

/?— >00  n-*oc 


48.  a„+i  = 


\a„ 


if  a„  is  an  even  number 


When  ai  =  1 1,  the  first  40  terms  are  1 1.  34,  17,  52, 26.  13,  40,  20. 

3a„  +  1  if  a„  is  an  odd  number 
10,  5.  16,  8. 4,  2.  1,  4. 2,  1, 4,  2,  1,  4,  2,  1. 4,  2.  1.  4,  2,  1, 4,  2,  1, 4. 2,  1.  4,  2,  1,  4.  When  ai  =  25,  the  first  40  terms 
arc  25.  76,  38.  19,  58,  29.  88.  44,  22,  1 1, 34,  17,  52,  26,  13. 40.  20,  10.  5.  16,  8.  4,  2,  1.  4,  2,  1. 4,  2.  1.  4,  2.  1,  4.  2, 
1,  4,  2,  1.4.  The  famous  Collatz  conjecture  is  that  this  sequence  always  reaches  I,  regardless  of  the  starting  point 
ai. 

49.  If  |r|  >  1.  then  (/•")  diverges  by  (7),  so  (nr")  diverges  also,  since  |nr"|  =  n  |r"|  >  |r"|.  If  |r|  <  1  then 

1 


lim  xr*  —  lim  — r  =  lint 

x  — >  oo 

whenever  |r  |  <  I. 


.  _  .  =  lim  - -  0,  so  lim  nr"  =  0,  and  hence  [nrn)  converges 

r— »oo  r~x  x  — » oo  (—  \nr)r~x  x~*oo  —  In  r  «->oo 
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50.  (a)  LcMjm^a,,  =  £.  By  Definition  I,  this  means  that  for  every  i:  >  0  there  is  an  integer  N  such  that  | a„  —  £|  <  e 

whenever  n  >  N.  Thus,  |a„- 1  —  L\  <  r.  whenever  n  +  I  >  N  »  n  >  N  —  I .  It  follows  that 
lim  a„+ 1  =  £  and  so  lim  a„  -  lim  a„+ i. 

n—>  oc  n~*oc  n— too 

(b)  If  £  =  lim  a„  then  lim  a„+i  =  £  also,  so  £  must  satisfy  £  =  1/  (1  +  /.)  =>  £2  +  £  —  1=0  => 

n—too  n -too  J 

£  =  ^  ^  (since  £  has  to  be  non-negative  if  it  exists). 


51.  Since  (a„J  is  a  decreasing  sequence.  a„  >  an+  \  foralln  >  I.  Because  all  of  its  terms  lie  between  5  and  8.  {a„)isa 
bounded  sequence.  By  the  Monotonic  Sequence  Theorem,  (a„)  is  convergent,  tiiat  is,  (a„)  has  a  limit  £.  £  must  be 
less  than  8  since  (o„)  is  decreasing,  so  5  <  £  <8, 


52.  a„  =  1/5”  defines  a  decreasing  geometric  sequence  since  a„+i  =  \a„  <  a„  for  each  n  >  1.  The  sequence  is 
bounded  since  0  <  a, i  <  j  for  all  n  >  1. 


53-  a„  —  - — —  is  decreasing  since  a„+\  =  — —  =  - -  <  - -  =  a„  for  each  n  >  1 .  The  sequence 

2n  +  3  2(/i+I)  +  3  2/t  +  5  2n  +  3 

is  bounded  since  0  <  a„  <  5  for  all  n  >  I. 

54.  a„  =  - - ^  defines  an  increasing  sequence  since  for  / (x)  =  — — -, 

3n  +  4  3x  +  4 

(3x  +  4)  (2)  —  (2,v  -  3)  (3)  17  „  . 

- — - —5 - = - y  >0.  I  he  sequence  is  bounded  since  a„  >  a\  =  —  4  for  n  >  I, 

(3x  +  4)-  (3.v  +  4)-  7 


/'(•*)  = 


2/t  -  3  2  n  2 

and  a„  <  — - -  <  —  =  -  lor  n  >  I . 

3«  in  3 


55.  a„  =  cos  (ittr/2)  is  not  monotonic.  The  first  few  terms  are  0,  -1,0,  I,  0.  -1,  0,  1 . In  fact,  the  sequence 

consists  of  the  terms  0,  —  I,  0,  I  repeated  over  and  over  again  in  that  order.  The  sequence  is  bounded  since  |o„|  <  1 
for  all  11  >  1. 


56.  a„  =  3  +  (-1)”  /n  defines  a  sequence  that  is  not  monotonic.  The  first  few  terms  are  2,  3.5,  2.6,  3.25,  and  2.8, 
showing  that  the  sequence  is  neither  increasing  nor  decreasing.  The  sequence  is  bounded  since  2  <  a„  <  3.5  for  all 
n  >  1. 


57.  a„  — 


i„  —  defines  a  decreasing  sequence  since  for  / (x)  = 

n*  +  I 


1  ■  T  • 

(.T2  +  I)  (I)  -X  (2JC)  l-X2  ^  . 

J  U)  — - => - = - =>  <  0  for*  >  I.  Inc  sequence  is  bounded  since  0  <  a„  <  ±  for  all 

(t2+I)“  (*2  +  l)2 


n  >  I. 


y/n 

58.  a„  =  ~n  +  2  ^c^incs  a  sequence  that  is  neither  increasing  nor  decreasing  since  a \  <  at  and 
at  =  ^  as  0.354.  and  03  =  ^  «  0. 


ai  >  aj.  (ai  =  5  =  0.3, 

346.)  But  the  sequence  (a„  |  n  >  2)  obtained  by  omitting  the  first 

Jx 

term  </|  is  decreasing.  To  see  this,  note  that  if  /  (x)  =  — —  for  x  >  0,  then 

x  +  2 

,  2^7  (x  +  2)  —  It  2  —  x 

T '  =  ^  +  ^2  =  2~jx  (x  +  i)2  =  -f  ^)2  ~  ° for  x  -  1  *le sc(luence  bounded  since a„  >  0  for 

all  «  >  I  and  a„  <  ai  —  'r  for  all  it  >  I . 
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59.  <i|  =  7^'~.  a->  =  23'4,  =  27/8 . soa„  =  2<2"",)/2"  =  2,-('/i").  lim  a„  =  lim  2'-(l/2")  =2'  =2. 

//->oo  n-*  oo 

Alternate  Solution'.  Lei  Z.  =  lim  a„.  (We  could  show  the  limit  exists  by  showing  that  (o„)  is  bounded  and 
n~*  oo 

increasing.)  So  l.  must  satisfy  L  =  s/2  /.  =>  if  —  2 L  =s  /.  ( /-  —  2 )  ---  0  ( /.  /  0  since  the  sequence 
increases),  so  /.  =  2. 

60.  (a)  Let  be  the  statement  that  a„+i  >  a„  and  a„  <  3.  P \  is  obviously  true.  We  will  assume  that  P„  is  true  and 

then  show  that  as  a  consequence  Z»+  \  must  also  be  true.  o„+ 2  >  o»+ 1  «=»  -J2  +  a„+\  >  s/2  +  a„  o 

2  +  a„+i>2  +  a„  <=>  o„+i  >  a„  which  is  the  induction  hypothesis.  u„+i  <  3  <=»  J2  +  u„  <  3  <=> 

2  +  a„  <9  «•  a„  <  7.  which  is  certainly  true  because  we  are  assuming  that  a„  <  3.  So  P„  is  true  for  all  n, 
and  so  m  <  a„  <  3  (the  sequence  is  bounded),  and  hence  by  the  Monolonic  Sequence  Theorem,  Jhu_  «„ 

exists. 

(b)  If  I.  =  lim  a,„  then  lim  a„+i  =  I.  also,  so  L  —  s/2  +  /.  =>  I.-  -  L  -  2  =  0  =>  (/.  +  1 )  (/.  —  2)  =  0 

ii- ♦  00  n— *00 

=>  L  —  2  (since  /.  can't  be  negative). 


61.  We  show  by  induction  that  (a„)  is  increasing  and  bounded  above  by  3. 

Let  P„  be  the  proposition  that  a„+\  >  a„  and  0  <  a„  <  3.  Clearly  Pi  is  true.  Assume  that  P„  is  true  Then 

II  II 

u«+ 1  >  o„  =>  -  <  —  => - > - ■ 

On  <*11+1  °n 

Now  =3 - —  >3  — —  =  o„+i  «=>  P„+\.  This  proves  that  |a„)  is  increasing  and  bounded  above  by 

On+- 1  an 

3.  so  l  ~  a\  <  a„  <  3,  that  is,  (u„)  is  bounded,  and  hence  convergent  by  the  Monotonic  Sequence  Theorem.  If 

Z.  =  lim  a„.  then  lim  a„+ \  =  Z,  also,  so  L  must  satisfy  L  =  3  -  I//.  =>  L2  -  3Z.  +  I  =  0  =» 

» 00  M-»00 

I.  =  .  But  7.  >  I.  so  7.  = 

62.  We  use  induction.  Let  P„  be  the  statement  that  0  <  <  a„  <  2.  Clearly  Pi  is  true,  since  ai  =  1/  (3  —  2)  =  1. 

Now  assume  that  P, ,  is  true.  Thcno„+i<o„  =>  —  o„+i  >  —a„  =>  3—  o„+t  >  3  —  a„  => 

0/11-2  = - - -  <  r— - —  =  a„+|.  Also  a„+2  >  0  (since  3  -  a,1+ 1  is  positive)  and  o„+ 1  <  2  by  the  induction 

3-o»+i  3-o„ 

hypothesis,  so  Pn+\  is  true. 

To  find  the  limit,  we  use  the  fact  that  lim  a„  =  lim  o„+ 1  =>  7.  =  r—r  =>  I.2  —  37,  +  I  —  0  => 

n—*oo  n-foo 

L  =  2  But  L  <  2,  so  we  must  have  7,  =  3  . 

63.  (a)  Let  a„  be  the  number  of  rabbit  pairs  in  the  nth  month.  Clearly  a\  —  I  =  02.  In  the  nth  month,  each  pair  that  is 

2  or  more  months  old  (that  is,  a„- 2  pairs)  will  produce  a  new  pair  to  add  to  the  o„_i  pairs  already  present. 
Thus.  a„  =  a„-i  +  a„- 2.  so  that  (a„)  =  [f„\.  the  Fibonacci  sequence. 


(b)  a„  = 


fn+ 1 

In 


fn  _  J n  —  1  +  fn-1  _  |  fn-1  _  j  ' 

fn—  I  fn  - 1  j n — !  Jr  -  1  j  Jn— 2 


=  I  +  - ■  If 

O/1-2 


/.  =  lim  o„.  then  7.  =  lim  a„_i  and  Z.  =  lim  o„- 2.  so  7.  must  satisfy  7,  =  1  +  —  =>  L2  -  L  —  1=0 

/z-»oo  />-♦  oc  //-zoc  l. 


I.  =  (since  I.  must  be  positive). 


64.  (a)  If  /  is  eontinuous,  then  /'(/.)  =  /  (  lim  o„)  =  lim  /  (o„)  =  lim  a„+i  ==  L  by  Exercise  50(a). 

V/j— »oo  Z  »-*oo  «-»oo 

(b)  By  repeatedly  pressing  the  cosine  key  on  the  calculator  (that  is,  taking  cosine  of  the  previous  answer)  until  the 
displayed  value  stabilizes,  we  sec  that  I.  =»  0.73909. 
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65.  (a) 


From  the  graph,  it  appears  that  the 

I  ”5  I 

sequence  j  —  I  converges  to  0,  that  is, 
ns 

hm  —  =0. 

w— >oo  /;! 


(b) 


oo.i 


n5/n!  <  0. 1  whenever  n  >  10.  but  95/9!  >0.1.  From  the  second  graph,  it  seems  that  for  e.  =  0.001.  the 


smallest  possible  value  for  N  is  1 1. 


66.  Lets  >  0  and  let  A'  be  any  positive  integer  larger  than  In  (/;)  /In  |r|.  Ifn>  N  then  n  >  In  (e)  /  In  \r  |  => 

n  In  \r\  <  Inc  [since  |r|  <  I  =>  In  |/-|  <  0}  =>  In  (|r|")  <  Inr;  =>  |r|"  <  <;  =>  |r"  -  0|  <  (.  ,  and  so 

by  Definition  I,  lim  r"  =  0. 

«->oo 

67.  If  lim  |u„|  =  0  then  lim  —  |n„|  —  0.  and  since  —  |a„|  <  a„  <  |a„|,  we  have  that  lim  a„  =  0  by  the  Squeeze 

n—*o o  n—*oc  n—*o o  1 

Theorem. 


£,"+ 1  _  a"+ 1 

68.  (a) - - -  =  b"  +  bn-'a  +  b"~2a 2  +  6"-V  +  ••  •  +  6a"-1  +  a" 

b  —  a 

<  bn  +  b"-' b  +  +  6"-3*3  +  ...  + Ay-I  +  b"  =  (n+  1  )*" 

(b)  Since  4  —  a  >  0,  we  have  4n+l  —  a"+l  <  (n  +  I)  A"  (4  —  a)  =>  4”+l  -  (n  +  1)4"  (6 -a)  <  an+l  =» 
4"[(/i  +  I ) o  —  nb\  <  a"+l. 


(c)  With  this  substitution,  (n  +  l)a  -  nb  =  I,  and  so  4"  =  ^1  +  <  a"+l  =  ^1  q - 

(d)  With  this  substitution,  we  get  ^1  +  -—  )'(!)<'  -  (■♦£)**’  -  ('4)” 


(e)  a„  <  ai„  since  (a„[  is  increasing,  so  a„  <  (12,1  <  4. 

(0  Since  (a„  I  is  increasing  and  bounded  above  by  4.  rq  <  a„  <  4.  and  so  [o„[  is  bounded  and  monotonic,  and 
hence  has  a  limit  by  Theorem  10. 
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69.  (a)  First  we  show  that  a  >  a\  >  b\  >  b. 

at  —  A,  =  —  */ab  =  i  (a  —  2 y/ab  +  b^  =  j  (y/a  —  y/bj  >  0  (since  a  >  b)  =»  oi  >  b\ .  Also 

a  —  a\  =  a  -  )  (a  4-  b)  =  j  (a  -  b)  >  0  and  b  -  b\  =  b  —  y/ab  =  y/b  [y/b  —  y/a'j  <  0,  son  >  a\  >  fci  >  b. 
In  the  same  way  we  can  show  that  a\  >  a;  >  bi  >  b\  and  so  the  given  assertion  is  true  for  n  =  1 .  Suppose  it  is 
true  for  n  =  k.  that  is,  at  >  04+1  >  6*+i  >  A*.  T  hen 

a*+:  -  64+2  =  j  (04+1  +  64+1)  -  ^04+164.1  =  j  (ait+\  -  2^04+164+1  +  64+1) 


a*+i  —  04+  2  =  a*+l  "  j  (a*+t  +  64+ 1)  =  j  (04+1  -  64+1)  >  0 


and  A4+1  -  64+2  =  64+ 1  -  V04+164+1  =  sAt+7 (s/5*+T  -  Va*+0  <  0  =»  a*+i  >  °4+2  >  **+2  >  **+!• 
so  the  assertion  is  true  for  n  =  k  +  I .  Thus,  it  is  true  for  all  n  by  mathematical  induction. 

(b)  From  part  (a)  we  have  a  >  a„  >  a„+i  >  b„+\  >  b„  >  b,  which  shows  that  both  sequences.  (a„)  and  \b„),  are 
monotonic  and  bounded.  So  they  are  both  convergent  by  the  Monotonic  Sequence  Theorem. 


o„  4-  bfi 

(c)  Let  lim  o„  =  a  and  lint  b„  —  B.  Then  lint  a„+ i  =  lim  — - — 

n  >oo  n— ,0 c  n  *oo  tt-> oo  2 

=>  «  =  /(. 


a +fl 


2a  =  «  +  p 


70.  (a)  Let  i:  >  0.  Since  lim  «j„  =  L,  there  exists  ,\'i  such  that  |aj,,  —  L|  <  c  for  n  >  N\.  Since  lim  02„+i  =  /.. 

n— too  n—*cc 

there  exists  N 2  such  that  |a2„+i  —  L\  <  1:  for  11  >  A^.  Let  N  =  max  (2A'i ,  2  AS  +  1)  and  let  n  >  A'.  If  n  is 

even,  then  n  =  2m  where  m  >  N\,  so  \a„  —  L\  =  \aim  —  L\  <  r..  If  n  is  odd,  then  n  =  2m  +  1,  where 

m  >  AS,  so  |a„  -  L\  =  |a2m+i  -  i{  <  >'■  Therefore  lim  a„  =  /., 

n—*oo 

(b)  a\  —  I,  02  =  I  +  7-yj  =  §  =  L5,  03  =  I  +  33  =  J  =  L4, 04  =  1  +  7575  =  {5  =  1.416, 

as  =  1  +  35)75  =  55  1.413793,06  =  1  +  75)55  =  55  **  1.414286,07  =  1  +  755775  =  T55  58  *  414201, 

as  =  1  +  J557755  =  755  =»  1.414216.  Notice  that  a  1  <  03  <  05  <  07  and  02  >  04  >  a6  >  o8.  It  appears  that 
the  odd  terms  are  increasing  and  the  even  terms  are  decreasing.  Let's  prove  that  02„-2  >  02„  and 
02„_i  <  02,,+i  by  mathematical  induction.  Suppose  that  024-2  >  02*.  Then  1  +  024-2  >1+02*  => 

1  1  1  1 


1  4-  02*  -  2  1  +  024 
1  4-024-1  <  *  4-024+1 


1  4-  7 -  <14*  ■. 

1  4-  024-2  *  +  024 

I  1 


1  4-  ■ 


024-1  <  024+1 

I 


>  1  +  • 


1 


1  4-024-1  *  4-024+1  1  +024-1  1  +024+1 

024  >  024+2  We  have  thus  shown,  by  induction,  that  the  odd  terms  are  increasing  and  the  even  terms  arc 
decreasing.  Also  all  terms  lie  between  1  and  2.  so  both  {o„|  and  (6„|  are  bounded  monotonic  sequences  and 
therefore  convergent  by  Theorem  1 0.  Let  lim  02„  =  L.  Then  lim  02,1+2  =  !■  also.  We  have 


0,,+2  =  1  + 


n— *00 

1  1 


14-1  +  1/(1  +o„) 


=  1  + 


n-*oo 

4  4-  3a„ 


4  +  302n  ....  .. 

,  so  0211+2  =  ,  ,  , —  •  laking  limits 


(3  +  2o„)/  (1  +a„)  3  +  2o„  3  +  2o2„ 

/,’  =  2  =5  L  =  y/2  (since  /,  >  0) 


of  both  sides,  we  get  /.  =  ^  ^  ^  =>  3L  4-  2 L~  =44-3 1. 

Thus,  lim  02,,  =  y/2.  Similarly  we  find  that  lim  02,,+i  =  y/2.  So.  by  part  (a),  lim  o„  =  y/2. 
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Laboratory  Project  □  Logistic  Sequences 


1.  To  write  such  a  program  in  Maple  it  is  best  to  calculate  all  the  points  first  and  then  graph  them.  One  possible 
sequence  of  commands  (taking  po  =  \  and  *  =  1.5  for  the  difference  equation]  is 
p (0) : =1/2; k: =1.5; 

for  j  from  1  to  20  do  p(j) :=k*p( j-1) * (l-p( j-1) )  od; 
plot ( ( [t,p(t) )  $t=0. .20),t=0. .20,p=0. .0.5, style=point) ; 

In  Mathematica.  we  can  use  the  following  program: 
p [0] =1/2 

k-1.5 

p[j_]:-k*plj-l]*(l-p[j-l]) 

P=Table (p(t),{t,20() 

ListPlot [P] 

With  po  =  j  and  k  —  1.5: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.3338465076 

14 

0.3333373303 

1 

0.375 

8 

0.3335895255 

15 

0.3333353318 

2 

0.3515625 

9 

0.3334613309 

16 

0.3333343326 

3 

0.3419494629 

10 

0.3333973076 

17 

0.3333338329 

4 

0.3375300416 

11 

0.3333653143 

18 

0.3333335831 

5 

0.3354052689 

12 

0.3333493223 

19 

0.3333334582 

6 

0.3343628617 

13 

0.3333413274 

20 

0.3333333958 

With  po  =  j  and  k 

=  2.5 

n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.6004164790 

14 

0.5999967417 

1 

0.625 

8 

0.5997913269 

15 

0.6000016291 

2 

0.5859375 

9 

0.6001042277 

16 

0.5999991854 

3 

0.6065368651 

10 

0.5999478590 

17 

0.6000004073 

4 

0.5966247409 

11 

0.6000260637 

18 

0.5999997964 

5 

0.6016591486 

12 

0.5999869664 

19 

0.6000001018 

6 

0.5991635437 

13 

0.6000065164 

20 

0.599999949! 

Both  of  these  sequences  seem  to  converge  (the  first  to  about  j,  the  second  to  about  0.60). 


With  po  =  g  and  k  =  1.5: 
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n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.3239166554 

14 

0.3332554829 

1 

0.1640625 

8 

0.3284919837 

15 

0.3332943990 

2 

0.2057189941 

9 

0.3308775005 

16 

0.3333138639 

3 

0.2450980344 

10 

0.3320963702 

17 

0.3333235980 

4 

0.2775374819 

11 

0.3327125567 

18 

0.3333284655 

5 

0.3007656421 

12 

0.3330223670 

19 

0.3333308994 

6 

0.3154585059 

13 

0.3331777051 

20 

0.3333321 164 

With  po  =  g  and  k 

=  2.5 

n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.6016572368 

14 

0.5999869815 

1 

0.2734375 

8 

0.5991645155 

15 

0.6000065088 

2 

0.4966735840 

9 

0.6004159972 

16 

0.5999967455 

3 

0.6249723374 

10 

0.5997915688 

17 

0.6000016272 

4 

0.5859547872 

II 

0.6001041070 

18 

0.5999991864 

5 

0.6065294364 

12 

0.5999479194 

19 

0.6000004068 

6 

0.5966286980 

13 

0.6000260335 

20 

0.5999997966 

The  limit  of  the  sequence  seems  to  depend  on  k,  but  not  on  po 


2.  With  po  =  g  and  k  =  3.2: 


n 

Pn 

n 

Pn 

rt 

Pn 

0 

0.875 

7 

0.5830728495 

14 

0.7990633827 

1 

0.35 

8 

0.7779164854 

15 

0.5137954979 

2 

0.728 

9 

0.5528397669 

16 

0.7993909896 

3 

0.6336512 

10 

0.7910654689 

17 

0.5131681132 

4 

0.7428395416 

11 

0.5288988570 

18 

0.7994451225 

5 

0.6112926626 

12 

0.7973275394 

19 

0.5130643795 

6 

0.7603646184 

13 

0.5171082698 

20 

0.7994538304 

It  seems  that  eventually  the  terms  fluctuate  between  two  values  (about  0.5  and  0.8  in  this  ease). 
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3.  With  f>o  —  J  and  k  —  3.42: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.4523028596 

14 

0.8442074951 

I 

0.3740625 

8 

0.8472194412 

15 

0.4498025048 

2 

0.8007579316 

9 

0.4426802161 

16 

0.8463823232 

3 

0.5456427596 

10 

0.8437633929 

17 

0.4446659586 

4 

0.8478752457 

II 

0.4508474156 

18 

0.8445284520 

5 

0.4411212220 

12 

0.8467373602 

19 

0.4490464985 

6 

0.8431438501 

13 

0.4438243545 

20 

0.8461207931 

With  />o  —  l  and  k  =  3.45: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.4670259170 

14 

0.8403376122 

1 

0.37734375 

8 

0.8587488490 

IS 

0.4628875685 

2 

0.8105962830 

9 

0.4184824586 

16 

0.8577482026 

3 

0.5296783241 

10 

0.8395743720 

17 

0.4209559716 

4 

0.8594612299 

11 

0.4646778983 

18 

0.8409445432 

5 

0.4167173034 

12 

0.8581956045 

19 

0.4614610237 

6 

0.8385707740 

13 

0.4198508858 

20 

0.8573758782 

From  the  graphs  above,  it  seems  that  for  k  between  3.4  and  3.5,  the  terms  eventually  fluctuate  between  four  values. 

In  the  graph  below,  the  pattern  followed  by  the  terms  is  0.395, 0.832, 0.487,  0.869, 0.395 .  Note  that  even  for 

*  =  3.42  (as  in  the  first  graph),  there  are  four  distinct  “branches;  even  after  1 000  terms,  the  first  and  third  terms  in 
the  pattern  differ  by  about  2  x  I0-9,  while  the  first  and  fifth  terms  differ  by  only  2  x  I0-I°. 

With  po  —  j  and  k  =  3.48: 
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po  =  0.5.  k  =  3.7 


l 


po  =  0.75.  k  =  3.9 


i 


<  *  •  .  • 

<*  < 

_ / 

0 

po  =  0.501,  k  =  3.7 

i 

r  ....  .• 

•*  **  •*  **  •"*,  , 

• 

• 

p  • 

J 

0 

PO  =  0.749,  k  =  3.9 

200 


po  =  0.5.  k  =  3.999 


From  the  graphs,  it  seems  that  if  po  is  changed  by  0.001,  the  whole  graph  changes  completely.  (Note,  however, 
that  this  might  be  partially  due  to  accumulated  round-off  error  in  the  CAS.  These  graphs  were  generated  by  Maple 
with  100-digit  accuracy,  and  different  degrees  of  accuracy  give  different  graphs.)  There  seem  to  be  some  some 
fleeting  patterns  in  these  graphs,  but  on  the  whole  they  are  certainly  very  chaotic.  As  k  increases,  the  graph  spreads 
out  vertically,  with  more  extreme  values  close  to  0  or  I . 
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Series 


1.  (a)  A  sequence  is  an  ordered  list  of  numbers  whereas  a  series  is  the  sum  of  a  list  of  numbers. 

(b)  A  series  is  convergent  if  the  sequence  of  partial  sums  is  a  convergent  sequence.  A  series  is  divergent  if  it  is  not 
convergent. 


2*  2m  -  I  a »  ~  $  means  by  adding  sufficiently  many  terms  of  the  scries  we  can  get  as  close  as  we  like  to  the 
number  5.  In  other  words,  it  means  that  lim,,-^^,  =  5.  where sn  is  the  nth  partial  sum.  that  is,  £/”=i  a,. 


n 

$11 

i 

3.33333 

2 

4.44444 

3 

4.81481 

4 

4.93827 

5 

4.97942 

6 

4.99314 

7 

4.99771 

X 

4.99924 

9 

4.99975 

10 

4.99992 

II 

4.99997 

12 

4.99999 

5 


From  the  graph,  it  seems  that  the  series  converges.  In  fact,  it  is  a  geometric 

10  10 /3 

series  with  a  =  y  and  /■  =  j,  so  its  sum  is  ^  —  = - - —  =  5.  Note  that 

W=1  ^  ^  i  /3 

the  dot  corresponding  to  n  =  I  is  part  ol' both  {«„)  and 
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n 

4 

0.25000 

5 

0.40000 

6 

0.50000 

7 

0.57143 

8 

0.62500 

9 

0.66667 

10 

0.70000 

11 

0.72727 

12 

0.75000 

13 

0.76923 

99 

0.96970 

100 

0.97000 

and  so  the  sum  is  lim  s„  —  I. 

ft-*  oo 
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n 

i 

0.64645 

2 

0.80755 

3 

0.87500 

4 

0.91056 

5 

0.93196 

6 

0.94601 

7 

0.95581 

8 

0.96296 

9 

0.96838 

10 

0.97259 

10 


From  the  graph,  it  seems  that  the  series  converges  to  I .  To  find  the  sum,  we 
write 


+  (jit ~ ;n)  +  +  (;n - 


I 


(«+!)' 


So  the  sum  is  lim  s„  =  1. 
«->  00 


n 

i 

1 .000000 

2 

0.714286 

3 

0.795918 

4 

0.772595 

5 

0.779259 

6 

0.777355 

7 

0.777899 

8 

0.777743 

9 

0.777788 

10 

0.777775 

11 

0.777779 

12 

0.777778 

from  the  graph,  it  seems  that  the  series  converges  to  about  0.8.  In  fact,  it  is  a 


geometric  series  with  a  =  1  and  r  =  —  so  its  sum  is 


I  7 

I  -(-2/7)  -  9 


9. 


(a)  Jhn^ a„  =  —  -  ■  -—  - ,  so  the  sequence  {n„|  is  convergent  by  ( 1 2. 1 . 1 ). 

2  X 

(b)  Since  J'jn_ a„  =  j  #  0,  the  series  £  a„  is  divergent  by  the  Test  for  Divergence  (7). 
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n  n 

10.  (a)  Hotli  X  a>  ai'd  X  ai  represent  the  sum  of  the  first  n  terms  of  the  sequence  (a„),  that  is.  the  nth  partial  sum. 

1=1  7=1 

n  « 

(b)  X  aj  =  ",  +  at  R - 1 -  fly  =  tut,,  which,  in  general,  is  nol  the  same  as  X  <*>  =  °l  +  “2  +  •  •  •  +  o ». 


cs  to 


n  terms 

11.  4+I  +  tj  +  ^H - is  a  geometric  series  with  a  =  4  and  r  =  |.  Since  M  =  j  <  I.  the  series  converges 

t _ 4 _ 20 

rrr  _  3/s  -  t- 

12.  1  —  j  +  |  —  t  +  •  • '  is  a  geometric  series  with  a  =  1  and  r  =  —  5 .  Since  |r  |  =  5  >  I .  the  series  diverges. 

13.  —  2  +  |  —  y  +  W - 's  a  geometric  scries  with  a  —  —  2  and  r  =  =  —  |.  Since  |r|  =  |  >  I,  the  scries 

diverges  by  (4). 

14.  |  q.  0.4  +  0. 16  +  0.064  H - is  a  geometric  series  with  ratio  0.4.  The  series  converges  to  737  =  \  -ifl  —  f  s'nce 

kl  =  |  <  I. 

15.  Xn°  1  ^  (j)  >s  a  geometric  series  with  a  —  5  and  r  =  |.  Since  |r|  =  j  <  I.  the  series  converges  to 

a  _  5  _  5  _  |  c 

~  -  TT73  -  T73  - 

00  /  *y»-l 

16.  ^  ■  is  a  geometric  series  with  a  =  I  and  r  —  T  he  series  diverges  since  |r|  =  5  >  1. 


17. 


18 


00  /  jyi  1  |  00  /  *-l  .  . 

I  y*  - — - - =  -  --  I  .  The  latter  series  is  geometric  with  a  =  I  and  r  =  -  7.  Since  |r|  =  7  <  I.  it 

h  4”  4,ttv  4/ 

converges  to  ,  =  7.  Thus,  the  given  scries  converges  to(j)(^)  =  |- 

m 


1  1/e2  1 

a  =  —  =  |/-|  <  I,  so  the  series  converges  to 


1  -  l/e2  e2  -  I 

19.  For  XS-l  3  ""8"+l  =  X^il  8  (5 )  '.  a  =  y  and  r  =  |  >  I.  so  the  series  diverges. 

20  X^/o  4  (?)  =»  a  =  4.  |r|  t=  j  <  I,  so  the  series  converges  to  j-q-;  =  20. 

21.  X  — - — diverges  since  lim  a„  —  lim  - -  —  1  #  0.  [Use  (7),  the  Test  tor  Divergence.  | 

,,=  1  «  +  5  «-*<»  »-*»  n  +  5 

22.  X;7i  1  (3/«)  =  3  X*  1  n/n)  diverges  since  each  of  its  partial  sums  is  3  times  the  corresponding  partial  sum  of  the 
harmonic  scries  X^i  (•/").  which  diverges.  |lf  X“  1  (3/n)  were  to  converge,  then  XJS.I  (>/»)  would  also  have 
to  converge  by  Theorem  8(i)-l  In  general,  constant  multiples  of  divergent  series  are  divergent. 


n  I  "  / 1 /2  1  /2  \  I  ( \  1  \ 

I.  Converges.  s„  -  ^  ( 1  -  7+1/  (using  partial  trac,ions)  “  2  ^  \7  ~  7+l)  ThC  lal,cr 
sum  is  a  telescoping  series: 

^1  I  /  I  1  I  \  1  /,  l\  3 

rhus-Z-,TT27  =  2nlTaB{' +  2 "  7TT ”  =  2  V 1  +  2)  ~  r 


858  □  CHAPTER  12  INFINITE  SEQUENCES  AND  SERIES 


24.  3  — - - diverges  by  (7),  the  Test  for  Divergence,  since 

“f  » («  +  2) 

n2  +  2n  +  1  .  /  I  \ 

lim  a„  =  lim  — , — - —  =  lim  (  I  +  -7 — —  1  =  1^0. 

«->oo  «->oe  n 1  +  2n  »-»oo  ^  n2  +  2n  / 

25-  Xnt  I  [2(0.1)"  +  (0.2)"]  =  2£“i  (01)"  +  X,TL|  (0.2)”.  These  are  convergent  geometric  series  and  so  by 
Theorem  8.  their  sum  is  also  convergent.  2  (7^57)  +  |  °-2)  2  =  2  +  i  =  ]| 

26.  Converges.  s„  =  ^  ,2  +  4/  +  3  =  21  (/"rTf  _  7+3/  *us'ng  Partial  fractions).  The  latter  sum  is 

(5  -  j)  +  0  -  j)  +  (i  -  s)  +  (s  -  7)  +  •"  +  (;  -  ;nh)  +  (rn  ~  ;rb)  =  i  +  5  -  dr  ;rh 

(telescoping  series).  Thus.  g  =  „!l™  (j  +  J  ' ~  ^  "  ^3)  =  f +  J  =  f 


27.  lim  a„  —  lim 


=  lim  ,  7  =  1/0,  so  the  series  diverges  by  the  Test  for  Divergence. 

I 


#>'4do  Vl  +n2  y/\  +  |/n2 

»  | , |(|  +  ^ | [(I)'  +  (J)-]  .  J 


,/2-  +  -l^-  =  .  +  i  =  2 

1/2  1  —  1/3  2  2 

30-  ^2n  +  5)  =  JSt  (2  +  S/n)  =  ln  5  T4  °>  s0  ,he  scries  diverges  by  the  lest  for  Divergence. 

31.  =  Jhn^  arctan  n  =  y  ^  0,  so  the  series  diverges  by  the  Test  for  Divergence. 

32.  lim  a„  =  lim  — -  ■  =  -  96  0,  so  the  series  diverges  by  the  Test  for  Divergence. 

n-*oo  n  -> 00  5  -f-  2~n  5  & 

33.  .r„  =  (In  I  -  ln2)  +  (In 2  -  In3)  +  (In 3  -  In4)  +  •  •  •  +  [Inn  -  ln(n  +  1)]  =  In  I  -  ln(n  +  1)  =  -ln(«  +  1) 
(telescoping  series).  Thus,  lirn^  s’/,  =  —  oc,  so  the  series  is  divergent. 

‘  0  +  1)0+2)  Jt-V  /  <  +  l  i  +  2)  <  '  +  >/  Jtrv  '  +  '  |  +  2/’ 


both  of  which  arc  clearly  telescoping  sums,  so 


- 1  -  —  •  1  r 1  1  1  1  ' 

.2  2(n+l)J  +  [  4  +  2  (n  +  2)  J  4  2(n+l)  + 


I 


2  (n  +  2) 


Thus, 


I 


=  lim  sn  =  -. 


—  n(n  +  l)(«  +  2)  «->oo  4' 

35.0.2=2  +  4  +  ....-2'!!L_2 

10  I02  I -1/10  9 

36  n^_  73  !  73  ,  73/ IQ2  _  73/100  73 

I02  1 0 *  1  -  I/102  99/100  99 

37.  3.4T7  =  3  +  in  +  llZ  +  ...=,3+-4l7/l031=3  +  lIZ  =  jlll^iLj! 

10'  I06  1  -  I/I01  999  999  333 
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_  54  54  ,  54/ I03  62  54  6192  344 

38.  6.254  -  6  2  +  +  yp  +  6  +  i  _  1/IQ2  ~  |o  +  990  ~  990  "  55 


„  „  123  0.000456  123  456 

39.  0.123456  =  t—  +  - — +  : 


123.333  41,111 


1000  1  -0.001  1000  999.000  999.000  333,000 


-  6021  6021 

40.  5.6021=5  +  -^  +  --  +  - 


:  5  + 


602 1/1 04 
1  -  I/104 


5  + 


6021  56.016  6224 

9999  _  9999  _  1111 


00  x"  x  |.x| 

41.  ^  —  is  a  geometric  scries  with  r  =  -,  so  the  series  converges  <=*  |r|  <  I  <=>  <  1  <=>  |.x|  <  3.  In 


n=  I 


that  case,  the  sum  of  the  scries  is 


3 

x/3  .x 
1  -x/3  ~  3  -  x' 


42.  (  (x  —  4)"  is  a  geometric  series  with  r  =  x  —  4,  so  the  scries  converges  »  I r |  <  1  <=>  |x  —  4|  <  I  <=> 

x  —  4  Jr  —  4 

3  <  .x  <  5.  In  that  case,  the  sum  of  the  scries  is  - - - - —  -  - - . 

I  —  (x  -  4)  5  -  x 


43.  4”.x*  =  Xnlo  (4x)”  is  a  geometric  scries  with  r  =  4.x,  so  the  series  converges  »  |r|  <  1  <=> 

,  I 

4  |x|  <  I  <=>  |.x  |  <  j.  In  that  case,  the  sum  of  the  series  is  |  —  — . 


00  3)"  x  +  3 

44.  22  — — - —  is  a  geometric  scries  with  r  —  — - — ,  so  the  scries  converges  <=> 

ii—O  2” 


|r|  <  1 


|.x  +  3|  <  2  o  -5  <  x  <  —  1 .  For  these  values  of  x,  the  sum  of  the  series  is 
1  2  2 
I-(*  +  3)/2  “  2-(x  +  3)  “  -x  +  1' 


<=> 


Jl±il<l 


<1  <=>  |x|  >  1  <=»  x  >  I  orx  <  —  I, 

and  the  sum  is - . 

\  —  \/x  x  —  1 

46.  XnLotan”x  is  geometric  and  converges  when  |tanx|  <1  <=>  -1  <  tan.x  <  I  o 

1 

m-|<x<'ix  +  t  (n  any  integer).  On  these  intervals  the  sum  is  - - . 

4  *  I  —  tan  .x 

47.  After  defining  /,  We  use  convert  ( f ,  parf  rac)  ;  in  Maple.  Apart  in  Mathematica,  or  Expand  Rational 

I  1/4  1/4  „  .  . 

and  Simplify  in  Derive  to  find  that  the  general  term  is  — - — — - —  =  — - — — -  +  - -■  bo  the  nth 

v  e  (4n+l)(4n-3)  4n  +  1  4n  -  3 

partial  sum  is 

_  v  (  1/4  +  =  1  (— ! _ I_ 

*”  V  4*  +  1  4*  -  3/  4\4k-3  4k  +  1 


oo  /  |  \  "  J 

45.  y'  |  -  I  is  geometric  with  r  =  so  it  converges  whenever 

rsW  ■* 


The  series  converges  to  lint  s„  =  4.  This  can  be  confirmed  by  directly  computing  the  sum  using 

n—*oc  4 

sumtf ,  1 .  .  infinity) ;  (in  Maple),  Sum  If ,  (n,  1,  Infinity)  ]  (in  Mathematica).  or  Calculus  Sum 
(from  I  to  oo)  and  Simplify  (in  Derive). 
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8.  See  Exercise  47  for  specific  CAS  commands.  ",  *  =  -i-  +  - - ! - ! — 

(n2  +  n)-  «2  «  (n+1)2  «+l 


So  the  nth  partial  sum 


Sn 


V’  /  1  1 


(A  +  I  )2  k  +  I 


) 


=  i  +  i 


i 


(n+l)2  n  +  I 
The  series  converges  to  lim  s„  =  2. 

«-*oo 

49.  For  n  =  1,  oi  =  0  since  si  =  0.  Forn>l, 

_  _  _  n  -  I  (//  -  1)  —  I  _  (n  -  l)n  -  (n  +  l)(n  -  2)  2 

n+l  (n  —  1 )  +  I  (n  +  1 )  n  n  (n  +  I ) 

i  “  1-l/n 

Also,  2^  O/i  =  lim  s„  —  lim  .  ,  .  ,  =  I. 


«=l 


"-*oo  I  +  l/n 


50.  <j|  =  si  =  j .  For  n  it  I . 

a„  =s„  -S„-|  =  (3  -  n2“")  -  [3  -  (n  -  l)2-<"-,»]  = 


n  n— I  2  2(n— I)  n  n  —  2 

T  '  2  =  2"  ” 


2" 


2" 


OO 

Also,  'y'a„  =  lim  s„  =  lim  (3  -  — )  =  3  because  lim  —  = 

w  >  00  n-~too  V  2"/  x — /oo  2* 

/j—  I  - 


I 


lim  _  .  _ 
i-too  2X  In  2 


=  0. 


51.  (a)  The  first  step  in  the  chain  occurs  when  the  local  government  spends  0  dollars.  The  people  who  receive  it  spend 
a  fraction  c*  of  those  I)  dollars,  that  is,  Oc  dollars.  Those  w+o  receive  the  Dc  dollars  spend  a  fraction  c  of  it, 
that  is,  Dc2  dollars.  Continuing  in  this  way.  we  sec  that  the  total  spending  after  n  transactions  is 

S„  =  0  +  Dc  +  Dc2  +  •  •  ■  +  Dc"  '  =  ° (*  ~  C,,)  by  (3). 

1  —  c 


(b)  lim  S„=  lim  — — 

n — >  00  n—*OG  |  —  c 


- -  lim  (1  -  c")  =  ,  (since  0  <  c  <  I  =»  lim  c"  =  0) 

I  —  c  "-*00  I  —  c  n-voo 


=  —  (since  c  +  j  =  I )  =  A  0  (since k  =  I /j) 

If  c  =  0.8,  then  s  =  1  —  c  =  0.2  and  the  multiplier  is  k  —  \/s  =  5. 

52.  (a)  Initially,  the  ball  falls  a  distance  H.  then  rebounds  a  distance/-//,  falls rH,  rebounds"2//,  falls/-2//,  etc.  The 
total  distance  it  travels  is 

H  +  2rll  +  2r2H  +  2r*H  +  ■■■  =  H  (I  +  2r  +  2r2  +  2r3  +  ■  •  • ) 

=  //  [I  +  2r  (I  +r  +r2  +  •••)]  =  //  j^l  +  2r  =  H  ^  meters 

(b)  From  Example  3  in  Section  2.1,  we  know  that  a  ball  falls  \gt2  meters  in  1  seconds,  where  g  is  the  gravitational 
acceleration,  rhus,  a  ball  falls  h  meters  in  /  -  , /2h/g  seconds.  The  total  travel  time  in  seconds  is 

\/t+ji/t'+2\/tT+!i/t;’+  -/y[l  +  Jv?+JVF1+2vr’+  ■■] 
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(c)  H  will  help  lo  make  a  chart  of  the  time  for  each  descent  and  each  rebound  of  the  ball,  together  with  the  velocity 

just  before  and  just  after  each  bounce.  Recall  that  the  time  in  seconds  needed  to  fall  h  meters  is  y/2h/g.  The 

ball  hits  the  ground  with  velocity  -gy/2hjg  =  -JlUg  (taking  the  upward  direction  to  be  positive)  and 

rebounds  with  velocity  kgy/2h/g  =  k  sJ2hg,  taking  time  kJ2h/g  to  reach  the  top  of  its  bounce,  where  its 

velocity  is  0.  At  that  point,  its  height  is  k2h.  All  these  results  follow  from  the  formulas  for  vertical  motion  with 

d2y  dy  l  2 

gravitational  acceleration  — g:  —rr  =  —g  =>  u  =  -j-  =  »o  —  gt  =>  y  =  yo  +  »o t  —  tgl  • 
dt£  dt 


number  of 

descent 

time  of 

descent 

speed  before 
bounce 

speed  after 
bounce 

time  of 

ascent 

1 

v/2///g 

v/2  H  g 

ky/THg 

2H/g 

k2H 

2 

v/2  k2H/g 

v/2  k2Hg 

ky/2k2Hg 

kJVtWTg 

k*H 

3 

v/2  k*H/g 

v/2  k*llg 

ky/2k*Hg 

k<j2k*  H/g 

kbll 

The  total  travel  time  in  seconds  is 


Another  Method:  We  could  use  part  (b).  At  the  top  of  the  bounce,  the  height  is  k2h  —  rh,  so  y/r  =  k  and  the 
result  follows  from  part  (b). 


53.  (I  +  c)~"  is  a  geometric  scries  with  a  =  (I  +c)  2  andr  =  (I  +  c)_l,  so  the  series  converges  when 

|(1  +c)-'|  <  I  <=>  |l  +c|  >  1  <=>  I  +c  >  I  or  l+c  < -I  «=>  c  >  0  or  c  <  -2.  We  calculate  the  sum 

(i+<-r2 


of  the  series  and  set  it  equal  to  2: 


1-0  +c) 


=  2  <=> 


I  =2(1  +c)2-2(I  +c)  =  0  «  2cJ  +  2c-l=0  <=>  c 

root  is  inadmissible  because  —2  <  <0.  So  c  =  N|/\~ 1  ■ 

54.  The  area  between  y  =  ,x"_l  and  y  =  x"  for  0  <  jr  <  I  is 

[' (x"-'-x")dx  =  \—-^~]  =  - - '—r 

Jo  V  /  [  n  n  +  I J0  n  n  + 1 


(th)  ->-» (&)  - 

=  -  *  ^  =  ^7 — 1 .  1  lowever.  the  negative 


(»+■)-« 


I 


n  (n  +  1)  n(n  +  I) 

We  can  see  from  the  diagram  that  as  n  ->  oo,  the  sum  of  the  areas 
between  the  successive  curves  approaches  the  area  of  the  unit 
1 


square,  that  is,  1 .  So  7  , 

T?\  "(«+') 


=  I. 


-0.1 
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55.  Lei  tin  be  the  diameter  of  C„.  We  draw  lines  from  the  centers  of 
the  C,  to  the  center  of  D  (or  C).  and  using  the  Pythagorean 

Theorem,  we  can  write  I2  +  (l  —  jt/|)  =  (l  +  jr/|  ^  <=> 

I  =  (l  +  y</|)  —  (l  -  =  2d\  (difference  of  squares) 

=>  d\  =  j.  Similarly, 

I  =  ( •  +  5  —  2^2)  =  2tfe  +  2d\  —  d\  —  d\  dt 


■■  (2  —  d\)  (d  1  + 1/2)  <=> 

(I  -  d ,)2 


-d  1  2  —  d\  \  2  /  V  2  /  2  —  (d,  +  d2) 


and  in 


{I  -  X"  1  d,)2 

general,  d„+  \  =  — — =5 — - — .  It  we  actually  calculate  th  and  dj  from  the  formulas  above,  we  find  that  they  are 
2  -  2,1=1  «> 

I  I  .  I  I  .  .  1 

7  =  - — -  and  —  =  - — -  respectively,  so  we  suspect  that  in  general,  d„  -  - .  To  prove  this,  we 

6  2  ■  3  12  3  ■  4  n  (n  +  1) 

use  induction:  assume  that  for  all  k  <  «,  t/*  = - - - =  - ! — .  Then 

k(k+  i)  k  k  +  1 


n 

2>-' 
7  =  1 

'  n  +  1 

n 

—  — — -  (telescoping  sum).  Substituting  this  into  our  formula  for  dn+\ ,  we  get 

r 

1  -  — 

l2  i 

dn+ 1  =  ± 

n  +  1 
/  .. 

(n  +  I)2  1  ...... 

r-  = -  -  =  - - — - — ,  and  the  induction  is  complete. 

Now,  we  observe  that  the  partial  sums  X”_|  d,  of  the  diameters  of  the  circles  approach  I  as  n  — *  00;  that  is. 
I 


/_n_\  n  +  2  („+!)(„  +  ; 

\n  +  I  /  n  +  I 

c  observe  that  the  partial  sums  d,  of  the 

0°  | 

Za„  =  7  - —  =  1,  which  is  what  wc  wanted  to  prove. 

“«(>!+) 
n= 1  n= t  '  ' 

\CO\  =  bs\n().  | A)/: |  =  |CD|sin«  =  bsin2fl,  |££|  =  |0£|sii 

|CD|  +  |D£|  +  | £ £|  +  |£G|  +  •  •  ■  =  b  Vsin”fl  =  b  ( .  Sm°  \  sin 

V.  I  —  sint?/ 


n=\  n=l 

56.  \CD\  =  b sin 0. \DE\  =  |CD|sin0  =  J>sin20,  \EF\  =  |A)E|sin0  =  />sin30 .  Therefore, 

|  since  this  is  a  geometric  scries  with  r  =  sin  0 


and  |sin0|  <  1  (because  0  <  0  <  5). 

57.  The  series  1  —  1  +  1  —  l  +  l  —  !  +  •••  diverges  (geometric  series  with  r  =  —  I)  so  we  cannot  say  that 
0=1  —  1  +  1  —  1  +  1  —  IH - . 


<XJ  |  00  | 

58.  If  V  a„  is  convergent,  then  lim  a„  =  0  by  Theorem  6,  so  lim  —  r-  0,  and  so  V  —  is  divergent  by  the  Test  for 

»=!  "-too  a„  n=|  On 

Divergence. 

59.  HT- 1  ca"  —  bm  Y"  1  ett,  =  lim  c  Y"  ,  a,  =  c  lim  Y"  ,  a,  =  c  Ylf  ,  a„,  which  exists  by  hypothesis. 

60.  If  £  ca„  were  convergent,  then  £  (1/c)  ( ca„ )  =  would  be  also,  by  Theorem  8.  But  this  is  not  the  case,  so 
]T  ca„  must  diverge. 

61.  Suppose  on  the  contrary  that  (°n  +  b„)  converges.  Then  by  Theorem  8(iii).  so  would 
X  [(««  +  b„)  —  a„ |  =  a  contradiction. 
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62.  No.  For  example,  take  X  a„  =  X  n  and  X  b„  -  £  (-«),  which  both  diverge,  yet  X  ("«  +  K)  =  X°-  which 
converges  with  sum  0. 

63.  The  partial  sums  (s„)  form  an  increasing  sequence,  since  s„  —  sn- 1  =  a„  >  0  for  all  it.  Also,  the  sequence  |.v„|  is 
bounded  since  s„  <  1000  for  all  n.  So  by  Theorem  12. 1 . 10.  the  sequence  of  partial  sums  converges,  that  is,  the 
series  Xa"  's  convergent. 

1  1  _  fnJn+\  fnfn—  I  hi- tl  ,/« - 1  (fn—  I  *E  fn)  fn~\ 

fn  fn-\ fn\\ 


64.  (a)  RI1S  =  — 


fn—\fn  fnfn+\  fn  fl—lfl+i  fnJn-\ft+\ 

1 


fn-lfl+t 


=  LHS 


J _ LV 

fiU  /4/S  / 


oo  as  n  oo. 


— >  oo  as  /j  — »  oc. 


°o  .  oo  ,  ,  I  \ 

(h)  Y  7 - 7 —  =  X  (  t - 7  -  77 —  )  I  from  part  (a)| 

“J  fn - 1  //»+l  S  V  fn- 1  /»  /»//»+ 1  / 

~  [( /l /2  /’/^  )  +  ( /2/3  /3/4  )  \ 

+  (y»  \fn  ~  /»/«+!  )] 

-  JSS.(tT5  “  7^b)  =  7^  -0= rr  = 1  bccause/"  - 
(asabovc) 

+ (zb  “  zb)] 

=  lim  - - — )  =  1  +  1-  0  —  0  =  2  because  /„ 

a-»oo\/,  /2  /„  /„+|/ 

65.  (a)  At  Ihe  first  step,  only  the  interval  (5,  5)  (length  5)  is  removed.  At  the  second  step,  we  remove  the  intervals 
A  and  (5,  which  have  a  total  length  of  2  •  (j)  .  At  the  third  step,  we  remove  22  intervals,  each  of 
length  ^ 5  V  .  In  general,  at  the  nth  step  we  remove  2"_l  intervals,  each  of  length  ^  j  ,  for  a  length  ol 
2"_l  •  (5)  =5  (3)  •  Thus,  the  total  length  of  all  removed  intervals  is  X  3  (3)  =  T^J/T  =  * 

(geometric  series  with  a  =  \  and  r  =  3).  Notice  that  at  the  nth  step,  the  leftmost  interval  that  is  removed  is 
(($)"  ,  (3)”).  so  we  never  remove  0.  and  0  is  in  the  Cantor  set.  Also,  the  rightmost  interval  removed  is 
—  ,  |  —  (j)  ).  so  I  is  never  removed.  Some  other  numbers  in  the  Cantor  set  arc  3.  f .  5.  5.  5.  and 

g 

5 

(b)  The  area  removed  at  the  first  step  is  5;  at  the  second  step.  8  ■  ^r,  j  :  at  the  third  step.  (8)‘  ■  .  In  general,  the 

area  removed  at  the  nth  step  is  (8)"*1  (5)  =5(5)  .  so  the  total  area  of  all  removed  squares  is 


864  □  CHAPTER  12  INFINITE  SEQUENCES  AND  SERIES 


o\ 

1 

2 

4 

1 

1 

1000 

02 

2 

3 

1 

4 

1000 

1 

0‘S 

1.5 

2.5 

2.5 

2.5 

500.5 

500.5 

04 

1.75 

2.75 

1.75 

3.25 

750.25 

250.75 

os 

1.625 

2.625 

2.125 

2.875 

625.375 

375.625 

06 

1.6875 

2.6875 

1.9375 

3.0625 

687.813 

313.188 

07 

1.65625 

2.65625 

2.03125 

2.96875 

656.594 

344.406 

OS 

1.67188 

2.67188 

1.98438 

3.01563 

672.203 

328.797 

09 

1.66406 

2.66406 

2.00781 

2.99219 

664.398 

336.602 

0 10 

1.66797 

2.66797 

1 .99609 

3.00391 

668.301 

332.699 

o\\ 

1 .66602 

2.66602 

2.00195 

2.99805 

666.350 

334.650 

012 

1.66699 

2.66699 

1 .99902 

3.00098 

667.325 

333.675 

The  limits  seem  to  be  |,|#  2,  3,  667,  and  334.  Note  that  the  limits  appear  to  be  “weighted"  more  toward  02.  In 
o\  T  2^2 

general,  we  guess  that  the  limit  is - - - . 

(b)  a„,.  1  —  a„  =  j  ( a„  +  a„- 1)  —  a„  —  —  j  (a„  —  a„- \ )  =  —5  (a„- 1  +  a„_ 2)  —  a„-\ j 

=  -5  [-5  (<3»-i  -on-2)j  =  ■  ■  ■  =  (-j)  (“2  -oi) 

Note  that  we  have  used  the  formula  a*  =  a  total  of  n  —  I  times  in  this  calculation,  once  for 

each  k  between  3  and  n  +  I .  Now  we  can  write 


and  so 


a,i=a\  +  («2  -01)  +  (03  -  oj)  H - 1-  (a»-t  -a„_ 2)  +  (a„  -  a„_  1) 

=  a\  +  (u**l  -  a*)  =  ai  +  £*=!  (-j)  (ai  -  a\) 


lint 

n—> 


imoa„=Ol  +(<J2-ai)Z“i  (-5)  =  a,  +  (a2  -  a, )  [  jr-pT/S)  ] 

-a, +  §(«,-»,)- 


67.  (a)  X 


si  = 


1 


I 


(«+D! 

23  4 

s  4  =  —  + - 

24  I  •  2  •  3  4  •  5 


2 '  S~  2  1-2-3 


5  5  3  23 

"  6'Si  ~  6  +  1  2  3 -4  ~  24’ 


1 

1-2 

=  -JT.  The  denominators  are  (n  +  I)!,  so  a  guess  would  be  s„  =  V 


(b)  For  n  =  I.  j|  =  i  *,  so  the  formula  holds  for  n  =  1.  Assume  s*  =  ^  ^ Then 

2  2!  (*+!)! 


(*+1)1-1  k  +  I 
**+•  -  . —  + 


(k  +  1)1-1 


k  +  1 


(*+!)!  (k  +  2)1  (*+!)!  (*+!)!(* +  2) 

(*  +2)1  -  (*  +  2)  +  *  +  I  _  (k  +  2)!  -  I 
(k  +  2)!  “  (*  +  2)! 

Thus,  the  formula  is  true  for  n  =  k  +  1 .  So  by  induction,  the  guess  is  correct. 


,  ,  (»  +  I)!- 

(c)  lim  s„  =  lim  - 

n — >00  «— » 00  (n  -f- 


!  -  1  ..  ’ 

— —  =  lim  I  - 

1)!  H— tOO 


I 


(«+  I)!J 


=  1  and  so  £ 


,=o(«  +  1)! 


=  I. 
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Let  r i  =  radius  of  the  large  circle,  ri  =  radius  of  next  circle, 
and  so  on.  From  the  figure  we  have  /.BAC  =  60°  and 
cos 60°  =  r\/  \AB\.  so  \AB\  =  2r\  and  |Dfi|  =  2ri. 
Therefore,  2r\  =  r\  +  ri  +  2r2  =  r\  +  3ri  =>  r\  —  3ri. 
In  general,  we  have  r„+ 1  =  j r„,  so  the  total  area  is 

A  =  nr*  +  3trr|  +  3nr*  H - 

=  nr]  +  3*t|  (1  +  32  +  3?  +  36+") 

=  nr*  +  3 nrs  •  |  —  trrf  +  ^nr* 


Since  the  sides  of  the  triangle  have  length  1.  |BC|  =  i  and  tan  30°  =  yy^ .  Thus,  r\  — 


tan  30° 


1 

271 


ri  =  so  A  =  n  ^  (iTl)  =  f;  +  ^  The  area  of  the  triangle  is  so  the  circles  occupy 

about  83.1%  of  the  area  of  the  triangle. 


•3  The  Integral  Test  and  Estimates  of  Sums 


1.  The  picture  shows  that  ai 
<•3 


he 


I  f  1  , 

12  =  2 U  Ji5dx’ 

I  1  °°  |  | 

as  =  -r-r  <  /  -r-T  dx,  and  so  on,  so  "S'  -7;  <  /  — pr  dx.  T1 

3’  3  Ji  x>3  ltin  Vi  x 

integral  converges  by  (8.8.2)  with  p  =  1 .3  >  1,  so  the  series  converges. 


2.  From  the  first  figure,  we  sec  that 
f,6  fU)dx  <  £?=  1  a,  .  From  the  second 
figure,  we  see  that 

2  a‘  <  f\  f(x)dx.  Thus,  we  have 
Z?=2°'  <  f  *  fU)dx  <  2,7 1 

3.  The  function  /  (x)  =  1/x4  is  continuous. 

\  th  t  r*-3!'’  /  I  l\  I  ^  I 

/  -7  dx  =  iim  /  x  4  dx  =  lim  — r-  I  =  lim  -—7  +  t  I  =  t,  so  >  converges, 

y,  x4  h^ooj,  A-*oo[-3j,  A-*oo\  363  3)  3  (^n4 

4.  T  he  function  f  (x)  =  \/ i/x  =  x_l/4  is  continuous,  positive,  and  decreasing  on  |1, 00),  so  the  Integral  Test  applies. 

rx-'^dx  =  lim  f{’x~,/4dx  =  lim  [lr3/4l  =  lim  (fft3/4  -  4)  =  00.  so  2S=i  \/l/n  diverges. 
h—*oo  1  h-*oo  L i  J|  />— »oc  */ 

5.  The  function  /  (x)  =  1/  (3.x  +  I)  is  continuous,  positive,  and  decreasing  on  ( 1 , 00),  so  the  Integral  Test  applies. 

[  — — — =  lim  f  — — — =  lim  [iln(3x+l)l  =  lim  [7  In (36  +  1)  —  i  In 4"1  =  00 
J\  3x  +  I  h^acj,  3x  +  1  h—*oo  L 3  Jl  S-»oo  L3  3  J 

so  the  improper  integral  diverges,  and  so  does  the  series  *  /  (3"  +  0- 
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6.  The  function  /  (.*)  =  e~x  is  continuous,  positive,  and  decreasing  on  [1,  oo),  so  the  Integral  Test  applies, 

Jf°  e~xdx=\  im  f?  e~x  dx  -  lim  =  lim  (-e'*  +  e'1)  =  so  T®,  e~"  converges.  Note:  This 

b-*oo  h~*  oo  1  '  h-¥  oo 

is  a  geometric  series,  with  first  term  a  =  e~'  and  ratio  r  —  e~' .  Since  |r|  <  1,  the  series  converges  to 
e_l/(l  ~e~')  =  1  / (c  —  I). 

7-  f(x)  =  xe~x  is  continuous  and  positive  on  [l,oo).  /'(*)  =  -xe  x  +e~x  =  e~x  (1  -*)  <  0  for*  >  I,  so  /  is 
decreasing  on  [1,  oo).  Thus,  the  Integral  Test  applies. 

f.00 xe~x  dx  =  lim  ft" xe~x  dx  =  lim  [-are-*  -  (by  parts)  =  lim  \-be~h  -  e~h  +  e-1  +  e"1]  =  2/e 

h-* oo  1  b~*oo L  Jl  ooL  1 


since  lim  be  h  —  lim  (b/eh)  =  lim  (l/c?*)  =  0  and  lim  e~b  =  0.  Thus,  ne~"  converges. 

b-too  h—*oo  h-*  oo  h—><x> 

III  I  |  | 

8-  t  +  ^  +  +  - =  a - T-  The  Unction  /(x)  =  - - -  is  positive,  continuous,  and  decreasing  on 

j  /  II  l  j  4/i—l  4x  —  1 

( I ,  oo),  so  the  Integral  lest  applies. 

f  5 - 7  =  Jim  [  t— -r  =  lim  ln(4jr  -  1)1  =  lim  In  (46  -  I)  -  i  In 3l  =  00 

7 1  4*  —  I  b — 100 y |  4,t  —  1  Jl  a->ooL’  4  J 

so  the  improper  integral  diverges,  and  so  docs  the  scries. 

9.  (l/n1  °001)  is  a  p-series.  p  =  1 .0001  >  I.  so  it  converges. 

10.  Z»Li '<~099  =  (l/«099)  which  diverges  since  p  =  0.99  <  1. 

11-  '  +  s  +  yj  +  gj  +  nj  +  "'  =  Si'Ll  ( 1  /r»3).  This  is  a  p-series  with  p  =  3  >  I,  so  it  converges  by  ( I). 

,,  ,  I  !  I  1  °°  I  “  1 

12-  I  +  — p  +  — p  +  — p  H - p  H - =  X  — p  =  X  —vp-  litis  is  a  p-series  with  p  =  i  >  I.  so  it 

2/2  3/3  4/4  5/5  „ti  n*?2  y  y  2 

converges  by  ( 1 ). 

“  5  -  2/n  00  |  00  i  00  |  00  1 

13.  2,  - 1 —  =  5  £  — r  -  2  X  — T7T  by  Theorem  12.2.8,  since  X  -7  and  X  -777  both  converge  by  (1)  (with 

rt-l  Msl  rt-  n=l  n  "  n-\  ft  n=  1  ft  ‘ 

7  .  5,  ....  S£  5  —  2/n 

p  =  3  and  p  =  j ).  I  hus.  2,  - j —  converges. 

/>“  I  n 

14.  f  (x)  —  — -  is  positive,  continuous,  and  decreasing  on  (2, 00),  so  applying  the  Integral  Test. 

i  Jh=!  GttT  +7^i)dx  =  [ln  (^Tf)  ],  =  lnNA  =*  converges. 

15.  /( x)=xe~'~  is  continuous  and  positive  on  (l,oo),  and  since  f  (jr)  =  e~*2  (I  —  2.t2)  cOforjt  >  I, 

/  is  decreasing  as  well.  T  hus,  we  can  use  the  Integral  Test. 

S\°  xe~‘2  dx  =  lim^  [_3C  Jf2]|  =0-  yc_l)  =  1/  (2c).  Since  the  integral  converges,  the  scries  converges. 


16.  /(*)  =  Z  is  positive  and  continuous  on  [1. 00),  and  since  f(x)  =  - — -  ln  ~  <  0  when  ,x  >  —  =»  1.44,/is 
2  2*  In  2 

eventually  decreasing,  so  we  can  apply  the  Integral  Test.  Integrating  by  parts,  we  get 


I  I  I 

r-7— r  + - 7,  since  lim  —  =  0  by  THospital’s  Rule,  and 

2  In  2  2  (In  2)2  <-<=°  2'  1 


»  ft 

so  2.  777  converges. 
w=l  2 
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x  I  —  X2 

17.  /  (x)  =  —= - is  continuous  and  positive  on  [  I ,  oo),  and  since  f  (x)  = - r  <  0  for  x  >  1,  /  is  also 

*2  +  1  (x2  +  l)2 

x  ln(x2+l)V 

decreasing.  Using  the  Integral  lest.  /  — x - dx  —  lim  — 2— r - -  =  oo,  so  the  series  diverges. 

J i  x-+l  '-*»  [  2  J( 

18.  The  function  /  (x)  =  — 5 — I - = - - - is  positive,  continuous,  and  decreasing  on  1 1 . 00).  so  the 

lx1  +  3x  +  1  (2x  +  1)  (x  +  1) 

Integral  Test  applies. 

[  /(x)rfx=  lim  [  ( x~~~ 7 - - — )<fx  (partial  fractions)  =  lim  (ln(2x  +  I)  —  ln(x  +  1)1? 

J |  A->c»7|  \2x  +1  x  +  I  /  A-*oo 

=  lim  [ta(Hi±!Y]*=  lim  (in  -  |n  3)  =  In2  -  In  \  =  In  j 
*-.«[  V  x  +  I  / J]  A-.00V  b  +  I  2/  23 

so  the  series  converges. 

19.  /  (x)  =  — —  is  continuous  and  positive  on  [2,  00),  and  also  decreasing  since  /'  (x)  =  — *  <  q  for 

x  Inx  x2  (Inx)2 

yoo  | 

x  >  2,  so  we  can  use  the  Integral  Test.  /  — —  dx  =  lim  [In  (Inx)l',  =  lim  [In  (In/)  —  In  (ln2)[  =  00,  so  the 

J 2  xlnx  '->00  <-*«> 

series  diverges. 


20.  /  (x)  =  — = - is  continuous,  positive  and  decreasing  on  [1 , 00),  so  applying  the  Integral  Test, 

Ax1  +  I 

dx  [  arctan  lx  1*  it  arctan  2 

/  — r -  -  hm  -  = - <  00,  so  the  series  converges. 

J,  4x2  +  l  <->00  [  2  J,  4  2  6 


arctan  x  I  —  2x  arctan  x 

21.  /  (x)  =  - r-  is  continuous  and  positive  on  [  1 , 00).  /  (x)  = - . —  <  0  for  x  >  1,  since 

1+x2  (1+x2)2 

2x  arctan  x  >  y  >  1  for  jc  >  1.  So  /  is  decreasing  and  we  can  use  the  Integral  Test. 

arctan  x  r ,  2  V  (*/2)2  (^r/4)2  3 n2 

I  - z-  dx  s  lim  K  arctan-  x  =  — - - - —  =  — — ,  so  the  scries  converges. 

y,  l+.r2  I-*  ool2  Ji  2  2  32 

22.  /  (x)  =  is  continuous  and  positive  for  x  >  2.  and  /'  (x)  =  - — *  <  0  for  x  >  2  so  /  is  decreasing. 

x~  X* 

f°°  In  jc  f  In  jt  1 V  ^  In  n  In  n 

/  -r-dx~  lim - (by  parts)  =1  (by  1’ Hospital’s  Rule).  Thus,  >  — =r  =  >  — r-  converges 

J2  x-  '“*°o L  x  xj,  «*  tsi  " 2 

by  the  Integral  Test. 

23.  /(x)  =  — r — ; - -  is  continuous  and  positive  on  [I ,  oo),  and  /'  (x)  = - — - -  <  0 

x2  +  2.x  +  2  (x2  +  2x  +  2)‘ 

for  x  >  I.  so  /  is  decreasing  and  we  can  use  the  Integral  Test. 

yoo  |  roc  | 

/  — = - dx  =  /  - x - dx  =  lim  [arctan  (x  +  I )[',  =  ?  —  arctan  2,  so  the  series  converges  as 

J \  x2  +  2x  +  2  J  i  (x  +  l)2  +  l  '-*»  11  2 
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24.  /( x)  =  — - - — - — -  is  positive  and  continuous  on  [3.  oo).  and  is  decreasing  since*.  In*,  and  In  (In*) are  all 

*  In*  In  (In*) 


increasing;  so  we  can  apply  the  Integral  Test. 

00  | 

hence  £  — ; - m — ;  diverges. 

„=3  n  Inn  In  (Inn) 


f°° _ dx 

J 3  *  In  *  In 


— — -  =  lim  fin  (In  (In*))]',  which  diverges,  and 
(In*)  /-» oo  3 


00  1 

25.  We  have  already  shown  (in  Exercise  19)  that  when  p  —  I  the  series  X  — ; - „  diverges,  so  assume  that  p  ^  1. 

n= 2  n  (mn)p 

f  (*)  =  ~  *  vn  ‘s  continuous  and  positive  on  (2,  oc),  and  f  (*)  =  — f  +  <  0  if  *  >  e~py  so  that  f  is 

x{\nx)p  x2  (ln*)/,+I 

eventually  decreasing  and  we  can  use  the  Integral  Test. 

f°°  1  f „  „  r(ln,),-/>l  (In2)'-P 

/  — - — —  dx  =  lim  — -  (forp^l)  =  lim  - - 

J2  *  (ln*)p  »-»» ^  1  —p  i-> oo  1—  p  1  —  p 

This  limit  exists  whenever  I  —  p  <  0  <=>  p  >  I,  so  the  series  converges  for  p  >  1. 

f°°  dx  (lnln*)-,,+l 

26.  As  in  Exercise  24,  we  can  apply  the  Integral  Test.  /  - - - =  lim  - - - -  (for  p  =4  I ;  if 

J}  *  In*  (Inin*)'’  »-*»  [  -p  +  1 

p  =  1  see  Exercise  24)  and  lim  ^nllU^  ■ —  exists  whenever  -p  +  1  <  0  <=>  p  >  I,  so  the  scries  converges 
(-♦oo  —  p  +| 

for  p  >  I . 

27.  Clearly  the  series  cannot  converge  if  p  >  -i,  because  then  lim  n  (1  +  ir)p  #  0.  Also,  if  p  =  —  1  the  series 

♦  tl — tOO  '  ' 

diverges  (sec  Exercise  1 7).  So  assume  p  <  —\.p^~i.  Then  /(*)=*(!+  x2)p  is  continuous. 


positive,  and  eventually  decreasing  on  (I,  oo),  and  we  can  use  the  Integral  Test. 

roe  .  „  fi  /I  i  lt_i_,2\P 


fx  (  ,  ..  T >  (l+*2)',+  'l  1  (1+f2)'”'1  2P 

/  *ll+*"l  dx  =  hm  -  - - - —  =  lim  -■ - - - This  limit  exists  and  is  finite 

J\  V  /  '-*«=[2  p+1  J  <-*°o2  p+  1  p+  1 

<=>  p  +  I  <  0  <=>  p  <  —  1,  so  the  scries  converges  whenever  p<  —  I. 

28.  If  p  <  0.  lim  - =  oo  and  the  series  diverges,  so  assume  p  >  0.  /(*)  =  is  positive  and  continuous  and 

<(-* oo  nP  xP 


f  (*)  <  0  for*  >  e>fP,  so  /  is  eventually  decreasing  and  we  can  use  the  Integral  Test.  Integration  by  parts  gives 

T00  In*  r*,_/’  [d  -  A>)  In*  —  111'  I  f  .  i 

/  —dx  =  lim  - - - - !  (for  p  ^  1 )  = - 7  lim  t'~P  (1  -p)lnr  -  I]  +  1 

J\  XP  '-oo  [  (1-p)2  J,  r  (1 -p)2  1  J 

which  exists  whenever  1  -  p  <  0  <=>  p  >  I ,  Since  we  have  already  done  the  case  p  —  1  in  Exercise  25  (set 
...  “Inn 

p  =  —  1  in  that  exercise),  £  —  converges  «=>  p  >  I . 

w— 1  nP 

29.  Since  this  is  a  p-series  with  p  =  *,  f  (*)  is  defined  when  *  >  I .  Unless  specified  otherwise,  the  domain  of  a 
function  /  is  the  set  of  numbers  *  such  that  the  expression  for  /  (*)  makes  sense  and  defines  a  real  number.  So.  in 
the  case  of  a  scries,  it's  the  set  of  numbers  *  such  that  the  series  is  convergent. 

30.  (a  )/(*)=  I/*4  is  positive  and  continuous  and  /'(*)  = -4/* 5  is  negative  for*  >  I.  and  so  the  Integral 

lest  applies.  +  ^  +  - 1-  **  1.082037. 

7?I0<  [  —j  dx  =  lim  [——el  =  lim  (— r-*  +  — - — *)  =  so  the  error  is  at  most  0.0003. 

J  to  *4  3*3Jio  '-*00  \  3/ 3  3(10 )3/  3000 
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=*  i,0+iin7SISi,0+iw  - 

1 .082037  +  0.000250  =  1  082287  <  x  <  1 .082037  +  0.000333  =  1 .082370,  so  we  get  s  «  1 .08233  with 
error  <  0.00005. 

(C)  R„  <  jT  74  dx  =  573  ■  So  R"  <  0  00001  =»  573  <  IF  =»  3"3  >  105  =* 

n  >  ^(10)5  /3  as  32.2.  that  is.  for  n  >  32. 


31.  (a)  /(x)  =  4j  is  positive  and  continuous  and  /'  (x)  =  is  negative  forx  >  1.  and  so  the  Integral 

Test  applies  L^*!Iio  =  -jT  +  ^  +  ^+  '  +  ]^2S'1  549768 

R,0  <  [  \dx  =  lim  [—1  =  lim  =  -}?,  so  the  error  is  at  most  0. 1. 

J 10  x2  i-*oo  [_  jc  J jo  '  l0/  10 

rx  |  f00  I  .  , 

(b)  Sio  +  /  —jdx<s<s  10  +  /  -j  c/a:  =>  *io  +  JT  -  s  -  S|°  +  To  ^ 

7li  a JiO  * 

1.549768  +  0.090909  =  1.640677  <  j  <  1.549768  +  0.1  =  1.649768,  so  we  gets  =»  1.64522  (the  average  of 
I  640677  and  1 .649768)  with  error  <  0.005  (the  maximum  of  1 .649768  -  1 .64522  and  1 .64522  -  1 .640677, 
rounded  up). 


(c) 


r„  <  r 

Jll 


\dx  =  -.  So  R„  <0.001  if  -  < 


1000 


<=>  n  >  1000. 


32.  /  (x )  =  1  /x5  is  positive  and  continuous  and  f  (x)  =  — 5/jt6  is  negative  for. v  >  1,  and  so  the  Integral  Test  applies. 

I 


Using  (2).  R„  <  [ 
Jn 

s  S».ss=»  1.037. 


x  5  dx  =  lim 
s-»oo 


4/i4 


If  we  take  n  =  5,  then  s$  ^  1 .036662  and  R$  <  0.0004.  So 


33.  /(x)  =  x~}/1  is  positive  and  continuous  and  f  (x)  =  -§x-5/2  is  negative  for x  >  I,  so  the  Integral  Test  applies. 
From  the  end  of  Example  6,  we  see  that  the  error  is  at  most  half  the  length  of  the  interval.  From  (3).  the  interval  is 
(j„  +  f(x)dx,s„  +  xr  f(x)dx).  so  its  length  is  /“  f(x)dx  -  f(x)dx.  Thus,  we  need  «  such  that 


0.01 


lim 

I  +oo 


_L  _  1 

■Jn  Jn~+  1 


<=>  n  >  1 3.08.  Again  from  the  end  of  Example  6,  we  approximate  s  by  the  midpoint  of  this  interval.  In  general, 
the  midpoint  is  j  [ (s„  +  f  (x)dx)  +  (+.  +  f(x)dx)]  =  x„  +  j  (/“,  / (x)dx  +  /„  /(*) dx).  So 
using  II  —  14.  we  haves  *  S|4  +  s  (fu  x~)/2  dx  +  /“  x~3/1dx)  =  2.0872  +  77ft  +  Tjj  55  2.6127.  Any  larger 
value  of  n  w  ill  also  work.  For  instance,  s  S30  +  +  77JJ  25  2.6124. 


34. 


/( x)  = - x  is  positive  and  continuous  and  f  (x) 

x  (lnx)' 


Ins  +2 
x2  (lnx)'4 


is  negative  for  x  >  1.  so  the  Integral  Test 


applies.  Using  (2),  we  need  0.01  >  [  d*  ,  =  lim  [— !-l  =  .  This  is  true  for  n  >  el0#,  so  we  would 

11  b  Jn  x(lnx)2  /-><»  L  In  *  Jn  ln« 

have  to  take  this  many  terms,  which  would  he  problematic  because  e100  as  2.7  x  1045. 
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<b) 


+  2 


35.  (a)  From  the  figure,  ai+as  + - E  a„  <  J"  f  (x)ilx,  so  with 

/(*)=-, 

x 

ill  i  r  i  , 

r  +  -  +  t  H - F  -  <  /  -  dx  =  Inn 

2  3  4  n  J\  x 

.111  1 

Thus, Sn  —  1  -E  —  +  t  +  —  +  •  •  •  4 —  <  I  +  Inn. 

2  3  4  n 

(b)  By  part  (a),  sl0<,  <  I  +  In  I06  =  14.82  <  I5ands)0g  <  I  +  In  109  as  21.72  <  22. 

36.  (a)  /(.*)  =  ^  is  continuous  and  positive  for.t  >  I.  and  since  f  (x)  =  ~lnJt  <  q  for  j  >  e.  we 

r°° /\nx\2 

can  apply  the  Integral  lest.  Using  a  CAS,  we  get  J  I - J  dx  =  2,  so  the  series  also  converges. 

/ In jc \2  (Inn)2  +  2  Inn 

Since  the  Integral  lest  applies,  the  error  ms  as  s„  is  //„  <  I  I - I  dx  =  - - - - 

J„  \  x  J  n 

(c)  By  graphing  the  functions  y\  —  - - )  +2  Ins +  2  ^  ^  _  q  q5,  wc  sce  t(,at  vt  <  ^  for  „  >  1373 

(d)  Using  the  CAS  to  sum  the  first  1373  terms,  we  get  S1373  =s  1 .94. 

37.  ft1"”  =  (<?ln*)ln”  —  (eln”)l"/'  =  n,"h  —  This  is  a  p-series,  which  converges  for  all  b  such  that  -  In  b  >  I 

<=>  Ini  <  — 1  <=>  b  <  e-’  <=»  6  <  l/e. 

38.  (a)  The  sum  of  the  areas  of  the  n  rectangles  in  the  graph  to  the  right  is 

r+l  dx  . 

7,  T,s 

the  rectangles  extend  above  the  curve  y  —  l/jr,  so 

l  x  . . 2  •  3 

Inn  <  ln(n+  I). 0  <  I  +  -  +  |  + - E  -  -  Inn  =  /„. 

2  3  n 

(b)  The  area  under  f  (x)  =  l/.t  between  x  =  n  and  x  —  n  +  I  is 
f"+]  dx 

I  —  =  In  (n  +  1 )  —  In  n,  and  this  is  clearly  greater  than  the  area 
Jn  -x 

of  the  inscribed  rectangle  in  the  figure  to  the  right  [which  is  — ! — 1, 

L  «+  'J 

so/,,  —  /„+ 1  =  |ln(n  +  I)  -  Inn] - — -  >  0,  and  so  /„  >  /„+ 1,  so 

n  +  1 

{/„)  is  a  decreasing  sequence. 

(c)  We  have  shown  that  {/„)  is  decreasing  and  that  /„  >  0  for  all  n.  Thus,  0  <  /„  <  /1  =  I,  so  {/„)  is  a  hounded 
monotonic  sequence,  and  hence  converges  by  Theorem  1 2. 1 . 1 0. 


1  I  I  rn+ 1 

I  +  r  +  -  + - E-.  Now  /  —  is  less  than  this  sum  because 

2  3  n 


/•»+'  |  III 

-  dx  =  In  (n  +  1)  <  I  +  -  +  -  H - E  -,  and  since 
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The  Comparison  Tests 


1.  (a)  We  cannot  say  anything  about  If  a„  >  b„  for  all  n  and  22  b„  is  convergent,  then  22a«  could  be 

convergent  or  divergent.  (See  Note  2  on  page  757.) 

(b)  If  a„  <  b„  for  all  n,  then  2  a„  is  convergent.  [This  is  part  (i)  of  the  Comparison  T  est.] 

2.  (a)  If  a„  >  b„  for  all  n,  then  22  a„  is  divergent.  (This  is  part  (ii)  of  the  Comparison  Test.] 

(b)  We  cannot  say  anything  about  22  a«  If  a„  <  b„  for  all  n  and  £b„  is  divergent,  then  22  could  be  convergent 

or  divergent. 


II  °°  | 

— r -  <  — r  for  all  H  >  I .  SO  22  —X - 

nJ  +  n  +  I  n2  “|  n2  +  «  +  I 

because  it  is  a  p-series  with  p  =  2  >  1 . 


2S  I 

converges  by  comparison  with  22  — y  •  which  converges 

n— I  " 


2  2  oo  2  oc  2  00  I 

4.  — ; -  <  for  all  n  >  I,  so  V  —x - converges  by  comparison  with  T  —x  =  2  22  — r,  which  converges 

«3+4  n1  ~  „t'|n3+4  "3  «3 

because  it  is  a  constant  multiple  of  a  convergent  p-series  (p  =  3  >  I ). 

55  oo  5  005001 

5.  - — —  <  —  for  all  «  >  I,  so  22  r — converges  by  comparison  with  £  —  =52  — ,  which  converges 

2  +  3  3  „=l  2  +  3  w=j  3  n=i  3 

00  I  1 

because  21  ^  is  a  convergent  geometric  scries  with  r  =  j . 

diverges  by  comparison  with  the  divergent  (partial)  harmonic  series 


II  00  | 

6.  - >  -  for  all  n  >  2,  so  21 


n  —  y/n  n 

s  -• 

2  " 


„f2  n-y/ii 


n  +  |  „  |  00  „  +  |  00  1 

7.  — x—  >  —x  =  -  for  all  n  >  I,  so  V  — x—  diverges  by  comparison  with  the  harmonic  series  22 

n-  nl  n  „=i  n2  ,,=1  n 

4  +  3"  3"  /3\"  00  4  +  3" 

8.  — — —  >  —  =  I  -  )  for  all  n  >  I,  so  22  - diverges  by  comparison  with  the  divergent  geometric  s 

2"  2"  \2/  n  1  2" 

z=,G)“ 


3 


3  “  3 


9.  -jj  <  —  22  's  a  geometric  series  with  |r|  =  y  <  I,  and  hence  converges,  so  22  converges  also,  by  the 
Comparison  Test. 


“  3 


10 


L  ; — —  <  — —  =  -xxx  and  22  — rr>  converges  (p  =  i  >  I),  so  22  - — 7=^  converges  by  the  Comparison 

n-/M  ni/s  „=|  n>'-  2  tiy/n 


Test. 


11. 


°°  I 


■Jn  (»+l)(n4  2) 

1 


n=  1  -Jn  (n  +  I)  (rr  +  2) 


<  ,  =  — xxx  and  since  22  T7T  converges  (p  =  4  >  I).  so  does 

■Jn  ■  n  ■  n 

by  the  Comparison  Test. 
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12.  Use  Ihe  Limit  Comparison  Test  with  a„  =  — 
n 


lim  ^  =  lim 


--  lim 


X«  +  l)(n  +  2) 

I 


and  b„  =  - . 


£  I 


6„  -  -oo  !/n(n+\)(n  +  2)  -  ~~  j/1  (I  +  l/n)  (I  +  Yfri)  =  '  "  “  SinCe  n  diVCrgeS’  S°  d°CS 

y  1  - 

«=!  +  \)(n  +  2) 


If  w2+1  Ji  1  .u  ,•  ,•  '»3  +  "  1  +  1/w2  ,  ~«2+l  J.  l 

13.  If  an  =  — : — -  and  b„  =  then  lim  —  =  lim  — : — -  =  lim  - — T  =  1,  so  X  — = — -  diverges  by  the 

nJ  —  1  n  n-»oo  bn  »-»oo  n3  -  I  «->oo  1  -  l/nJ  n*  “  1 

o°  | 

Limit  Comparison  Test  with  the  divergent  (partial)  harmonic  scries  X 

•>— ■>  n 


14.  - .  <  —  and  V  —  is  a  convergent  geometric  scries  (|r|  =  i  <  1),  so  X  - - - converges  by  the 

(n  +  1)2"  2”  „T|2”  2  „=,(«  + 1)2"  *  3 

Comparison  Test. 


3  +  cosn  4.  .  £  4  .  ......  .  , 

15.  — — —  <  —  since  cos  n  <  I.  2_  —  is  a  geometric  series  with  |r|  =  j  <  I  so  it  converges,  and  < 

*  W—  1 


3" 


£  3  +  cosn  ,  ,  _  .  _ 

2.  — — —  converges  by  the  Comparison  lest. 
«-l  ** 


5n  5n  5/1 

16.  — r - -  > 


2«2  -  5  2 n2 

Test. 


5  / 1  \  5  °o  i  oo  5  n 

-  |  -  I  and  since  -  X  ~  diverges  (harmonic  series)  so  does  X  — -  by  the  Comparison 

2  W  2  „_i  n  „=i  2n2  —  5 


n  n  1  00  I  ,  oo  n 

17.  *--t  <  —7=  =  -r^r.  Y  —rrzr  is  a  convergent  o-serics  (p  =  $  >  I)  so  Y  , - converges  by  the 

Vn5  +  4  vV  "3/2  ,,=  l  «3/2  „=l  vV  +  4 

Comparison  Test. 

arctann  rr/2  a-  £  I  ,  „  £  arctann  .  .  _  „ 

18.  - - —  <  — j-  and  —  X  “4  converges  (p  =  4  >  1)  so  X - j —  converges  by  the  Comparison  lest. 


2"  2" 
19.  - — —  < 


1+3" 
Comparison  Test 


2"  /2\"  £  /2\"  , 
—  =  .  X  is  a  convergent  geometric  series  (|r|  =  j 


oo  2" 

<  1),  so  X  ~  converges  by  the 
o=l  *  4-  3 


1+2"  2"  o„  ( I  /2)”  +  I 

20.  Use  the  Limit  Comparison  Test  with  a„  =  .  ^  and  6„  =  — :  lim  —  =  lim  ,.  ■;  =  I  >  0.  Since 


I  +3" 


3"  *  n-*00  bn  »-*0O  (1/3)"  +  I 


00  ,  00  1  +  2" 

X  converges  (geometric  series  with  |r|  =  j  <  I),  X  ) — also  converges. 

h=I  n=l  ■  4"  a 

21.  Use  the  Limit  Comparison  Test  with  a„  =  -  -  and  b„  =  :  lim  ^  =  lim  —  =  I  >  0.  Since 


1  +  y/n 


y/r i ‘  «-*oo  »-*oo  1  +  y/n 


oo  |  oo  | 

X  ~p=  is  a  divergent  /^-series  (p  =  s  <  I).  X - 7=  also  diverges. 

»=l  V«  „=,  I  +  y/n 


I  Inn2  00 

22.  Use  the  Limit  Comparison  Test  with  a„  =  —z - and  h„  =  —r  :  lim  —  =  lim  —z - =  I  >  0.  Since  X  2>» 

n — 4  n2  »-»oo  b„  «->»  +  _  4 

00  | 

converges  (p  =  2  >  I).  X  T - also  converges. 

w=3  «  -  4 
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23.  Lcl  a„  =  ”,  +  ■  and  b„  =  4r.  T  hen  lim  —  =  lim  "  =  I.  Since  Y  -s  is  a  convergent  p-series 

n4  +  I  «2  "-«» b„  "-*<»  n4  +  1  „tTi  n2 

00  n2  +  1 

(p  =  2  >  I),  so  is  ]T  —7 - by  the  Limit  Comparison  Test. 

..=1  «  +  1 

„  ...  n2  -  bn  1  a„  n3  -  bn2  I  —  5 /« 

24.  Ifo„  =  — ; - and  b„  =  then  lim  —  =  lim  — = - -  =  lim  - —75 — — r  =  I.  so 

n3  +  n  +  1  n  "-*°o  b„  «-*oon3  +  n+l  n-*oo  I  +  l/n2  +  \/ni 


n2  -  5n  .. 
»=i  n3  +  n  +  1 
a„  >  0  for  n  >  6.) 


f  n  X  | 

jc  — - diverges  by  the  Limit  Comparison  Test  with  the  divergent  harmonic  series  X  — ■  (Note  that 

"3  _i_  »  j.  1  n=1  „ 


I  +  «  +  n2 


„  ...  i+n  +  /r  ,  ,  1  a„  n  +  n2+n3  i/n- +  i/n  +  1 

25.  II  a„  —  — -  and  bn  =  -.  then  lim  —  —  lim  —=====  -  lim 

yf+T  +  r  «  »-*oo6„  "-*00  Vi  +  n2  +  n6  "-*°°  Vl/n6  +  l/n4  +  I 


l/n2  +  l/n+  I 


“  I  +  n  +  n- 
«=l  Vl  +  n2  +  «( 


=  lim 
«-»oo 

00  I 

diverges  by  the  Limit  Comparison  Test  with  the  divergent  harmonic  series  X  “• 

it—  1  n 


=  I,  so 


26'  lfa"  ~  tfJTn1  and  b"  ~  "7/3  -  «4'3'  thCn 

n7'3  +  bn*'3  n~7/3  I  +  5/n  ..  1  +  b/n 

"-*°°(/i7  +  n2)'  »_7/3  "-*<*>  [(n7  +  n2)/n7]'/3  "~,0°  (l  +  l/n5)  73  (1  +  O)'^ 

00  n  +  5  00  | 

£  converges  by  the  Limit  Comparison  Test  with  the  convergent  p-serics  £  —573  • 

»=l  V*l7  +  «2  n=l  " 

27.  Leto„  =  "  +  *  and /*„  =  — .  Then  lim  ^  =  lim  ”  +  *  =  I.  Since  Y  T  is  a  convergent  geometric  series 

n2"  2"  "-*«>  />„  »-*cx>  n  2" 

00  w  +  1 

(|r|  =  5  <  I ).  Y  - converges  by  the  Limit  Comparison  Test. 

,.=  1  «2" 


lim  —  =  lim 

E7-+00  [)n  >i — ►  OO  ( 


1+0 


=  1,  so 


28.  Use  the  Limit  Comparison  Test  with  a„ 


2  n2  +  7  n  I 

— — - 7  and  b„  =  — . 

3"  (n2  +  5n  -  l)  3" 


lim  —  =  lim  +  ■  =  2  >  0.  and  since  Y  />„  is  a  convergent  geometric  series  (|r|  =  4  <  I). 

»-*oo  b„  «-*oo  n*  +  5n  —  1  „=l 


»  2/r  +  7/i 


“1  3"  (/12  +  5«  -  1) 


converges  also. 


1  j  00  | 

29.  Clearly  ;/!  =  n  (n  -  I)  (n  -  2)  •  •  ■  (3)  (2)  >  2  -  2  2 . 2  ■  2  =  2"-'.  so  —  <  —j.  £  — j-  is  a  convergent 

n‘  *•  It—  I  *” 

,  0°  | 

geometric  scries  (|r  |  =  i  <  l)so  X  — :  converges  by  the  Comparison  Test. 

n=l  n ' 


30.  Hi  =  12-3 . ilrJlg  <  1 . I . 1 . 1 

n"  n  ■  n  •  n . n  •  n  n  n 


00  2  00  //! 

I  for  n  >  2,  so  since  X  -j  converges  (p  =  2  >  I ).  £  -7 

„=1  «'  »=l  " 


converges  also  by  the  Comparison  Test. 

31.  Use  the  Limit  Comparison  Test  with  a„  =  sin 

Since  Y;^  ,  b„  is  the  divergent  harmonic  series,  ^1,  sin  (l/n)  also  diverges. 


,  ,  1  a„  sin  (l/n)  sin/7 

and//,,  =  lim  —  =  lim  — — - =  Itm  — — -  =  1  >  0. 

n  «-*oo  bn  "-*°°  l/n  «-»o  (7 
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32.  Use  the  Limit  Comparison  Test  with  an  =  --v-;--'  and  b„  =  lim  —  =  lim  — ,  . , - .....  — v-j- 

nl+l/"  n  n-*oo  n,_rI/"  n-*oo  rv'n 


—  lim 


=  1 


00  |  oc  | 

(since  lim  x*/x  =  1  by  1’llospital's  Rule),  so  V  -  diverges  (harmonic  series)  =»  V  — — , —  diverges. 

n=|  n  „=l  n‘+l'" 


„  “  1  111  1 
'  5  n4  +  n2  _  2  +  20  +  90  +  '  +  10.100 


!  0.567975.  Now 


1 


n4  +  n‘ 


<  -jr,  so  using  the  reasoning  and 


notation 


oo  i  r°°  dx  r  ■*-3V  l 

ion  of  Example  5.  the  error  is  R to  <  Ho  =  Z  — r  <  /  — r  =  lim  — —  =  — — -  =  0. 

„=n  "*  ~  Jio  *4  <-*oo|_  3  J10  3000 


0003. 


io  l+cosn  .  l+cos2  l+cos3  1+ cos  10  l  +  cosn  2 

34  Z  =l+cosl+  „  +  +■■■+  tnnnnn  88  1.55972.  Now— 5— <^,50  as 


32 


243 


100,000 


f°°  2  f  y 

Example  5,  R\ o  <  Tio  <  /  —s dx  =  2  lim  —jX~A  =  Oj 
J io  x5  <-*oo L  4  Jio 


00005. 


10  I  I  I  1  I  II 

35-  TT^  =  3  +  5  +  9  +  •  ■  ■ +  ToB  ^ 0  76352  Now  T+v  <  F’ so ,hc crror is 

oo  1  I /21 * 

R io  <  7'io  =  Z  ^  ~  ", - rpi  (geometric  series)  0.00098. 

n=  1 1  ^  1  —  1/^ 


10 

36.  Y 


=  7  +  J;  +  -|-+  -  +  ~  0.283597.  Now 


„fi(n  +  l)3”  6  27  108  649,539 

0.0000085. 


(n  + 1)3"  n  3"  3" 


=  -r- ,  so  the  error  is 


00  I  1 /3 1 1 

«io  <  7-,o  =  Z  TT  =  ' 


,=Tt  3"  1  -  1/3 

d  9  00  9 

37.  Since  — —  <  —  for  each  n,  and  since  21  —  is  a  convergent  geometric  series  (|r|  =  A  <  1), 
10"  1 0"  )  10" 

22  </„ 

O.dididy  . . .  —  Z  7)^  will  always  converge  by  the  Comparison  Test. 

n- 1 


38.  Clcarlv.  if  p  <  0  then  the  scries  diverges,  since  lim  — ■ — 

n-tao  nP\nn 

I 


=  oc.  IfO  <  p  <  I,  then  np  Inn  <  n  Inn 


|  oo  |  oo  | 

-  >  - and  Y  - diverges  (Exercise  12.3.19),  so  y - diverges.  If  p  >  1,  use  the  Limit 

np  In  n  n  In  n  „_•>  « In  n  „=2  «P  In  n 


Comparison  Test  with  a„  = 


1  l  oo  o„  I  00  1 

— — —  and  b„  =  — -.  y  b„  converges,  and  lim  —  =  lim  - —  —  0.  so  y  — ■ — 

np  In n  np  „y2  «-*<*> b„  n->oo  Inn  np  Inn 


also  converges.  (Or  use  the  Comparison  Test,  since  np  Inn  >  nr  for  n  >  e.)  In  summary,  the  series  converges  if 
and  only  if  p  >  I. 

39.  Since  y  a„  converges,  lim  a„  =  0.  so  there  exists  N  such  that  \a„  —  0]  <  1  for  all  n  >  N  =»  0  <  a„  <  I  for 

«-»oo 

all  n  >  N  =>  0  <  a},  <  a„.  Since  Y a <>  converges,  so  docs  Yan  by  'be  Comparison  Test. 

40.  (a)  Since  lim  ( a„/b„ )  =  0.  there  is  a  number  S  >  0  such  that  \a„/b„  -  0|  <  I  for  all  n  >  N,  and  so  a„  <  b„ 

n-4  OC 

since  a„  and  b„  are  positive.  Thus,  since  bn  converges,  so  does  by  the  Comparison  lest. 

,.wr  lnM  .  .  1  ..  ,•  ,nw  ,  Injr  h  ..  l/x  Inn 

(b)  If  a„  =  — r  and  b„  =  -=■,  then  lim  —  =  lim  —  =  lim  —  =  lim  — -  —  0,  so  V  — r  converges  by 

n  n-*oo  bn  n-*oo  n  x-»oo  ,x  x-*oo  ]  n=\  n 

part  (a). 
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41.  (a)  We  wish  to  prove  that  if  lim  ~  =  oo  and  Y  bn  diverges,  then  so  does  Y  <’n  So  suppose  on  the  contrary  that 

/I— >00  f)n 

converges.  Since  lim  7^  =  00.  we  have  that  lim  —  =  0,  so  by  the  extension  of  the  Limit  Comparison 
n-foo  b„  n-too  a„ 

Test  proved  in  Exercise  40(a),  if  Y  On  converges,  so  must  Y  b„.  But  this  contradicts  our  hypothesis,  so  Y  a„ 
must  diverge. 

(b)  If  a„  =  —  and  b„  =  -  for  n  >  2.  then  lim  ^  =  lim  =  lim  =  lim  — —  =  lim  x  =  00,  so 
Inn  n  »-*oo  b„  n-»oo|n«  *-»oo  Inx  *->00  1/jt  r-»oo 

00  1 

by  part  (a),  Y  - —  is  divergent. 
n- 2  m  n 

42.  I.et  a„  =  —  and  h„  =  — .  Then  lim  7^  =  lim  -  =  0.  but  Y  b„  diverges  while  To,  converges. 

nl  n  »->oo b„  n-> 00  n 

43.  lim  na„  =  lim  ,  so  we  apply  the  Limit  Comparison  Test  with  bn  =  - .  Since  lim  na„  >  0  we  know  that 

/»— >  00  m— >00  1  j  n  n  w-»oo 

o°  1 

either  both  scries  converge  or  both  series  diverge,  and  we  also  know  that  Y  -  diverges  (p-scrics  with  p  —  1 ). 

n -0  n 

Tlterefore.  Y  a»  musl  be  divergent. 

44.  First  we  observe  that,  bv  I’Hospital’s  Rule,  lim  ^  ^  ^  =  lim  - -  =  I.  Also,  if  Ya„  converges,  then 

t-*o  x  x-*o  1  +  x 

lim  a„  =  0  by  Theorem  12.2.6.  Therefore,  lim  ln  (1  +  a»)  _  7  We  are  given  that  Ya»  is  convergent  and 
/»->oo  '  n-*cc  an 

a„  >  0.  Thus,  £  In  (1  +  a„)  is  convergent  by  the  Limit  Comparison  Test. 

45.  Yes.  Since  converges,  its  terms  approach  0  as  n  oo,  so  lim  - - -  =  1  by  Theorem  3.5.2.  Thus, 

n~*oo  an 

sin  an  converges  by  the  Limit  Comparison  Test. 

46.  Yes.  Since  converges,  its  terms  approach  0  as  n  ->  oo,  so  for  some  integer  ,V,  a„  <  1  for  ail  n  >  N .  But 

then  Y”  i  o„b„  =  a„b„  +  Y?Ln  o„b„  <  Y.n=\  o„b„  +  Y,*v  b„.  T  he  first  term  is  a  finite  sum.  and  the 

second  term  converges  since  b„  converges.  So  converges  by  the  Comparison  lest. 


—1^-5  Alternating  Series _ 

1 .  (a)  An  alternating  scries  is  a  series  whose  terms  are  alternately  positive  and  negative. 

(b)  An  alternating  series  Yn^i  1  b„  converges  if  0  <  b„+ 1  <  b„  for  all  n  and  ^lim^  b„  =  0.  (This  is  the 

Alternating  Series  Test.) 

(c)  The  error  involved  in  using  the  partial  sum  s„  as  an  approximation  to  the  total  sum  s  is  the  remainder 

R„  =s  -  s„  and  the  size  of  the  error  is  smaller  than  fc„+i.  that  is,  |/?„|  <  6„+|.  (This  is  the  Alternating  Series 
Estimation  Theorem.) 

12  3  4  5  00  n  n 

2.  —  + - + - 4 - =  Y  (—  I)" - •  Here  a„  —  (—  I)" - -.  Since  lim  a„  ^  0  (in  fact  the  limit 

3  4  5  6  7  ntTi  «  +  2  it +  2  "-*<» 

does  not  exist),  the  series  diverges  by  the  Test  for  Divergence. 

44444  00  ,4  4 

3.  -  --  +  --  77  +  77 - =  Y  (-1)*  — T2- b"  ~  — 71  >  1*"1  is  decreasing,  and  lim  b„  =  0,  so  the 

7  8  9  10  II  „T|  n  +  6  n  +  6  »-»<» 

series  converges  by  the  Alternating  Series  Test. 
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OO  I  1  1 

4.  X  (—  I)"  ; — •  ft,,  =  - —  is  positive  and  [ft„[  is  decreasing;  lim  - —  —  0,  so  the  series  converges  by  the 

Inn  In"  n-»oo  In n 

Alternating  Series  Test. 

I  ...  00  (-l)"-1 

5.  ft,,  =  — —  >  0,  (ft,,)  is  decreasing,  and  lim  b„  =  0,  so  X  - = —  converges  by  the  Alternating  Series  Test. 

V"  ,!ri  V" 


|  00  ( —  1 )«— 1 

6.  b„  =  — - r  >  0,  (ft,,)  is  decreasing,  and  lim  b„  =  0,  so  the  series  T  — - —  converges  by  the  Alternating 

"-•oo  *tTi  3/1  -  1 


3/i  -  1 
Series  Test. 


7.  a„  —  (-1)”  - so  |a„|  =  - — —  ^  as  n  -»  00.  Therefore,  lim  a„  ±  0  (in  fact  the  limit  does  not  exist) 

4/r+l  4/1+12  »-*  00 

00  2n 

and  the  series  X  (—  I )"  - - 7  diverges  by  the  Test  for  Divergence. 

,,=  1  4n  +  I 

2w 

8.  b„  =  —5 — 7  >  0,  (ft„|  is  decreasing  [since 

4  n~  +  1 


bn  bn+\ 


2  n 


2n  +  2 


8  n2  +  8/1-2 


4/i2  +  I  4n2  +  8/1  +  5  (4/i2  +  l)(4/i2  +  8n  +  5) 


>  0  for  n  >  I  ].  and 


2  In  00  In 

lim  ft,,  —  lim  - — 7— r  =  0,  so  the  series  V  (—  1 )”  — r - converges  by  the  Alternating  Series  Test. 

,,-,00  n-»oo  4  +  1/n2  ~x  4/r2  +  I  6 

I  00 

9-  h"  —  .  ?  ,  ■  >  °<  (*„) is  decreasing,  and  lim  ft,,  =  0.  so  the  series  T  — , — -  converges  by  the  Alternating 
4/r 2  +  I  »-»oo  4/i-  +  1 

Series  Test. 


10-  a„  =  (-I)"-'  s°  k,l  =  \ 


as  n  — »  00.  T  herefore,  lim  a„  yF  0  (in  fact  the  limit  does  not 


00  2 n2 

exist)  and  the  scries  X  (—  I )”  1  ~r~y — 7  diverges  by  the  Test  for  Divergence. 

„=  1  4n-  +  I 

11.  X  (-1)"-1  — t.  ft,,  =  >  Oforall/i.  Let  f  (x)  =  .  Then  f  (x)  =  — ^  <  Oifx  >  4,  so 

»=t  n  +  4  « +  4  x  +  4  2V?(x  +  4)2 


(ft,,)  is  decreasing  after  n  =  4.  lim  — —  =  lim  — = — ! - — 

n->oon  +  4  n-/«yn  +  4/v/n 


=  0.  So  the  series  converges  by  the  Alternating 


Series  Test. 

no 

\/l-f  I  , 


12.  X  (— l)’l+l  —  •  =  ™  >  0  and  ft,,  >  ft„+i  <=>  —  >  <=>  2n  >  n  +  I  <=>  n>l  which  is 

n-  I  -  -  ~  2  'r 

certainly  true,  lim  («/ 2")  =  0  by  I’HospitaTs  Rule,  so  the  series  converges  by  the  Alternating  Series  Test. 


OC  fi  jj  ||  | 

13.  y  (—  1 )"  - — .  lim  - —  =  lim  — —  =  oo,  so  the  series  diverges  by  the  Test  for  Divergence. 

„_2  In  n  n-*oo  In n  n-*oo  \/n 

14.  X(-l)n-'f— )  =0+  f  ft„  =  —  >  0  for  «>  2.  and  if /(*)=  — then 

»=l  \  «  /  ,,=2  V  «  /  "  x 

f  (x)  = - ■= — -  <  0  if  x  >  e,  so  (ft„)  is  eventually  decreasing.  Also,  lim  ft„  =  lim  -=  lim  — —  =  0,  so 

Xz  n~*oo  n — poo  n  n—*oo  J 

the  scries  converges  by  the  Alternating  Series  Test. 

00  cos/i/r  00  (—1)”  1  1 

15.  X  — T7T~  —  X  — 57T-  fct  —  — rr  is  decreasing  and  positive  and  lim  — r-r  =  0,  so  the  series  converges  by  the 

„_i  /i’/’  „_i  /l-’',  „  ,00  /!*/— 

Alternating  Scries  Test. 
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16.  sin  =  0  if  n  is  even  and  (-1)*  if  n  =  2k  +  I.  so  the  series  is  X 


(-D" 


.  A„  = 


decreasing,  and  lim 


I 


n-ioc  (2 n  +  I)! 


„to(2n+l)!  (2n+l)l 

=  0,  so  the  scries  converges  by  the  Alternating  Series  Test. 


>  0.  (A„)  is 


IT  X  (~  0”  sin  — .  bn  =  sin  —  >  0  for  n  >  2  and  sin  —  >  sin - .  and  lim  sin  —  =  sinO  =  0,  so  the  series 

„=i  n  n  n  n  +  I  «-»oo  » 

converges  by  the  Alternating  Series  Test. 

18.  Y  (—  l)"cos(  —  ).  lim  cos  (  — )  =  cos  (0)  =  I,  so  lim  (— I)"  cos  )  does  not  exist  and  the  scries  diverges  by 
„_i  \n/  n-too  \ n  '  ii-too  Vm/  e  J 

the  Test  for  Divergence. 


19.  n ' 


n!  1-2 . n 

lest  for  Divergence 


>  n 


lim  —  =  oo 
n-*o o  n\ 


lim  - - - does  not  exist.  So  the  series  diverges  by  the 

77 —>  00  n ! 


20.  - - decreases  and  lim  ~r~. _ -  =  0,  so  by  the  Alternating  Series  Test  the  series  converges. 

V\n7i  -yinn  * 

21. 


n 

an 

S„ 

1 

2 

i 

-0.35355 

i 

0.64645 

3 

0.19245 

0.83890 

4 

-0.125 

0.71390 

5 

0.08944 

0.80334 

6 

-0.06804 

0.73530 

7 

0.05399 

0.78929 

8 

-0.04419 

0.74510 

9 

0.03704 

0.78214 

10 

-0.03162 

0.75051 

-I 

By  the  Alternating  Series  Estimation  Theorem,  the  error  in  the 
<-!)"* 

n—  I 


s  0.75051  is 


approximation  £  )/2 

n=  i  tt 

|.v  —  .viol  <  An  =  1/(1 1)3/2  s*  0.0275  (to  four  decimal  places, 
rounded  up). 


22. 


n 

S/i 

1 

2 

i 

-0.125 

l 

0.875 

3 

0.03704 

0.91204 

4 

-0.01563 

0.89641 

5 

0.90441 

6 

-0.00463 

0.89978 

7 

0.00292 

0.90270 

* 

-0.00195 

0.90074 

9 

0.00137 

0.90212 

10 

-0.001 

0.901 12 

r 

’  i*.i  ' 

\ 

(".i 

v _ 1 

_ / 

By  the  Alternating  Series  Estimation  Theorem,  the  error  in  the 
oo  (_ l)"— 1 

approximation  V  — — ; 0.901 12  is 

„=i  "3 

|$  — siol  <  An  =  1/1 13  »  0.0007513. 
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23.  With  b„  -  I /n1, 7>io  =  1/ 102  =  O.OI  and  6n  -  1/1 12  =  1/121  =»  0.008  <0.01,  so  by  the  Alternating  Series 
Estimation  Theorem,  n  —  10. 

24.  hi  =  1/54  =  0.0016  >  0.001  and  bf,  =  1/64  as  0.00077  <  0.001,  so  by  the  Alternating  Series  Estimation 
Theorem,  n  =  5. 


25.  b-j  =  27/7!  as  0.025  >  0.01  and  bg  =  28/8!  as  0.006  <0.01,  so  by  the  Alternating  Series  Estimation  Theorem, 
n  =  7.  (That  is.  since  the  8th  term  is  less  than  the  desired  error,  we  need  to  add  the  first  7  terms  to  get  the  sum  to 
the  desired  accuracy.) 


26.  bg  —  5/4s  as  0.0049  >  0.002  and  bf,  --  6/46  as  0.0015  <  0.002.  so  by  the  Alternating  Series  Estimation  Theorem. 
n  =  5. 


OO 


1 


I 


(2  5-  1)1  362,880 


:  0.00001.  so  £ 


(-D" 


4  (-I)"-1 


*  z 


»»l  (2n  —  1)!  „f,(2«-l)! 


s  0.8415. 


28.  b4 


I 


(2-4) 

f  Hf 

„to  (2m)! 


40,320 
as  0.5403. 


0.000025  and  *j  =  1  - 


I 

720 


0.54028,  so,  correct  to  four  decimal  places. 


I  I  00  (-11"  5  (-1)" 

29.  6f,  =  —  =  — —  *  0.000022  <  0.00001,  so  t  4— 4-  =  t  V4-  as  0.6065. 

266!  46.080  “o  2"n!  „fo  2"m! 

30.  b„  =  1/86  as  0.0000038  <  0.00001  and  s7  =  I  -  g,  +  755  "  4®6  +  Tsfe  “  isfe  +  TTTS55  *  0.9855537,  so 

OO  (-I)"-' 

correct  to  five  decimal  places,  £  - 7 —  ®s  0.98555. 

«=1  M 


£2  (-1)”'1  ,111  I  I  I  I 

31-  =  1  “  2  +  3  '  4  +  '+  49  "  50  +  IT  "  52  +  ' 


The  50th  partial  sum  of  this  series  is  an 


oo  /  |  i  \  /  |  |  \ 

underestimate,  since  V  - =  -sso  +  I - -  )  +  I  — - -)  +  •••,  and  the  terms  in  parentheses  are  all 

„=l  «  \51  52/  V  53  54/ 

positive.  The  result  can  be  seen  geometrically  in  Figure  I . 


32.  lfp  >  0, 


and  lim  -T  =  0.  so  the  series  converges  by  the  Alternating  Series  Test.  If  p  <  0, 


(n+l)'’  nb  n-»oo  nb 


lim 


(-1)" 


£  (-1)" 


•  does  not  exist,  so  the  scries  diverges  by  the  Test  for  Divergence.  Thus,  V 
>.-.00  nb  e  nb 

p  >  0. 


converges  « 


33.  Clcarlv  b„  =  — - —  is  decreasing  and  eventually  positive  and  lim  b„  =  0  for  any  p.  So  the  series  converges  (by 

n  +  p  "-*<» 

the  Alternating  Series  Test)  for  any  p  for  which  every  b„  is  defined,  that  is,  n  +  p  ^  0  for  n  >  1,  or  p  is  not  a 
negative  integer. 

34.  Let  /  (t)  =  Then  f  (x)  =  - 4 — — -  <  0  ifx  >  ep  so  /  is  eventually  decreasing  for  every  p 

x  xl 

Clearly  lim  =  0  if  p  <  0,  and  if  p  >  0  we  can  apply  I’Hospital’s  Rule  [p  +  1])  times  to  get  a  limit  of  0  as 

n—*oo  h 

well.  So  the  series  converges  for  all  p  (by  the  Alternating  Series  Test). 


SECTION  12.6  ABSOLUTE  CONVERGENCE  AND  THE  RATIO  AND  ROOT  TESTS  □  879 


35.  Ybln  =  X  1/  (2«)2  clearly  converges  (by  comparison  with  the  p-series  for  p  —  2).  So 
suppose  that  Y (“O'1-1  b„  converges.  Then  by  Theorem  12.2.8(ii),  so  does 

Y  [(-l)"_l  *1.  +6„]  =  2  (l  +  j  +  j  +  •  •  =  2£  — J-j .  But  this  diverges  by  comparison  with  the  harmonic 

scries,  a  contradiction.  Therefore.  Y  (—  I  )"-1  b„  must  diverge.  The  Alternating  Series  Test  does  not  apply  since 
(A„)  is  not  decreasing. 

36.  (a)  We  will  prove  this  by  induction.  Let  P  (n)  be  the  proposition  that  s2„  =  k2„  —  h„.  P  (I)  is  true  by  an  easy 

calculation.  So  suppose  that  P  ( n )  is  true.  We  will  show  that  P  (n  4-  I)  must  be  true  as  a  consequence. 


h2n+2  -h„+i-  (h2„  +  ^  -  (h„  +  =  (A>  -  h„)  + 


=  Jin  +  : 


I 


I 


=  S  2»+2 


2n  +  I  2n  +  2 
which  is  P  («  +  1),  and  proves  that  s2„  =  h2n  —  h„  for  all  n. 

(b)  We  know  that  />2«  —  In2n  -»  y  and  h„  -  Inn  -»  y  as  n  -»  00.  So 
s2n  =  h2„  —  h„  =  (h2„  —  In2n)  —  (h„  -  Inn)  +  (ln2n  —  Inn),  and 
lim  s2„  =  y  —  y  +  lim  [In 2 n  —  Inn]  =  lim  (In 2  +  Inn  —  Inn)  =  In 2. 


I 

2n  +  2 


6  Absolute  Convergence  and  the  Ratio  and  Root  Tests 

=  8  >  1,  part  (ii)  of  the  Ratio  Test  tells  us  that  £a„  is  divergent. 


1.  (a)  Since  lim 

«-»ooj  a„ 


(b)  Since  lim  — —  =  0.8  <  1,  part  (i)  of  the  Ratio  lest  tells  us  that  is  convergent, 
"-♦oo  a„ 


(c)  Since  lim 


<*n 


=  1,  the  Ratio  Test  fails  and  £a„  might  converge  or  it  might  diverge. 


2.  The  series  Y  has  positive  terms  and  lim  =  lim 

„-|  2n  n-*oo  a„  n~>oc 

the  series  is  absolutely  convergent  by  the  Ratio  Test. 

oo  i  o°  i 

3.  £  — 7=  —  X  ~%n  is  a  convergent  p-series  (p  =  I  >  1),  so  the  given  scries  is  absolutely  convergent. 

«=l  «=i  n  1 

OO  (_|)«  oo  i 

4.  £  — j yr  converges  by  the  Alternating  Series  Test,  but  £  — r-^  is  a  divergent  p-scric$(p  =  j  <  1),  so 

»=1  n  n=\  n  ~ 

oo  (_|)W 

X  — rpr  converges  conditionally. 

n=  ]  tv'1 

5.  Using  the  Ratio  Test,  lim 
diverges. 

6.  Using  the  Ratio  Test,  lim 


|W  r]  Iim  /  .y 

^  2"'''1  n2J  n-»oo  \  n) 


1  I 

-  =  -  <  I .  so 

2  2 


tfn+l 

=  lim 

n-¥  oo 

(-3)n+l  /  (n  +  I)3 4 5 6 

On 

(-3  )"/n3 

—  lim 

/»-*  OO 

(— 3)”+l  /  (n  +  1)1 

an 

(-3)"/"! 

=  3  lim 

n  — >  oo 


(*)’- 


3  >  1,  so  the  series 


=  3  lim  - =  0  <  1.  so  the  scries  is 

h-*oo  n  +  1 


absolutely  convergent. 
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00  (-1)"  oo  I 

7.  Y - converges  by  the  Alternating  Series  Test,  but  Y  7 - diverges  by  the  Limit  Comparison  Test  with  the 

«=l  5  +  n  »=|H" 

oo  i 

hannonic  series  V  so  the  given  series  is  conditionally  convergent. 

n=l  « 

8.  lim  |^2±i|  =  lim  — — — =  lim  — ! — =  0  <  I ,  so  the  series  Y  - — '  * — is  absolutely  convergent  by  the 

o-*oo  |  a„  |  n-*°°(/i+I)!  n-*oo  n  +  1  „_l  n! 

Ratio  Test. 

n  1 

9.  lim  |a„|  =  lim  - =  lim  - =  1,  so  lim  a„  ^  0.  Thus,  the  given  scries  is  divergent  by  the  Test  for 

n-*oo  5  +  n  n-*oo  $/tl  +  1  «-» oo 

Divergence. 


10.  2  x  \  diverges  by  the  Limit  Comparison  Test  with  the  harmonic  series: 


n 

n=l  «2  +  I 

«/("2+  I) 


lim  =  lim  -= — -  =  1.  But  T  (-1)"  ’  —z — -  converges  by  the  Alternating  Series  Test: 

n-*oo  1/n  n-*oo  n1  +  1  „-\  n1  +  I 

—  1  has  positive  terms,  is  decreasing  since  (  ^  =  — — — r  <  0  for  x  >  1,  and  lim  -= — -  =  0. 

n2  +  I  I  F  V*2  +  1  /  (:t2  +  l)2  "  +  1 


Thus\ii(-1>  ?+7 


is  conditionally  convergent. 


o»+i  |  ,.  1/ (2n  +  2)l  ,.  (2/i)! 

=  lim  — - — - — —  =  lim  — - —  =  lim 


(2n)! 


11.  lim 

n—*00  |  an  |  7T-+00 

lim  — — — —77  =  0  <  1,  so  the  series  is  absolutely  convergent  by  the  Ratio  Test.  Of  course,  absolute 


a„  |  n-*oo  1  /  (2/i)!  »~>oo  (2n  +  2)!  "->°o  (2/i  +  2)  (2«  +  I)  (2/i)! 

1 


»-*oo  (2/i  +  2)  (2n  +  1) 
convergence  is  the  same  as  convergence  for  this  series,  since  all  of  its  terms  are  positive. 


12.  lim 


(n  +  l)!/en+1 

a„ 

n — » 00 

n'./e" 

=  -  lim  (n  +  1)  =  oo,  so  the  series  diverges  by  the  Ratio  Test. 

g  n-> oo 


I  sin  2w  I  1  00  1  00  sin  2 n 

13.  — =—  <  —  and  V  -=  converges  (p-series,  p  =  2  >  1 ),  so  V  ; — r—  converges  absolutely  by  the  Comparison 

I  n2  |  n2  „=l  n2  „=l  n2 

Test. 

arctan/i  ir/2  2£  /r/2  ,  22  ,  ..„  arctan n 

14.  - = —  <  — r-  and  V  — 5-  converges  (p  =  3  >  I),  so  v  (-1)  - —  converges  absolutely  by  the 

/i  «'  "-1  «  „=i  « 


Comparison  Test. 


15.  lim 

a n+l 

=  lim 

n  — *  00 

a„ 

n — poo 

(/i+l)3"+l  4"-'l  /3  n+l\  3  . 

— - - -  =  lim  I  -  - - I  =  -  <  I,  so  the  series  is 

4"  /i-3"J  »-»<x>\4  n  )  4 


absolutely 


convergent  by  the  Ratio  Test. 


16.  lim 

n-*oo 


“n+\ 

On 


:  lim 

n~*oc 


'("  +  ifr"  ,im  17.  ,  'V  2  1  a 

(n  +  l)!  n22”  J  "-*oo|^V  +  /ij  n  +  I  J 


so  the  series  Y  (~  •)” 


/i2  2" 


is  absolutely  convergent  by  the  Ratio  Test. 


17.  lim 


|fl"-l 


-  lim 

n — » 00 

IQn+t 

(n  +  1)  42"+1 " 

-  lim  f- 

/!+  1\ 

(/i  +  2)  42n+3 

10" 

—  «-*oo  y  42 

n  +  l) 

convergent  by  the  Ratio  Test.  Since  the  terms  of  this  series  are  positive,  absolute  convergence  is  the  same  as 
convergence. 
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18.  cos  —  |  <  1,  so  since  — 7=  converges  (p  =  4  >  1),  the  given  series  converges  absolutely  by  the  Comparison 

I  6  I  „=l  njn 

Test. 

19.  lim  1  _  |jm  —  l)  /IO” —  _  |jm  "  _  00.  so  the  series  diverges  by  the  Ratio  Test. 

n-*  oo  a„  ]  n—*QC  n\/\On  n-*oo  10 


n-roo  |  a„  |  w®  n\/n"  n^i'oo  (n  + 1)”  >i-*oo  (I  +  I /n)n  e 

converges  absolutely  by  the  Ratio  Test. 

21.  IC0S  (n,r/3)l  ^  1  anj  -y  1  convcrges  (Exercise  12,4.29).  so  the  given  series  converges  absolutely  by  the 

n!  n!  „Ti  n! 

Comparison  Test. 

22.  lim  =  lim  — =  0  <  1  so  the  series  converges  absolutely  by  the  Root  Test. 

n—*oo  n—*oo  In  n 

\  ■/»  „ 

,  ,  I  =  lim  —= -  —  00,  so  the  scries  is  divergent  by  the  Root  Test. 

31+jrty  n-*oo  (73  •  33 

O,  lim  ISttiL  lim  lim  [  '  (=+!)" („  +  1)1 

n-too  |  a„  |  n-*oo  1  34+3"  n"  n-*oo|_33  \  n  /  J 


O/1+t  |  ..  (n  +!)!/(»+  I)"*1  1  1  ,  ,L 

-  —  lim  - =  lim  - —  =  lim  — - - — —  =  -  <  1,  so  the  series 

a„  I  "-*<»  n\/n"  n-*i»(n+l)  »->«■  (I  +  I/m)  e 


Or:  lim 

00 


1  /  I  \"  . 

-  —  lim  (  I  +  -  )  lim  (m  +  I)  =  tjc  lim  (m  +  1)  =  t 

27  «-»oo  \  n )  n->oo  -  /i— »oo 


so  the  series  is  divergent  by  the  Ratio  Test. 

24.  Since  I  — p —  1  is  decreasing  and  lim  — ^ —  =  0,  the  series  converges  by  the  Alternating  Scries  Test,  but  since 


00  | 

Y  - diverges  bv  the  Integral  Test  (Exercise  12.3.19),  the  given  scries  converges  only  conditionally. 

„=2  « In  n 

n2  +  |  |  |  ! jj2  | 

25.  lim  y\an\  =  lim  — r - =  lim  - — r  =  -<  I ,  so  the  series  is  absolutely  convergent  by  the  Root  Test. 

»-»oo  /r-»oo  2n-  +  1  /»->oc  2  +  \/n2  2 

1  1  2 

26.  lim  ty\an\  =  lim  - =  — -  =  —  <  1  so  the  series  converges  absolutely  by  the  Root  Test. 

«-»oo  «->oo  arctan  n  nj 2  n 

„  ..  a„+ 1|  ..  (n  +  l)!/[l  -3*5 . (2/*+!)]  ..  n  +  I  I 

27.  lim  -  =  lim  - — - — - — - — - — —  =  lim  - -  =  -  <  1,  so  the  senes  converges 

n->  oo  a„  I  M-»oo  w!/ [1*3*5 . (2/7—1))  n-*<x>  2/7  +  I  2 

absolutely  by  the  Ratio  Test. 

1*4*7 . (3/i  -2)  (3/7  -f  I) 

__  ..  ..  3-5-7 . (2/7  +  1)  (2/7  +  3)  3/7+1  3  ,.  , 

28.  lim  -  =  lim  - ; — - -  —  lim  - -  =  ->  1 ,  so  the  senes  diverges  by  the 

n-i oo  |  an  tj  — > oc  I  4-7 . (3/7  —  2)  n-*oc  2/7  +  3  2 

3-5-7 . (2/7+1) 


so  the  series  diverges  by  the 


Ratio  Test. 


oo  2-4-6  . (2/7)  00  2nrt\  00 

29.  Y  - =  Y  - =  Y  2"  which  diverges  by  the  Test  for  Divergence  since  lim  2"  =  oo. 

„=l  «!  n=  l  »=l 


on  i- 

30.  lim  -  = 

«-»oo  |  a„  I 
the  Ratio  Test. 


2  "* 

(m+  1)1 

5-811 

. (3  n  +  5) 

2"m! 

15-8-11 

. (3m  +  2)  1 

=  lim  - =  -  <  I  so  the  series  converges  absolutely  by 

n—*oo  3/7  +  5  3 
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31.  By  the  recursive  definition,  lim 


32.  By  the  recursive  definition,  lim 

n-*oo  I 


O/i+l 

=  lim 

an 

n— »oo  | 

0/1+ 1 

=  lim 

Qn 

n—*  oo 

2  +  cosn  I 


=  0  <  1 ,  so  the  series  converges  absolutely  by  the 


Ratio  Test. 


33.  (a)  lim 

«->oc 


!/(«+  I)3 


l/n3 


-  lim 


—  lim 


I.  Inconclusive. 


(b) 


(c)  lim 

rt-P« 

(d)  lim 


(n  +  1)J  (1  +  1/n)3 

..  I  (n  +  1 )  2"  I  n  +  I  /I  I  \  I  ,  .  , 

lim  ,  •  —  =  lim  — —  =  lim  I  -  +  — -  I  =  -.  Conclusive  (convergent). 

>-><»[  2/?+l  n  |  »->  oo  2  n  «-p  oo\2  2n )  2 

<-3>n  ^L3.iml/mr=3ii«  Ti 

—3)  I  n->oo\  1 


I 


n-ioc  I  >//i  +  I  ( 

/JT+T  I  +  n2 


I  +  l/n 


:  3.  Conclusive  (divergent). 


n-400|  I  +  (n  +  I)2 
34.  We  use  the  Ratio  Test: 


=  lim 

n—*oo 


'  f^J. _ \l£±l _ 

v  n  l/«2  +  (l  +  |/«)2 


=  I.  Inconclusive. 


lim 

M-P  OO  I 


\  —  \=  lim 

[("  +  l)l]2/l*  (o  +  1)!] 

I  CIn  \  n^oc 

(n!)2/(*n)! 

—  lim  j 

n— poc 

(n  +  l)2 

[*(«  +  !)][*  („  +  l)-|]...[*n+l]| 

Now  if*  =  1.  then  this  is  equal  to  lim 

n — poo 


(n+l)2 


(«+D 


=  oo,  so  the  series  diverges;  if  *  =  2,  the  limit  is 


lim 

n — >  co 


(«  + 1)2 


i 


=  -  <  I,  so  the  series  converges,  and  if*  >  2,  then  the  highest  power  of  n  in  the 


(2«  +  2)  (2n  +  1) 

denominator  is  larger  than  2,  and  so  the  limit  is  0.  indicating  convergence.  So  the  series  converges  for  *  >  2 


0/1+1 


35.  (a)  lim  -  =  lim 

"—>00  1  -  1  ‘ 


|.vr  7  («+!)! 


I 


i—  .  ,,/>,,  =  |-v |  lim  - -  =  0,  so  by  the  Ratio  Test  the  series  converges  for  all 

o»  |  "->oo  |*|"  /«!  n->oo  n  +  I  6 


(b)  Since  the  series  of  part  (a)  always  converges,  we  must  have  lim  : —  =0  by  T  heorem  12.2.6. 

pi— poo  n\ 

36.  (a)  R„=  a„+1  +  a„+2  +  o„+j  +  a„+A  +  •  •  •  =  o„+,  (l  +  f2±2  +  ^  +  e2±l  +  ...) 

V  On+ 1  o„+ 1  a,  I+I  / 

(,  U"+2  0/7+3  0"-> 2  0"+4  On+3  cl,i  -  2  \ 

I  + - + - H - H - I 

0"+t  a,,+2  a„+i  on+3  On+2  0"+ 1  ) 

=  «//+!  (1  +  "//+ 1  +  '■"+2f"+i  +  r„+3/„+j/-„+i  H - )  (★) 

<  o„+i  (1  +/•„+!  +/-2+,  +r*  ,  +■  •■)  (since  {/•„)  is  decreasing]  -  ■■a,Hl 

I  -  rwt 

(b)  Note  that  since  (/•„]  is  increasing  and  r„  ->  L  as  n  ->  oo,  we  have  r„  <  L  for  all  n.  So,  starting  with 
equation  ★  . 

Rti  —  o>/+ 1  (1  +  r»+ 1  +  r„  T-  r n >  3rn~2r»~]  +  •■■)  5  o«+i  (l  +  /.  +  /,“  +  f,3  +  ••• )  =s  - —  ^ 
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37' (a) 15  =  SF  =  \  +  i  +  i  +  i  +  Tio  =  S  *  0  68854'  Now  ,hc  ra,ios 


a»+ 1 


n2n 


a„  (n+  1)2”+'  2  («  +  1 ) 

n  +  1  n  (n  +  1  )J  —  n  (n  +  2) 


form  an  increasing  sequence,  since 

I 


'■»+!  ~r, ,  =  ; 


2  (n  +  2)  2 (n  +  1 )  2(«+l)(«  +  2)  2  («+!)(«  + 2) 

the  error  is  less  than - — - =  - \  =  _!_  aj  0.00521. 

1  -  lim  r„  1  —  1/2  192 


>  0.  So  by  Exercise  36(b). 


(b)  The  error  in  using  s„  as  an  approximation  to  the  sum  is  R„  — 


I 


a»+i 


1-1  (»  + 1)2"+' 


.  We  want  R„  <  0.00005 


<=>  - — —  <  0.00005  <=>  (n  +  I )  2"  >  20.000.  To  find  such  an  n  we  can  use  trial  and  error  or  a 

(n  +  1)2" 

graph.  We  calculate  (1 1  +  1)2"  =  24.576.  so  sn  =  T  -4-  «  0,693109  is  within  0.00005  of  the  actual 

„=i  "2” 

sum. 


1024 


.  The  ratios  r„  =  — —  =  ”  ^  (  1  +  -  )  form  a  decreasing 

a„  2«  2  \  n) 


sequence,  so  by  Exercise  36(a),  using  an  =  and  r\  i  =  ^  =  yy ,  the  error  in  the  above  approximation  is  less 

than  -  %  0.01 18. 

I  -rM 

39.  Summing  the  inequalities  -  |ajf  <  a,  <  |a,|  for/  =  1.2 . n.  we  get  —  X'-i  la'  I  5  Z!'=|  a>  SZ”=|la'l  =* 

-  Jto  LT-I  M  <  Jta  ZT-,  *  <  Jim  E-1  M  =>  “Z“  I  l°"l  s  Z“  I  °n  S  Z^l  M  =* 

|Z”  I  fn\  <  Z”  I  M. 

40.  (a)  Following  the  hint,  we  get  that  |a„|  <  r"  for  n  >  N.  and  so  since  the  geometric  series  r"  converges 

(0  <  r  <  1).  the  series  YT=n  lflnl  converges  as  well  by  the  Comparison  Test,  and  hence  so  does  (  |a„|.  so 
Z^i  an  is  absolutely  convergent. 

(b)  If  lim  (/!«„!  =  L  >  1,  then  there  is  an  integer  N  such  that  (/|a„|  >  1  for  all  «  >  N,  so  |a„|  >  1  for  n  >  N. 
»-*  oo 

Thus,  lim  a„  #  0.  so  ,  a„  diverges  by  the  Test  for  Divergence. 


41.  (a)  Since  Ya«  ls  absolutely  convergent,  and  since  7/*  -  |aw !  and  | a„  j  <  |a„|  (because  a*  and  a„  each  equal 

either  a„  or  0),  wc  conclude  by  the  Comparison  Test  that  both  Yan  aru*  Zfli7  musl  t>e  absolutely  convergent. 
(Or  use  Theorem  12.2.8.) 

(b)  We  will  show  by  contradiction  that  both  Y.  an  a,'d  X  an  n,ust  diverge.  For  suppose  that 
converged.  T  hen  so  would  Y  (",7  —  by  T  heorem  12.2.8.  But 

Z  (<*»  -  =  Z  [5  (o«  +  lonl)  -  ja„j  =  ;  Y  M.  Which  diverges  because  Y“"  is  only  conditionally 

convergent.  Hence.  Yan  can't  converge.  Similarly,  neither  can  Yan  ■ 

42.  I  .ct  V  b„  be  the  rearranged  series  constructed  in  the  hint.  [This  series  can  be  constructed  by  virtue  of  the  result  of 
Exercise  41(b).]  This  series  will  have  partial  sums  s„  that  oscillate  in  value  back  and  forth  across/-. 

Since  lim  a„  =  0  (by  Theorem  12.2.6).  and  since  the  size  of  the  oscillations  |.s„  —  r|  is  always  less  than  |a„| 

W— 900 

because  of  the  way  Y^n  was  constructed,  wc  have  that  Y  b„  =  lim  s„  =  r. 
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Strategy  for  Testing  Series 


1.  lini  a„  =  lim  —5-7-7=  lim  i  —1^0.  so  the  series  diverges  by  the  Test  for  Divergence. 


»— >00  '  ii-ioo  n2  +  |  n — > 00  1  +  1  jn 


2.  If  a„  =  -= - and  b„  =  then  lim  —  =  lim  -r — —  =  lim 

n 2  +  n  n  «-*oo  b„  n-*oo  n1  +  n  »->°°  1  +  1  /n 

diverges  by  the  Limit  Comparison  Test  with  the  harmonic  scries. 


I ,  so  the  series  X  ~ 


„=l  it-  +n 


II  00  1  00  I 

3.  —5 -  <  -7  for  all  it  >  1,  so  T  -5 - converges  by  the  Comparison  Test  with  T  — 5,  a  p-series  that 

n2  +  it  n-  „Ti  it2  +  it  „tTi  «2 

converges  because  p  =  2  >  I . 


n  —  I  , 

4.  Let  b„  =  —5 - .  Then  A|  =  0,  and  62  =  63  =  T,  but  6„  >  b„ti  forn  >  3  since 

n-  +  n 


x  -  I  V  (.x2  +  .x)  -  (ar  —  l)(2,x  +  I)  -x2  +  2.x+I 


(&t)- 


(jc2  +X 


(**+*r 


<  0  for  x  >  3.  (This  can  be  confirmed  with  a 


00  n  —  1 

graph.)  T  hus,  [b„  \  it  >  3)  is  decreasing  and  lim  h„  =  0,  so  T  (—  1 )”" 1  -5 - converges  by  the  Alternating 

«=3  »2+n 

00  /i  —  I 

Series  Test.  Hence,  the  full  series  £  (—  0"  1  -5 - also  converges. 

>1=1  it-  +  n 


5.  lim 

II — ►  OO 


an- t-l  =  ljm  /  3”+2  2 3,1 

an  n-¥ 00  "  “■’  *  ■  ’ 


(3/1+2  23"  \  3  3 

I  =  lim  ^  =  -  <  I,  so  the  series  is  absolutely  convergent  by  the  Ratio 
3n  3  3  00  /  3j|  \n 

6.  lim  y|o„|  =  lim  — — —  -  lim  - - -  =  -  <  I.  so  T  I - —  )  converges  by  the  Root  Test. 

n— 1 00  v  1  a— >oo  1  +  8/1  n — >00  l/n  +  8  8  \  I  +  8n/  &  1 


Test. 


oo  00  | 

7.  X  7  —  S  — TT 's  a  convergent  p-scrics  (p  =  1.7  >  1). 
*=l  i=l  * 


8.  lim 

// — *  00 


<J/lf  l 


10',+1/  («  +  I)!  10 

-  lim  - =  lim  - =  0  <  I ,  so  the  series  converges  bv  the  Ratio  Test. 

»— >00  IO"/n!  »  ->oo  n  +  | 


9.  lim  i  --  lim  ■  =  -  |jm  — -  =  -  <  1,  so  the  series  converges  by  the  Ratio  Test, 

w— >00 1  a„  »oc  nfen  e  n— *oc  ti  e 

,  \  x  (2  —  3*3) 

10.  Let  / (x)  =  xze~x  .  1  hen  /  is  continuous  and  positive  on  [1,  oo).  and  j  ( x )  = - j -  <  0  for  x  >  I.  so 

e* 

is  decreasing  on  [ I .  oo)  as  well,  and  we  can  apply  the  Integral  Test.  Jf°x2e~x*  dx  —  lim  \e~xi J ^  so 

the  series  converges. 

I  oo  (_i)"+i 

11.  b„  —  — —  >  0  for  n  >  2,  {/>„}  is  decreasing,  and  lim  b„  =0.so  V  — - - converges  by  the  Alternating 

nltin  h-kx>  n_2  ;?In« 

OO  ] 

Series  Test.  The  scries  is  conditionally  converecnt  since  T  — —  diverges  by  Exercise  12.3.19. 

„=2n\nn 


12.  The  series  sin/j  diverges  by  the  Test  for  Divergence  since  lim  sin/i  docs  not  exist. 
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13.  Let  f  (.t)  =  — - — /  (jc)  is  clearly  positive  and  decreasing  for  x  >  2,  so  we  apply  the  Integral  lest. 
-1 


x  (ln.v)3 

r°°  2  r 

/  - xdx  -  lim 

J 2  x(lnjt)3  '-*“L 


(In*)2 


—  1  oo  2 

=  0 - r,  which  is  finite,  so  V  - r  converges. 

2  (In  2)2  n=2  n  (In  n)3 


rr  +  I 


14.  Using  the  Limit  Comparison  Test  with  a„  —  -r — -  and  b„  =  we  have 

rti  4-  I  n 


-  lim 


lim  —  =  lim  ,  ,  —  ..... 

n-*oc  bn  n-*oo  n3  +  I  »— *00  1  +  1  / n* 

also  divergent. 


n3  +  1 

=  1  >  0.  Since  Xnt]  b„  is  the  divergent  harmonic  series.  a"  's 


15.  lim 

n-roo 


“n+\ 


..  3"+l  (n+  l)2/(n  +  I)!  ,  ..  n+1  „  .  .  „  . 

=  lim  - ,  ,  . - =3  lim  — t— =  0,  so  the  series  converges  by  the  Ratio  lest. 

n-¥oo  3  nnl/n\  n-»  oo  nL 


I  00  (-1)" 

16.  bn  =  —p. — -  for  n  >  2.  {/>,,}  is  a  decreasing  sequence  of  positive  numbers  and  lim  b„  =  0,  so 


y/n  —  1 

converges  by  the  Alternating  Series  Test. 


»=2  s/"  —  I 

3"  3"  /3\”  00  /3\”  ,  00  3" 

17.  — - -  <  —  =  I  -  I  .  Since  X  I  7  )  >s  a  convergent  geometric  scries  (|r|  =  |  <  I),  £  7 - converges  by 

5+n5  \5/  m=I\5/  b=i  * 

(k  +  6)/5*+l 


the  Comparison  lest. 

18. 

lim 

«*+l  I 

=  lim 

*->00 

0*  1 

*->O0 

19 

lim  ' 

=  lim 

n-*oo  \ 

1  an 

77—4  00 

20. 

lim 

n 

i  lim  =  j  <  I,  so  the  series  converges  by  the  Ratio  Test. 


(n  +  D! 


2-5-8 


— ■ " +  =  lim  -  -1-  =  ;  <  I,  so  the  series  converges  by  the  Ratio  lest. 

n-*oo  3n  +  5  3 


2-5-8- 


=  lim 


■  (3n  +  2) 
I 


n-tco  (n  +  I)  (n  +  2)  »-*o o  n  -F  3  -f  2 /n 


=  0.  so  since  {b„)  is  a  positive,  decreasing  sequence, 


00  (_  n"  n 

T  - —  converges  by  the  Alternating  Series  Test. 

„ti  (n  +  l)<«  +  2)  e  6 


21.  Use  the  Limit  Comparison  Test  with  a,  = 


1 


v/'  0  +  I) 


and  b,  = 


=  lim 


I 


lim  — -  =  lim  _  _  .  . 

<-* 00  b,  <-* 00  y/i  (i  +  1)  i->oo  yi  -f  1/ 

°S.  1 


=  =  1 .  Since  £  b,  diverges  (harmonic  series)  so  does 
<  1=1 


22. 


Itl  V<  (<  +  1)' 

Vn1  —  I  n  n  1  V fl2  —  I  . 

-= — — -= — -  <  -= — — r — -  <  -r  =  -=  for  n  >  I.  so  Y  — ; — —-5 — -  converges  by  the  Comparison  Test 
n3  +  In2  +  5  +  2/t2  +  5  n3  n2  „=!  n3  +  2n2  +  5 


with  the  convergent  /r-series  ,  1/n2. 

23.  lim  21''"  =  2°  =  I,  so  lim  (— 1)"  2^"  docs  not  exist  and  the  series  diverges  by  the  Test  for  Divergence. 


24. 


»— *00 
|cos  (n/2)| 


S  1 


£  cos (n/2) 


,  ,  ,  <  —  and  since  £  —r  converges (p  =  2  >  I),  £ 

11-  +  4 n  rr  „_l  II-  „_l  nz  +  4n 


converges  absolutely  by  the  Comparison 


Test. 
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25.  Let  / (j:)  =  Then  /'  (.«)  —  - — <  0  when  Inx  >  2  or  x  >  e2,  so  is  decreasing  for  n  >  e2. 

y/x  lx*!1  y/lt 

Bv  l’Hospital's  Rule,  lim  =  |jm  — */"  —  lim  -4=  =  0.  so  the  series  converges  by  the  Alternating 

H  n->oo  y/rt  n-tco  \/  (2y/n)  »->00y/n  6 

Series  Test. 

26.  Let  a„  =  tan  and  b„  =  -!y.  Then 

n  /r 


,.  «-  ,  .  ,  ,.  tan(!/n)  h  (-l/«2)  sec2  (1/n)  2  “ 

lim  —  =  lim  n  ■  tan  ( I  In)  =  lim  — - =  lim  - - — = - -  sec-  (0)  =  I  >  0,  so  since  >  b„ 

«->oo  bn  n-*oo  »-> oo  1  jn  »->oo  * 


—  1/n2 

tan(l/n) 

converges  (p  =  2  >  1).  2L  - converges  also,  by  the  Limit  Comparison  rest. 


-*l 


oo  (_2)2"  oo  /4\"  _  4 

27.  Y  - —  V  (  I  .  lim  y\a„  |  =  lim  -  =  0,  so  the  series  converges  by  the  Root  Test. 

/lit  n"  n=l\«/  n~’°°  ”->oo  n 


an+\ 

-  lim  a”+l  -  lim 

( n2  +  2n  +  2  5"  ") 

=  lim 

77— >0O 

f  1  +  2/n  +  2/n2  1\ 

a„ 

—  1 1  (11  —  1 1111 

77— >  oo  an  n-*  oo 

i,  5B+I  n2+  1 J 

l  l  +  l/rt2  5/ 

°°  «2  +  I 

Y  — — —  converges  by  the  Ratio  lest. 
-=l  x 


29.  /  =  lim  |  -  —  —  -  -1  (using  integration  by  parts)  Ml.  So  V  converges  by  the  Integral  Test, 

J2  x 2  t-voo[  x  jtJi  „=i  n2 

Ain*  AlnA  InA  L  .  .  t  t  „  .  _ 

and  since  — - <  — —  =  .  the  given  series  converges  by  the  Comparison  lest. 

Ill  oo  e 

—  I  is  a  decreasing  sequence,  e’/”  <  el/l  =  e  for  all  n  >  I,  and  V  — r  converges  (p  —  2  >  1 ),  so 
n  )  -=i  n1 

OO  ^1 /- 

V  — —  converges  bv  the  Comparison  Test.  (Or  use  the  Integral  Test.) 

-=i 


31.  lim 


o»+ 1 


..  2"+I/  (2n  +  3)!  „  ,. 

hm  — — — - — —  -  2  lim 


I 


«-*oo  |  a„  j  »->oo  2"/(2n-t-l)!  --*oo  (2n  -(-  3)  (2n  +  2) 


0,  so  the  series  converges  by  the  Ratio  Test. 

5-x 


32.  Let  /  (x)  -  v  - .  Then  f  (x)  is  continuous  and  positive  on  [I,  oo),  and  since  f  (x)  =  , 

Jt  +  5  2  y/x  (x  +  5) 

x  >  5,  f  (x)  is  eventually  decreasing,  so  we  can  use  the  Alternating  Series  Test. 

1 


<  0  for 


lim  — — -  =  lim 


33.  0  < 


--+00/I  +  5  »->oo /jl/2  +  5/J-I/2 

tan'1  n  x /2  x /2  x  22  1 


=  0,  so  the  series  converges. 


nL'2 


<  Y  ~T7T  =  tr  Z  ~~xn  which  is  a  convergent  /--series  (p  =  s  >  1), 

M-V*  .  »»■>/*  1  .  /J-V- 


tail  1  n  ,  ,  _ 

V  — ttt—  converges  by  the  Comparison  Jest. 
_ i  n*'z 


2  n  2 

34.  lim  ?/\an\  —  lim  —r=  lim  -=  0  so  the  series  converges  by  the  Root  Test. 

n-too  /l-♦oc  n~  /;— ♦  oo  n 


/  n  \n  ,n 

35.  lim  y\an\  =  lim  I - -  )  =  lim 

;i— >oo  n-too  y n  +  I  /  n—tot 

the  series  converges  by  the  Root  Test 


1 


oo  [('<  +  !)/«]"  lim  (I  +  !/»)' 
n->  oo 


-  =  -  <  l  (sec  Equation  7.4.9),  so 
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36.  Note  that  (Inw)1""  =  (e,n,n")ln”  =  (elnw),nlnw  =  /j,nln”  and  In  ln«  — »  oo  as  n  — >  oo,  so  In  Inn  >  2  for  sufficiently 
large  n.  For  these  n  we  have  (ln/*),n"  >  n2,  so  — — .  Since  £  —  converges  (p  =  2  >  1).  so  does 

oo  i 

X  - by  the  Comparison  Test. 

n= 2  (In  nynn 

37.  lim  y\a„\  =  lim  (2,/n  —  1)  =  I  —  1  =  0,  so  the  series  converges  by  the  Root  Test. 

n—*oo  n->  oo  ' 

a„  2)ln  —  I  h 

38.  Use  the  Limit  Comparison  Test  with  a,,  =  ^/2  —  I  and7>„  =  I//?.  Then  lim  =  lim  - =  In 2  >  0.  So 

»->oo  b„  n-*oo  \/n 

since  bn  diverges  (harmonic  series),  so  does  —  1^. 

Alternate  Solution: 

&  ~  1  =  2('— 1)/«  +  2C-W  +  2<"-3)/»  +  . . .  +  2i/»  +  1  [ra"°nal,Ze  the  numera,orl  ^  and  sincc 

oo  1  |  00  1  00  ,  V 

X  =  r  £  -  diverges  (harmonic  series),  so  does  £  (  v2  -  I )  by  the  Comparison  Test. 

„_l  2n  2  n  „_i  '  ’ 


.8  Power  Series 


1.  A  power  series  is  a  series  of  the  form  0  c»x"  =  co  +  cjx  +  qx2  +  ox3  H - ,  where  x  is  a  variable  and  the 

cn's  are  constants  called  the  coefficients  of  the  scries. 

More  generally,  a  series  of  the  form  0  c„  (x  —  a)"  =  co  +  ci  (x  -  a)  +  ci  (x  —  a)2  H - is  called  a  power 

series  in  (x  —  a)  or  a  power  series  centered  at  a  or  a  power  series  about  a. 

2.  (a)  Given  the  power  series  c„  (x  —  a)",  the  radius  of  convergence  is: 

(i)  0  if  the  series  converges  only  when  x  —  a 

(ii)  oo  if  the  series  converges  for  all  x,  or 

(iii)  a  positive  number  R  such  that  the  series  converges  if  |x  —  a|  <  R  and  diverges  if  |x  —  a\  >  R. 

In  most  cases,  R  can  be  found  by  using  the  Ratio  Test. 

(b)  The  interval  of  convergence  of  a  power  series  is  the  interval  that  consists  of  all  values  of  x  for  which  the  series 
converges.  Corresponding  to  the  cases  in  part  (a),  the  interval  of  convergence  is:  (i)  the  single  point  (a),  (ii)  all 
real  numbers,  that  is.  the  real  number  line  (—00, 00),  or  (iii)  an  interval  with  endpoints  a  -  R  and  a  +  R  which 
can  contain  neither,  either,  or  both  of  the  endpoints.  In  this  case,  we  must  test  the  series  for  convergence  at  each 
endpoint  to  determine  the  interv  al  of  convergence. 


3.  lim  — 

»-*<»  a„ 


—  =  lim  — —  =  lim  -A=  =  |x|.  By  the  Ratio  Test,  the 

x  »->»  Jn  +  \/y/n  "-»<*>  >/l  +  1  /n 


series  converges  when  |x|  <  I,  so  the  radius  of  convergence  R  =  I.  When  x  =  1,  the  scries  Xjiii  1  /V"  diverges 
because  it  is  a  p-series  with  p  =  \  <  1 .  but  when  x  =  — I,  it  converges  by  the  Alternating  Series  Test.  So  the 
interval  of  convergence  is  /  =  [— I,  I). 


lx  I  00  (-l)”x" 

=  lim  - =  |x|.  By  the  Ratio  Test,  the  series  V  - 

»-*«>  1  +  !/(„+!)  113  „=o  «+  1 


q  -  y”+  m  + 1  |j?l  00  1  y*  v1 

4.  lim  ”+  =  lim  - -  - —  =  lim  - - =  |x|.  By  the  Ratio  Test,  the  series  V - — 

»-»oo|  a„  «-»»  n  +  2  x"  "-><*>  1  +  l/(n  +  I)  „=0  n  +  I 

converges  when  |x|  <  1,  so  R  =  I .  When  x  =  — 1,  the  series  diverges  because  it  is  the  harmonic  series:  when 

x  =  I ,  it  is  the  alternating  harmonic  series,  which  converges  by  the  Alternating  Series  Test.  Thus,  /  =  (— I,  I) 
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5.  Ifa„  =  nx",  then  lim 


On-r  1 

=  lim 

On 

«-»  oo 

(n  ,  , 

-  =  | x |  lim  - =  |x|  <  1  for  convergence  (by  the  Ratio 

nx"  »-»oc  a 


Test).  So /f  =  I.  When  x  =  1  or  —  I,  lim  nx"  does  not  exist,  so  y^nnx"  diverges  for x  =  ±1.  So 

n—*oo 

/  =  (-!,  1). 

.  2 


6.  If  a„  =  — +  then  lim 


I  1 


=  |x|  lim 

W-/00 


x|  <  I  for  convergence  (by  the  Ratio  Test),  so  R  —  1.  If 


5$  I 


x  =  ±1,  £  |a„|  =  £  —  which  converges (p  =  2  >  I),  so  /  =  [— I,  I]. 
»=  t  /;=  l  rt 


7.  Ifa„  =  - — ,  thei 
a! 


then  lim 


On+ 1 

-  =  lim 

x"+l/(«+  1)! 

an  m-»  oo 

x"/n\ 

=  lx  I  lim  — -  =  0  <  1  for  all  x.  So,  by  the  Ratio 
n->oo  n  +  I 


Test.  R  =  oo.  and  /  =  (— oo,  oo). 

8.  Here  the  Root  Test  is  easier.  If  a„  =  n"x"  then  lim  '■!/\a„\  =  lim  n  |x|  =  oo  ifx  jt  0,  so  R  =  0  and  /  =  (0). 

«-+  OO  //—>  OO 

lY-in+l 


9.  lim 

n  ->oc 


On+I 


On 


(n+  H4n+  ljrl"+  /  1\ 

=  lim - - - =  lim  (  1  +  -  )  4|x|  =  4|x|.  Now4|x|  <1  <=>  |x|  <  j.soby  the 

«->oc  n 4"  |x|  "-*00  \  n)  ’ 


Ratio  Test,  R  =  ] .  When  x  =  | ,  we  get  the  divergent  scries  i  ( —  1 )”  n.  and  when  x  =  —  | ,  we  get  the 

divergent  scries  n.  Thus,  /  =  (“J.  j). 


,.  a„+ 1  j  xM+1  a3” 

10.  lim  -  =  lim  i - — r  •  — 

n-»oo  a„  n->i»  (a  +  I )  3”+ 1  x" 


=  lim  — 

»->°°  3  (I  +  I /a)  3 


=  so  by  the  Ratio  Test,  the  series  converges 


when  <  I  <=>  |x|  <  3,  so  R  =  3.  When  x  =  —3,  the  series  is  an  alternating  harmonic  series,  which 
converges  by  the  Alternating  Scries  Test.  When  x  =  3,  it  is  the  harmonic  scries,  which  diverges.  Thus,  the  interval 
of  convergence  is  [—3, 3). 


3"x" 

11.  If a„  = - +,  then  lim 

(a  +  I)-  "-00 

t 


1 


a„ 


1 3”+lx"+'  (a+1)2 

=  lim 


(a  +  2)2  3”x” 


=  3  |x|  lim 

n—*oo 


roo(^)  = 


3|jf|  <  I  for 


°o  yixn  00 


°°  l 


convergence,  so  |.r|  <  \  and  R  =  4.  When  x  =  ^  1  =  X  T  which  is  a  convergent 

,t=0  (w  +  I)"  n=0  (w  +  1)“  n=\  n 


/;-series  (p  =  2  >  1 ) .  When  x  =  —  j,  £ 


lest,  so  / 


Hi] 


“  3”x"  =  ~  (-1)" 

3'„=o(a+l)2  „=o(a+l)2 


7  which  converges  by  the  Alternating  Series 


ax 

12.  Ifa-  =  —.then  lim 

10"  ft— >00 


1 

On 


|jr  |  /  w  *|*  I  \  ^  Ijt  I 

:  — -  lim  I - )  =  —  <  I  for  convergence  (by  the  Ratio  Test),  so  R  =  10. 

10  "-><*>  \  a  /  10 


Ifx  =  ±10.  |an|  =  a2  — >  oc  as  a  — >  oo,  so  a„  diverges  (Test  for  Divergence)  and  /  =  (—10,10). 

”+l  In  a!  ....  In  a 


«„+i 


13.  If  a„  =  7 — .  then  lint  .  .  —  .  ,  ,  —  .  ,  , 

In  a  <>->oo  |  a„  \  "->oo  |  In  (a  +  1 )  x"  I  »->ooln(a+l) 


=  lim 


-!  =  |x|  lim 


=  |x|, so  7?  =  I .  When x  =  I, 


00  oo  |  J  I  oc  J 

V  - —  =  V  - — •  which  diverges  because  - —  >  -  and  T  -  is  the  divergent  harmonic  series.  When  x  =  —  I, 

„=ilna  „_2  In  a  In  a  a  a 

cc  x«  oo  (—1)" 

V  - —  =  X  ,  which  converges  by  the  Alternating  Series  Test.  So  /  =  [- 1 ,  I ). 
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14. 


lim 

11—*  OO 


an+ 1  I 

a„  i 


lim 

n~*oo 


(m  +  l)3  (x  -  5)"+' 
n}  (x  -  5)" 


|jt  —  5|  =  |.x  —  5|.  so  by  the  Ratio  Test,  the  series 


converges  when  |x  —  5|  <  I  <=>  4  <  x  <  6.  When  x  =  4,  the  series  becomes  XJLo  (—  I)”  m3.  which  diverges 
by  the  Test  for  Divergence.  When  x  =  6,  the  series  becomes  YmLo  ”5’  which  also  diverges.  Thus,  R  =  I  and 


/  =  (  4,6). 


15. 


lim  |  =  ljm  ^ —  =  lim  ./l  +  —  |jr  —  1|  =  |jr  —  1|.  so  by  the  Ratio  Test,  the  series 

»->«  a„  |  ”->oo  yn|.r-l|  "->°oV  n 

converges  when  |x  —  1 1  <  1  «  —  1  <jr  —  1  <  1  <=>  0  <  x  <  2.  R  =  I.  When  x  =  2,  the  series  becomes 
22~0  sA.  w  hich  diverges  by  the  Test  for  Divergence.  When  x  =  0.  the  series  becomes  (—  I )"  v/m,  which 
also  diverges  by  the  Test  for  Divergence.  Thus.  /  =  (0, 2). 


(—I)"*2"-1 

16.  If  a„  =  += - -,  then  lim 

(2 n  -  I)!  "->oo 


1 

a„ 


—  lim 


"-»oo  (2 n  +  l)2n 
converges  for  all  x.  so  R  =  oo  and  /  -  (— oc,  oo). 


=  0  <  I  for  all  x.  By  the  Ratio  Test  the  scries 


17.  lim 

w->oo 


011+1 

=  lim 

11—*  OO 

'  |jr  +  2|"+l 

m2" 

M  |x  +  2| 

|x  +  2| 

On 

(m  +  1)2"-' 

\*  +  21" 

"-*00  n  +  1  2 

2 

so  by  the  Ratio  Test,  the 


series  converges  when  ^  ^  ^  <1  <=>  \x  +  2\  <2  <=>  —  2  <  x  +  2  <  2  «  -4  <x  <0.  R  —  2.  When 


x  =  —4.  the  series  becomes  £  ( —  1 


,  (-2)" 


2" 


x  =  0,  the  series  is  £ 
n= l 

Thus.  /  =  (-4,0], 


71=1 
(-1)” 


=  Y  - =  V  which  is  the  divergent  harmonic  series.  When 

m2"  n 


the  alternating  harmonic  series,  which  converges  by  the  Alternating  Series  Test. 


18.  lim 


011+1 

(—2)""'  (x  +  3)"+l 

■fn 

an  n-*oc 

■Jn  +  1 

(-2)"  (x  +  3)" 

—  lim  2  +  31^  =  2  |.r  +  3|  <  I  <=> 

"-•oo  yr+r/n 

(-D" 


|x  +  3|  <  s  <=>  —  *  <  x  <  —  4.  Thus,  R  =  A.  When  x  =  —  the  series  becomes  21  — 7=~-  which  converges 

‘  n-i  -Jn 

OO  | 

by  the  Alternating  Series  Test.  When  x  =  —  |,  the  scries  becomes  2]  — which  diverges  because  it  is  a  p-series 

„_|  y/fl 

with  p  =  j  <  I.  Thus.  /  =  (-j,  -|j. 

(x  -  2)" 


19.  If  a„  = 


"->00 

R  =  00  and  /  =  (-00, 00). 


|x  _  21 

.  then  lim  ty\a„\  =  lim  - - —  0,  so  the  series  converges  for  all  x  (by  the  Root  Test). 


20.  lim 


1 

=  lim 

11  •  X 

(3x  -  2)"+1  m3" 

=  lim 

71— »OC 

f|3x-2|  1  > 

1 

* 

1 

< 

0/1 

(m  +  l)3"+l  (3x  —  2)" 

i,  3  1  +  I/mJ 

~  3  -r 

=  x  —  j  I .  so  by  the 


Ratio  Test,  the  series  converges  when  jx  —  3 1  <  1  <=»  —  |  <  x  <  | .  /?  =  I .  When  x  =  —  3 ,  the  series 
(-1)" 

«= 1 

series.  Thus,  /  =  ^—3,  jQ 


2  - — — - .  the  convergent  alternating  harmonic  series.  When  x  =  J,  the  series  becomes  the  divergent  harmonic 
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21.  If  a„  =  2"  <X  ,3)".  then 


n  +  3 


lim  ;  — 
»-*ooj  a, 


=  lim 
/»-» oc 


2"+l  (jc  -  3)" 


«  +  3 


w  .  3 

=  2 1*  —  31  lim  - -  =  2 1 x  —  31  <  I  for  convergence,  or 

»->oo  n  +  4 


n  +  4  2”  (x  —  3)" 

|.v  —  3|  <  A  <=>  |  <  x  <  j,  and  R  =  j.  When  x  =  21  — — — =  X  - — ~  which  converges  by 

n=o  «  +  3  „=0  «  +  3 

oo  2"  (x  —  3)”  00  1 

Alternating  Scries  Test.  W'hen  x  =  s,  X  - - — —  =  X  — — ,  similar  to  the  harmonic  series,  which 

diverges.  So  /  =  [j. 


the 


n=o  «  +  3  n—0  n  +  3 


u  +  ir 


22.  If  a„  —  ,  then  lim  — —  =  |x  +  1 1  lim  — - —  =  |x  +  1 1  <  I  for  convergence,  or  —  2  <  x  <  0 

n  (n  +  1 )  n-*co  a„  »-»oo  n  +  2 


and 


1  |  oo  oo  | 

R  =  I.  If.v  =  —2  or  0,  then  \a„\  =  —5 -  <  -=,  so  X  lfl»l  converges  since  X  does  (//  =  2  >  I),  and 

n-  +  n  n-  „=\  n1 

/  =[-2,0], 


23.  If  a, 1  =  n!  ( 2.x  —  1)",  then  lim 

II -*00 


a„+\ 

=  lim 

On 

77— FOC 

(n  +  l)!(2x  -  l)M 


n!  (2.x  -  I)" 

for  all  x  ^  j .  Since  the  series  diverges  for  all  x  ^  j.  R  =  0  and  /  =  I  j 


—  lim  (n  +  1)  |2x  —  II  -»  00  as  n  -*  00 

W— >00 


—  — - — : — — - —  then  lim 

1-3-5 . (2n  —  I)  n-teo 


24.  Ifa„  = 

all  x  ^  R  =  00  and  /  =  (—00, 00). 


25.  lim 


1 


<*»+\  _  lim 

|4x  +  l|n+l 

n2 

a„  *00 

(n+l)2 

i4x  + 1  r 

^  J 

=  |x|  lim  — — - —  =  0  for  all  x.  So  the  series  converges  for 

n-*°o  n  (2n  +  I) 


|4x  +  1 1 

=  lim  — - ~—y  —  |4,x  +  1 1,  so  by  the  Ratio  Test,  the  scries 


n+00  (i  +  | /„)- 

converges  when  |4x  +  l|  <  1  «  —  1  <  4x  +  I  <  1  o  —2  <  4x  <  0  cs>  —  5  <  x  <  0,  so  R  —  |.  When 

00  (_])" 

x  =  —  j,  the  series  becomes  X  — — .  which  converges  by  the  Alternating  Series  Test.  When  ,v  =  0.  the  scries 


OO  J  p  n 

becomes  X  —  ■ a  convergent  //-series  (p  =  2  >  I).  /  =  ^—5.  oj. 


,0.0  (— I)'1  (2x  +  3)"  ,. 

26.  Ifa„  = - then  lim 

nln/t  "->00 


O/ III 


=  |2x  -f  3|  lim 


n  Inn 


//-/oo  (n  1 )  In  (n  +  1) 

~  I 


|2x  +  3|  <  I  for  convergence. 


so  —2  <  x  <  —  1  and  R  =  5 .  When  x  =  —2,  X  an  =  X  — : —  which  diverges  (Integral  Test),  and  when 

n=2  »=2  n  In  n 

00  00  (— l)n 

.T  =  — 1,  X  a"  —  X  — ; —  which  converges  (Alternating  Series  Test),  so  /  =  (—2,-1], 

I, =2  n=2  «  In  « 

V'»  |Y| 

27.  If  a„  =  — — -  then  lim  (/|a„|  =  lim  — —  =  0  <  1  for  all  x,  so  R  =  00  and  /  =  (—00, 00)  by  the  Root  Test. 
(Inn)  »-><»  //-*oo|nn 


28.  Il‘a„  = 


2-4-6- 


(2n)x" 


then  lim 
1-3-5 . (2n  —  I)  «->oo 


a" 1 1  =  lim  |.x |  (  2n  )  =  |x |  <  1  for  convergence,  so  R  =  I.  If 
a„  »->oo  ^2n  +  I  j 


2-4-6 . (2  n) 

x  =  ±  I .  |a„  |  =  - — - — - — - —  >  1  for  all  n  since  each  integer  in  the  numerator  is  larger  than  the 

1  -3-5 . (2  n  —  1) 

corresponding  one  in  the  denominator,  so  X  “n  diverges  in  both  cases  by  the  Test  for  Divergence,  and  /  =  ( — 1,1). 
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29.  (a)  We  are  given  that  the  power  series  c„x"  is  convergent  for  x  =  4.  So  by  Theorem  3.  it  must  converge  for 
at  least  -4  <  x  <  4.  In  particular,  it  converges  when  x  =  -2,  that  is,  Snio  c«  (— 2)"  is  convergent. 

(b)  It  does  not  follow  that  XnLo  c»  ( — 4)" is  necessarily  convergent.  [See  the  comments  after  Theorem  3  about 
convergence  at  the  endpoint  of  an  interval.  An  example  is  c„  =  (—  I)"  /  (n4”).] 


30.  We  arc  given  that  the  power  series  c"x"  's  convergent  for  x  =  —4  and  divergent  when  x  =  6.  So  by 
Theorem  3  it  converges  for  at  least  — 4  <  x  <4  and  diverges  for  at  least  x  >  6  and  x  <  —6.  T  herefore: 

(a)  It  converges  when  x  =  I,  that  is.  ]£  c„  is  convergent. 

(b)  It  diverges  when  x  =  8,  that  is,  £  c»8”  is  divergent. 

(c)  It  converges  when  x  =  — 3,  that  is,  »  ( — 3 )''  is  convergent. 

(d)  It  diverges  w  henx  =  —9,  that  is.  (—9)”  =  £  ( — 1 )"  c„9"  is  divergent. 


(n!)* 

31.  If  a„  =  V^- x ",  then 
(*»)! 


lim 

oo 


On- 1 

a„ 


|(n  +  1)!J*  (*»)!.  ,  ,. 

=  lim  - r - |.t |  =  lim 


(«  +  1)* 


»-*»(«!)*  [*(«  +  !)]! 


(n+1)  (n  +  I) 


-  lim 

n—toc  I 


»-»oo  (kn  +  k)(kn  +  k  —  I )  •  •  •  (kn  +  2)  (kn  +  1 ) 
(« 


l-f| 


(An  +  I)  (kn  +  2)  (kn 


— 1 
+  *)J 


=  lim  [fill  lim  lim  [~-^l  |x|  =  |x| 

n-*oo  [An  +  I J  n-*cx>  [An  +  2 J  »-*ooLAn  +  Aj  \A / 

|x  |  <  A*  for  convergence,  and  the  radius  of  convergence  is  R  =  A* . 


<  1 


32.  The  partial  sums  definitely  do  not  converge  to  /  (x) 
for  x  >  I .  since  /  is  undefined  at  x  =  I  and  negative 
on  (1 ,  oo).  while  all  the  partial  sums  are  positive  on 
this  interval.  The  partial  sums  also  fail  to  converge 
to  /  for  x  <  —  1.  since  0  <  /  (x)  <  I  on  this 
interval,  while  the  partial  sums  are  either  larger  than 
1  or  less  than  0.  The  partial  sums  seem  to  converge 
to  /  on  (- 1 .  1 ).  This  graphical  evidence  is 
consistent  with  what  we  know  about  geometric 
series:  convergence  for  |x|  <  1,  divergence  for 
|x|  >  1  (see  Example  12.2.5). 


892  □  CHAPTER  12  INFINITE  SEQUENCES  AND  SERIES 


33'  (3)  ,f<"'  =  „!(n  +  l)!2^--,hennlimoo  =  (j) 


for  all  x;  the  domain  is  (-00, 00). 

(b).  (c)  The  initial  terms  of  J\  (x)  up  to  n  =  5  are 


lim  - — 

n-»oo  (n  +  I) («  +  2) 


=  0  for  all  x.  So  J\  (x )  converges 


ao  =  = 


x3  _  x5  _  x7 
16'  °2  ~  384’  °3  ~  18.432’ 

x" 

■ ,  and  a 5  =  -  _ .  The 


1.474,560’  176,947,200 

partial  sums  seem  to  approximate  J\  (x)  well 
near  the  origin,  but  as  |x|  increases,  we  need  to 
take  a  large  number  of  terms  to  get  a  good 
approximation. 


s>  r,  .i„ 


34.  (a)  A  (x)  =  1  +  go,,,  where  =  2 . 3  .  s  .  6 ,  ,  *  "(3„  _  (3n)- *> 

=  0  for  all  x,  so  the  domain  is  R. 


lim 

«->oo 


n=  1 

an+\  j  _  .  .3  j.^  _ 

a„  I  X  »-^oo  (3/i  +  2)  (3/i  +  3) 


(b) 


*15  S9  *3  —2 

so  =  I  has  been  omitted  from  the  graph.  The  partial  sums  seem  to  approximate  /(  (x)  well  near  the  origin,  but 
as  |x|  increases,  we  need  to  take  a  large  number  of  terms  to  get  a  good  approximation. 

To  plot  A,  we  must  first  define  A  (x)  for  the  CAS.  Note  that  for  n  >  1.  the  denominator  of  a„  is 

<3»>!  =  <3”>!  SOfl  = , ,  n;=i(3*-2)  3„ 

1-4-7 . (3n  —  2)  n*-i<3*-2)’  ”  (3»)! 


2  ■  3  •  5  •  6 . (3w  —  I)  •  3/i  =  ■ 


n”  _  2j 

and  thus  A  (x)  =  I  +  ^  — *=*  - x3".  Both  Maple  and  Mathcmatica  are  able  to  plot  A  if  we  define  it 

(3n>! 

this  way,  and  Derive  is  able  to  produce  a  similar  graph  using  a  suitable  partial  sum  of  A  (x). 

Derive.  Maple  and  Mathematica  all  have  two  initially  known  Aity  functions,  called  AI  SERIES  ( z ,  m)  and 
BI_SERIES  (z,m)  from  BESSEL.  MTH  in  Derive  and  AiryAi  andAiryBi  in  Maple  and  Mathematica 
(just  Ai  and  Bi  in  older  versions  of  Maple).  However,  it  is  very  difficult  to  solve  for  A  in  terms  of  the  CAS’s 

\/3Ai ryAi  (x)  +  Ai ryBi  (x) 


Airy  functions,  although  in  fact  A  (x)  = 


v/3AiryAi  (0)  +  AiryBi  (0) 
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35.  i2„-i=  1  +  2x  +  at2  +  2x3  -| - +  x2n~2  +  2x2”-1  =(1  +  2x)(l+x2  +  x4+-+x2"-2) 

I  —  x2"  1  +  2x 

=  (I  +  2x)  — - T  |by(  1 2.2.3)  with  r  =  jt2 1  ->  — ^  as  n ->  oo  [by  ( 1 2.2.4)], 

I  —  x*  1  —  x‘ 

I  +  2.x  I  +  2jx 

when  |x|  <  I.  Alsoj2„  =  S2»-i  +  x2"  — »  - r  since  x2"  — >  0  for  |x|  <  I.  Therefore,  ,v„  — >  - r-  since  in,, 

1  —  x-  I  —x2 


and  S2n-\  both  approach 


I  +2x 
1  —  x2 


as  n  -»  oo.  Thus,  the  interval  of  convergence  is  (—1,  I)  and  /  (x)  = 


1  +2x 
I  -x2' 


36.  S4„_t  =  Co  +  C|.X  +  C2.X2  +  C3.X3  +  Cox4  +  C|X5  +  C2X6  +  C3X7  + - 1-  C3X4"  1 

=  (co  +  C|X  +  C2X2  +  C3X3)  (I  +  X4  +  Xs  +  •  •  •  +  X 


•  as  11  —>  00 


1  -x4 

[by  (12.2.4)  with  r  =x4|for|x|  <  1.  Also  $4,,.  J4„+i,  -54,1+2  have  the  same  limits  (for  example, 

S4„  =  S4„ ..  1  +  cox4”and  x4"  — >  0  for  |x|  <  1.)  So  if  at  least  one  of  co.  ci,  C2,  and  C3  is  nonzero,  then  the  interval  of 


convergence  is  (—  I,  I)  and  / (x)  = 


cq  +  Ci.t+C2X2+C3X3 
I  -x4 


37.  We  use  the  Root  Test  on  the  series  Yc„x".  lim  (/|c„x"|  =  |x|  litn  (/|c„|  =c|x|  <  I  for  convergence,  or 

n-*oo  »-*  00 

\x\  <  1  fc%  so  R  =  \/c. 

38.  Since  £ c„x ”  converges  whenever  |x|  <  R.  ^Tc„x2n  =  £c„  (x2)"  converges  whenever  |x 2 1  <  R  » 

|x|  <  v/fl,  so  the  second  series  has  radius  of  convergence  s/~R. 

39.  For  2  <  x  <  3,  V  cnxn  diverges  and  V  dn x "  converges.  By  Kxercisc  12.2.61,  2  (cn  +  d„)xn  diverges.  Since  both 
scries  converge  for  |x|  <  2.  the  radius  of  convergence  of  £  (c„  +  d„)x"  is  2. 


Representations  of  Functions  as  Power  Series 


1.  If  /(x)  =  X  c"x"  has  radius  of  convergence  10,  then  /'  (x)  =  X  «c„x"  1  also  has  radius  of  convergence  10  by 

71=0  W=l 

Theorem  2. 

00  00  b„  , 

2.  If  /(x)  =  2  b„x"  converges  on  (—2, 2),  then  /  /  (x )  dx  =  C  +  £  - -xn+  has  the  same  radius  of 

n-0  n-o  n  +  1 

convergence  (by  TTieorem  2),  but  may  not  have  the  same  interval  of  convergence  —  it  may  happen  that  the 
integrated  series  converges  at  an  endpoint  (or  both  endpoints). 

I  I 


3.  f(x)  = 

/  =  (-1.  I). 


_  ,  =  y  (— x)"  =  V  (—  l)"x"  with  | — x|  <1  <=>  |x|  <  I,  so  R  =  1  and 

1  +  x  1  -  (  x)  „=0  „=0 


4.  /(x)  =  =  x  |  ? — 1  =  x  T  x"  =  T  x',+l  =  T  x"  with  R  =  1  and  /  =  (-1,  I). 

I  - x  V  I  - X  /  «=0  M=0  »=t 


5.  Replacing  x  with  x3  in  (1)  gives  /(x)  =  - - j  =  X  (x3)”  =  X  x3".  The  series  converges  when  |x3|  <  I;  that 


is,  when  |x|  <  I,  so  /  =  (— 1,  I). 
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6.  /(*)  = 


|+9v2  I  -  (-9x2)  nfo 
That  is,  when  |jr|  <  j,  so  /  =  j) 

I 


oo  00 

,  =  X  (— 9x2)  =  Z  C —  I )”  32"x2”.  The  series  converges  when  !  —  9.v 2 1  <  1; 

— 9x-)  a  _ A 


7.  /(*)  = 


I  /  l  \  1  “  /x2\"  (-l)"x2n 

=  4  (t+xTV  =  4„1'0(_,)  (j)  (using Exercise 3)  =  ^ -^.wi.h 


4  +  x2 

c»  x2  <  4  co  1*1  <  2,  so  R  =  2  and  /  =  (— 2, 2) 


<  1 


8.  /(*) 


I  +  * 


-  —  1  + 


lx2 


l  -X2  I  —  X2 

|x|  <  I,  so  R  =  I  and  /  =  (—1,  1) 


=  1  +  2x2  Z  (*2)''  =  1  +  Z  2*2n+2  =  1  +  Z  2.x2",  with  |.*2J  <  I  eo 


|  |  /  |  \  1  00  /*\'»  |J(  I 

9-  /(*)  =  ^  _  g  =  — -  ^  ---  ^  ^  J  =  —  -  Z  j )  The  series  converges  when  |  <  1;  that  is.  when  |.x|  <  5, 


so 


/  =  (-5,  5) 
10.  /(.x) 


4.x  +  I 

that  is,  when  |.x|  <  3. so  /  =  (—3,  J) 
3  3 


- — ; — — -  =x  Z  (-4*)''=  Z  (-1)"  22"x"+l.  The  series  converges  when  |  — 4jr  |  <  1; 
I  -  (—4* )  „_0 


11.  /(.X)=-T- 


A  B 
■  + 


x2  +  .x  —  2  (.x  +  2)  (x  —  1 )  x  +  2  *  —  I 

get  A  —  —  I.  Taking  *  =  I,  we  get  B  =  I.  Thus. 

3  II  III 


.x2  +  .X  -  2  x  —  I  x  +  2 


I  -  x  2  1  +  x/2 


3  =  A  (x  —  I )  +  B  (x  +  2).  Taking  x  =  —2,  we 


00  I  00  /  X\" 

=  Z  - 

»=o  *  n=o  v  7 


■iH-U-OV-Sf-i+HrV-S 

n=0 L  \  /  J  „_0  L  '  >  J  n—C 


2«+i 


■  -  I 


We  represented  the  given  function  as  the  sum  of  two  geometric  series;  the  first  converges  for  x  €  (—  I ,  I )  and  the 

second  converges  forx  6  (-2, 2).  Thus,  the  sum  converges  forx  €  (-1, 1)  =  /. 

7x  -  I  7x  -  1  A  B  I  2  I  1 

■  + 


12  /(x)  = 


'  .  +  -i-=2.. 


I  -  ( — x )  1  -  3x 


3.x2 +  2*— I  (3.x  —  l)(x  +  I)  3*  —  1  x+l  3x— I  x  +  1 
=  2  Z“ 0  (-X)"  -  Za°  0  (3.x)"  =  Z~o  [2  (-  D"  -  3"]  x" 

The  series  Z  (-*)"  converges  forx  6  (—1,  I)  and  the  series  Z  (3x)"  converges  forx  e  -jQ.  so  their  sum 
converges  forx  6  (-3,  { j  •-=  I. 

13-  /(V)  =  =  ~Tx  (rb)  =  *’]  (from  Exercise 3) 

=  Z,?=1  (-l)"+l  »x"-‘  (from  Theorem  2(a)]  =  Z“=«  (-1)"  <«  +  l)x"  with  R=  I. 

I  00 

14.  / (x)  =  — - —  =  Z  (—  l)"x”  (geometric  scries  with  R  =  I),  so 
I  +  x  „-o 


/(x) 


/dx  ( T 00  1  00  x 

7—=/  Z  <-D"*"  Ux  =  c+Z(-i)"- 

1  +-X  J  L»=0  J  n=0  « 


+  I 


=  Z 


(_,)»-!  X» 


[C  =  0  since  /  (0)  =  0],  with  R  =  I 
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15.  fix)  = 


I 

(1  +  *)3 


f  1  1 

2  dx  (|  +  x)2J 


|  d  T  30  1 

y  (—!)''(«+  l)x"  (from  Exercise  13) 
2  dx  L„.  o  J 


=  -jZ!l°=i  (-»"(«+  l)«x"-'  =  ^Z“o  (-')"(«  +2)  («  +  l)x"  with  «=  1. 


16.  f(x)  =  ,r  In (1  +  x)  =x 
R=\. 


(-I)"- 


(by  Exercise  14)  =  22 
h=i 


(-1)" 


=  «  (-l)"xn 
>1=2  «  -  I 


with 


dx 

x/5 


»./W 

-j/LKf)']— IS 


Putting  x  =  0,  we  get  C  =  In  5.  The  series  converges  for  |x/5|  <  I 


|x|  <  5.  so  R  =  5. 


1  00  2  OO  00 

18.  Wc  know  that  - — —  =  £  (2x)”.  Differentiating,  we  get - j  =  £  2"wjc"“i  =  2”+1  (w  +  l).x".  so 

'  ~~  n-0  (I  —  «=  i  «=o 

t-  t“  2  jc2  00  00  00 

/(•*)  =  7,  •  T  =  tI  2n+l  (n  +  l)x"  =I2"(»+  l)x"+2  or  X  2”~2  in  -  l)x", 

(1-2 xY  2  (I  —  2.x)"1  2  „_o  ,«o  „=2 

with  R  =  | . 


19. 


I 


1 


2-x  2(1—  -x/2) 

I 


w  /t\»  OO 


<1  «  |x|  <  2.  Now 


ix  -  2)* 
/(x)  = 


V3  M  «1  I  OO  H  I  I  OC  _  9 

^—^2  =  *  Z,  x"  =  Z  VTTX"+3  or  z  for  |x|  <  2.  Thus.  «  =  2  and 


/  =  (-2,  2). 


oo  jr~w+l 

20.  From  Example  7,  g(jc)  =  arctan*  =  £  (—1)"  - - -  Thus, 

n-0  2n  +  1 

oo  oo  |  ,  x  , 

fix)  =  arctan  (x/3)  =  Z  -  ,  ,  =  Z  (-1)"  for  hr  <  1  <=>  |x|  <  3,  so 

»=o  2/1  +  1  ,1=0  3"*1  (2/1+1)  131 

R  =  3. 
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f  dx  1 

f  y  (-\r( 

J  3+x  3 J 

1 

rn 

X. 

+ 

r  2-  l  ■M 

»=o  v 

=  C  +  I  £  =  ,„3  +  I  £  |C  =  /(O,  =  In 3, 

3  «— o  M  +  *  3  „=|  n 

00  /_  i  y»-i 

=  In3  +  V  - — i - *"  with  R  =  3. 

^  #»V» 


2  3  4  5 

.V  .X  X  X  X 

The  terms  of  the  scries  arc  ao  =  In3,ai  =  — ,  02  =  — — .03  =  —  ,04  =  —  ttt.  0  5  =  . 

3  lo  o  1  324  1215 


As  n  increases,  s„  (x)  approximates  /  better  on  the  interval  of  convergence,  which  is  (—3, 3). 


As  n  increases.  s„  (x)  approximates  /  better  on  the  interval  of  convergence,  which  is  (—5,  5), 
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26.  — -j  =  £  (~l)"xs" 

I  +  x  n- o 

R=  1. 


=  Z  (-i)"x5"+l 
n- 0 


/. X  °°  (-U"  x5"*2 

fj^s </x  =  C  +  £  — r  *.  with 


„to  5n  +  2 


oo  *2/1+1 

27.  By  Example  7,  arctan*  =  X  (“0” - ,  so 

n=o  2n  +  1 

/■  arctanx  /  J®  „  x2"  5S  jt2n+l 

/  - </x  =  /  Z(-D”r-—  </x  =  C+ £(-!)” - s  with  K  = 

J  *  J  to  2n+l  „to  (2n+  l)2 

/■  ,  /  f  oo  (x2)2'’+l  oo 

28.  By  Example  7,  /  tan-1  (x2)  </x  =  /  Y(-l)"  — - dx  =  C  +  Y  (-1)" 

7  x  ’  J  „=o  2/1+1  „-r0 


(2/i+  1)  (4/i  +  3) 


.  with  /?  =  I . 


29.  We  use  the  representation 


/ 


rfx  00  (-lVx4"+l 

— — r  =  C  +  Y  — ; - from  Exercise  25  with  C  =  0.  So 

I  +jr 


„=o  4n  +  1 


f02  rfx  r  x5  x9  x13  f  0.2s 

l  ITT4  =  [Jt_T  +  T_l3  +  "J0  =02-~ + 


0.2s  .  0.29  _  0.213 
13 


Since  the  series  is  alternating,  the  error  in  the  nth-order  approximation  is  less  than  the  first  neglected  term,  by  The 
Alternating  Series  Estimation  Theorem.  If  we  use  only  the  first  two  terms  of  the  series,  then  the  error  is  at  most 

/-0.2  j„  a  2S 

0.29/9  as  5.7  x  10'8.  So,  to  six  decimal  places.  /  — — j  as  0.2 - —  =  0.199936. 

Jo  1+x4  5 


30.  We  use  the  representation  f  tan  1  (x 2 )  dx  =  C  +  Y  (—  I)" - 

J  V  '  „=o  (2n  +  1)  (4n  +  3) 


from  Exercise  28  with  C  =  0: 


f,/2  -i  /  2\  i  T-x3  x7  x"  x,s  x19  ]1/2  0.5s  0.57  0.5  "  0.5,s  0.519 

Jo  ta"  (x  ) ^  [  3  21  +  55  105  +  171  "  J0  “3  21  +  "55“  I05"  +  TTf  " 

The  series  is  alternating,  so  if  we  use  only  the  first  four  terms  of  the  series,  then  the  error  is  at  most 
0.5I9/I7I  as  1.1  x  I0~8.  So,  to  six  decimal  places. 

fo/2  tan  '  (x 2 ) dx  as  }  (0.5)3  -  ^  (0.5)7  +  ^  (0.5)"  -  ^  (0.5),s  as  0.041303 

31.  We  substitute  x4  for  x  in  Example  7,  and  find  that 

V  (x4)2  " 


/.  ^  ^  \  =ll  l  i 

X2  tan-'  (x4)  dx  =  /  X2  £  (- 1 )"  \  ’  .  dx 

V  /  J  „=0  2/1  +  1 


/oo 

Z(-ir 

n= 0 


y8»+7 


2n+l</X  C+„?0(  11  (2n  +  I)  (8n  +  7) 


7  ^15  -il/3  I 

— —  —  +  •  ■■  J  =  7—37  “  jis  4 - •  The  series  is  alternating,  so  if  we  use 

only  one  term,  the  error  is  at  most  1/  (45  •  315)  as  1.5  x  I0“9.  So  f0,/3x2  tan-1  (x4)  dx  as  1/  (7  •  37)  as  0.000065 
to  six  decimal  places. 
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f 05  dx  f°-5  »  ,  00  re-IT"  Y6n+I  Tl/2  00 

32.  /  -^4  =  /  x  (-i)n.»6nrf.t  =  y  ^ —  =  y 

Jo  1+.V6  Jo  „To  „toL  6/1+1  J0  „tl 


(-1)” 


I 


I 


1 


I 


6//  +  I 
+  • 


,  (6n+  l)2b"~t 


2  7  ■  27  13  -211  19  -  219 

The  scries  is  alternating,  so  if  we  use  only  three  terms,  the  error  is  at  most 


I 


decimal  places, 


-/ 


19-  219 


=»  1.0  x  10  1 .  So,  to  six 


dx 


1 


I 


I 


I  +  x6  2  7  -  27  13  •  213 


!  0.498893. 


33.  Using  the  result  of  Example  6.  In  (1  -  x)  =  —  x"/n,  with  x  =  —0.1,  we  have 

In  I  I  =  In  (1  —  (—0.1)]  =  0.1  —  +  — 4  -  23221  4.  °  (Xj00 1 -  The  series  is  alternating,  so  if  we  use  oi 

the  first  four  terms,  the  error  is  at  most  2J»221  =  0.000002.  So  In  11  0. 1  —  221  +  2»21  _  22221  ^  0.0953 1 . 


oo  (_l)"  .v2o  oo  (_n"  2/ix2”-1 

34.  f  (x)  =  X!  — 77-77 —  =»  )'  (x)  =  X - — - -  (the  first  term  disappears),  so 


»=o  (2/i)l 


(2n)l 


4  (-')”  (2«)  (2/i  —  l)x2"“2  *  (— I )" x2<"-')  ~(-l)"+«x2» 

J  (*)  =  Z - (2^)7 - =  Z  [2(/,  -  |)]i  =  Z  — Vain  ■  (substituting  n  +  1  for  n) 


(2« )! 


S  <2">!  f(x) 


/"(.t)  +  /(x)  =  0. 


«  ,  ,,  ^.(-l)"x2"  ^  (-lV'2/i.r2"-1  J  ^  ^.(-l)”2zi(2/i- Ox2"’2 

35.  (a)  Jo  (x)  -  g  ^  (nj)2  .  J0  (x)  -  g  22"  («!)2  '  ^  W  - ’  S° 

.t2^  (*, + XJi  (x) + x2j0  (,)  =  £  +  £  ppp:  +  £ 

t= f  22'1  (n!)2  22»(/,!)2  22*  (n!)2 

■4  (—  1)"  2/i  (2/i  —  I) x2"  4,  (-1)"  2/ix2'1  (-l)'-'x2'' 

Z  22"  (n!)2  +  Z  22/>  t„tt2  +  Z  ' 


ST  22"  (n!)2  22n_2  [(n  —  I)!]2 


OO  r 

=  £(-')" 


2/i  (2/?  —  1)  +  2n  —  2  2/i2 1  2j 


2s"  (*!)2 


]x2"  =  Z  (-')"[ 


4n2  —  2n  +  2«  —  4/i2 


(b)  /'  *  w*  =  r  [£  1  *  =/'(,_  f!  +  i!  _ 

io  Jo  22"  (// 1 ) 2  J  itl  4  64 


2304 


22”  (n!)2 


j  x2"  =  0 


dx 


r  xj  xs  x7  1 1  1  1  1 

L  3-4  +  5-64  ~  7  -  2304  +'J0~  12  +  320  16,128  +  " 

Since  7^28  **  6  000662,  it  follows  from  The  Alternating  Series  Estimation  Theorem  that,  correct  to  three 
decimal  places.  Jo(x)dx  as  1  -  ^  ^  ss  0.920. 
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v-  (-l)".^1  „  ,  yA  (-1)"  (2n+  l).x~‘ 

1  *  ^gn!  («+  l)!22B+l’  1  X  §„!(fl+1)!^- 

OO  , 

J"  (*)  =  x  ■ 


,  (—  I)'1  (2n  +  l)x2" 


,  (— 1)"  (2«  +  1)  (2n)x-n~l 
m!  (n  +  I)!  22"+l 

x27|"(.x)  +  .t./;(Jr)  +  (.x2-  1)  y,  (x) 
y.  (— 1)"(2»+  l)(2»)x-"j| 

~h  «■<*  +  I)!22n+' 

^  (—  I)”  JT2"-2* 


.  (—  I )"  (2«  +  1)*>+I 


=z 

«=1 


(-1)”  (2/i+  l)(2n)j2'1+l  ^ 

n!  (/i  +  1)!  22"*1  +^- 

y,  (-l)"X2n+l 
fr\(n-\)\n\21’' 


m! 

(n  +  1)!  22n+l 

OO 

(_,)(.  x2»+l 

fan'.  (n+  l)!22"+l 

(-D 

"(2n  +  I)*2"*' 

n< 

(n+  l)!22"+l 

OO 

V  _ 

(-I)"*2"-1 

f 


Replace 


fan'.  («  +  1)!22”+i  (  in  the 


n  with  n  —  1  \ 
third  term  J 


_  v  oo 


(2n  +  1)  (2n)  +  (2n  +  1)  -(«)(«+!)  22  —  1 
n!  (n  +  l)!2J"+l 


=  0 


op  /  jyi  2h 

.  (—1)"  (2«)  JC2"-'  ^  (—  l)"^1  2  («  +  I)*2'-10 


Jq  (•*  )  — 


22"  («!)2 


» .  22”+2  ((n  +  I  )!J2 

00  /_  i\«  r2«-t-l 


(Replace  n  with  n  +  1) 


^ _ jy»  ^.2..  ,  . 

=  —  — — — -  (cancel  2  and  n  +  1:  take  —1  outside  sum)  =  —  J\  (*) 

“  2zn+l  (/?  -f-  I)!  nl 


37.  (a)  f(x)  =  Z 


/«=  Z 


„?,(«-!)!  nfo «! 


=  Z-r  =  /W 


(b)ByTheorcm  10.4.2.  the  only  solution  to  the  differential  equation  df  (x)  /dx  =  f  (x)  is  /  (x)  =  Kex ,  but 
/(0)=  I.  so  K  =  I  and  / (x)  =  eV 

O.  We  could  solve  the  equation  df  (.x)  /rf.x  =  /  (jc)  as  a  separable  differential  equation. 


38. 


|sinn.x| 


I  22  sinn.x  .  /sinn.x\  cosn.x 

— , ,  so  y  — 5—  converges  by  the  Comparison  lest.  —  I  — x—  I  =  - ,  so  when  x  =  2k it  ( k  i 

n-  |  n*  ax  \  n*  J  n 


oo  00  cos  (2knn )  00  I 

integer).  Z  /«  (*)  =  Z  - ” - =  Z  which  diverges  (harmonic  scries).  /"  (,x)  =  —  sin nx,  so 

n=i  n=l  »  » 


OO  OO 

Z  f!!  (  r)  =  —  Z  sin  nx,  which  converges  only  if  sin  nx  =  0.  or  x  =  kit  (k  an  integer). 
11=  I  /!—  I 
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39.  If  an  =  then  bv  the  Ratio  Test,  lim 

n1  "  m— ♦  oo 


an+ 1 

O,, 


■  U|  lim 

n—*QO 


|.x|  <  1  for  convergence,  so  R  =  1. 


When  x  =  ±  1 ,  £ 
/>=1 


°°  I 


=  £  —  which  is  a  convergent  ^-series  {p  =  2  >  1).  so  the  interval  of  convergence  for 
nr=\  n- 


f  is  [- 1 ,  1 1-  By  Theorem  2,  the  radii  of  convergence  of  /'  and  /"  are  both  I,  so  we  need  only  check  the 

oo  nr"'*  00  xn 

f  ( x )  =  X  — 5 —  =  X  - 7'  anc*  this  ser'es  diverges  for  x  =  1  (harmonic 

n=  l  «=0  n  +  1 


oo 

endpoints.  /( x)  =  £  —r 
n=  1  n” 


series)  and  converges  for  x  =  —  I  (Alternating  Series  Test),  so  the  interval  of  convergence  is  ( —  1 ,  1). 

00  nxn  ~  ^  n 

/"  (x)  =  y  — - diverges  at  both  1  and  —1  (Test  for  Divergence)  since  lim  - -  =  I  ^  0,  so  its  interval  of 

n?\  n  +  1  n~*x>  n  4-  1 

convergence  is  ( —  1 .  1 ). 

oo 

40.  (a)  2  « 


SS  d 

d 

’  00 

d  ■ 

1  ' 

=  L  -r*" 

n=0  dx 

dx 

2  *n 

.fi— 0 

=  dx  [ 

1  -  *. 

,1*1  <  1. 


oo  oo  1 

(b)  (i)  2  «*"  =»I  n*”'1  =  *  - ~ 

n- t  «=l  L(l  -*)  . 


[from  (a)]  = - j 

(1-x)2 

1/2 


for  |*|  <  1. 


(ii>  Put  *  =  }  in  (i):  =  2  "(5)”  =  - — -  =  2- 

5  „Tt  2"  „ti  W  (1  -  1/2)2 

(c)  (i)  jn(n-  I)*”  =  *2  2  «  (n  -  l)*'1'2  =  x2  —  2  n*“  = 

n=2  n=2  “*  Ln=l  J 

,  2  2*2 


dx  (|  —  *)2 


(I-*)3  (I-*) 


for  |*|  <  I. 


oc  „2  _  n  00  .  .  (i  2  (I/2)2 

(ii)  Pu,t  =  i in(i): =  z »(« -  n  (0  =  = 4- 


(iii)  From  (b)(ii)  and  (c)(ii).  we  have  2  —  =  2  +  Z^=4  +  2=6- 


2" 


Taylor  and  Maclaurin  Series 


2°  /■<»)  (a)  f(8>  (5) 

1.  Using  Theorem  5  with  2  (*  ~  5)”,  6„  - - ,  so  b%  =  — — — . 

n!  8! 

2.  Using  Formula  6,  a  power  series  expansion  of  /  at  1  must  have  the  form  /  ( I )  +  /'  ( 1 )  (*  -  I )  H - .  Comparing 

to  the  given  series.  0.4  -  0.8  (x  —  1)4 - .we  must  have  /'  (1)  =  —0.8,  But  from  the  graph.  /'  (I)  is  positive. 

Hcnee.  the  given  series  is  not  the  Taylor  series  of  /  centered  at  1. 
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n 

/<">  (x) 

/<">  (0) 

0 

COS* 

i 

1 

—  sin* 

0 

2 

—  cos* 

-1 

3 

sin* 

0 

4 

cos* 

1 

cos,  =  /(O)  +  /'  (0„  +  +  ^),3  +  +  . 


=  ,_  2!  +4! 


y-  (-D"-v2 


ir  (-I)",2”  .L 
It  a„  =  — .  then 


(2  «)! 


lim 

n  -*  oc 


«//+! 


O/i 


;jr  lim 


I 


”-»»  (2n  +  2)  (2n  +  I) 


=  0  <  I  for  all  x.  So 


R  =  oo  (Ratio  Test). 


4. 


n 

/<"»(,) 

/<"> (0) 

0 

sin  2, 

0 

1 

2  cos  2.x 

2 

2 

-22  sin2x 

0 

3 

—2’ cos  2.x 

— 23 

4 

24  sin  2.x 

0 

/<»>  (0)  =  0  if  n  is  even  and  /<2"+,>  (0)  =  (- 1 )"  22"+l ,  so 
sin  2,  : 


=  -  /<">( Q)  - 

-  „to(2«  +  l)! 


n=0  n\ 

_  »  (-1)"  22ll~l:r 2,1+1 

_„to  (2/t+l)! 


**/!■*- 

lim  — 

«-><»|  an 

(Ratio  Test). 


—  lim 


22  |,|2 


mil  - 

"-♦oo  (2 n  -f  3)  (2 n  +  2) 


-  0  <  1  for  all  *,  so  R  =  oo 


n 

(x) 

/<"»  (0) 

0 

1 

+ 

1 

1 

-3(1  +  .x)-4 

-3 

2 

12(1  +  .x)'5 

12 

3 

-60(1  +,)-6 

-60 

4 

360(1  +  .x)~7 

360 

(1  +  x)-}  =  /  (0)  +  /'  (0).r  +  ^~X2  +  l^Mxi 

J_/<4,(0)  4 
+— *  +  ' 

=  l-3x  +  !2x2_mxi  +  ^xA  +  ... 

_»(-!)”(« +  2 )!,"  ~  (—  1)" (n  +  2) (n  +  1 ) ,” 

.to  2(n!)  „to  2 


lim  *tl 
"-♦oo  a„ 


so  R  —  1 . 


(n  +  3)(/t  +  2)|jr|"+l 

lim  — - - r - 

/I  >oo  (n  +  2)  (n  +  1 )  |,  | 


=  |,|  <  1  for  convergence. 


n 

/<">  (,) 

/<n)(  0) 

0 

In  (1  +  .x) 

0 

1 

(1  +x)-> 

1 

2 

-d  +  x)-2 

-1 

3 

2(1  +  .x)-3 

2 

4 

-6(1  +  .x)-4 

-6 

5 

24(1  +x)~5 

24 

In(l  +  ,)  =  =  /(0)  +  /'(O),  + 

.  /<4)  (0)  4  .  /(S|  (0)  ,  . 

+  ~4TX  +  ~. -*'+  ■ 


—  X  2X~  T  6*  T^x  +  I20-* 

X2  ,3  x4  x5 
-*-T  +  y-T  +  7 


« z 

n=  I 


(-if 


lim 

n~*  oo 


Q/i+l 

On 


=  lim 

22 — *  OO 


,"+l 

n  +  1 


I*  I 


=  lim 

»-»oo  1  +  \/n 


=  |*|  <  1  for 


convergence,  so  R  =  I . 
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n 

/‘n,(x> 

/<”)  (0) 

0 

sinhx 

0 

1 

cosh  X 

1 

2 

sinhx 

0 

3 

coshx 

1 

4 

sinhx 

0 

So  /*">  (0)  = 


0  if  n  is  even  =o  v2»+ 1 

and  sinh  .x  --  V  — - — .  If 

I  ifnisodd  „=o(2«+l)! 


a„  = 


lim 

n-too 


r2n+l 

(27+1)! 

0(1+1 


then 


a„ 


—  x 1  lim 


I 


n-»oo  (2/j  +  3)  (2 n  +  2) 


=  0  <  I  for  all  x,  so 


R  —  oo. 


n 

/<">  (x) 

(0) 

0 

coshx 

1 

1 

sinh  x 

0 

2 

cosh  .V 

1 

3 

sinhx 

0 

/<«)  (0)  = 


1  if  n  is  even  °° 

so  cosh  x  =  V  — — -  with  R  =  oo,  by  the 
0  if  n  is  odd  n=o  (2”)! 


Ratio  Test. 


f(x)  =  7  +  5(x  -  2)  +  i  (x  -  2)2  +  £  -  (x  -  2)" 

2!  n=3 n- 

=  7  +  5  (x  -  2)  +  (x  -  2)2 
Since  a„  =  0  for  large  n,  R  =  oo. 


f(x)  =  -I  +  3(x  +  I)  -  \  (x  +  I)2  +  |  (x  +  1)J 
=  -l  +3(x  +  l)-3(x  +  l)2  +  (x  +  I)3 
Since  a„  —0  for  large  n,  R  =  oo. 


11.  Clearly,  f{n)  (x)  =e\so  f<n)  (3)  =  e3  and  e*  =  X  ‘4  (a  -  3)".  lfo„  =  ^t(j- 3)n,  then 

„=o «! 


n 

/<">  (x) 

/"'(-I) 

0 

X3 

-1 

1 

3jc2 

3 

2 

6x 

-6 

3 

6 

6 

4 

0 

0 

5 

0 

0 

n 

/<"*  <X> 

/<">(  2) 

0 

1  +  X  +  .V2 

7 

1 

1  +  2x 

5 

2 

2 

2 

3 

0 

0 

4 

0 

0 

I  ow+i  It  3| 

lim  -  -  lim  - =  0  for  all*,  so  R  =  oc. 

n-> oc  j  a, i  «-*oo  n  +  1 
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12. 


/<">  (2)  = 


I). 

2" 


n 

/(B)  (x) 

/(">  (2) 

0 

In* 

In  2 

1 

*-■ 

1 

5 

2 

-x-2 

l 

4 

3 

2*  ~ 3 

2 

5 

4 

-3  ■  2jr— 4 

3-2 

16 

oo  {—ly-1  (x  -  2V 
for  n  >  I,  so  ln.t  =  In 2  +  X  - — - 


..  o«+i  I*  -  2|  »  |x  -  2|  .  ,,  , 

lim  -  =  — - —  lim  - -  =  — - —  <  1  for  convergence,  so  I  x  —  2  <  2 

»-> oo  a„  2  «-*<»  n  +  I  2 


/?  =  2. 


n 

/<">  (X) 

/"'(l) 

0 

i 

x-1 

-X-2 

1 

-1 

2 

2x~3 

2 

3 

-3  -2x-4 

-3-2 

4 

4-3-2x-5 

4-3-2 

So  /<">(!)  =  (-!)"«!,  and  -  =  X  ■  'V”'  (x  -  I)"  =  X  (-1)”  (jc  -  1)".  Ifo„  =  (-!)"  (x  -  1)”  then 

X  _ _  n  /?!  „._n 


lim 

n—*oo 


<*!»+  I 


=  |x  —  1 1  <  1  for  convergence,  so  0  <  it  <  2  and  R  =  l. 


14. 


/<">  (4)  = 


n 

/»>  (x) 

/<")  (4) 

0 

x\n 

2 

1 

^x_l/2 

2-2 

2 

_lv-3/2 

4  *' 

-2-S 

3 

|X-V2 

3-2-® 

4 

-{|-*-7/2 

-15-2-" 

(-1)"-'  1-3-5 . (2n-3) 

2-ln-l 


for  n  >  2,  so 


/-  i  Jt _  4 

V?  =  2+  — —  + 


1-3-5 . (2n-3) 

23"-1n! 


(■*  —  4)”. 


lim 
n — >  oc 


I  1 

I  a„ 


Hzil  lim 

8  n-~> oo  \  n  +  I  / 


|jt  -  41 


<  I  for  convergence,  so  |x  -  4|  <4 


R  =  4. 


4 
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15. 


n 

/'">  (*> 

/<n)(f) 

0 

sin* 

V2/2 

1 

cos* 

J2/2 

2 

—  sin* 

-s/2/2 

3 

—  cos* 

-s/5/2 

4 

sin* 

s/2/2 

sin*  =  /  (f )  +  /'  (f  )  (*  -  f )  + 


/"(f) 


(*  -  f) 


(x-t)  + 


r)4  +  ■ 


—  jr(*_f)3  +  T[(*  —  f)4_l  ] 

=  4  [■  “  F  (*  “  f)2  +  A  (*  “  f)4  ] 

+  4  [(*  “  f)  ~  5i  (*  ~  f  )3  +  •] 

=  4  Z£o  [<^T  (*  -  f  )2n  +  ^  (*  -  f  )2"+1] 

The  series  can  also  be  written  in  the  more  elegant  form  sin.*  =  —  £  - — — — - .  If 

2  ,i=o  "■ 


a„  - - ,  then  lim 

/»•  />— »oo 


(*n+ 1 

a„ 


=  lim 

n->oo  n  +  I 


T I  _ 


0  <  I  for  all  x,  so  R  =  oo. 


n 

/(n)  (*) 

/•"'  (-f) 

0 

cos* 

1 

-  sin* 

4 

2 

—  cos* 

-4 

3 

sin* 

2 

4 

cos* 

* 

_S\  _  r_i*»(»-t)/2  J1 


/,n)(-f)  =  (-')' 


.  SO 


oo  /{«)  f 

cos*  =  £ - ^j-12  (*  +  f  )" 

n=0 

72  A  (- 1  (*  +  |  )" 

2  a 


with  R  =  oo  by  the  Ratio  Test  (as  in  Exercise  15). 


17.  If/  (*)  =  cos*,  then  by  Formula  9  with  a  =  0,  |)?„  (x)|  < 


|/<«+l>  (*j| 

(»+!)! 


l*|”+l.  But  /<"+l>  (x)  =  ±sinx  or 


±cosx.  In  each  case,  |/("+1)  (x)|  <  I,  so \R„  (x)|  <  - — —  |x|"+l  ->  0  as  n  -»  oo  by  Equation  10.  So 

(n  +  1)! 

lim  R„  (x)  =  0  and,  by  Theorem  8.  the  series  in  Exercise  3  represents  cosx  for  all  x. 


I /("+l>  (x)| 

18.  If /(.*)  =  sinx,  then  |«„  (x)|  <  w 

(n  +  1)1 

|/<”+l>  (x)|  <  1,  so  |R„  (*)|  <  I*  - 

in  Exercise  15  represents  sinx  for  all  x. 


jx  —  J|”+,.But  (x)  —  i sinx  or  ± cosx.  Ineachcase, 

J  |"+l  — »  0  as  n  -»  oo  by  Equation  10.  So  by  Theorem  8.  the  scries 


/■(»+!)  ( 

19.  If  /  (x)  --  sinhx.  then  R„  (x)  =  — - - i*"+l,  where  0  <  |;|  <  |x|.  But  for  all  n. 

(n  +  1)! 

|/<"+|)  (r)|  <  cosh  z  <  coshx  (since  all  derivatives  are  either  sinh  or  cosh,  |sinhz|  <  |cosh;|  for  all  z.  and 
|r|  <  |*|  =*  coshr  <  cosh*),  so  |fl„  (z)|  <  7— — ^r*n+l  -»  0  as  n  -*  00  (by  Equation  10).  So  by 
Theorem  8,  the  series  represents  sinh*  for  all  *. 
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/■(''+!)  (-1 

20.  If  /(x)  =  coshx.  then  R„  (x)  =  — - rrrJt"*1,  where  0  <  |r|  <  |x|.  But  for  all  n, 

(n  +  1)! 

|y(»+i)  (;)|  <  coshr  <  cosh  x  (since  all  derivatives  are  either  sinh  or  cosh,  |sinhz|  <  |coshz|  for  all  z,  and 

coshx 
("  +  I)! 

Theorem  8,  the  series  represents  cosh x  for  all  x. 


|z|  <  |jr |  =s  coshz  <  coshx),  so  \R„  (z)|  <  - —  x”'1'1  -*  0  as  n  — »  oo  (by  Equation  10).  So  by 


oo  x2ii 

21.  cosx  =  X  (-I)”  ^~r. 

»=o  (2«)! 


,,  ,  ,  ,  ^(-lfdrx)2”  ~  (-irn^'x2"  „ 

/(*)  =  COS  (x X )  =  X  - 7Z-T, -  =  Z  - - ,  R  =  oo 


„fo  (2n)T  „to  (2/t)! 

00  x”  oo  (_x  /2V'  oc  /_iy» 

22. ^=s-r  =»  /(x)  =  e-^=zL-^-=Z^r^«  =  ~ 

n=0  n=0  «=0  2 

oc  y2n  +  l  oo  j2/i+l  oo  y2n+2 

23. tan-|x=2;(-l)''— -  =>  /(x)  =  *  tan'1  x  =  x  X  (-!)"  y— 7  =  Z  M)"  y— r,  *  =  1 

„_0  zn  +  I  „_0  2/t  +  1  „=0  2  n  +  I 


to  x^,+  *  to  (x4)2"+I  to  ( 1 

24.  sinx  =  X  (-1)”  TyyyT  =*  /  (x)  =  sin  (x«)  =  £  (- 1 )"  =  £  -Z-^-x*^,  *  =  00 


„=o  (2n+ 1)! 


„to  <2«+l)!  „to(2n+l)! 


25.  e*=Z-r  =»  /W=JtV'=z2XiJr  =  I:-^: - .*  =  00 


/l=0  »1 


_2  »  (-X)"  ~  (-l)"x"t2 

>1=0  «■  >r=o  »! 


26.  cosx 


00  r2/>  00  nr)2fl  00  /_iy,o2 n 

551  -  w - 

S  I )"  22"  2„+| 


/(x)  =  x cos2x  =  X  ,  «  =  00 

n=0  (2/>)! 


27.  sin2  x  =  5  ( I  —  cos  2.x]  = 


1 

'  ~  (-D”(2x)2"' 

=  2"' 

OO 

1-1-2 

(— l)”(2x)2" 

2 

„=0  (2«)! 

n—  I 

(2/t)! 

»  (_[)”+!  ^>-lx2n 

=  Z - ^ = 


28.  cos2x  =  5  (1  +  cos2x)  =  - 


»  +  L 


(-1)"  (lx)2” 
(2/t)! 


to  (_1)n22»x2" 

,+,+§-b- 


to  (_|)„22'-ix2" 

+  ^f  (2n>!  ’  _0° 

Another  Method:  Use  cos2  x  =  I  —  sin2  x  and  Exercise  27. 


^  sinx  I  »  (-lyx2"-*-1  “  (-Ifx2” 

29.  - =  -  X  m —  =  X.  7; - rrr  and  this  series  also  gives  the  required  value  at  x  =  0  (namely  I ),  so 

x  x  ,1=0  (2/t  +  I)!  „=0(2rt+l)! 

R  =  00. 


30. 


1  —  cosx 


’  y  (-lyx2”]  =  r_  «  (~i)"x2"i  =  ~ 

.  „ti  (2/t)!  J  *  [  h  (2 *)!  J  h 


(-l)"+lx2"-2  »  (~l)"x2 


(2n)! 


=  Z 


„=o  (2/t  +  2)! 


the  series  is  equal  to  j  when  x  =  0;  /?  =  00. 
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n 

/<»>  (X) 

fin)  (0) 

0 

(1  +  *),/2 

1 

1 

$u+*r,/2 

1 

5 

2 

-ifl-M)-3'2 

l 

“3 

3 

|(1  +x)->'2 

3 

S 

s 

-{l<l+*r7/2 

15 

U 

(—I)"-1  1-3-5 


(2 »  -  3) 


So  /(B>  (0)  = 
and 

r  00 

VT+7  =  i  +  t  +  Z 

1  n=2 


(_!)—•  1-35 . (2n  —  3) 

If  a„  = - — - x".  then 

2"n! 


2" 

(_!)»-'  1.3.5. 


for  n  >  2, 


•  (2 n  -  3) 
- x  . 


<7/14  1 
0„ 

SOR=\. 


lim 

»-»oo 


1 1 1  2w _ 1 

=  — -  lim  -  =  hr  I  <  1  for  convergence. 

2  w-400  n  +  I 


0 


n 

/<">  w 

(0) 

0 

(1  +  2x)-1/2 

1 

1 

-I  (i  +  2*r3/2  (2) 

-1 

2 

j(l+  2jc)~ S/'2  (2) 

3 

3 

— 3  •  §  (1  +  2x)“7/2  (2) 

-3  5 

/<">  (0)  =  (— 1)"  I  •  3  5  -  7 . (2n  —  1).  so 


(1  +2 x)-,/2 


£  /^(O)  „ 

n?o— ' ^ 


£  (-l)"  1  3  5 . (2n  —  I )  „ 

x - - * 

/i= 0  rt! 


lim 

n—*oo 


On+\ 

On 


lim 


In  +  I 


n-*oo  n  +  1 


|.x  I  =  2  |jc  I  <  1  for 


convergence,  so  R  =  5 . 

Another  method:  Use  Exercise  3 1  and  differentiate. 
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33.  cosx  =  Y  (“•)"  7T~TT 

n-0  (2d)  I 


/  (a)  =  cos  (jc2)  =  Y 

n=0 


2S  _  “  (-l)"  (t2)3"  _  ~  (-l)"*4" 


any. 


/dx  f  00  oo  **+•  00  t-lV1 

- - =  /  JH-iy  x”dx  =  C+  y  (-1)” - -=  £  - — - - with  C  =  0  and  R  =  1 

■+*  J  *=0  n=0  »+>  n=l  « 


so  In  ( I  I )  =  2 

n-  I 


£  (—I)"-1  (0.1)" 


.  This  is  an  alternating  series  with  b$  = 


(O.l)5 


-  0.000002.  so  to  five  decimal 


4  (-1)"-' (0.1)'’ 

places.  In  (1.1)  Y - —  **0.09531. 

n=i  n 


36.  3°  =  A  radians  and  sm  .it  =  Y 


So 

Hi!  ,  Ull! 

sm  60  -  So  “  —  +  ~ 


~  (-l)”x2n+l 


„=o  (2n  +  1)1 


so 


60  1,296,000  93,312,000,000 

the  Alternating  Series  Estimation  Theorem,  sin  =s  |g  —  |  2^oo6  35  0  05234. 
2^+1 

f  oo  ^ _ \)n  X^n*^ 


But  ; 


<  10  , so 


■‘/‘H*- /S.'-'r  feriiT 

„„  sinx  I  »  (_!)-' x2«+'  =o  (_|)".v2" 

38.  -  =  -  V  -  =  >  - ,  so 

*  x„to  (2*+l)!  „to  (2«+l)! 

f^dx=[%t!rj£dx=c+Y 

J  x  J  »=o  a»  +  i)i  (i-o 


(2n  +  1)1 


■dx  =C+  Z 


(—1)"  x4 


„to(4«  +  3)(2«+l)! 


i-i)"x2n+l 
(2«  +  I )  (2n  +  1)1 


,  with  R  =  oo. 
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39.  Using  the  scries  from  Exercise  31  and  substituting x5  forx,  we  get 

/v5rrr*-/[ 


1  +  -j  +  z 

n=2 


2nn\ 


dx 


=  C  +  x  +  ^+  f  <Zirl.L 3_5_^(ln-3)  „+, 

8  „%  2"n\  (3n  +  I) 


40.  [ e*'  dx  =  f  Y  — }-dx=C  +  Y 
J  J  n—O  n-  n—O 


(3  w  +  l)«! 


with  R  =  oo. 


['  /  °°  r  (-i)"x4',+s  V  °°  (-D" 

41.  Using  our  series  from  Exercise  37,  we  get  /  sin  (jr)  dx  —  Y  -  =  V  - - - 

Jo  V  >  „t'oL(4«  +  3)(2n  +  l)!j0  (4n  +  3)  (2n  +  1)! 


1 


a”d|C3l=  75,600 

Z  (-,r 


<  0.000014,  so  by  the  Alternating  Series  Estimation  Theorem,  we  have 


-  -  -  —  + 


,S,  (4n  +  3)  (2n  +  I)!  3  42  1320 


:  0.3 10  (correct  to  three  decimal  places). 


42.  cos(x2)  =  Y 


«  (-l)"(x2)2" 


(2n)! 
/■os 


,  so 


.  but 


/  cos (x2) .X  =  r  Y  *  =  Z  f  (~l),'t4'  1  =  0.5  - 

Jo  V  ’  Jo  „=o  (2«)!  SL(4n+I)(2n)!j0  5-21^94! 

yy-yyy  ss  0.000009,  so  by  the  Alternating  Scries  Estimation  Theorem,  f0°  5  cos  (x2)  dx  0.5  —  ■  ^ '^y  =s  0.497 


9  ■  4! 

(correct  to  three  decimal  places). 


43.  We  first  find  a  series  representation  for  /(x)  =  (1  +  x)-1''2,  and  then  substitute. 


n 

/<»>  (x) 

/<">  (0) 

0 

(1  +x)-|/2 

1 

1 

-^(1  +x)-J/2 

“5 

2 

|d  +x)-5/2 

3 

4 

3 

-^(1  +x)-7/2 

15 

“T 

I 


yi+f 


=  i 


r 

Jo 


dx 


x  3  /x2\  15  /x3\ 

-5  +  3U)-tU)  + 

-[■ 


~x*  +  ~—x '  -  — — jc  *  4- 


r 

Jo 


7i+7 


_  I  J.  v3  i  3  6 5  9  i 

—  1  2*  +  g*  \6X  +  ’ 


1 


(0.1)  —  j  (0. 1  )4  ,  by  the  Alternating  Series  Estimation 

O 


Vl  +  x3  L  »  56  32 

Theorem,  since  (0. 1)7  0.0000000054  <  I0~8,  which  is  the  maximum  desired  error.  Therefore, 

f01  dx 

Jo  \/T  +  x  3 


0.09998750. 
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44.  r  =  r  z  = t  r(-;r^i,/2 = i 

Jo  Jo  n-0  ”■  «=0  L  (2«  +  3)  Jo  h--0 


(-1)" 


n!  (2 n  +  3)  22o+3 


and  since 


(-1)" 


c?  = -  <  0.001  we  use  V  - r — r  =  — 

1792  „t"o  (2/)  +  3)  22"  * 5  24 


160 


i  0.0354. 


45.  lim  1 - 5- 

x->0  x3 


=  lim 

i-*0 


=  lim 

x-*0 


I  J  1  „  5  .  1  v7 

J*  ~  3X  +  7X  ' 


=  .^0(5 -^2  +  ^4 -  •)  =  3 

since  power  series  are  continuous  functions. 


46.  lim 


1  —  cos* 


lim 


'-(*-y*2  +  £,4-sr*6  +  ---) 


-»o  1  +  x  —  e*  t-*o 


=  lim 

x->0 


1  +X  -  (l  +X  +  JrX2  +  J,X3  +  2,x4  +  J;.XS  +  5T.T6+  -  ) 
1  v2  I  .4  1  16 

_ ~  1\x  +  gr* - - 


I  _2  I  vt  I  _4  I  v5  1  v6 
—  JT*  —  jrf  ~  JT-H  ~  JT*  -  JT-*  - 


=  lim 


.  _  1  ,2  , 
213  + 


-0 


. _ .0  I  I  „  1  „2  1  I  „4 

u  “5?  -  JT*  ~  Vx  ~  J’*  ~  6 \x  ~  ' 


-i-0 


since  power  scries  are  continuous  functions. 


47.  lim 

-t-*0 


sinx  —  x  +  Jx3 


=  lim 

t->0 


(*-  1a3  +  ±^-1^  +  ...)-^  +  1^3 


Jrxs  -  Jrx7  +  •  •  •  (  \  x2  x4  \  1  1 

“J?.- - 7 - =x'ToU  -  7r  +  9!--j  =  5T  =  TM 


since  power  series  are  continuous  functions. 


tanx-x 

48.  Inn  - ; -  =  lim 


(x  +  Jx3  +  ^Xs  4-  ■ 


x-»0  X*  x-»0  *3 

since  power  series  are  continuous  functions. 


)-*  i  ,3x1,5 

- =  lim 

X— >0 


3*3  +  hX$  |j  (\  |  2  r2  1  \  l 

- 73 - -JSiU  +  H*  +■  J-3 


49.  As  in  Example  8(a).  we  have  e~x  =  I  —  H - and  we  know  that  cosx  =  I  -  —  +  ^ - from 

Equation  16.  Therefore,  e~’2  cosx  =  ^ I  —  x2  +  |x4 - ^  ^1  —  Jx2  +  ^x4 - ^ .  Writing  only  the  terms 

with  degree  <  4,  we  get  e-*2  cosx  =  1  -  Jx2  +  ^x4  —  x2  +  jx4  +  Jx4  H - =  I  —  |x2  +  gx4  +  •  •  • . 
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50. 


1 -K  + V-’ 


1  +  £f2  +  a*4  +  ' 


1  I v2  i  I  v 4 
1  ~  I*  +  24*  "  ' 

'  ,2  _  1.1  .  . 

5*  24*  + 


X--  i-X’  +  ■•  • 


£*4+--- 
TI*4  +  ■  '  ■ 


51. 


1  +  x  +  5-*2  +  |x3  H - 


-X  +  ^x4  - 

+  •  •• 

1  -*  - 1*2  - 

1,3 _ 

3* 

—x —  X 2  — 

Jx3-  -- 

3*  + 

I*3-  ' 

5X2  + 

JX3  +  •  • 

-JxJ  +  .-- 

-ix3  +  ... 

I 


I 


COS.X  I  -  ±x2  +  ^x* - 

From  ihc  long  division  above. 

1,2  _i_  5  ,4  . 

54* 


From  Example  6  in  Section  1 2.9.  we  have 

In  (I  -x)  =  — x  -  ^x2-  }x3 - .  !x|  <  I. 

Therefore, 


In  (1  —  x)  -x  -  ;x2  -  jx3  -  ■ 


I  +  x  +  jx2  +  5X3  + 


- .  So  by  the 


long  division  above. 

In  (1  -x)  x2  x3  ,  ,  , 

.  =  -X  +  |x|  <  I. 

e *  2  3 


52.  From  Example  6  in  Section  12.9,  we  have  In  (I  -x)  =  -x  -  jx2  —  |x3 - ,  |x|  <  I.  Therefore. 

ex  In  (I  -x)  =  (l  +x  +  JX2  +  ■  ••)  ^  x  -  5X2  -  jx3  H - ) 


_  ,  1,2  I  v3  ,2  I  ,3  1,3 

=  -X  -  JX  -  JX  -  X  -  jX  -  5X  ■ 

=  -x  -  §x2  -  fx3 - .  If  I  <  I 

00  ,4n  ce 

53.  Z(-i)',iT  =  Z  L- r~=e "  .by(ii). 

„0  n=0  n! 

00  (_l)"ff2n  X  II.)2"  n 

55.  £  .  _  £  (-l)  ^ - =  sin  f  =  4-,  by  (15). 

„to42"+l(2n+l)!  „tb  (2n  +  I)!  1  ^2  * 

56 . £  =e3/5 jby („, 

»;= 0  5  w  .  „—()  « 


„  ,  9  27  81  3‘  32  33  34  «  3"  «  3"  ,  ,  ,  .  .... 

57.  3  + - 1 - 1 - 1 - =  —  +  —  +  —  +  —  3 - =  Y  —  =  T - 1  =  e3  —  I .  by  (11). 

2!  3!  4!  I!  2!  3!  4!  „t”,  n\  ,^0 «! 


2! 


3! 


=  e-|n2  =  (eln2)  1  =2_l  =  ^,by(H). 
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59.  Assume  that  | /"'  (x)|  <  A/,  so  /"'  (x)  <  M  for  a  <  x  <  d.  Now  f*  /"'  (/)  dt  <  f*  M  dt 
=>  rw-/"(a)  <  M(x- a)  =s  /"  (x)  <  /"  (a)  +  A/  (x  -  a).  Thus, 

/a  /"  (0  *  <  £  [/"  (o)  +  AT  (r  -  a)]  <//  =>  f'(x)-f  (a)  <  f"  (a)  (x-a)  +  \M(x-  a)2 

=»  /'(■*)< /'(a) +  /"(«) (x -a)  +  ^ AT (x -a)2  => 

/a  /'  (')dt  <  f*  [/'  (a)  +  /"  (a)  (/  —  a)  +  j  A/  (/  —  a)2J  </t 


=>  /(*)-/(«)  <  /'(a)(Jt-a)  +  i/"(a)(.t-a)2  +  i/W(j-a)}.  So 
/(•»)-/  (a)  -  /'  (a)  (*  -  a)  -  j/"  (a)  (x  -  a)2  <  ±  A/  ( x  -  a)3.  Hut 

(*)  =  /  (*)  ~T2(x)  =  f(x)~  f  (a)  -  /'  (a)  (x  (a)  (x  -  a)2,  so  R2  (x)  <  £  M  (x  -  a)3.  A 

similar  argument  using  /'"  (x)  >  —M  shows  that  R2  (x)  >  -±Af  (x  -  a)3.  So  |/?2  (x2)|  <  j,W|x  -a|3. 
Although  we  have  assumed  that  x  >  a,  a  similar  calculation  shows  that  this  inequality  is  also  true  if  x  <  a. 
-I/*2 


60.  (a)/(x)  = 


ifx  ^0 
ifx  =  0 


/'  (0)  =  lim 


/t<r)-/(0) 


=  lim  - 
x-*0 


~',x  ,.  I A  x 

- =  hm - x  —  lim - x 

x  *->0  et/x2  ,-,o  2e'/x2 


=  0  (using  l’Hospital’s  Rule  and 


■>0  x  -  0 

simplifying  in  the  penultimate  step).  Similarly,  we  can  use  the  definition  of  the  derivative  and  I’Hospital’s  Rule 
to  show  that  f"  (0)  =  0,  /<3)  (0)  =  0, . . . ,  fln>  (0)  =  0,  so  that  the  Maclaurin  series  for  /  consists  entirely  of 
zero  terms.  But  since  /(x)  5 £  0  except  forx  =  0,  we  see  that  /  cannot  equal  its  Maclaurin  series  except  at 
x  =  0. 


(b) 


0002 


From  the  graph,  it  seems  that  the  function  is  extremely  fiat  at  the 
origin.  In  fact,  it  could  be  said  to  be  “infinitely  fiat”  at  x  =  0,  since 
all  of  its  derivatives  are  0  there. 


The  Binomial  Series 


1.  The  general  binomial  series  in  (2)  is 


(1 


-1)  2  ,  k(k  -  I )  (A  -  2)  3 


-x  + 


3! 


xJ  +  - 


1  -£(’)*■-' + (i)« + +  (i)(~*)H),>  *  ■  ■  ■ 


:  I  +~  — 


1  ■ 3 ■ x3  I  •  3 ■ 5  -  x4 


2  22  •  2!  23  •  3!  24  •  4! 

—  (— l)"-'  1-3-5 . (2n  —  3)x" 


w=2 


2"  n! 


,  R  =  1 
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0+*)4 


=  (!+*)- 


'-I.O 


The  binomial  coefficient  is 


o-- 


4)  (—5)  (—6)  •  •  •  (—4  —  n  +  I)  (—  I )"  •  2  ■  3  •  4  ■  5  •  6  • 


■(«+  I)  (n  +  2)  (n  +  3) 


n\ 


(-1)"  («+!)(/.  + 2)  (n  + 3) 


2  •  3  •  /»! 


1 


~  (-!)'■(„+ I)  („  + 2)  (n  + 3)  . 

4  =  2* - - - 1  ‘or  M  <  I.  so  R  =  I. 


(1+x)  »=o 

I  I 


(2  + or)3  [2(1  +  x/2)]3 


m  /-3\  /x\n 

^  \2/  *  binomial  coefficient  is 


-(■♦§>  - 1: 


0)-* 


-3)  (-4)  (-5) . (-3  -  n  +  1)  (_|)»  .  2  •  3  ■  4  •  5 


•(«+  l)(n  +  2) 


2  n! 


(-!)"(«  + l)(n  +  2) 


I  I  “  (-l)"(n+ l)(n  +  2)x"  “  (-l)"(n+ l)(»  +  2)x"  ,  x 

(2  +  x)3"8,eo  2  2”  -„to  2n+4  'or2<' 


R  =  2. 


4.  (. +x'-y'3 = £  =  i + xi  +  + 


«».0)H),.0)R)H) 


x  X" 

=  1  +  T  +  X 


(-I)"-1  -  2-5  8 . (3n  —  4)x2 

3”  n! 


■,  with  R  =  1. 


|x|  <  2,  so 


=  (1  -  8x)l/4  =  V  (A  (— 8x)” 
n=0  W 


=  l  +  i(-8x)  + 


>H),  (0(-0<-j> 


2! 


3! 


(— 8x)’+  •• 


=  -  3. 7 . (4w  —  5)  8" 

n=2  4”  •  n\ 


=  1  -2x-  £ 

n=2 


3-7- 


•  (4n  —  5)  2" 


and  |— 8x|  <  I  |x|  <  j,  so  R  =  g. 


6. 


I 


i 

2^1  -x/32 


(-0H1H) 


1  I  1-6  ,  1-6-11  ,  1  “1-6 . (5n  —  4) 

2  5-26  52  -  2!  -  211  53  •  3!  -  2,G  2  5"25"^' «! 

The  radius  of  convergence  is  32 
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- 1  ['  ■ ♦  h)  7 *  (t)‘  +  H)  (?)*  +  •' 


=  5  +  Z(-iy 

z  »=i 


w  13-5 . (2/1-1) 

/i!23w+i 


and  —  <  I  <=>  y  <  I  <=>  |x|  <  2,  so  R  =  2. 


**  x  /  x \ “*/*  _  x*  ~  /-y \  /x\» 

-  Vi(l+Jc/2)  "  y/i  ' +2J  _Vf„toVn/V2/ 

-  5  [■  *  (-0  (?)  *  ^  (i)’  - H)  (;i}  H)  (!)•—■' 

*2  .  £  .  I  -  3  -5 . (2n  —  I)  -  ,|,t| 

=  ^+Z(-')B - „n2n+l/2 - 2  and  1 2  I  <  I  «  1*1  <2,  so/?  =  2. 
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10. 


=  8 


l+ja)+Ml)(^+(l)Md)G)>+.. 


.U3,t  +  y.mH)-7-(5-^andm<l  ^  |x|  <  4,  so  /?  =  4. 

8"  1  •  n\  14  1 

n=2 

T  he  three  Taylor  polynomials  are  7'i  (jr)  =  8  +  3.r,  7j  (jr )  =  8  +  3.v  +  j^x2,  and  T%  (x)  =  8  +  3x  +  ^-x2  —  -[jgx3. 


T, 


11.  (a)  [I  +  (-x2)]~ 1/2  —  I  +  (~j)  (~tJ)  +  ^  ^  H2)2  +  ^  (--t2)3  +  ■  ■  • 


(b)  sin 


-'*srsr;:r^ 

.  I  [  1  ,  _  22.  1-3-5 . (2n-  I) 

J  -/T^P  „=i  (2n  +  1)2"  -n! 

=  x  +  Z  '-v-'5'."';:-!-2"?  since 0  =  sin  1  0  =  C. 


(2h  +  1)2"  -n! 


12.  (a)  (I  +  y2)-,/2  =  l/2).r2n=  1+  Z 

»i=o  V  "  /  «=i 

(b)sinh_lx  =  [  ,dX  -=z  =  C  +  x  +  Y. 

j  yrr? 


2<< 


(-1)"  1-3-5 . (2n  —  l)x 

,  2>»! 

(-1)"-  1-3-5 . (2n  -  l)x2"+l 


but  C  =  0  since  sinh~ 1  0  =  0, 


~  (—  I )"  -  1  -  3  -  5 . (2n  —  I) x 2n+l 


2"  ■  n!  (2n  +  I) 


so  sinh  1  x  =  X  +  Z  2 - ' - v;;  -  -  ;  — Vn — - ,/?=!. 

«=l 


13.  (a)  (I  +  .v)_,/2  =  1  +  (-5)*  +  V  x2  + 


x J  +  --- 


1  +  z 

<1=1 


(-1)"  1-3-5 . (2n  —  I) 


(b)  Take  x  =  0.1  in  the  above  series. 


2"  ■  />! 

1  -  3  -  5  -  7 


244! 

I  .  0.1  1-3  _ ,  13-5 

7n  T  +  W^1\ (0  I)  ■  ITir 


(o.ir  <  0.00003,  so 

(O.l)3  «  0.953. 
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14.  (a)  (8  +  *)l/3  =  2 (,  +  i)  =2  Z  (j)©" 

,  /n  0) ("0  /*\2  0) H)  H) 

+  ns)  +  — 2* — w  + - si - U)  +-‘ 


=  2 


*  +  24\?2 


(-I)"-1  -  2-5 . (3n-4)x" 


24"  ■  n! 


(b)  (8  +  0.2),/5  =  2 
2  •  5  (0.2)' 


2- 


24  '  •  3! 


0.2  (0.2)2  2  S(0.2)' 

+  24  242  +  24'  •  3! 

0.000002,  so  y82  2.0165. 


«2 


,  0.2  (0.2)2 

1  +  —  - 


24  242 


15.  (a)  [1  +  (-jt)]-2  =  1  +  (—2)  (-*)  +  — (-x)2  +  — 4>  (-x)3  +  ••• 
=  1  +  2x  +  3.v2  +  4x'  H - -  X  (n  +  I) x". 


- — -j  =  Z  (»  +  i)^”+l  =  Z  »*"• 

(I--*)  -1=0  »=l 


(b)  With  x  =  ,  in  pan  (a),  we  have  X  —  = - - — x 

-2'  (■-!) 


=  2. 


16.  (a)  [I  +  (—*)]- 


=  z(„3) 

n=0  V  »  / 


HO" 


= . + (-3)  (-*) + tut*  (-xf + (-3)(-;>(-5>  + . 

1  |  £  3-4-5 . (»  +  2>a„  g  (n  +  1)  (w  +  2)  ^ 

n=0  2 

-  (n  +  !)(-.  +  2) 


rt! 

/  21  r i  ii  v»-3  “(«+!)(« +  2)  . 

(*+*)[!  +  (-x)|  =  X  - - •*  +  Z 


n=0 


n=0 


r=x+l„2xnx^_i<x<l 
n= 2  L  2  2  J  n= 2  n-=l 

_  i  +  Q) 
0-0’ 

17.  (a)  (1  +  X2)'71  =  I  +  ($) or2  +  ..*)  (x2)2  +  (*)  (  ^  ^  (x2)3  +  •  •  • 


(b)  Setting  x  =  5  in  the  last  series  above  gives  the  required  series,  so  £  —  = 

n=  1  2" 


=  6. 


=  1  ^  S  I  ■  3  •  5  ■  ■  ■ 

+  2  ,£>  2"  ■  »! 


(b)  The  coefficient  of  x 10  (corresponding  to  n  =  5)  in  the  above  Maclaurin  scries  is 


/<io)(o) 


/<l0>  (0)  (— l)4  •  I  •  3  •  5  •  7 


10! 


25  •  5! 


Z'10'  (0)  =  10!  j;,7)  =  99.225. 


10! 
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1Ma)(l+*T,/2“  £(„*)(**)' 

-'+(-!)(>’)+ +  HiMidl  ,,»)> + . . . 


2! 

“  (-1)"  13-5 . (2n  —  l)x3” 

+  »=l  2”  •  n! 


fi‘>)  (0)  /<9)  (0)  ( _ l)3  1  •  3 . 5 

(b)  The  coefficient  of  .t9  in  the  preceding  scries  is  - - ,  so  - - = - r - — 

9!  9!  23  •  3! 


/‘9)(°)  =  -^-|  =-113.40°. 


0°  /£\  oo  /lc\ 

19.  (a)  g  (x)  =  X  (J*"  =>  *»  =  X  i 


(1  +  x)g'(x)  =  (l  T Jr)  X  (i)«ur*-'  =  X  On*"~'  +  Z  (>*” 

»=1  77=  I  77=1 


=  ZC4,)("+l)*”+ZO*" 

77=0  77=0 


Replace  n  with  n  +  1 
in  the  first  series 


=  y  *(*-l)(*-2)  ■•■(*->l  +  l)(*-n) 

n=o  (»+')! 


*(*-!)(*-  2)  ••(*  —  «+  I) 


x” 


~  (n  +  \  )k(k  ~  I)  (4  —  2)  ■■■(*  —  b  +  I) . . 

=  Z  - ,  .  n, - K*  “  «)  + 

«=0  (n+1)! 

= *  Z - -T - *  =  *  Z  O  =  **  (*) 

W=0  nl  77=0 


Thus.g'(.r)  =  ^i). 

I  +  jr 

(b) /r(x)  =  (l+x)-*g(x)  =» 

(x)  =  -*(!  +  x)-*-1  g  (x)  +  (I  +x)~V  (x)  [Product  Rule] 

=  -*(!  +xr*_lg(x)  +  (l  +x)"‘  y~  [from  part  (a)] 

=  -*(  1  +x)-*-‘j?(x)  +  *(l  +x)-*-'«(x)  =  0 

(c)  From  part  (b)  we  see  that  h  (x)  must  be  constant  for  x  6  (—  I ,  I),  so  /i  (x)  =  h  (0)  =  I  for  x  e  (—  1 ,  I ).  Thus, 
h(x)=  1  =(l+x)-*g(x)  «  g(x)  =  (1  +  x)*  forx  €  (—1, 1). 
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•• w  r  Tr^fi = r  [■ + (-*2  **)]-"  * 

=  4/j  l  ['  -  5  ("*2  si"2  x) +  V  (-*2  si"2  XY  -  1-jrA  (-*2  si"2  x) 

=  VFjf2  [' +  G)*2™2* + G~0*4sin4*  +  (rr^)* 


,-6sin6jc  + 


[split  up  the  integral  and  use  the  result  from  Exercise  8. 1 .40] 

VftHOG  §)*• 

♦GSS)G£i-f)-~] 


dx 


] 


dx 


22  •  42  T  22  •  42  •  62  * 

(b)  The  first  of  the  two  inequalities  is  true  because  all  of  the  terms  in  the  series  arc  positive.  For  the  second. 


7  =  2*/- 

Ul 


1  +  ?*2  +  \r& 


'  22  •  42  •  62  *  22  •  42  ■  62  •  82  * 


The  terms  in  brackets  (after  the  first)  form  a  geometric  series  with  a  =  \k2  and  r  =  k2  —  sin2  (jOo)  <  1 .  So 


(c)  We  substitute  L  =  I,  g  =  9.8,  and  k  =  sin  (IO°/2)  =b  0.08716.  and  the  inequality  from  part  (b)  becomes 
2.01090  <  T  <  2.01093,  so  T  as  2.0109.  The  estimate  T  =»  2 jiy/L/g  as  2.0071  differs  by  about  0.2%. 
KOo  =  42°.  then  k  as  0.35837  and  the  inequality  becomes  2.07153  <  T  <  2.08103,  so  T  as  2.0763.  The 
one-term  estimate  is  the  same,  and  the  discrepancy  between  the  two  estimates  increases  to  about  3.7%. 
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Applications  of  Taylor  Polynomials 
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11.  In  Maple,  we  can  find  the  Taylor  polynomials  by  the  following  method:  first  define  f :  =sec  (x)  ;  and  then  set 
T2 : “convert  ( taylor (f, x=0,  3)  ,polynom) T4  ^convert  (taylor  (f  ,x=0,  5)  , polynom) 
etc.  (The  third  argument  in  the  taylor  function  is  one  more  than  the  degree  of  the  desired  polynomial).  We  must 
convert  to  the  type  polynom  because  the  output  of  the 
taylor  function  contains  an  error  term  which  we  do  not 
want.  In  Mathematics.  we  use 

Tn: “Normal  [Series  [f ,  [x,  0,  n)  ] ),  with  n=2,  4, 
etc.  Note  that  in  Mathematica,  the  “degree”  argument  is  the 
same  as  the  degree  of  the  desired  polynomial.  In  Derive, 
author  seer,  then  enter  Calculus,  Taylor,  8, 0;  and 
then  simplify  the  expression.  The  eighth  Taylor  polynomial  is 

/v\  |  i  1  v2  _i_  5  4  i  61  6  I  277  8 

1 8  (*)  -  1  +  5  x  +  24  V  +  +  80SfX 


12.  See  Exercise  1 1  for  the  CAS  commands  used  to  generate  the 
Taylor  polynomials.  The  ninth  Taylor  polynomial  for  tanx  is 
79  (x)  =  x  +  Jx3  +  ftx5  +  ^x7  +  jgjx’. 


13. 


/(x)  =  ^  /  (4)  =  2 

=  /'( 4)  =  | 

/"(x)  =  -ix-3/J  /"( 4)  =  -^j 


/"'(x)  =  |x-5/J 

(a)  7i  (x)  =  2  +  J  (x  -  4)  -  ^  (x  -  4)2 

=  2  +  j  (x  —  4)  —  p  (x  —  4)2 

(b)  |7?2  (x)I  <  |x  -  4|3.  where  \  f"  (x)|  <  M.  Now 

4  <  x  <  4.2  =>  |x  -  4|  <  0.2  =>  |x  -  4|3  <  0.008. 
Since  /"'  (x)  is  decreasing  on  [4, 4.2J,  we  can  take 
W=|/"'(4)|  =  |4-s/2  =  I3jlso 
l«2  (x)|  <  ^  (0.008)  =  =  0.000015625. 


(c)  0.00002 


From  the  graph  of 

| (?2  (x)|  =  \sfx  —  7j  (x)|.  it  seems  that 
the  error  is  less  than  1 .52  x  10~5  on 


[4,4.2], 
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14. 


/to=*-2 

/'(*)  =  -  2.x-3 

/"to  =  6x~4 
f"  (x)  =  -24x“5 
At 


/(D  =  1 

/'(D  =  -  2 

r  (4) = 6 


(a)  x-1  as  T2  (*)  =  I  —  2 (x  —  I)  +  £  (x  —  I)2 
=  I  -2(x-  l)  +  3(x-  1)J 


(b)  I  ft  2  (X)|  <  -  lx  -  1 13.  where  |  f"  (x)|  <  At. 
Now0.9<x<l.l  =»  |x  —  1|  <  0.1  => 
|x  -  1|3  <  0.001.  Since  /'"to  is  decreasing 
on  [0.9,  1.1],  we  can  take 
M  =  |/"'  (0.9)| 

1*2  tol  <  (0.001)  = 

as  0.00677404 


(c) 


0005 


_  24 

(0.9)5 


15. 


/(f) 


/  (jr)  =  sinx 

/'to  =  cosx  /'( f)  =  o£ 

f"  to  =  —  sinx  /"( f)  =  -f 
f"(x)  =  -  cosx  /•"(!)  = -4 

(a)  sinx  as  r5(.t) 

=  £  +  ^(*-f)-£(x-f)2-g(x-j)3 
+  $  (x  ~  f)4  +  (x  -  f  )5 

(b)  |«5  tol  <  ^  |jf  -  f  |6,  where  |/(6>  (x)|  <  At.  Now 

0  <  •*  <  §  =>  (x  -  f  )6  <  (f  )6.  and  letting  x  =  y  gives 

M  =  I.  so \RS  (*) |  <  gr  (f  )6  =  ^  (f  )6  as  0.00033. 


From  the  graph  of  |  (x)l  =  |x  2  -  72  (.v )  | ,  it  seems 
that  the  error  is  less  than  0.0046  on  [0.9,  1.1], 

/*4'  to  =  sin  jr  /(4)  (j)  =  4 


/(5>  (jr)  =  cosx 
/(61  (x)  =  —  sinx 

to  nnnm 


/<5,(f)  =  ^ 


16. 


/<x)  =  cosx  /(f)  =  ; 

/'  to  =  -  sinx 
/"(x)  =  - cosx  /"  (f )  = 

(a)  cosx  as  r4  (x)  =  ^  #  (x  -  f )  -  f  (x  -  f  ? 

+  fy  (x  _  f  )3  +  *g  (*  ~  f  )4 

(b)  |/?4  (x)|  <  jp  |x  —  y  |5.  whcre  |/<5)  to|  <  M.  Now 

0<x<=^  =»  (x  —  y)5  <  (y)5,  and  letting 

x  =  y  gives  At  =  I.  so  |/?4  (x)|  <  yr  (f  )5  as  0.0105. 


From  the  graph  of 
|/?s  tol  =  |sinx  —  Tf  (x)|,  it  seems  that 
the  error  is  less  than  0.00026  on  [0,  *  ]. 

f"  to  =  sinx  /"'(f)  =  4 

/(4)  (x)  =  cosx  /,4>(f)  =  J 

/<5)  (x)  =  -  sinx 
(c)  0.012 


seems  that  the  error  is  less  than  0.01  on 


[».  »]• 
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17.  /(x)=tanx  /  (0)  =  0 

/'(*)  =  sec2x  /'( 0)=1 

/"  (jt)  =  2  sec2  x  tan  x  f"  (0)  =  0 


/'"  (x)  =  4  sec2  x  tan2  x  +  2  sec4  x  f"  (0)  =  2 

/(4)  (x)  =  8  sec2  x  tan3  x  +  1 6  see4  x  tan  x 


(a)  tanx  =  7j  (x)  =  x  +  jx3 


M  , 


(b)  |«3  (x)|  <  —  |x|4,  where  |/<4>  (x)|  <  M.  Now  0  <  x  <  f 
=4  x*  <  (f  )4.  and  letting  x  =  §  gives 

!  <  8(^)  (73)  +16(ti)  (^i)  ^4 


18. 


|/f.i(x)l< 


4! 


=  ^2  (|)4  »  0.057859 


/(x)=  (I  +x2)‘/3 

/'(x)  =  ^x(I+x2)“2/3 

/"( *)  =  j  (l  ~  j*2)  (I  +x2)'5A’ 


(a)  ^1  +  x2  r2  (x)  =  I  +  Jx2 


(c) 


/  (0)  =  I 
/'(0)  =  o 
/" (0)  =  1 


less  than  0.006  on  [0,  it]. 


8xJ  -  72x 


27(1  +x2) 


8/3 


(b)  |/?2  (x)|  <  |x|3,  where  |/"'(x)|  <  M.  By  examining  a 

graph  of  (/'"  (x)|,  we  sec  that  its  maximum  is  approximately 
0.71495314.  Thus. 

0.71495314 


l«2  (X)|  < 


3! 


(O.S)3  «  0.014895. 


(c) 


0.5 


It  seems  that  the  error  is  less  than  0.0061 
on  [-0.5,  0.5], 
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19.  f(x)  =  e*  /( 0)=1 

f(x)  =  e*1Qx)  f  (0)  =  0 

f'(x)=e*1  (l  +  Ax2)  f"  (0)  =  2 


(a)e*‘*r3(x)=l  +  £x2  =  l+x 


f"  (x)  =  e*‘  (12.x  +  8x3) 

/<4>  (x)  =  e'2  (12  +  48x2  +  I6x4) 

(c) 


f"'  (0)  =  0 


(b)  |)?3  (x)|  <  ^  |x|4,  where  I/44*  (x)|  <  M.  Now  0  <  x  <0.1 
=>  at4  <  (0. 1  )4,  and  letting  x  =  0. 1  gives 

o.oi  (12  +  0.48  +  0.0016)  , 

|«3  (x)|  <  - - - — — - -  (O.l)4  «  0.00006. 

24 


|«3(x)|  =  je*2  -  (1  +  x2)|.  it  appears 

that  the  error  is  less  than  0.00005 1  on 

[0,0.1]. 


20.  (a)  Clearly  fa”]  (0)  =  I  and  /»',+l>  (0)  =  0,  so 
x2  x 4 

cosh  X  as  T$  (x)  =  1  +  —  +  — . 

2  24 

(b)  |/?5  (x)|  <  ^  |x|6,  where  |/^6>  (x)|  <  M.  Since 

/(6>  (x)  =  coshx  and  coshx  attains  its  maximum  on  [—1,  I] 
at  both  endpoints,  we  let  x  =  I  and  get 
cosh  I 


l«s(x)l  < 


6! 


(I)6  ss  0.002143. 


(c) 


0.002 


It  appears  that  the  error  is  less  than 
0.0015  on  (-1,  I). 


21.  /(x)  =  x3'4  /( 16)  =  8 

/'(x)=jx~l/4  /'<■<>)=  s 

rw=-|i-s/4  r(i6)=-^ 

(a)  x3/4  as  r3  (x)  =  8  +  |  (x  -  16)  -  ^  (x  -  16)2 

+  rors  <x  -  l6)5 

(b)  |/?3  (x)|  <  ~  |x  -  I6|4,  where  |/<4)  (x)|  <  M.  Now 

15<x<l7  =>  |x  —  I6|4  <  l4  =  I,  and  letting  x  =  15 
to  minimize  the  denominator  of  /(4)  (x)  gives 

I  <  l35/[256(|5)l3/4]  (,)  ^00000033 


/'"(x)  =  Hx-9/4  /"'<'&>=  TOT 

/(4)(x)  =  -^x-'3/4 


1*1  Ml 


(c) 


5  x  10  ‘ 


4! 


It  appears  that  the  error  is  less  than 
3  x  10“6  on  (15,  17). 
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22.  /(x)  =  lnx  f  (4)  =  In  4 

f'(x)  =  x~'  /'( 4)=J 

f"(x)  =  -x-2  f"  (4)  =  — 

(a)  In jc  =s  73  (x)  =  In4  +  £  (x  -  4)  -  J,  (x  -  4)2 

+  T5J  (x  ~  4)3 

(b)  |/?3  (jr )|  <  ^  |x  -  4|4.  where  |/(4)  (jc ) |  <  M.  Now 


f  (x)  =  2x-3 
/<4)  (x)  =  — 6x~4 

nnni 


3  <  jc  <  5 


(jc  —  4)4  <  l4  =  1.  and  letting  jc  =  3  gives 


AT  =  6/34 ,  so  |/?3  (jc)|  : 


4I34 


I  = 


t 

314 


>  0.0031. 


/'"W  =  33 


From  the  graph  of 

| /?3  (x)|  =  |lnx  —  Ty  (x)|,  it  appears  that 
the  error  is  less  than  0.0013  on  [3, 5]. 


23.  From  Exercise  5.  sin  jc  =  j  +  ^  (a  -  §)  -  j  (x  -  £  )2  -  ^  (x  -  f  )3  +  Ry  (x),  where  Ry  (x)  <  ^  |x  -  f 14 

/  .T 

with  |/<4)  (x)|  =  |sinx|  <  M  =  I.  Now  35°  =  (f  +  jj)  radians,  so  the  error  is  \Ry  (  )  |  <  ■  <  0.000003. 

Therefore,  to  five  decimal  places,  sin  35°  %  j  +  ^  —  J  (^)2  —  ^jy  (J£)3  ~  0.57358. 


24.  From  Exercise  16,  cos x  =  |  ^  (x  -  f )  -  |  (x  -  y)2  +  (x  —  y)3  +  35  (x  -  y)4  +  Ry  (x).  Now  since 

x  =  693  =  (§  +  55)  radians,  the  error  is  \Ra  (jc)|  <  ■  <  8  x  10“7.  Ilicrcfore,  to  five  decimal  places, 

cos 69°  **  j  -  ^  (jb)  “  I  (ss)‘  +  $  (a)3  +  4?  (si)4  *  0.35837. 

cx  . 

25.  All  derivatives  of  e1  are  e* ,  so  |  R„  (x)|  <  - - |x|"  ,  where  0  <  x  <  0.1.  Letting  x  =  0.1. 

(«+!)! 

e01  , 

R„  (0.1)  <  - (0.1)"+l  <  0.00001,  and  by  trial  and  error  we  find  that  n  —  3  satisfies  this  inequality  since 

(n+  1)1 

Ry  (0.1)  <  0.0000046.  Thus,  by  adding  the  three  terms  of  the  Maclaurin  series  for  e*  corresponding  to  n  =  0.  1 . 
and  2,  we  can  estimate  e°  1  to  w  ithin  0.00001. 


26.  From  Exercise  12.10.35.  the  Maclaurin  scries  for  In  (1  +x)is  V  - — — — x".  So  Ini. 4=  Y  - — — - (0.4)". 

n=l  «  n= l  n 

Since  this  is  an  alternating  series,  the  error  is  less  than  the  first  neglected  term  by  the  Alternating  Series  Estimation 
Theorem,  and  we  find  that  |as|  =  (0.4)6  /6  =»  0.0007  <  0.001.  So  we  need  the  first  five  (non-zero)  terms  of  the 
Maclaurin  series  for  the  desired  accuracy. 
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27.  sin  x  =  x  —  jfX3  +  jr*5 - .  By  the  Alternating 

Series  Estimation  Theorem,  the  error  in  the 
approximation  sin.v  =  .t  —  -px3  is  less  than 

j yr JrS |  <  0.01  <=>  |xs|  <  120(0.01)  <=> 

|x|  <  (1.2)1''5  »  1.037.  The  curves  intersect  at 
x  ar  1 .043,  so  the  graph  confirms  our  estimate.  Since 
both  the  sine  function  and  the  given  approximation  are 
odd  functions,  we  need  to  check  the  estimate  only  for 

jt  >  0. 


09 


28.  cos.y  =  1  -  ^,x2  +  JT*4  -  jr*6  +  •  •  • .  By  the 

Alternating  Series  Estimation  T  heorem,  the  error  is  less 
than  |  — Jrxr6j  <  0.005  o  x6  <  3.6  <=> 

|.v  |  <  (3.6) 1/6  as  1 .238.  The  curves  intersect  at 
x  a=  1 .244,  so  the  graph  confirms  our  estimate.  Since 
both  the  cosine  function  and  the  given  approximation 
are  even  functions,  we  need  to  check  the  estimate  only 
for  x  >  0. 


0.34 


0.32 


29.  I  ,et  s  (I)  be  the  position  function  of  the  car,  and  for  convenience  set  s  (0)  =  0.  The  velocity  of  the  car  is 
i)  (/)  =  s'  (/)  and  the  acceleration  is  a  (r)  =  s"  (/),  so  the  second  degree  Taylor  polynomial  is 
a  (0)  ■>  , 

7i  (r)  =  s  (0)  +  i)  (0)  r  H — - — r  =  20<  +  r  .  We  estimate  the  distance  travelled  during  the  next  second  to  be 

s  (1)  a<  7i  (I)  =  20  +  1  =  21  m.  The  function  Ti  (r)  would  not  be  accurate  over  a  full  minute,  since  the  car  could 
not  possibly  maintain  an  acceleration  of  2  m/s2  for  that  long  (if  it  did,  its  final  speed  would  be 
140  m/s  =»  3 1 5  mi/h!) 
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30.  (a)  /)  (/)  =  p20e“('_J0)  /)  (20)  =  />20 

/)'(O  =  n/)20e",'_20)  p'  (20)  =  op20 

/>*  (/)  =  «2/)2oe'‘<'“201  p"  (20)  =  a2p20 

The  linear  approximation  is  T\  (f)  =  p  (20)  +  /»'  (20)  (/  -  20)  =  />2o  1 1  +  a  (r  —  20)].  The  quadratic 
approximation  is 


Ti  (/)  =  /)  (20)  +  />'  (20)  (I  -  20)  +  (f  -  20)2  =  />20  [  1  +  a  (t  -  20)  +  \a2  (l  -  20)2] 


From  the  graph,  it  seems  that  T\  (/)  is  within  1%  of 
p  (/),  that  is,  0.99/r  (/)  <  T\  (/)  <  1.01/)  (/),  for 
—  14°C  <  l  <  58  °C. 

,,  P_± _ 9 _ 9 _ 9 _ £_  [.  _  (,  ,  £V2] 

D 2  (D  +  rf)2~02  D^I+rf/D)2  "  D2  [  V  «/  J 

We  use  the  Binomial  Series  to  expand  (1  +  d/D)~ 2: 

when  O  is  much  larger  than  </,  that  is,  when  P  is  far  away  from  the  dipole. 


_  ,,«i  ,  »i  I  C ms,  nis„\  ._  , 

32.  (a)  —  +  —  =  -  (  — - —  I  (Equation  I )  where 

Co  fi  ”  \  M  Co  / 

ta  —  yj R2  4-  (s„  +  R)2  —  2  R  (s„  +  R)  cos  4>  and  t,  =  y] R2  +  ( s ,  —  R)2  +  2 R  ( Si  —  R)  cos  <f> 
Using  cos  0  1  gives 

to  =  \J  R1  +  (r.i  +  (?)2  -  2/?  (s„  +  R)  =  y«2  +  s},  +  2«J„  +  K2  -  2 Rs„  -2ft2  =  ^  =  s„ 


and  similarly,  f,  =  s, .  Thus,  Equation  1  becomes  —  +  —  =  —  ( ] 

So  st  R  V  s,  s„  ] 


«2  _  »2  ~  "l 
s„  s,  « 
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(b)  Using  cos<£  =s  I  -  in  (2)  gives  us 

t„  =  Jr2  +  (s„  +  R)2  -  2R  (x„  +  R)  (l  - 

=  Jr2  +  s2  +  2  Rs„  +  R2-  2Rs„  +  Rs„4>2  -2  R2  +  R24>2  =  y]s2  +  Rs„</> 2  +  R2<j>2 
Anticipaling  that  we  will  use  the  binomial  scries  expansion  (1  +  x)k  =»  I  +  kx,  we  can  write  the  last  expression 


as  x„  / I  4-  <t>2  ( —  +  and  similarlv.  C,  =  x,  1  -  d>2  (  —  -  -^r\  Thus. 

V  \*o  s2J  ^  \  v,  s2 ) 

"l  .  "2  »-i  ,  ,-i  1  (nV>  »l*«>\ 

T.+T,-"’'-  w'  *«(—•” )  “ 

Approximating  the  expressions  for  and  f  “*  by  the  first  two  terms  in  their  binomial  series,  we  get 

£  t1-*  (5 +5)1  ♦?[■♦*'(:-?)] 


«1  «|^2  /  R  R2\  ni  «2^2  /  /<  fl2\ 

2x„  V,x„  +  x 2  /  J,  +  2s,  \^s,  x2  J 


>n  "2</>2 1 R  R2\ 

n\ 

n,02  (R  R2 

R  2R  \s,  X2 ) 

R 

+  -2R\Z+J 

ri|  »2  n2  n\ 

R  «2> 
_ | _ 

i  m</> 2  (  R  r2\ 

l+i5-b  +  ti) 

x„  x,  R  R 

+  2x„  V 

,S»  sl  t 

ni<t>2  ( R  R2\  m<t> 2 

T — 

2  R  \x,  x2  J  2s, 

V < 

"2  ~«l 

R2 

Vi 

/? 

+  2  l 

x„  X2  / 

U  R/  2  \s, 

)\R  sj 

«2  —  Wj 

rt|^2/?2 

Y'i 

\  /  1  1  \  *2  *2R2 

/!_ 

R 

ls0 

u  *» 

jU  +  *J  +  2X, 

u 

n2  —  n  i 

4-  <b2  R2 

£1L  fi  . 

iV+sfi_iV 

R 

-r  <p  i\  : 

H,  V  R 

s0 )  2s,  \  R  s, ) 

From  Figure  7,  we  see  that  sin^  =  h/R.  So  if  we  approximate  sin0  with  <f> ,  we  get  h  =  R<f>  and  h2  =  <f>2  R2 
and  hence.  Equation  4,  as  desired. 
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33.  (a)  If  the  water  is  deep,  then  Ind/L  is  large,  and  we  know  that  tanh  x  -»  I  as  x  -»  oo.  So  we  can  approximate 
tanh  (2nd/L)  as  I.  and  so  i>2  si  gL/(2x)  <=>  »  as  -JgL/  ( 2tr). 

(b)  From  the  calculations  at  right,  the  first  term  in  the  / (x)  =  tanh*  / (0)  =  0 

Maclaurin  series  of  tanh  x  is  x,  so  if  the  water  is  p  (x)  —  scc),2  x  p  (0)  =  l 

shallow,  we  can  approximate  tanh  ~j~  -y— .  f"  (•*)  =  — 2sech2x  tanhx  f"  (0)  =  0 

L  2nd  /'"  (x)  =  2  sech2  x  (3  tanh2  x  -  I )  /"'( 0)  = -2 

and  so  o2  as  — -  •  o  »  as  VgiJ. 


2sr  f. 

(c)  Since  tanhx  is  an  odd  function,  its  Maclaurin  series  is  alternating,  so  the  error  in  the  approximation 


2nd  2nd 

tanh  —  %  — —  is  less  than  the  first  neglected  term,  which  is  ^ 


L  > 


\{)d,  then  y  <  J  ^2sr  •  so  the  error  in  the  approximation  t>2  =  gd  is  less  than 


cL  n 

34.  T„  (x)  =  / (a)  +  ^  ^  (x  -  a)  +  (x  -  a)2  H - 1-  (x  -  a)”.  Let  0  <  m  <  n.  Then 

1!  2!  n! 

7„(ra)  (x)  =  (x  -  a)0  +  (m  +  !)(«)••  •  (2)  ~~  (x  -  o)1  +  ■  •  • 

m!  (m  +  I)! 

/(">  (2) 

+n  («  -  I)  •  •  •  («  -  m  +  I)  ^  (x  -  a)"-" 
n\ 

For  x  -  a,  all  terms  in  this  sum  except  the  first  one  are  0.  so  (a)  =  — - - - =  (a). 

ml 

35.  Using  /  (x)  =  T„  (x)  +  R„  (x)  with  n  =  I  and  x  =  r.  we  have  f  (r)  =  T\  ( r )  +  R\  (r),  where  T\  is  the  first-degree 
Taylor  polynomial  of  /  at  a.  Because  a  =  x„,  /  (r)  =  /  (x«)  +  f  (x„)  (r  —  x„)  +  R\  (r).  But  r  is  a  root  of  /,  so 
/(>■)=  0  and  we  have  0  =  /  (x„)  +  f  (x„)  (r  —  x„)  +  R\  (r).  Taking  the  first  two  terms  to  the  left  side  and 


dividing  by  f  (x„),  we  have  f  ( x„ )  (x„  -  r)  -  /  (x„)  =  R\  (r) 


/(■*«)  _  R\  (r) 

f  (x„)  f'(x„y 


formula  for  Newton’s  method,  the  left  side  of  the  preceding  equation  isx»^i  —  r,  so  |x„+i  —  r| 


By  the 

R\  (O  ! 


I /'(*«)  I 


Taylor’s  Inequality  gives  us  |  R\  (r)|  <  ~zr  -  I r  —  x„|2.  Combining  this  inequality  with  the  facts  |  f"  (x)|  <  A f 


and  |  f  (x)|  >  K  gives  us  |x„+i  -  r\  <  |x„  -  r|2. 
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Applied  Project 


Radiation  from  the  Stars 


1.  If  wc  write  /  (A)  : 


8ithcX~ 


aX~ 


ghc/nkn  _  |  eh/an  _  | 
the  form  0/0,  so  in  either  case  we  can  use  ('Hospital's  Rule.  First  of  all. 


then  as  A  —*  0+,  it  is  of  the  form  oo/oo,  and  as  A  — »  oc  it  is  of 


,1  a(- 5A-6 

lim  /(/)  =  lim 

?.-¥OQ  ).->O0 


hr 


aT  X'-X-b 
=  5—  lim 


5^  lim 


(.XT)2 


m>r) 


=  0 


Also, 


lim  /(A)M 

L-.0+ 


aT  X“ 

b  o+  eW'i 


H  jUT 


lim 

t-*o^ 


-4A'5  aT 1  A"3 

62  ^**/un 

(An2 


This  is  still  indeterminate,  hut  note  that  each  time  we  use  I ’Hospital's  Rule,  we  gain  a  factor  of  A  in  the  numerator, 
as  well  as  a  constant  factor,  and  the  denominator  is  unchanged.  So  if  we  use  I’Hospilal’s  Rule  three  more  limes, 
the  exponent  of A  in  the  numerator  will  become  0.  That  is,  for  some  |A, ),  all  constant. 


lim  /  (A)  =  k\ 
t->o+ 


lim  - 

L-*o+  e 


X -3 
Wl) 


H  ,  ..  x 

=  kt  lim 


-  /.">o*  e*/Wr> 


=  *3 


lim  - 
t-»o+  e 


X -■ 
*/«n 


lim  - 
j-iO+  e 


I 

t/o-n 


=  o 


2.  We  expand  the  denominator  of  Planck's  Law  using  the  Taylor  scries  e*  =  l+  .T  +  ^-  +  ’—  +  ■ 


with  v  = 


he 

Jkf’ 


and  use  the  fact  that  if  A  is  large,  then  all  subsequent  terms  in  the  Taylor  expansion  are  very  small  compared  to  the 
first  one,  so  we  can  approximate  using  the  Taylor  polynomial  T\ : 


/(A)  = 


SirhcX  5 
e/K/(UT)  _  | 


StihcX~s  8)r/icA'5  8a  kT 


which  is  the  Rayleigh-Jeans  Law. 


3.  To  convert  to  //  m,  we  substitute  A/106  for  A  in  both  laws.  The  first  figure  shows  that  the  two  laws  are  similar  for 
large  A.  The  second  figure  shows  that  the  two  laws  are  very  different  for  short  wavelengths  (Planck’s  Law  gives  a 
maximum  at  A  =s  0.51  //m;  the  Rayleigh-Jeans  Law  gives  no  minimum  or  maximum.). 


500 


2  x  106 


4.  From  the  graph  in  Problem  3,  /  (A)  has  a  maximum  under  Planck's  Law  at  A  0.5 1  /im. 
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1.25  x  1(1* 


As  T  gets  larger,  the  total  area  under  the  curve  increases,  as  we  would  expect:  the  hotter  the  star,  the  more  energy  it 
emits.  Also,  as  T  increases,  the  2-value  of  the  maximum  decreases,  so  the  higher  the  temperature,  the  shorter  the 
peak  wavelength  (and  consequently  the  average  wavelength)  of  light  emitted.  This  is  why  Sirius  is  a  blue  star  and 
Bclclgcuse  is  a  red  star:  most  of  Sirius’s  light  is  of  a  fairly  short  wavelength,  that  is,  a  higher  frequency,  tow  ard  the 
blue  end  of  the  spectrum,  whereas  most  of  Betclgeuse's  light  is  of  a  lower  frequency,  toward  the  red  end  of  the 
spectrum. 


Review 

-  CONCEPT  CHECK  - 

1.  (a)  See  Definition  12.1.1. 

(b)  See  Definition  12.2.2. 

(c)  The  terms  of  the  sequence  [an\  approach  3  as  n  becomes  large. 

(d)  By  adding  sufficiently  many  terms  of  the  series,  we  can  make  the  partial  sums  as  close  to  3  as  we  like. 

2.  (a)  Sec  Definition  12.1.9. 

(b)  A  sequence  is  monotonic  if  it  is  either  increasing  or  decreasing. 

(c)  By  Theorem  12.1.10.  cvciy  bounded,  monotonic  sequence  is  convergent. 

3.  (a)  See  (4)  in  Section  12.2. 

(b)  See  ( 1 )  in  Section  1 2.3. 

4.  If  V  an  =  3,  then  lim  a„  =  0  and  lim  sn  =  3. 

«— *  OO  M-POO 

5.  (a)  Sec  the  Test  for  Divergence  (12.2.7). 

(b)  See  the  Integral  Test  on  page  749. 

(c)  Sec  the  Comparison  Test  on  page  756. 

(d)  Sec  the  Limit  Comparison  Test  on  page  757. 

(e)  Sec  the  Alternating  Series  Test  on  page  761 . 

(0  See  the  Ratio  Test  on  page  767. 

(g)  Sec  the  Root  Test  on  page  769. 

6.  (a)  See  Definition  12.6.1. 

(b)  By  ( 12.6.3),  it  is  convergent. 

(c)  See  Definition  12.6.2. 
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7.  (a)  Use  either  (2)  or  (3)  in  Section  12.3. 

(b)  See  Example  5  in  Section  12.4. 

(c)  By  adding  terms  until  you  reach  the  desired  accuracy  given  by  the  Alternating  Series  Estimation  Theorem  on 


page  763. 

8-  (a)  XniLo  c"  C*  —  a)" 

(b)  Given  the  power  series  ££=0  c„  (x  -  a)",  the  radius  of  convergence  is: 

(i)  0  if  the  series  converges  only  when  x  =  a 

(ii)  oo  if  the  scries  converges  for  all  x,  or 

(iii)  a  positive  number  R  such  that  the  series  converges  if  |x  -  a|  <  R  and  diverges  if  |x  -  «|  >  R. 

(c)  The  interval  of  convergence  of  a  power  scries  is  the  interval  that  consists  of  all  values  of  x  for  which  the  series 
converges.  Corresponding  to  the  cases  in  part  (b),  the  interval  of  convergence  is:  (i)  the  single  point  [a],  (ii)  all 
real  numbers,  that  is,  the  real  number  line  (-oo,  oo),  or  (iii)  an  interval  with  endpoints  a  —  R  and  a  +  R  which 
can  contain  neither,  either,  or  both  of  the  endpoints.  In  this  case,  we  must  test  the  series  for  convergence  at  each 
endpoint  to  determine  the  interval  of  convergence. 

9.  (a),  (b)  See  Theorem  12.9.2. 


«  fi')  (a) 

10.  (a)  T„  (x)  =  X  ^  (x  -  a)' 
1=0  '■ 

(b)  -  /^jo)(v_a)„ 

„=0 


oo  /■(">  (()) 

(c)  X  — r~^x"  1°  =  0  in  Part  <b)l 

„=o  »'■ 

(d)  See  Theorem  12.10.8. 

(c)  Sec  Taylor's  Inequality  (12. 10.9). 

11.  (a)  -  (e)  See  the  table  on  page  792. 

12.  Seethe  Binomial  Series  (12.1 1.2)  for  the  expansion.  The  radius  of  convergence  for  the  binomial  series  is  1. 


TRUE-FALSE  QUIZ 


1.  False.  See  Note  2  after  Theorem  12.2.6. 

2.  True  by  Theorem  12.8.3. 

Or:  Use  the  Comparison  Test  to  show  that  Xc«  (-2)"converges  absolutely. 

3.  False.  For  example,  take  c„  =  (-1)"  /  («6n). 

4.  True  by  Theorem  12.8.3. 


5. 


6. 

7. 

8. 


False,  since  lim 

n—*oo 


<*n+ 1 


True,  since  lim 

rt— »00 


On 

|  0/1+1 
I  «zt 


=  lim 
n— »oo 


=  lim 

n — >oo 


(«  + 1) 

n\ 


—  lim  - r 

(I-.00  (1  +  \/„f 


lim  - -  =  0  < 

«-*<»  n  +  1 


("+!)! 

False.  See  the  note  after  Example  2  in  Section  12.4. 

I  °°  x"  oo  ))" 

True,  since  -  /sf-'ande*  =  X  — r.soe”  =  X  — i — ■ 
e  «=o  «!  "=o  n- 


=  I. 

1. 


9.  True.  See  (7)  in  Section  12.1. 
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10.  True,  because  if  £  |a„|  is  convergent,  then  so  is  £a„  by  Theorem  12.6.3. 

t<\  \  | 

11.  True.  By  Theorem  12.10.5  the  coefficient  of*3  is  - - -  =  -  =>  (0)  =  2. 

3!  3 

Or:  Use  Theorem  1 2.9.2  to  differentiate  /  three  times. 

12.  False.  Let  a„  =  n  and  b„  =  -n.  Then  (a„)  and  |b„|  arc  divergent,  but  a„  +  b„  =  0,  so  [a„  +  h„)  is  convergent. 

13.  False.  For  example,  let  a„  =  b„  =  (—1)".  Then  {o„|  and  {/>„)  are  divergent,  but  a„b„  =  I.  so  [a„b„)  is 

convergent. 

14.  1  rue.  by  Theorem  12.1.10  (the  Monotonic  Sequence  Theorem),  since  (a„)  is  decreasing  and  0  <  a„  <  a\  for  all 

n  =»  (a„)  is  bounded. 

15.  True  by  Theorem  12.6.3.  [X  (—  I )"  °n  is  absolutely  convergent  and  hence  convergent.] 

16.  True,  lim  -^  <  1  =>  Ta,,  converges  (Ratio  Test)  =>  lim  a„  =  0  (Theorem  12.2.6). 

»-*oo  a„  n-» oo 


EXERCISES 


,  2  +  «3  )  2  +  n3  2/n3  +  1  1 

1.  - — — -r  1  converges  since  lim  - =•  =  lim  - r—  =  -. 

l+2n3]  °  *■-*<»  I +2«3  »->°o|/,i3  +  2  2 

2-  a"  =  IF  =  9  ■  (ra)  •  50  J™,  *  =9„'im00U)  =  9  •  0  =  0  by  (12.1.7). 
n3  n 

3.  lim  a„  =  lim  - - r  =  lim  , — -=  oo,  so  the  sequence  diverges. 

n — >oo  n-*oo  1  +  nz  n-ioo  \  /  nz  +  1 


4.  }  diverges,  since  lim  =  lim 

l  Inn  1  *-»«>  In*  *-»a 


I 


*-*00  I/* 


lim  *  =  oo. 
*-»oo 


5.  (sin  n)  is  divergent  since  lim  sin  n  does  not  exist. 

n— *oc 


sin  n 
n 

Theorem. 


1  sinn  1  .  1  .  ..  sinn 

converges,  since  —  <  -  <  -  and  ± - »  0  as  n  — >  oo,  so  Inn  - =  0  by  the  Squeeze 

n  n  n  n  /»-»<»  n 


MH)‘ 


is  convergent.  Lety 


-(■*!)* 


Then 


lim  Iny  =  lim  4*  In  (1+3/*)=  lim 

*-*  OO  JC-.OC  x-*00 


In  (1+3/*)  H 
1/(4*) 


lim 

*-♦00 


1  +3/*  V  v2 
-1/ (4*2) 


12 


=  lim 
*-*00  1  +  3/* 


=  12 


so  lim  y=  lim  (l  +  -|  =  e12. 

x  — >00  00  \  n  J 

(-10)" 


converges,  since 


10"  10  -  10  -  10 . 10  10  -10 . 10 

n!  12-3 . 10  11  •  12 . n 


<  10' 


(n)' 


0  as  n  — »  00,  so 


(-10)" 

lim  - - — =0  (Squeeze  Theorem).  Or:  Use  (12.10. 10). 

n-»oo  n\ 


9.  We  use  induction,  hypothesizing  that  o„_|  <  a„  <  2.  Note  first  that  I  <  02  =  j  (I  +  5)  =  |  <  2,  so  the 
hypothesis  holds  for  n  =  2.  Now  assume  that  a*_  1  <  a*  <  2.  Then 

«i  =  5  (at -1  +  4)  <  }  (at  +  4)  <  j  (2  +  4)  =  2.  So  at  <  at+i  <  2,  and  the  induction  is  complete.  To  find  the 
limit  of  the  sequence,  we  note  that  L  =  lim  a„  =  lim  a„+i  =>  /.  =  ](/,+  4)  =>  L  =  2. 

n->  00  /»-»  00  3 
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10. 


..  AT4  H  ..  4*3  H  .. 

Iim  —  =  lim  -  =  lim 

x— >oo  e*  x—*oo  ex  x— *oo 


12** 

ex 


H  ..  24*  h  ..  24 

=  lim  -  —  lim  —  =  0 


x—*oc  cx  x—>oo  ex 

Then  we  conclude  from  Theorem  12.1.2  that 
lim  n*e~"  =  0.  From  the  graph,  it  seems  that 

n—too 


124e  12  >  0.1.  but/i4e  "  <  0.1  whenever 
«  >  12.  So  the  smallest  value  of  N 
corresponding  to  e  =  0. 1  in  the  definition  of  the 
limit  is  A'  =  12. 


f 

• 

y  —  9-1 

_ 

* . J 

11. 


n3  +  1 

y  JL 


n  ]  00  n 

<  — r  =  so  y  — ; - -  converges  by  the  Comparison  Test  with  the  convergent  p-series 

n3  n2  n3  +  I 

(p  =  2>  1). 


,,  ,  «-  +  I  .  ,  I  a„  n3  +  n 

12.  Let  a„  =  - and  b„  =  so  lim  —  =  lim  — — - 

n3  +  1  n  n-»oo  h„  n-*oo  n'  +  I 


»~>oo  1  +  1  /n 

divergent  harmonic  series,  a»  a'so  diverges  by  the  Limit  Comparison  Test. 


lim  *  =  I  >  0.  Since  ,  b„  is  the 


13.  lim 

n—*oc  I 


=  lim 

(In 

n—>oo 

(*  +  I)3 

5«+i 


y 

ni 


(1  \3  1  I  00  n3 

1  +  -I  .  -  =  -  <  l,so  y  —  converges  by  the  Ratio  Test. 

n )  5  5  5" 


|  oo  (_()” 

14.  Let  b„  —  — ^=.  Then  b„  is  positive  for  n  >  1,  the  sequence  (6„)  is  decreasing,  and  lim  b„  =  0,  so  £ 


/n  +  1 

converges  by  the  Alternating  Series  Test. 


»=i  J>i  +  I 


tt  1 

15.  lim  y|o„|  --  lim  - - -  =  -<  I .  so  the  series  converges  by  the  Root  Test 

/»-» oo  n~*  oo  3/1+1  3 


16.  lim 


w->oo  3/2+1  3  n-*oo 


lim  In  (  — - — )  =  In  i  /  0.  T  hus,  Y  In  (  "■— )  diverges  by  the  Test  for  Divergence. 

'-»oo  \  3/i  +  \ )  5  \3/i  +  1  / 


17. 


I  +  /i2 


SS  I 


<  —=  and  since  X  converges  (p-scries  with  p  =  2  >  I ),  so  does  £ 


»=1  n 

°°  sinn 


I  +n2 


by  the 


Comparison  Test,  and  so  does  X  - y  by 

*  +« 


Theorem  12.6.3. 


18.  /(*)  = 


1 


*  (In  * )‘ 


is  continuous,  positive,  and  decreasing  on  (2,  oo),  so  we  can  use  the  Integral  Test. 


rx  dx  .  r-*T  1 

/  - T  =  lim  - —  = —r.  so  the  series  converges. 

h  *  (In*)2  '-*«>  Lin*  J2  In 2 


19.  lim  — 

w-too  a 


lim 


1-3-5 . (2«-  I )  (2n  +  I ) 


5"/i! 


5n+1  (n  +  I)! 
series  converges  by  the  Ratio  Test. 


,•  2n  +  I  2  , 

=  bm  — — — —  =  -  <  I.  so  the 


1-3-5 . (2n-l)  »-»»  5 (n+1)  5 
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(-5)2"  «  I  /25^"  XI  a„+l  n 2  {25\"+,{9\"  25 

20-  Z  in,,  =  Z  I  TT  I  Novv  llm  -  =  lim  - x  I  —  )  (  —  I  =  —  >  1,  so  the  s 

n—\  «29"  n—]  »2  V  9  /  'M00  »->oo  (rt+  l)2  \  9  /  \25/  9 


diverges  by  the  Ratio  Test. 

A 


A  ..  A  I 

lim  - -  <  lim  —  =  lim  — =  =  0,  s< 


21.  Let  b„  =  >  0.  T  hen  0  <  lim  b„  =  lim  -  <  lim  —  =  lim  —  =  0,  so  lim  b„  =  0.  If 

n  4-  I  »->oo  oo  n  +  I  n-* oo  ^  /»~»oo  ^2  /7~»oo 


A 


/  7)  =  for  .x  >  0.  then  /'(x)  = - - - =- 

X  +  I  (x+l)2 


(t+  *>'  2V?  1  (x+  l)-2x  _  I  -X 

27x(x  +  l)2  27x(x+l) 


;,so  /'(x)  <  0 


oo  fZ, 

forx  >  1.  It  follows  that /(I)  >  /( 2)  >  /  (3)  >  — ;  that  is  ,b„  >  b„+\  for  all  n.  Thus.  £  (-  I)"'1  — — 

»=i  «  +  I 

converges  by  the  Alternating  Series  Test. 


n  (.ATT  +  s/n  -  I) 


(rationalizing  the 


ATT  -  Vn  -  1 


22.  Use  the  Limit  Comparison  Test  with  a„  = 

numerator)  and  b„  =  lim  ~  =  lim  ,  =  1,  so  since  T*L,  <>»  converges  (p  =  |  >  1), 

„3/2  »->oo  »-»oo  ATT  +  A^T  '  2  '• 

«„  converges  also. 

23.  Consider  the  series  of  absolute  values:  n-1^3  is  a  p-series  with  p  =  |  <  1  and  is  therefore  divergent.  But  if 

we  apply  the  Alternating  Series  Test  we  sec  that  a„+\  <  a„  and  lim  n-|/3  =  0.  Therefore  T®.  (-1)"-1  n-1/3 

«->00 

is  conditionally  convergent. 

24. 

absolutely  convergent. 


14.  Z^t  | C —  • )"  '»  '’I  =  Z^i  n  3  is  a  convergent  p-series  (p  =  3  >  I.)  Therefore,  ZSSLi  (— •)”  1  n'3  is 

. , . 


25. 


I 


(-l),,+l  (n-t-2)3”+1  22 


22"+3  (-!)"(«  +  1)3"  |  n  +  1  4  I  +  (!/«)  ’4^  4 


n  +  2  3  I  +  (2/n)  3  3 

•  -  — *  -  <  I  as  n  — »  oo,  so  by 


0°^  ( —  1 )”  (w  +  1 )  3” 

the  Ratio  Test,  ^ - vCT+l - *s  absolutely  convergent. 

n—  I  “ 


26.  lim  —  lim  [  v —  —  lim  2L_  =oo.  Therefore,  (— l)"+l  ——  does  not  approach  0.  so  the  given  series 
*->oo  Inx  * — 1/x  *->oo  2  Inn 


A  H  ,.  1/  2A  ,.  A 

-t—  =  lim  — 2 - -  =  lim  - - 

i  Inx  *->oo  1/x  *->oo  , 

is  divergent  by  the  Test  for  Divergence. 

oo  22"+i  oo  (22)"  •  21  oo4«  /  4  \ 

27.  Convergent  geometric  series.  21  — —  =  X  - — - =2  £  —  —  2 1  — 2_  1  =  8. 

»=i  n- 1  5"  n=l  5”  5/ 


00  I 

28.  £ 


=  z  - 

«=i  |> 


1 


(partial  fractions). 


3  (n  +  3)  J 

111  I  1 


I 


*ti  n  (n  +  3) 

-  V  [  1  ‘  1  _  1  1  1 

^  ,TiU'  3(i+3)J  3  +  6  +  9  3  (n  +  I)  3  (n  +  2)  3  (n  +  3) 

~  I  I  I  I  II 

Z  -7—;  =  T  f  7  "f  »  "  To* 


(telescoping  sum),  so 


„T|  n  (n  +  3)  "->oo  "  3  +  6  +  9  18 

29-  ZS.I  [tan  '1  (n  +  1)  -  tan-1  n]  =  JjmJ(tan-1  2  -  tan-1  I)  +  (tan-1  3  -  tan-1  2)  +  ■  •  • 

+  (tan-1  (n  +  I)  -  tan-1  n)] 
=  lim  [tan'  1  (n  +  I)  -  tan-1  ll  =  ?•  —  =  =  f 

77— ♦  OO  1  I  Z  ‘1  *4 
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30  f  (-»"*"  g  (~x/4f  _  ,A 

h  2  *■„!  ~h  n\  ~e 


„  —  12  345/10,000  12  345  4111 

31.  1.2 +  0.0.  5  -  ,0  +  ,  _  I/1000  ~  ]0  +  9990  -  3330 

32.  This  is  a  geometric  series  which  converges  whenever  |ln.v|  <  1 


-1  <  In  jr  <  1 


e  '  <  x  <e. 


33.  Z 


(-1)" 


n—\ 

(-1)" 


=  1-1+  ' 


I  1 
+  ■ 


I 


I 


»=l 


32  243  1024  3125  7776  16.807  32,768 

-  j"+i 

T  — ^ —  =s  0.9721. 

t\  «S 


1  1 
+  •  •  • .  Since 


32,768 


<  0.000031, 


5  1  1  I  5  I 

34.  (a)  ,S5  =  Z  ~6  =  '  +  -^  H - 1-  =»  1.017305.  The  scries  Z  ~z  converges  by  the  Integral  Test,  so  we 

“2  5  n=\  n 


56 


r°°  dx  x  *  1  ° 

stimate  the  remainder /?s  with  (12.3.2):  Rs  <  /  — -  =  — —I 

J S  Lb  J5 


s-5 


estim; 
most  0.000064 


=  0.000064.  So  the  error  is  at 


.  Ifwe  take n  =  9,  thenss  1.01734  and  Rg  <  — — r  as  3.4  x  10  6.  Soto 
S/i5  5  •  93 


dx 

(b)  In  general,  /?,,</  — 

Jn  x 

co  ,  9  | 

five  decimal  places,  ^  -j  =  ^  -j  =  1.01734. 
n=l  n  «=l  n 

Another  Method:  Use  (12.3.3)  instead  of  (12.3.2). 


co  |  8  1 

35.  Z  -  =  Z  - ~  0 

i-,2  +  5”  „t-|  2  +  5" 


oo  1 

«s=  Z 


18976224.  To  estimate  the  error,  note  that  „  .  <  — ,  so  the  remainder  term  is 


OO  |  | 

<  Z  —  -  ,  ,  ,c  ~  6.4  x  1 0'7  (geometric  series  with  a  =  ^  and  r  =  3). 


36.  (a)  lim 


,fT<>  2  +  5"  „f,5"  1-1/5 

(n  +  1)”+1  (2«)! 


2  +  5”  5" 

5^  : 


0/.+  I 


lim 


=  lim 


(n+  I )”  (n  +  I)1 


»-> oo  |  an  i  »-♦«>  (2 n  -f  2)!  nn  «-» °c  (2 n  4-  2)  (2 n  4-  1)  n" 

—  lim  fl  +  -^  —7— — —  =  e  ■  0  =  0  <  I 
n-*oo  \  n )  2  (2n  +  I) 

so  the  series  converges  by  the  Ratio  Test. 


(b)  The  series  in  part  (a)  is  convergent,  so  lim  a„  =  0  by  T  heorem  12.2.6. 


37.  Use  the  l.imit  Comparison  Test,  lim 

II  *oc 


=  lim  —  =  lim  (  1  +  -  )  =  1  >  0.  Since  Z  l°«l  >s 

«->  co  n  »-» oo  n  / 


convergent,  so  is 


a„  ,  by  the  Limit  Comparison  Test. 
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38.  lim 

n-*oo 


an*  I 

a„ 


=  lim 

oo 


n~  5" 


(»+ir5"+|  xn 


|  V I  lx  I  °°  xn 

=  lim  — - +  —  =  so  by  the  Ratio  Test.  V  (— 1)”-: — 

»-.oo(]  +  | / n)~  5  5  fl2 5" 

1 


converges  when  |.v  |  <  5  .  R  =  5.  When  x  =  —5,  the  series  becomes  the  convergent  /(-series  £  — y  with 

»=t  «* 

CO  (_])" 

p  =  2  >  I  When  x  =  5,  the  series  becomes  2]  — 5—,  which  converges  by  the  Alternating  Series  Test.  Thus, 

<1=1  n" 

/  =  |-5.5|. 

0(1+  I 


39.  lim 

<l-*00  j  fl„ 


|jm  f  |x  +  21"'*' 1  n4"  1  ^  r  n  |x  +  2|  I  =  |x  +  : 

"■+<*>  j^(n  +  l)4"+l  |x+2|"  n-+oo_n+l  4  j  4 


<1  <=»  |x  +  2|  <  4,  so 


R  =  4.  |x  +  2|  <  4  «=>  — 4  <  x  +  2  <  4  «  -6  <  x  <  2.  If  .x  =  -6.  then  the  series  becomes 

CO  (_4)"  00  (_|)" 

X  — —  =  21 - .  the  alternating  harmonic  scries,  which  converges  by  the  Alternating  Scries  Test.  When 

■  n  4 


n=l 


n=t 


I 


x  =  2,  the  series  becomes  the  harmonic  series  £  -.  which  diverges.  Thus,  /  =  [—6, 2). 

11=1  " 


40. 

lim 

4+1 

_ 

n-*oc 

“  2"  (x  - 

2)” 

JL. 

n=\ 

(n  +  2)1 

41. 

lim 

0.1+ 1 

w-»  OO 

««  I 

lim 


j  j/i+t  _ 2)'l_rl 


(«+2)l 


»-»oo|  (n  +  3)!  2"  (x  —  2)' 

converges  for  all  x.  R  =  00  and  /  =  R. 


=  lim  — — -  |.x  —  2|  =  0  <  I .  so  the  scries 
»--><*  n  +  3 


2"+l  (.v  -  3)"+ 


/n  +  3 


/n  +  4  2" (x  -  3)" 


=  2 |x  —  3|  lim  y^=2|x-3|  <  I 
«->oo  V  n  +  4 


00  I  00  I 

l-x  —  3|  <  i.  so  R  —  1  Forx  =  the  series  becomes  21  --  =  X  — T7».  which  diverges  (p  =  4  <  1).  but 

(1=0  V«  +  3  »=3  n1'1 

oo  (—1)"  r  \ 

forx  —  5.  we  get  21  .  which  is  a  convergent  alternating  series,  so  /  =  4,  ? ). 

„=o  v”  +  3  L- 


42.  lim 

n~tou 


a„+ 1 


=  n^o  V+litn^l)0  |,|=4UI<  '  ‘° C°nVerge-  S°fi  =  2' 

43.  /  (x )  =  sin  x  /(f)  =  5  /"'(x)  =  -cosx  /"'(£)  =  -^ 

/'(x)  =  cosx  /'(£)  =  4  /<4,(x)  =  sinx  /^<4>  (f )  =  2 

/”  (x )  =  —  sin  x  /"(i)  =  -i 

/«"» (|)  =  (_!)"  .  I  and  (|)  =  (-1)”  •  4. 

~  (|)  ,  ...  ^  (-1)"  -  ,vto  £  (-D"V3  .  ,.*+1 

44.  /(x)  =  cosx  /(f)  =  3  /'" (x)  =  sinx  /"'  (f)  =  ^ 

/'(x)  =  —  sinx  /'(f)  =  -■£  /<4>(x)  =  cosx  /,4»  (f )  =  5 

f"  (x)  =  —  cos  x  /"  (f)  =  -  3 

cost  =  f  (-1)"  -  f)2"  « .(-ir1  <x  -  f)2"’1 


>(2n)l 


2(2n+  1)1 
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45. 


I+*  l-(-x)  ,£o 

v2n+l 


=  Z  (-l)"xn  for  |x|  <  I 


- —  =  T  (-l)"x"+2  with  R  =  t. 
I  +  X  n=0 


46.  tan  1  v  —  V  (—  I )"  - - with  interval  of  convergence  [ —  I ,  I J.  so 

„=0  2  n  +  I 

oo  (.x2)2,,+I  °°  xin+2 

tan-1  (x2)  =  Z  (-1)"  — - —  =  Z  (—  • )”  r - r-  which  converges  whenx2  €  [-1,  I]  <=>  x  e  [-1.  I|. 

„=o  -n  +  ■  n= 0  +  1 


Therefore.  R  =  I . 

47.  -4—  =  y  x”  for  |x|  <1  =>  In  (I 
I  -  x  „=o 


/dx  (  00  00  x 

t— —  =  -  /  Yx"dx  =  C-Y- 
1  —  X  J  „-0  «=o " 


00  r«+l 


+  r 


00  r«+l  OO  —tn 


ln(l  —  0)  =  C  —  0  =>  C  =  0  =>  In  (1  —x)  =  —  21 - r  =  Z - with/f  =  1. 

„=o  «  +  1  n=l  n 


48.  e* 


~  x"  ,,  “  x  (2x)"  ~  2"x',+l  „ 

Z  —  =>  *e-‘  =  Z  - j—  =  Z  - .  *  =  < 

*  "  n= 0  »i=0  ”• 


=0  "I 


49.  sinx  =  Z 


(— l)"x 


n  2n+l 


to  (2n  +  1)! 
convergence  is  oo. 


oo  (_n»  (x4)2"+I  oo  (— n"x8n+4 
Si"  ("4)  =  „?0  (2n  4-  1)1  =  Wi)T  f°r  a"  *’  50  ,hC  radiUS  °f 


50.  I  O'  =  e 


li.  IQ  _  y-  jt  =  00 

»=0  «! 


51.  f(x)  =  I  /yi6^  =  (16  -  X)'1'4  =  ^  (l  -  jfex) 


1/4 


_  i 


_  I  ,  f  1-5  9 . (4«-3)  I  ~  1-5-9 . (4w  —  3)  „ 

2  ,,4",  2  •  4"  •  h!  •  16"  2  26n+l  n! 


lor 


~L| 

16 1 


<  I  =>  R  =  16. 


52.  (I  -  3x)"5  =  f  (  /(5)  t — 3jc)"  =  I  +  (-5)  (— 3x)  +  (  6>  (-3x)2  + 


(-5)  (-6)  (-7)^^. 


^5-6 . (n  +  4)  •  3nx"  ,  ,  .  ,  „  , 

I  +  2^ - - .  |-3jt|  <  1  so  R  =  y 

H—  I 


oo  rw  I  oo  x»-l  f  p*  OO  xn 

53.  e*  =  2  so  —  =  -  -f  X  ‘ — r~  and  /  —  </*  =  C  +  In  |*|  +  X  - :• 

,iTo  X  x  rt!  J  x  »=!«  •«! 


54.  (1  +x4) 


4  >1/2 


.  |(I)  (,<)■  - ,  +  ay  +  <,y  v  (iMM  (.< 


)’  +  ■ 


_  I  I  1  v4  I  v8  I  1  y  12 

-  1  +  3*  lX  +  16* 

so  /„■  (I  +X4)I;‘  r/x  =  [x  +  -(^x5  -  ^x9  +  55JX13 - j  =  I  +  to  -  jt  +  ysg - -  This  is  an  alternating 

series,  so  by  the  Alternating  Series  Test,  the  error  in  the  approximation  JJ,1  (I  +x4)'  ‘  dx  «  I  +  ^  =s  1.086 

is  less  than  5^,  sullicicnt  for  the  desired  accuracy.  Thus,  correct  to  two  decimal  places, (I  +  x4) l/_  dx  1.09. 
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55.  (a) 


/(x)  =x'/2 

/'to  =  ^-,/2 

ru)  =  -\x~ir1 


/(■)=  1 

/'( l)  =  i 

ro)  =  -i 


r(*)=\*-sn 

/H>«—J|*-7'2 


/"'(D=  i 


^*r3tO  =  i  +  ^(*-i)-^(*-i)2  +  ^tr-i)3 

=  1  +  \  (x  -  1)  -  i  (AT  -  I)2  +  ^  (x  -  l)3 


56.  la)  /  (x)  =  sec  jt 

/'(x)  =  secx  tanx 

/"  (x)  =  secx  tan2  x  +  sec3  x 

f"  (x)  =  sec  x  tan3  x  +  5  see3  x  tan  x 


/(0)=l  sccx  «  r2  (x)  =  1  +  |x2 

/'(0)=0 

f" (0) =  I 

(c)  | /?2  (x)l  <  |x|3,  where  |/,3)  (x)|  <  M  with 

/<3)  (x)  =  sccx  tan3x  +  5sec3x  tanx.  Now 
0  <  *  <  f  =>  x3  <  (f  )3,  and  letting  x  =  J 
gives  M  =  so  | /?2  (x)|  <  3^  (^)3  =s  0. 1 1 164X. 


(d)  n“ 


From  the  graph  of  |/?j  (x)|  =  |secx  —  I\  (x)|,  it  appears  that  the  error 
is  less  than  0.02  on  [0,  $]. 
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OO  -2Wt1  y3  yS  y7  y3  w5  _7 

5?.  si„-  =  (-D"  —  +  —  -  —  +  -...sosinJc-Jc  =  -_  +  —  -  —  +  --  .“"<1 

— 3“  =  -  5i +  ST  "  V.  +  -  and  Iz — —  =  J?0  6  +  720  -  5555  +  '  )  =  -  6 

58.  (a)  F  =  m^R  ,  = - — — j  =  mS  Z  (  *"")  (4)  (Binomial  Series) 

(R  +  h)2  (I  +  h/R)2  „to \«/W 

(b)  We  expand  F  =  mg  [l  -2  (h/R)  +  3  (h/R)2 - ].  This  is  an  alternating  series,  so  by  the  Alternating  Series 

Estimation  Theorem,  the  error  in  the  approximation  F  =  mg  is  less  «a's _ 

than  2mgh/R,  so  for  accuracy  within  1%  we  want  S' 

W/l.  ,  <0,01  0  »«*  +  *£<  0.01.  This  - 7  v  oo, 

mgR2/(R  +  h)2  R}  s' 

inequality  would  be  diflicult  to  solve  for  h.  so  we  substitute  s' 

R  =  6,400  km  and  plot  both  sides  of  the  inequality.  It  appears  that 

the  approximation  is  accurate  to  within  1%  for  h  <31  km.  o  50 

59.  /(*)  =  Z“0c„*»  =>  /(-*)  =  YZo cn(-x)n  =  Z~o(-')V„*" 

(a)  If  /  is  an  odd  function,  then /(—*)  =  — /(*)  =>  Znio  (—  I )"  cnxn  =  Z^to  — c„x".  The  coefficients  of 
any  power  scries  are  uniquely  determined  (by  Theorem  12.10.5),  so  (— l)"c„  =  —  c„.  Ifn  is  even,  then 

(—  I)”  =  I,  so  c„  =  —  c„  =»  2c„  =  0  =>  cn  —  0.  Thus,  all  even  coefficients  are  0. 

(b)  If/iseven,  then  /  (-*)  = /(*)  =»  Zi^o  (“O'1  c»x"  =  Z^o1^'-*”  =»  (-l)"c„  =  c„.  Ifnisodd, 
then  (—1)”  =  —1,  so  —c„  =  c„  =>  2c»  =  0  =>  c„  —  0.  Thus,  all  odd  coefficients  are  0. 


~  (*T  (0) 

„=o  «!  h o  »!  *=o  *! 


/2">  (0)  I 

(2n)l  ~  n! 
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Problems  Plus 


1.  It  would  be  far  too  much  work  to  compute  15  derivatives  of/.  The  key  idea  is  to  remember  that  /*"'  (0)  occurs  in 
the  coefficient  of  x”  in  the  Maclaurin  series  of  /.  We  start  with  the  Maclaurin  scries  for  sin: 
v3  x>  x<>  xtf 

sinx  =  x  —  —  +  —  -  •  •  ■ .  Then  sin  (x3)  =  x3  —  —  +  —  •  •  •  and  so  the  coefficient  ofx15  is 


3! 


3!  5! 


/'(t5)  (OV  1  |5t 

J  |5!  =  Therefore,  p'S)  (0)  =  —  =  6  •  7  -  8  •  9  •  10  11  12  ■  13  •  14  •  15  =  10,897,286,400. 


2.  \AP2 12  =  2, \APi |2  =  2  +  2-,  l.-l/^l2  =  2  +  22  +  (22)2.  l/IA'sl2  =  2  +  22  +  (22)2  +  (23)2 


\APn |2  =  2  +  22  +  (22)2  +  •  ■  •  +  (2"-2)2  (for  n  >  3)  =  2  +  (4  +  42  +  43  +  ■  ■  ■  +  4"~2) 

4  (4"~2  —  I)  6  4"-' -4  2  4”"1 

=  2  A - - — - -  (finite  geometric  sum  with  a  =  4.  r  =  4)  =  -  H - - - =  -  +  — — 

4—1  3333 


So  tan  LP„AP„+i  = 


L  Pn  A ft,.(  | 


Mft.1 


4"- 1  [I  4^  [. 

—  V  3  +  ~3~  V. 


2 _  1 

3-4"-'  +  3 


s/3  as  n  ■ 


3.  (a)  Prom  Pormula  14a  in  Appendix  D,  with  .v  —  y  —  0 ,  we  get  tan  20  =  ---  f  ,  so  cot  20  = 


2  cot  20  = 


1  -  tan2  0 
tan  0 


I  -  tan2  fl  2  tan  0 

=  cot 0  —  tan 0.  Replacing  0  by  jx.  we  get  2  cot  X  =  cot  |x  —  tan  /x. 


or  tan  ^x  =  cot  ^x  —  2 cotx. 


“  I 


(b)  Prom  part  (a),  tan  —  =  cot  —  —  2  col  so  the  nth  partial  sum  of  £  ~  tan  —  is 


1  2" 


2” 


tan  (x/2)  tan(x/4)  tan  (x/8)  tan  (x/2") 

Sn  — - - - -  -| - - - + - - - + - . 


2 


4 

-  cot  X  I 


2" 


(x/4)  cot (x/2) "  +  "cot (x/8)  cot (x/4) "|  ^ 


4  2 

cot  (x  /2" )  cot  (x  /2"  ~ 1 ) 


cotx  +  - 


8  4 

cot(x/2") 


J 


2" 


(telescoping  sum) 


cot(x/2")  cos(x/2")  cos(x/2")  x/2"  1,1  „ 

Now - - - =  - — — — —  = - -  — —  -»  -  ■  I  =  -  as  n  -*  00  since  x/2  -*  0  for 

2"  2"  sin  (x/2")  x  sin  (x/2")  x  x 

00  1  x  /  1  x  \  I 

x  /  0.  Therefore,  ifx  /  0  and  x  /  nit.  then  —  tan  —  =  lim  I  —  cotx  +  —  cot  —  I  =  -  cotx  +  -.  If 

.Jr,  2"  2"  n->°°  \  2"  2" )  x 

x  =  0.  then  all  terms  in  the  scries  arc  0.  so  the  sum  is  0. 
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4.  We  use  the  problem-solving  strategy  of  taking  cases: 

Case  (i):  lf|.v|  <  1,  then  0  <  x2  <  I. so  lim  x2"  =  0  (see  Example  8  in  Section  12.1) 


and  / ( x )  =  lim 


x2"  -  1  0-1 


-I. 


*>-*oo  X2"  +1  0+1 

r  =  ±1,  then  x2  : 

Case  (in)  If  |x|  >  I,  then  x2  >  1,  so  lim  x2"  =  oo  and 


Case  (ii):  If  |x|  —  I,  that  is.  x  =  ±1,  then  x2  =  I,  so  / (x)  =  lim  - - -  -  0. 

»->oo  |  +  | 


>-,  *  ,  ,  1  -  (I A2")  1-0 

x2"  +  I  »-*00  1  +  (l/x2n)  1+0 

1  ifx  <  -1 

0  if  x  -  -1 

Thus,  /(x)  =  -I  if  —  I  <  jc  <  I 
0  ifx  =  I 

I  if  .t  >  I 

The  graph  shows  that  /  is  continuous  everywhere  except  at  x  =  ±  I . 

5.  (a)  At  each  stage,  each  side  is  replaced  by  four  shorter  sides,  each  of 
length  j  of  the  side  length  at  the  preceding  stage.  Writing  so  and  t'o 
for  the  number  of  sides  and  the  length  of  the  side  of  the  initial 
triangle,  we  generate  the  table  at  right.  In  general,  we  have  s„  =  3  •  4" 

and  e„  =  ,  so  the  length  of  the  perimeter  at  the  nth  stage  of 

construction  is  p„  =  s„t„  —  3  ■  4"  ■  (j)  =  3  •  (j)  . 

4»  /4\”-1 

(t>)  P"  =  =  4  (  i  )  '  Since  J  >  '•  P" 


0  * 

0 

1 

1  x 

so  =  3 

(0=  1 

si  =  3  •  4 

f\  =  1/3 

S2  =  3  ■  42 

(2  =  I/32 

S3  =  3  •  43 

e}  =  I/33 

oo  as  n  — >  oo. 


(c)  The  area  of  each  of  the  small  triangles  added  at  a  given  stage  is  one-ninth  of  the  area  of  the  triangle  added  at  the 
preceding  stage.  Let  a  be  the  area  of  the  original  triangle.  Then  the  area  o„of  each  of  the  small  triangles  added 
I  a 

at  stage  n  is  a„  =  a  ■  —  =  — .  Since  a  small  triangle  is  added  to  each  side  at  every 
stage,  it  follows  that  the  total  area  A„  added  to  the  figure  at  the  nth  stage  is 
a  4"-' 

■l„  =  s„- 1  •  a„  =  3  4"  1  •  —  =  a  ■  ^2n-r  ^ben  ,be  ,ota*  area  enc'ose^  by  the  snowflake  curve  is 

I  4  42  43 

+  =a  +  /li+/l2  +  /l3  +  --  =n  +  o-+o^j+n.  —  +  n-y-t - .  After  the  first  term,  this  is  a 


o/3 


a  9  8a 


geometric  series  with  common  ratio  5.  so  A  =  a  +  ^  —  4  =  a  +  -  ■  -  =  ~ .  But  the  area  of  the  original 
equilateral  triangle  with  side  I  is  a  =  j  •  I  ■  sin  ^  So  the  area  enclosed  by  the  snowflake  curve  is 
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6.  Let  the  series  be  S.  Then  every  term  in  S  is  of  the  form  .  m.n  >  0,  and  furthermore  each  term  occurs  only 


once.  So  we  can  write 


OOOOI  OOOOIl  00  1  001  I 

s=  y  y  —  =  y  y - =  y  —  y  —  =  — 

„tb„“o2”3”  2"'  3"  „f?a  2-  „to  3"  |- 


=  3 


7.  (a)  Let  a  —  arctan  x  and  b  —  arctany.  Then,  from  Formula  14b  in  Appendix  D, 


tan  (a  —  b)  = 


tan  a  —  tan  b 
1  +  tan  a  tan  b 


tan  (arctan  x)  -  tan  (arctany) 

1  +  tan  (arctan  x )  tan  (arctan  y) 


* -y 

1  +  xy 


arctan  x  —  arctany  =  a 


—  b  —  arctan 


* -y 

I  +  xy 


since  — ^  <  arctan x  —  arctany  <  y 


(b)  From  part  (a)  we  have 


120  I  ML56I 

arctan  jjjj  —  arctan  555  =  arctan  TO|20  ^1—  —  arctan  =  arctan  I  =  ^ 

1  +  TT5  ■  239  2S44T 


1  539 


x  <f  y 

(c)  Replacing  y  by  -y  in  the  formula  of  part  (a),  we  get  arctan  x  +  arctany  =  arctan  - - .  So 

1  xy 


l arctan  5=2  ^arctan  5  +  arctan  j)  =  2 arctan  [  =  2 arctan  =  arctan  y,  +  arctan 


=  arctan 


5  4-  5 

T5  +  T5 

I  5  5 

1  ~  TJ  '  TI 


=  arctan 


m 

TT4 


Thus,  from  part  (b).  we  have  4  arctan  3  —  arctan  333  =  arctan  {yjj  —  arctan  535  =  f 


(d)  From  Example  7  in  Section  12.9  we  have  arctan  x  — - —  +  — —  -yy-  +  • 


■ ,  so 


1  I  I  I  I  I  I 

arctan  j  —  j  3.53  +  5.55  7.52  +  9.59  1 1  .  511  H 

This  is  an  alternating  scries  and  the  size  of  the  terms  decreases  to  0,  so  by  the  Alternating  Series  Estimation 
Theorem,  the  sum  lies  between  S5  and  *6.  that  is,  0.197395560  <  arctan  5  <  0.197395562. 

(e)  From  the  series  in  part  (d)  we  get  arctan  ^  ^  ^  +  239s  ~  '  *lc  ,*1'r<* lcrm 's  'css  l*ian 

2.6  x  Kr13.  so  by  the  Alternating  Series  Estimation  Theorem,  we  have,  to  nine  decimal  places, 
arctan  339  si  0.004184076.  Thus,  0.004184075  <  arctan  535  <  0.004184077. 

(f)  From  part  (c)  we  have  it  =  16arctan  3  -  4arctan  tjj.  so  from  parts  (d)  and  (e)  we  have 
16(0.197395560)  -4(0.004184077)  <  it  <  16(0.197395562)  —  4  (0.004184075)  =» 

3.141592652  <  tt  <  3.141592692.  So,  to  7  decimal  places,  it  3.1415927. 
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8.  (a)  Let  a  =  arccot  x  and  b  =  arccot  y.  1'hen 


col  (a  —  b)  = 


1  +  cot  a  cot  b 
cot  b  —  cot  a 


I  +  cot  (arccot  x)  cot  (arccot  y)  I  +  xy 
cot  (arccot  v)  —  cot  (arccot  jr)  y  —  x 


arccot  x  —  arccot  y  —  a 


—  b  =  arccot 


I  +xy 
y-x 


(b)  Applying  the  identity  in  part  (a)  with  x  —  n  and  y  =  n  +  1,  we  have 


arccot  ^n2  +  n  +  1  ^  =  arccot  ( 1  +  n  (n  +  I ))  =  arccot 


I  +n(n+  I) 
(n  +  1 )  -  n 


=  arccot  n  —  arccot  (n  +  I) 


Thus,  we  have  a  telescoping  series  with  nth  partial  sum 

s„  =  (arccot  0  -  arccot  I  ]  +  [arccot  I  -  arccot  2]  + - h  [arccot  n  -  arccot  (n  +  I )]  =  arccot  0  -  arccot  (n  +  1 ) 

Thus,  Xnio  arccot  (n2  +  n  +  I )  =  lint  [-  arccot  («  +  I)]  =  i. 

n—*oc 


9.  We  start  with  the  geometric  series  Y  x" 

n=0 


I 


.  ,  |x|  <  1.  and  differentiate: 

1  —  x 

°°  .  d  / 00  \  d  /  I  \  I  oo  oo 

X  nx"  l  =  -t-(XJt")  =  -r(  i - )  = - y  for  |x|  <  I  =>  Y  nx"  =  x  Y  nx"~X  = 

.<=>  dx  \J~0  )  dx\  l-x)  (I  -x)2  „ti  „Ti 


|x|  <  1.  Differentiate  again: 

OO  fl  Y 

X  nV"1  =  — — - - = 


(I  -x)2 


for 


Xn3* 

n=l 


_  (1  —  —  jc  •  2 (1  —  at) (—  1)  x  +  1  2  „  x2+x 

^(l-*)2  (I -a:)4  (1-x)3  **  h"  X  ~  (I -x)3 

3  _  d  x2  +  x  _  (I  -  x)3  (2x  +  I)  -  (x2  +  x)3(l  —  Jr)2  (— 1)  x2  +4x  +  1 


dx  ( |  -  x)3 


(1  —  xi 


(l-x)4 


3  Yn  _ 


x3  +  Ax-  +  X 


4 — ,  |.x  |  <1.  The  radius  of  convergence  is  1  because  that  is  the  radius  of  convergence  for 


X«3* 

„%  (i  -*y 

the  geometric  scries  we  started  with.  If  x  =  ±1,  the  series  is  X"3  (±1)”,  which  diverges  by  the  Test  For 
Divergence,  so  the  interval  of  convergence  is  (— 1, 1). 

0  0  /  .  0  0\  0  I  (  0  0\  0\  0 

10.  (a)  sinfl  =  2  sin  -  cos  -  =  2  I  2  sin  -  cos  -  I  cos  -  =  2  I  2  I  2  sin  -  cos  -  I  cos  -  I  cos  - 

=  •  =  2(2(2  ('  (2(2sin  J?cos|r)  cos  2^i)  •)cos  5)  cos  cos  °- 

.0  0  0  0  0 

=  2  sm  ^  cos  -  cos  -  cos  -  ■  cos  — 


...  ...  .  0  0  0  0  0 
(b)  sinO  =  2"  sin  —  cos  -  cos  -  cos  -  •  •  ■  cos  —  » 


sin  0 


0  0 


0 


0/2" 

—  • -  —  cos  —  cos  —  cos  — 

0  sin  (0/2")  2  4  8 


xi  i  .  .  sinx  0 

Now  we  let  n  — >  oo,  using  lim -  =  1  with  x  =  — : 

x-to  x  2" 


T  sin# 

0/2"  ' 

=  lim 

n-*  oo 

'  0 

0 

0 

o' 1 

sin  0 

0 

0 

0 

sin  (0/2") 

cos  — 

L  2 

cos  — 
4 

cos  -  • 
8 

•  COS  —  1 

2"i 

**  ~0~ 

=  cos  — 

cos  — 

4 

cos- 
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(c)  If  we  take  0  =  §  in  the  result  from  part  (b)  and  use  the  half-angle  formula  cos  x  =  J\  (I  +  cos  2*)  (see 
Formula  17a  in  Appendix  D),  wc  get 


sin  tt  /2 
>r/2 


>7  +  1 


ycosf  + 


+ 1 


/cos  |  + 

V  — 


+ 1 


+ 1 


4  V  2 

vj 

2  \|  2 

/^  +  . 

/^  +  >  . 

V  2  +l  V2V2W2 

V  2  \ 

2  2  2  \| 

y/2+y/2 


+  1 


x/2  s/l  +  s/2  /  +  s/2-F  V2 


=  cos2 


„  a«+*/l  ,  /r -  „  .  1+cosO 

11.  a„+ 1  =  — - - .  b„+\  -  y/b„an+ 1.  Sooj  =  cos I),  b\  =  I  =>  02  =  - - - 

b 2  =  y/biai  =  /cos2  j  =  cos  j  since  —  y  <  0  <  7.  Then 
03  =  j  (cos  j  +  cos2  5  )  =  cos  j  j  (1  +  cos  j  )  =  cos  5  cos2  3  =» 

f>3  =  Vfco.1  =  /os  j  COS  |  COS2  J  =  COS  j  COS  j  => 

04  =  J  (cos  j  COS2  j  +  COS  j  COS  3)  =  COS  |  COS  3  •  j  (I  +  COS  3 )  =  COS  f  COS  3  COS2  |  =» 

64  =  y cos  j  cos  3  cos  j  cos  3  cos2  f  =  cos  ”  cos  3  cos  | .  By  now  we  see  the  pattern: 

b„  =  cos  j  cos  cos  |y . cos  "j  and  a„  =  b„  cos  —y.  (This  could  be  proved  by  mathematical 

induction.)  By  Exercise  10(a),  sin#  =  2"_l  sin  cos  j  cos  3  ■  cos  So 

b„  =  cos  j  cos  jj  cos  jy  •  •  ■  cos  -*  22®  as  «  -->  00  by  Exercise  10(b),  and 
a„  =  b„  cos  — *  *9^  •  I  =  **9^  as  n  -»  00.  So  lim  a„  =  lim  b„  =  ^ . 

12.  Let's  first  try  the  case  t  =  1 :  ao  +  oi  =  0 


/»-+  OO  PI—*  OO 

fl|  =  -«o 


lim  ( 00  s/m  +  a  1  s/m  -F  l)  =  lim  (ao</n  -  moVm  +  A  =  ao  lim  (~fn  —  Jn  4-  A  s/'" 

»-*oo  \  /  n-*oo  \  J  «— *00  V  /  -p  | 


=  ao  lim  — — — - 

"-*00  y/n  +  y Jn  +  I 


=  0 


ah  -  -ao  -  a  1 - a*- 1 


In  general  we  have  ao  +  a\  H - F  at  =  0 

lim^  (aoVn  +  a\Vn  +  l  +  M2s/m  +  2  H - F  at  -Jn  +  kj 

=  Jhn^  />\/n  +  a\y/n  +  1  H - F  o* - 1  Vn  +  k  -  I  —  ao>/n  +  k  —  aiVn  +  k - a*_i -Jn  +  k) 

=  00  lim  (y/n  -  y/ir+k)  +  a\  lim  (s/m  +  I  —  -Jn  +  k  - Fa*-i  lim  ( Vn  +  k  —  I  -  /<!  +  (:) 

n-soo  V  /  n-too  \  /  H—too  \  / 

Each  of  these  limits  is  0  by  the  same  type  of  simplification  as  in  the  case  k  =  I.  So  we  have 

lim  (aoy/n  +  a\yjn  +  I  +  «2s/m  -F  2  H - +  04  V«  -F  =  oo  (0)  -F  «l  (0)  -I - F  <W-i  (0)  =  0 

PI— *00  \  / 
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13.  Let  J  ( x )  —  £~0  cmxm  and  g  (x)  —  eJ(r)  =  o  d«-x"  Then  g'  (x)  =  Slo  nd„x"~l,  so  nd„  occurs  as  the 
coefficient  of  But  also 

g  <*>  =  e  ,{x'f  (*)  =  (Zr=o  dnx")  (Z“  i  me..,-') 

=  (i/o  +  e/| Jr  +  <f2x~  +  ■  •  •  +  d„-\x"~x  H - )  (ci  +  2c2x  +  3cjx2  q - h  nc„x"_l  q - j 

so  the  coefficient  of  jr*-1  is  +  2c2</„-2  +  3c3J„_,  +  ■•  •  +  no,  do  =  2T=i  Therefore, 

"4,  =  Z'=1  ic,d„-i. 


14.  Place  the.v-axis  as  shown  and  let  the  length  of  each  book  be  /,.  We  want 
to  show  that  the  center  of  mass  of  the  system  of  n  books  lies  above  the 
table,  that  is  ,  x  <  /..  The  x-coordinates  of  the  centers  of  mass  of  the 


books  are  xi  =  4.  xi 


x.i  = 


L  l 
2  (n  —  1)  +  2’ 

L  1. 

- —  q-  — .  and  so  on. 

•  2)  2 


2  (n  —  1)  2  (n  ■ 

Each  book  has  the  same  mass  m,  so  if  there  are  n  books,  then 


_  _  nix i  +  mX2  + - 1-  mx„  _  jt|  q-  x2  4- - E x„ 

mn  n 

_  I  \L  (  L  l.\  /  L  L  .  L\  . 

u  L 2  V 2 (»  -  1 )  2]  +  \ 2 (n  —  I )  +  2 («  —  2)  +  2  )  +  ' 


+ 


L 


1)  2  (n  -  2) 


+  -••  + 


L  L  i\1 

4  +  2+l)J 


L  [  n  —  1  m  —  2  2  I  «"|  Lf  .  1  n~ \  2n  —  1 

n[2^T)  +  2(^+-+4  +  2  +  2j  =  ^r~,)2  +  2j  =  1^"i<i 


I  his  shows  that,  no  matter  how  many  books  are  added  according  to  the  given  scheme,  the  center  of  mass  lies  above 
the  table.  It  remains  to  observe  that  the  scries  j  +  j  +  g  +  gH —  •  =  j  £  (Vfl)  *s  divergent  (harmonic  scries),  so 
we  can  make  the  top  book  extend  as  far  as  we  like  beyond  the  edge  of  the  table  if  we  add  enough  books. 


• ,  U)  - 


x 3  x6  X9  X 4  X7  x'° 

15u  =  l  + 3! +i7+ * +  --"  =  -t  + * +  ?r+ w+- 

du  3x2  6.x5  9x8  x2  x5  x8 

differentiate:  —  —  +  ...  =  _.  +  __  +  _.  +  ...  =  ,„  similarly. 


2!  +  5!  +  8!  + ' 


The  kev  idea  is  to 


dx 


<*»_,.  x3  x6  r  d id  x4  x7  x‘ 

-  1  +  3,  +  6!  +  9!  and  —  -  x  +  —  +  —  +  —  +..  =  o.  So  u  =  10,  o  =  n,  and  to'  =  «. 

Now  differentiate  the  left  hand  side  of  the  desired  equation: 


10! 


—  («3  4-  i)3  +  io1  —  3umo)  =  3m2«'  +  3w2o'  4-  3  to  ‘  u>‘  —  3  (u'ntn  +  uo’w  +  tww1) 

=  3u2to  +  3n2u  q-  3to2o  —  3  (mo2  4-  «2 to  +  wo2)  =0  => 

"  ’  +  11 3  +  i"3  -  3  wo  to  =  C.  To  find  the  value  of  the  constant  C,  we  put  x  =  0  in  the  last  equation  and  get 
1 3  4-  03  4-  03  —  3  ( I  •  0  •  0)  =  C  =»  C  =  I ,  so  w3  +  o3  +  to3  —  3nmo  =  I . 
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18.  Given  <i0  =  a,  =  1  and  <i„  =  — - !I("  2)o„-i  -  (/i  -  3)o,-2 


«(«-!) 


,  wc  calculate  the  next  few  terms  of  the 


ci'iuipnrp1  t  ‘  0  ’  °l  (  QflO  _  1  _  2  •  I  ■  <Z2  —  0<7|  I  3  •  2  ■  «3  —  l<?2  I 

sequence.  a2  -  2  ,  -  j’  = - 3T2 - =  g'°J  = =  ^  "  seems  that 

1  1.1 


""  —  ,  •  so  we  Ity  t0  prove  this  by  induction.  The  first  step  is  done,  so  assume  o*  =  —  and  a*_i  = 
"  k\ 


Then 


(*—!)!' 


A(A-I)  k  —  2 

k(k-  I ) tut  —  (*  —  2) oa - 1  k!  (k  —  I)!  <*-!)-(*  -2)  I 

(*  +  ')*  (A+l)*  -  [(*  +  I)  (*)]  (A  -  I)!  ~  (*+  1)! 

and  the  induction  is  complete.  Therefore,  „  a»  =  l/n!  =  e. 

19.  Call  the  scries  S.  We  group  the  terms  according  to  the  number  of  digits  in  their  denominators: 

5=  (i  +  j  +  ---  +  j  +  S)  +  (tt+  ■  +  m)  +  (tTT+'  +  559)  +  ■ 

«2  g} 

Now  in  the  group  g„.  there  arc  9"  terms,  since  we  have  9  choices  for  each  of  the  n  digits  in  the  denominator. 
Furthermore,  each  term  in  g„  is  less  than  TJTr.  So  g„  <  9"  ■  ^  =  9  .  Now  9  (ra)"  '  is  a 

geometric  series  with  a  —  9  and  r  =  yg  <  1 .  Therefore,  by  the  Comparison  Test, 

*  =  HLl  &  <  2,?=,  9  (^)"“'  =  t^7To=90. 

20.  (a)  Since  />„  is  defined  as  the  midpoint  of  P„. 4 x„  =  f  (jr„_4  +  x„^)  for  n>  5.  So  we  prove  by  induction 

that  y.v„  +  +  jT„+2  +  ,t„+3  =  2.  The  case  n  =  1  is  immediate,  since  jO  +  1  +  1  +  0  =  2.  Assume  that  the 

result  holds  for«  =  i-  I,  that  is,  +.r*+.t*+i  +  xt+2  =  2.  Then  for  n  =  k. 

s  '*  +  *4+1  +  *4+2  +  *4+3  =  jx*  +  *4+1  +  .x*+2  +  j  (or*+3_4  +  Jt* 4.3—3 )  (by  above) 

=  j*4-t  +  *4  +  *4+1  +  14+2  =  2  (by  the  induction  hypothesis) 

Similarly,  for  n  >  5,  y„  --  \  (y„_4  +  yv-i),  so  the  same  argument  as  above  holds  for  y,  with  2  replaced  by 
J.VI  +  JP2+J'J+J*4  =  jI  +  I+  0  +  0=j.  So  j.Vn  +y„+l  +  yn+2  +  yn+3  =  5  for  all  n. 

(b)  n-Ioc.  (5 x"  +  A,,+  l  +  v»+2  +  *"+’)  =  5  Jjm  *»  +  lint  *»+l  +  lim  jt„+2  +  lim  .v„+3  =  2.  Since  all  the 
limits  on  the  left  hand  side  are  the  same,  we  get  ?  lim  x„  =  2  =■>  lim  x„  -  4.  In  the  same  wav 

*  n-too  n-t 00  '  J 


